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Abstract Determining suitable mesh density for compli-
cated finite element analysis, e.g., laser forming process, has
always been themain concern of analytical engineers because
of its high computation time and costs. Few works addressed
the application of optimization methods for finite element
analysis of linear path laser scan; however, no study has yet
considered optimum finite element analysis of circular path
laser forming. The main objective of this article is to develop
a method for determining optimum mesh density to estimate
the deflection caused by laser beam circular path scan consid-
ering analysis time and forming accuracy.Optimumranges of
mesh densities are investigated first and then a deflection esti-
mating process basedon adaptive-network-based fuzzy infer-
ence system has been introduced. The proposed model was
finally optimized using genetic algorithm considering accu-
racy and time. The numerical analysis results were finally
confirmed by the conducted experimental results.
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1 Introduction

Laser forming, as a non-contact forming method, offers con-
trolled forming ofmetallic and nonmetallic components. The
process is achieved by inducing thermal stresses into the
workpiece by irradiation with a laser beam, which gives rise
to controlled elastic–plastic deformation or buckling.

Laser forming is one of encouraging modern processes
with various applications in automobile, shipbuilding,
aerospace, microelectronic etc. Less manufacturing time
and cost and acceptable accuracy for low-quantity-forming
processes are some main advantages of this process. More-
over, this method does not require any external forces and
therefore there is no significant spring back. This process
can provide higher manufacturing flexibility, with lower cost
and production time for low quantity.

However, the process has not become so accepted and
is not practical to large industry because of the complexity
of determining the process parameters and scanning paths to
construct any desired shape within a practical time. Themost
recent researches have been focused on low computational
time.

Several models have been developed for simulating the
laser forming process. According to the applied method,
these models can be mainly divided into analytical, exper-
imental and computational models. The lower cost model
with reasonable result is a computational model.

Both finite difference (Vollertsen et al. 1993) and finite
element method (Vollertsen et al. 1993; Alberti et al. 1994;
Holzer et al. 1994; Yu and Masubuchi 2001) were utilized
for computational laser forming analysis; however, finite ele-
ment models have provided more accurate results compared
with finite difference ones. Nevertheless, they require more
time for making a 3Dmodel to perform any analysis (Yu and
Masubuchi 2001). Transient 3D thermo-mechanical analy-
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2032 R. Tarkesh Esfahani et al.

ses are very time consuming and consequently, most of these
analyses have been concentrated on modeling the bending
angle formed by a single straight laser scan. Yu and Masub-
uchi (2001), Hsiao et al. (1997) proposed a 3D finite element
model to predict the out-of-plane displacement of a plate.
They performed a transient analysis to solve a heat trans-
fer problem followed by an elasto-plastic analysis to solve a
mechanical problem.

Cheng and Lin (2000) employed three supervised neural
networks for prediction of the laser bending angle using the
experimental data. A group of the experimental data was
employed for training of the networks, while another group
was used for models’ performance evaluation. They con-
cluded that the neural networks are quite faster and in com-
parison with the multivariate regression analyses, the neural
networks are easier. In another work of Chen et al. (2002),
a new hybrid fuzzy neural network was proposed for predic-
tion of the bending deformation of the sheet metal by laser.
The main characteristics of this model were the fuzzy rules
and the fuzzy membership functions which can be improved
directly and automatically. This is a perfect characteristic for
prediction and control of the complex systems.

Shimizu (1997) invented a method by which the decision
making on the laser paths, laser power and scan speed for
forming a simple dome shape using genetic algorithms could
be carried out.

Agenetic algorithm-based approach for studying theprob-
ability of using this algorithm in laser forming was presented
by Cheng and Yao (2004) and some shapes with 2D profiles
were selected accordingly.

Maji et al. (2013) presented some soft computing-based
methods to predict the deformations produced by laser form-
ing. The deformations are assumed to be functions of the laser
thermal parameters and the direct radiation paths of the laser
for obtaining a desired shape. They employed the genetic
algorithm neural network and adaptive-network-based fuzzy
inference system in their research. The beam power, scan
speed, the laser beam diameter and the number of scans are
the input parameters to their model, and the bending angle
is the output parameter. Both of the employed methods are
shown to be able to predict the bending angle satisfactorily.
Therefore, both of the models can be employed to provide
comparable predictions in inverse analysis for developing a
relation between the produced shape and the laser forming
process parameters

Most current researches have been concentrated on pre-
dicting the effect of straight path laser beam on the amount
of rectangular sheet bending angle. However, different irra-
diation strategies are required to form a complex shape
(e.g., a spherical dome) (Hennige2000;ShekharChakraborty
et al. 2012). The straight path-forming parameters cannot be
applied for curvedpaths and the analysis time for non-straight
paths is much longer than that for straight paths. Similarly,

laser forming of circular paths requires a different approach
and leads to an alternative deformation (Zhang et al. 2009;
Nadeem 2011).

These differences mainly arise from this fact that the
straight scan lines have more deflection than curved ones
(Hennige 2000; Jung 2006; Shi et al. 2006; Labeas 2008),
while in curved lines it is not just bending but the elongation
of the whole is between the laser path and the edges of sheet.
Furthermore, getting optimal modeling conditions in circu-
lar paths is more complicated than the straight one. Zhang
et al. (2004) investigated the minimum discretized require-
ments of finite elementmodeling of a square sheet laser form-
ing process with straight scan irradiation. They showed that
the temporal discretization requires at least four times incre-
ment per radius, and the spatial discretization requires two
elements per radius and three elements across the thickness
(Zhang et al. 2004). In their study, the circular scan paths and
circular specimens were not studied.

In this research, the suitable value and ranges ofmesh den-
sity were specified for different conditions of circular paths
laser forming. Initially, various laser forming setting para-
meters were simulated and the acceptable ranges were spec-
ified. The achieved data from simulations were then used to
estimate deflection using ANFIS. Finally, genetic algorithm
was employed to find the optimum parameter vector within
the specified ranges. The main purpose of this optimization
step is to minimize the estimated deflection angle error in the
shortest time with ANFIS estimation model.

After reviewing the relevant literature in the field of laser
forming, numerical simulation and the acquired results were
described. The simulation results were then verified in the
next section and optimization of mesh density for finite ele-
ment analysis of laser forming involving the optimum range
and optimumvaluewas then addressed. Thefinal resultswere
then discussed in the conclusions of this study.

2 Background

In this section, Adaptive-Network-based Fuzzy Inference
System (ANFIS) andGenetic algorithm (GA) and their appli-
cation in this research are reviewed and the ruling FE equa-
tion, laser forming deflection mechanism and laser thermal
flux distribution equation are introduced. These tools were
then utilized to form the sheet model considered for circular
path laser forming.

2.1 ANFIS

ANFISwas proposed by Jang (1993) based on Takagi (1983)
fuzzy inference engine. Since ANFIS integrates neural net-
works and fuzzy inference system, it has the capability of
enhancing the benefits of both in a single framework. ANFIS
can discover an input–output mapping for data pairs, through
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Fig. 1 Fuzzy inference system
structure
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a non-linear fuzzy modeling. Fuzzy logic and fuzzy infer-
ence system (FIS), introduced by Zadeh (1965), provide a
solution for making decisions based on ambiguous, non-
deterministic, and imprecise data. Fuzzy logic is represented
by a set of IF–THEN rules, consisting of premise and its
consequence. Figure 1 illustrates the overall structure of a
fuzzy inference system. A fuzzy inference system consists
of four unites: fuzzification, defuzzification, knowledge base
and inference engine. The role of fuzzification part is con-
verting crisp data to fuzzy data and the role of defuzzification
unite is converting fuzzy data to crisp data. The core of any
fuzzy system is an inference engine responsible for decision
making according to rule base. Giving ordinary crisp inputs,
a fuzzy inference system produces ordinary crisp outputs,
which are easy to use in real-world applications.

Constructing a fuzzy system essentially involves specify-
ing appropriate rule base and membership functions. How-
ever, in practice, even for experts, it is not possible to figure
out the optimal forms of membership functions for a given
application. On the other hand, identification of the appropri-
ate rule base, as the heart of a fuzzy inference system, is not
an easy task. As explained by Jang (1993), the problems are:
(1) there are no standard methods for transforming human
knowledge or experience into rule base, and (2) the member-
ship functions should be tuned to minimize the output errors
and maximize the performance.

ANFIS is one of the fuzzy systems that encodes fuzzi-
fication, decision making and defuzzification steps in the
form of network layers. It also adaptively learns to tune
membership functions and rules to adapt with available data.
Therefore, providing the number and overall shape of mem-
bership functions, ANFIS learns the detailed parameters of
MFs. ANFIS employs two techniques in updating parame-
ters: (1) it employs gradient descent to fine tune premise
parameters that define membership functions and (2) it uses
the least-squares method to identify the consequent parame-
ters of the rules. This approach is thus called hybrid learn-
ing method since it combines gradient descent and the least-
squares method (Jang 1993). Each fuzzy inference system
uses fuzzy intersection and union operators. Implementation

of these operators can be in the form of min, max, multipli-
cation, summation, etc. (Zadeh 1965). For detail structure of
ANFIS network, refer to Jang’s paper (Jang 1993).

2.2 Genetic algorithms

Genetic algorithm (GA) (Holland 1975), originally intro-
duced by John Holland in the 1960s, is adaptive heuristic
search method inspired by the natural evolutionary process.
It is routinely used to generate useful solutions to optimiza-
tion. GA searches with a population of solutions that are
traditionally represented in the form of binary strings called
chromosomes which are now extended for other encodings
like decimal and float arrays. Each individual (solution) has
a fitness that shows its capability to solve the underlying
problem. The evolution usually starts from a population of
randomly generated individuals. In each generation, Individ-
uals of current population are altered through genetic oper-
ators (recombination and mutation) to produce new individ-
uals called offspring. The population of next generation is
selected from previous generation and offspring according
to their fitness. The more suitable they are the more chances
they have to survive and reproduce. This process is repeated
until some stop criteria (i.e., bound on the number of genera-
tions or converge to acceptable solution) are satisfied. Many
of the real-world applications involved finding optimal para-
meters, which might be difficult for traditional methods but
ideal for GAs.

2.3 Laser forming deflection mechanism

During laser forming process, workpiece is locally heated.
The thermal expansion of the heated section is restrained
by the surrounding cool material, leading to generation of
compressive stresses. All along the heating period, the yield
stress of the heated section is reduced and the developed com-
pressive stresses when exceeds this reduced yield strength
lead to permanent compressive plastic strains in the region.
As the laser beam proceeds, the material volume behind the
beam starts cooling down with simultaneous non-uniform
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lateral thermal contraction,which leads to bending toward the
laser source. The above mechanism involves many interre-
lated non-linear physical phenomena, such as, high-gradient
temperature flow, high stress/large strain development and
abrupt change of material thermal and mechanical proper-
ties, which make the simulation of the laser forming process
complex and difficult (Labeas 2008). The result of all above
laser irradiation process is bending of free side of plate or the
edge of plate (based on laser irradiation line) relative to the
clamped side.

2.4 Finite element equations

According to Safdara et al. (2007), the non-linear heat dif-
fusion FEM equation can be written in the matrix form as:

[C]
{
T̂

}
+ [K ] {T } = {Q(t)} (1)

where, [C], {T̂ }, [K ],{T } and {Q(t)} depict the specific heat
matrix, time derivative of temperature, thermal conductivity
matrix, temperature and thermal load vector, respectively.
The non-linear transient dynamic structural equation in FEM
for determining the stresses and strains could be written in
the matrix form as: (Safdara et al. 2007)

[M(T )] {ü(t)} + [C(T )] {u̇(t)} + [K (T )] {u(t)}
= {F(t)} + {F th(t)} (2)

where [M(T )] is the temperature-dependent mass matrix,
[C(T )] the temperature-dependent damping matrix, [K (T )]
the temperature-dependent stiffnessmatrix, {F(t)} the exter-
nal load vector,

{
F th(t)

}
the thermal load vector, {ü(t)} the

acceleration vector, {ü(t)} the velocity vector, and {u(t)} the
nodal displacement vector. Thermal strain can be calculated
as:

εth = α(T )(T − Tref) (3)

where,

α(T ) = ∫T
Tref

αinst(T )dT

T − Tref
(4)

αinst(T ) is the thermal expansion coefficient which depends
on instantaneous temperature,α(T ) the temperature-depend-
ent mean value of coefficient of thermal expansion and Tref
the reference temperature. Thermal load vector F th

e is: (Saf-
dara et al. 2007)

F th
e =

∫

vol

[B]T Eα(T )�T

1 − 2ϑ
δdV (5)

where [B] is the strain displacementmatrix, δ = [1, 1, 1, 0, 0,
0]T , E the elastic modulus, ϑ the Poison’s ratio and �T the

Fig. 2 Graphical representation of the Gaussian heat flux distribution

thermal difference. When transient thermal stresses gener-
ated due to laser scanning with no damping or external forces
loadings, Eq. (2) is reduced to:

[M(T )] {ü(t)} + [K (T )] {u(t)} =
{
F th(t)

}
(6)

2.5 Treatment of the laser spot and absorption coefficient

The specimen heat absorption basically depends on the sup-
plied laser beam energy and the material surface absorp-
tion capability. For irradiating the heat flux distribution, a
laser beam source model is required. In the present analysis,
Gaussian heat flux distribution was proposed for the laser
beam on the plate surface, and the heat flux density distri-
bution (I) is expressed by (Jie Liu and Yanjin Guan 2009):

I = 2AP

πr2b
exp

(
−2r2

r2b

)
(7)

where A is the absorption coefficient, P the laser power, rb
the laser beam radius irradiated to the sheet surface, and r the
distance of points from the center of laser beam. To improve
the absorption coefficient during the laser bending process,
the plate scan side was coated with graphite. Such a coating
can improve the absorption coefficient by up to 60 %. Figure
2 shows the graphical representation of Gaussian heat flux
shown in Eq. (7).

3 Setup of experiments

The sheet metal used for the experiments is AISI1010 with
0.8 mm thickness (Fig. 3a). The outer and inner diameters
were assumed to be 100 and 20mm, respectively. To enhance
the specimens’ laser absorption, graphite coating has been
applied to the subjected surface. The specimens have been
irradiated using a 150-W output power CO2 laser. A two-axis
computer numerical control (CNC) table has been utilized to
control laser head (Fig. 3b). To simplify the process, the laser
scan velocity, radius of concentric heating paths (R), laser
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Fig. 3 Experiment conditions: a test specimen, b schematic of laser CNC, c variable setup

power, and laser beam diameter have been adjusted to 720
mm/min, 30 mm, 80 W and 1 mm, respectively (Fig. 3c).

Four different experiments were conducted with specified
conditions and number of laser scan, i.e., 1, 5, 10 and 15
scans. The deflection of plates is the target in each exper-
iment. These data are then used for verification of FEM
results.

4 Finite element modeling

In the current study, simulation of laser forming process has
been conducted by a decoupled transient thermal–structural
analysis. Abaqus Finite ElementModeling software has been

employed during numerical analysis and important thermal
and mechanical assumptions are described in following sec-
tions.

4.1 FEM configuration

Similar mesh grid has been employed during thermal and
mechanical finite element analysis. To increase the accuracy
of the results considering the importance of calculation time,
smaller mesh size was considered for those meshes close
to scanning path. Figure 4 shows the distribution of mesh
density around the scan path.
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Fig. 4 schematic of mesh density

The first-order elements take shorter computation time in
the first phase of mechanical analysis, i.e., during determin-
ing the bending deformation. Meanwhile, analysis of these
elements, shear locking andhourglass effectwas occurred.To
obviate this problem, higher order elements, such asC3D20R
twenty-node was implemented which could also affect the
computation time. Consequently, DC3D20 twenty-node ele-
ment was employed in the heat transfer analysis to keep com-
patibility with the structural analysis.

4.2 FEM assumptions

To decrease the complexity of numerical simulation, the fol-
lowing simplifications and assumptions were proposed dur-
ing the thermal and mechanical analyses (Yanjin et al. 2003;
Liu et al. 2008).

1. Laser intensity follows the Gaussian distribution.
2. The laser operates in continuous wave (CW) mode.
3. Solution initiates with thermal analysis, and result is then

used as the initial condition for determining deformation.
4. No melting occurs during the forming process, and no

external forces are applied on sheets.
5. All specimens are made of AISI 1010 (Fan et al. 2007).
6. All thermal andmechanical properties ofmaterial includ-

ing thermal conductivity, specific heat, thermal expan-
sion coefficient, density, yield stress, Poisson’s ratio and
Young’s modulus are temperature dependent.

7. Strain rate enhancement is safely neglected.
8. Dissipation of energy due to plastic deformation and

phase changes can be neglected compared with laser
beam energy involved during the thermal phase.

9. The material is assumed to be homogeneous, isotropic,
and Von Misses theory is used as the failure criterion in
the finite element simulation.

10. The sheet metal is initially stress and strain free.
11. Isotropic hardening rule is applied by considering a linear

stress strain behavior from room temperature (20 ◦C) to
melting temperatures (1500 ◦C) (Safdara et al. 2007).

12. The outer edge of sheet metal is completely fixed and
there is no boundary condition on the inside edge.

13. Heat conduction in the sheet metal and free convection
to the atmosphere are considered in the analysis while
neglecting thermal radiation.

4.3 FEM verification

To verify the deformation behavior of FEA, a model with
constant process parameters and various number of laser scan
has been established to predict deflection. The specification
of FE model has been listed in Fig. 3 and Table 1.

Figure 5 shows both numerical simulation and experimen-
tal results of irradiated specimen. The deflection of numerical
analysis and experimental results is compared in Fig. 6.

As illustrated in Fig. 6, the deflection achieved fromexper-
iment indicated a good agreement with the finite element
model, especially in low number of scans. As the number of
scans increases, the result of FEA estimates less deflection
compared with experiments and the deviation of the results
between two methods increases. Table 2 shows this error for
different number of scans.

The differences between numerical and experimental
results are most probably because of: (1) material properties,
(2) real absorption coefficient and (3) the accuracy of exper-
imental results. Furthermore, the effect of isotropic harden-
ing factor is also considerable in increasing the errors. It is
normally very difficult to find the accurate material speci-
fication in high temperature. On the other hand, measuring
real graphite absorption coefficient is not easy and there are
discrepancies between the actual amounts of graphite layer,
platematerial specifications and those used in the simulation,
and, all these affect the plate absorbed energy. Accurate mea-
surement of the hole edges is other reason for these errors.

5 Optimization problem

To optimize the finite element model withmore accuracy and
less run time, an optimization algorithm must be integrated
with FE software. Mapping the problem of identifying the
best mesh density into a standard optimization problem can
be used to reduce FEA time. The objective function consid-
ered in this optimization problem (F) is the minimum of the
difference between the deflection attained from simulation
(usim) and the experimental results (uexp) as follows:
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Table 1 Mesh specifications of FE models

Band
length

Element
type

Geometric
order

Element
shape

Number of
elements in the
middle ring

Number of
elements in the
inner ring

Number of
elements in the
outer ring

Number of elements in ring

4 mm Standard Quadratic Hex 6 8 8 70

Fig. 5 Experimental and numerical part of laser forming

Fig. 6 Effect of number of scans on edge deflection fromFEand exper-
imental tests

min
L , W, t, b

F (L , W, t, b) = usim(L , W, t, b) − uexp

L ∈ RL ,

W ∈ RW ,

b ∈ Rb,

t ∈ Rt

where L ,W and t are thewidth, length and thickness of band,
respectively. In this paper, it has been assumed that the band
thickness and length have constant values and the bandwidth,
depicted by b, varies to produce different mesh densities. The

Table 2 The edge deflections result from various numbers of scans

Error (%) FEA results Experimental results Number of scans

6.7 0.00026 0.00028 1

9.63 0.00136 0.00151 5

12.28 0.00275 0.00313 10

14.64 0.00402 0.00471 15

optimization is limited to acceptable ranges for L ,W, b and
t represented by RL , RW , Rb and Rt , respectively.

5.1 Acceptable ranges of mesh density

The parameters assumed for FE modeling to predict their
influence are listed in Fig. 3 and Table 1.

5.1.1 Acceptable range of elements across thickness

Zhang et al. (2004) showed that at least 3 elements in thick-
ness are required for linear path scan. However, the results
of this research show that in curved path scan, the number
of elements in thickness at bending must be more than 3.
According to FEA results, the minimum number of elements
in thickness in bending must be 4. Jung discussed that in
circular path laser scan, strain histories demonstrate greater
thermal strain effect compared with plastic strain while heat-
ing (Jung 2006).
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Fig. 7 The effect of the number of element in thickness on error (a) and time (b)

Fig. 8 The effect of the number of element in length on error (a) and time (b)

In this paper, a number of experiments were performed to
discover the proper number of elements across the thickness.
According to the results shown in Table 9 and Fig. 7, the
amount of errors decreases as the number of elements in
thickness increases to 5 and it increases for more than 5. A
good explanation for this behavior is the effect of element
size on hour glassing and shears-lock phenomenon during
analysis.

As depicted in Fig. 7, there is a trade-off between
time and error and more analysis time is required to
achieve more modeling accuracy. Consequently, the accept-
able range of mesh density in thicknesses is between 3.75
and 6.25 that ensures good accuracy with acceptable analysis
time.

5.1.2 Acceptable range of elements in length

The range of element size proposed for FEA is from 0.3 to
4 times the beam diameter. Increasing the mesh density, i.e.,
decreasing the mesh size leads to more accurate results with
less error. Obviously it was found that the optimum element
size should be less than the beam diameter.

Zhang et al. (2004) believed that mesh density in straight
scan path should be about 0.25; however, it is predicted that
more mesh density is required for circular scan path because
of more analysis complexities. Similar to previous section,
various mesh sizes were considered during analysis to deter-
mine the acceptable range and the results depicted that the
acceptablemeshsizeisfrom0.76to2.97asreportedinTable5.
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Fig. 9 The effect band width on error (a) and time (b)

As shown in Fig. 8, increasing the density to 2.97
decreases the error. In very high densities, hour glassing and
shears-lock phenomenon extremely rises the errors. The dia-
gram tangents to an asymptotic limit starting from 36 ele-
ments in length and continues up to 120.

Figure 8 shows that increasing the elements’ quantity in
length is directly related to calculation time. Therefore, the
most suitable range of mesh density in length is from 0.764
to 2.976. In this range, an error reduction of about 1.3 %with
linear density of about 0.25 will double the calculation time,
i.e., about 60,000 s.

5.1.3 Acceptable range of elements in width

Obviously the higher mesh density is only required on the
vicinity of a laser beam across the scan path. Therefore, only
finermeshdensity is considered in a bandwith thewidthmore
than laser beam diameter. The band width was determined
by plenty of finite element analysis in this research and the
results, i.e., the relation between thewidth and the laser beam
diameter, are shown in Fig. 9. As shown in this figure, the

most suitablemesh quantity in the bandwidth withminimum
error is from 4 to 10.

Figure 9 demonstrates that the calculation time decreases
by increasing the band width. Consequently, the acceptable
band width range, equivalent mesh density of 0.67 to 1.67,
was assumed to be from 4 to 10.

5.2 Initial optimization model

Genetic algorithm method is proposed in this study to
optimize our objective function. This algorithm is one of
population-based ones and its operator is designed to move
the population away from local extremes and leads it to the
global extreme point. It is also scalable to high-dimensional
optimization problems.

The block diagram of the initial optimization model is
demonstrated in Fig. 10. The mesh density parameters are
suggested by GA and are then sent to FE software for analy-
sis. The deflection acquired from FEA, usim, is then passed
to fitness calculation unit to be compared with experimental
deflection called uexp. The fitness value, i.e., the difference

Genetic
Algorithms

FEM

Experiments

Fitness 
evaluation

Simulated deflection (Usim)

Experimental deflection (Uexp)

Fitness value

Fig. 10 Initial optimization model based on FEM
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Design of 
experiments 

(Taguchi method)
FEM

ANFIS
(Training 

phase)

Set of input parameters Simulated deflection (Usim)

Fig. 11 ANFIS training phase

between usim and uexp, is then used by GA to evolve better
individuals. This process is repeated until termination criteria
are satisfied.

Though the algorithm has a reasonable logic, practically
the average time taken by FE software to simulate only one
complete analysis was about 20,000 s. Consequently, inte-
gration of GA optimization method with FEA would be
extremely time consuming. For example, when 20 individu-
als are considered in every population and 100 generations
in GA, the evolution will involve approximately 2000 fitness
calculation which takes about 2000 × 20,000 = 4 × 107 s,
i.e., more than 1 year.

6 Estimation of simulated deflection using ANFIS

In the previous sections, finite element model of circular path
laser forming has been developed and confirmed with exper-
imental results.

As a solution to the excessive computation time problem
of initial optimization model, an estimation model of FEM
deflection based on ANFIS was developed. Since ANFIS
searches for non-linear relation between inputs and outputs,
it is an appropriatemethod formodeling complicated systems
including FEM. Moreover, the fuzzy nature of ANFIS pro-
vides more generality to the approximated model with lower
sensitivity to noise. Beside, adaptive fuzzy parameters, i.e.,
membership function and rules make ANFIS more effective
and easier to use than other fuzzy systems.

Since the pairs of input–output FEM data are required to
train ANFIS, about 80 finite element simulations have been
designed according to Taguchi method. In these simulations,
various sets of valueswere considered for L ,W, t and b para-
meters to determine usim from each analysis (see Fig. 11).

After data preparation through simulations, The train and
test sets were uniformly selected at random, such that 50%of
records (i.e., about 40 cases) were used as an oracle for train-
ing ANFIS (training data) and the rest of the data sets (i.e.,
about 40 cases) were evaluated upon the constructed model
for verification (testing data). The specifications of train and
test sets are summarized in Table 3. It shows that both train

Table 3 Train and test set specifications

b W t L usim

Train set

Min 2 0.6 3.5 0.7 7.81E−04

Max 12 1.7 6.15 2.97 1.38E−03

Average 6.15 1.14 4.79 1.82 1.21E−03

Number of samples 40

Test set

Min 2 0.6 3.9 0.65 1.73E−04

Max 10 1.7 6.25 2.97 2.49E−03

Average 5.38 1.06 4.92 1.97 1.23E−03

Number of samples 40

Table 4 The configuration of ANFIS toolbox of MATLAB

Parameter Value

Optimization method Hybrid

Number of input MFs (for each input) 3

Type of input MFs Triangular

Type of output MF Linear

Intersection (AND) operator Production

Union (OR) operator Probabilistic OR

Defuzzification method Weighted average

Error tolerance 0

Number of epochs 10

and test sets have approximately the same distribution and
each of them is a random sample set of the whole data set.
These data sets normalized prior to ANFIS learning to avoid
biasing the ANFIS to any particular input parameter.

Table 4 shows the configuration ofMATLABANFIS tool-
box in training phase. The optimization method could be
gradient decent, least-squares or hybrid of both, discussed
in Sect. 2.1, and the last was adopted for the experiments.
Three membership functions (MF) were considered in trian-
gular format for every input variable.

The details of MFs will be automatically detected by
ANFIS through learning phase. The output variable can be
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Fig. 12 Some input–output relation discovered by ANFIS

constant or linear and similar tomost Takagi-Sugeno systems
(Takagi 1983) fuzzy systems, it was considered to be linear
in this research. Fuzzy intersection and union operators are
implemented by production and probabilistic “OR”, respec-
tively. Average weighting was the only method employed by
ANFIS among defuzzification methods such as fuzzy mean
andcenter of gravity (Balanethiram 1994). Finally, the objec-
tive function was optimized through 10 epochs with zero
error tolerance which stands for having no fault during opti-
mization.

The non-linear relation of input–output, discovered by
ANFIS, is illustrated in Fig. 12 for some dimensions.

Mean Square Error (MSE) was determined and used to
evaluate ANFIS estimation over test data utilizing the fol-
lowing equation:

MSE =

n∑
i=1

(uisim − uiest)
2

n

where uiest and u
i
sim are ANFIS estimation and FEM simula-

tor output for the i th dataset, respectively, and n is the size
of testing data set. The MSE determined according to the
proposed configuration was 9.8112 % and the normalized
ANFIS outputs were compared with experimental results in
Fig. 13. Since the large number of tests were considered in
this stage, the horizontal axis is used to show the test data
number, e.g., 5 shows the result of the fifth ANFIS and test
results. On the other hand, the test results could not bias the
data generated by the developed model and not considerable
deviation of the test from the trained results verifies the accu-
racy of the model.

Data required for developing ANFIS model are acquired
fromfinite element analysis for certain number ofmesh sizes.
These data were then uniformly divided at random to train
and test sets; the training data set including 40 data samples
was used for ANFIS training and the testing data set that con-
tains remaining 40 unseen samples was employed for valida-
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Fig. 13 comparison of ANFIS
output and test data

Genetic
Algorithms

ANFIS

Experiments

Fitness 
evaluation

Candidate mesh density

Experimental deflection (Uexp)

Fitness value

Fig. 14 Final optimization model based on ANFIS

tion. Furthermore, the generated data from the trained model
were just verified by the results acquired from experimental
tests. The obtained result in both testing data and experimen-
tal test proved the generalization of ANFIS model upon the
unseen data.

7 Optimization of mesh density using GA

The final proposed optimization model is shown in Fig. 14.
The output of the trained ANFIS substituted the FE results
and the fitness value, i.e., the difference between uest and
uexp, is fed back to GA to determine the candidate mesh
density.

Table 5 shows the configuration of MATLABGA toolbox
implemented for this analysis. A population of 100 chromo-
somes in the form of four-dimensional double vectors were
generated and evolved during 50 generations. The optimiza-
tion was constrained to acceptable ranges (bounds), obtained
in Sect. 5.1.

Table 5 The configuration of GA toolbox of MATLAB software

Parameter Value

Number of variables 4

Population size 100

Population type Double vector

Crossover rate 0.9

Parent selection Tournament

Tournament size 3

Fitness scaling Rank

Number of generations 50

Ranges As specified in 5.2

Elite count 2

To produce enough diversity, crossing over and mutation
were applied with the rate of 0.9. The parents subjected to
these operators were selected by tournament size of 3. This
selection was according to the fitness ranking of individu-
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Fig. 15 Best and mean fitness of GA generations

Table 6 Optimum value found by genetic algorithms

Band width
(L)

Mesh density
in thickness

Mesh density
in width of
band

Mesh density
in length of
band

8.098058807699964 4.9860496437 1.00456643444 1.99502395279

Table 7 The consumption in FE and estimated value of deflection

Element in band 8
T (mm) 0.8

W (mm) 47.1

L (mm) 8.0

Element in THK/T 5.0

Element in band/L 1.000

Element in ring/W 2

Element in thickness 4

Element in ring 94.0

Number of elements 9024

Total time (s) 84586

FEM deflection (m) 0.001383

Error of FEM 8.1 %

Error in ANFIS 5.7 %

als. Two best chromosomes of each generation were passed
unchanged to the next generation as the elite individual.

The evolvedGAprocess depicted in Fig. 15 shows its con-
vergence after only 11 generations to the best individual. The
mean and the best fitness of each generation were shown for
all 50 generations and the fitness (error) of the best individual
was determined to be 8.7087 × 10−5.

Fig. 16 The optimum schematic value of number of element with
ANFIS algorithm

According to the specified data range, the best individual
of evolution is shown in Table 6.

7.1 Verification of ANFIS-based optimization model

To verify the proposed ANFIS-based optimization model,
the required FEM parameters shown in Table 7 were derived
according to the optimum mesh density (best individual of
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Table 8 The result of optimum
value in FE Model T (mm) 0.8 0.8 0.8 0.8 0.8 0.8 0.8

W (mm) 47.1 47.1 47.1 47.1 47.1 47.1 47.1

L (mm) 8.0 8.0 8.0 8.0 8.0 8.0 8.0

Element in THK/T 5.0 6.25 5.0 5.0 5.0 3.75 5.0

Element in band/L 1.000 1.000 1.125 1.000 0.8750 1.000 1.000

Element in ring/W 2.55 1.996 1.996 1.996 1.996 1.996 0.998

Element in thickness 4 5 4 4 4 3 4

Element in band 8 8 9 8 7 8 8

Element in ring 118 94.0 94.0 94.0 94.0 94.0 47

Number of elements 11520 11280 9400 9024 8648 6768 4512

Total time (s) 100197 98530 93304 84586 73433 50489 30325

FEM Deflection (m) 0.001372 0.001389 0.001369 0.001383 0.001377 0.001356 0.001291

Error of FEM (%) 8.8 7.7 9.0 8.1 8.5 9.9 14.2

evolution) to determine the FE deflection and then compared
with experimental results.

Accordingly, the difference found was about: 8.1 %
between empirical results and finite element simulation and,
5.7 %with ANFIS estimation. Figure 16 shows the optimum
value of ANFIS-based optimization of mesh density.

8 Conclusion

ANFIS estimator model was coupled with genetic algorithm
in this research to determine the optimal mesh densities for
laser forming simulation using finite element analysis. The
most suitable range of mesh densities determined is from:
0.76 to 2.97 in length, 0.67 to 1.67 in width, and 3.75 to
6.25 in thickness. The results of this model were in good
agreement with simulation data.

To achieve a reliable simulationof laser forming in circular
path, it was found that the optimum density of the element is:
1 alongwidth (L), 2 across the laser path and, 5 through thick-
ness. The percentage of error between finite element model,
ANFIS estimator, and experimental results is approximately
8.1 and 5.7, respectively.

According to the optimal range of mesh densities deter-
mined from FE, the optimal values of the ANFIS model
estimate were calculated. The maximum amount of error
found from optimal values of finite element simulations
is given in Table 7. Among the listed values, the closer
ones to the optimal values were specified for evaluation.
It was concluded that: 12.5 % increase in mesh density
across the bandwidth would increase the error by 0.9 % and
computation time by about 10.3 % and similarly, 12.5 %
decrease in mesh density across the band width would
increase the error by 0.4 % but decrease computation time
by about 13.1 %. Again, 25 % decrease in mesh den-
sity across the thickness leads to 1.8 % increase in error

and about 40 % reduction in computation time and sim-
ilarly, 28 % increase in mesh density across the thick-
ness leads to 0.4 % increase in error and about 16.5 %
increase in computation time. Finally, 50 % reduction in
mesh density along the scan path would increase the error
by up to 6.1 % and reduction computation time by about
64 % and similarly, 25 % increase in mesh density along
the scan path would increase the error by up to 0.7 %
and increase computation time by about 19 %. It could
be also concluded that considering the optimum values
founded by the ANFIS and GA, increasing and decreasing
in mesh density along the bandwidth, thickness and scan
path, results in accuracy reduction along the thickness. Due
to an unacceptable increase in computation time, compared
with negligible accuracy improvement, the mesh density
6.25 along the thickness is not chosen as an optimal value
as shown in Table 8.

Appendix: Results of experiments for determining accep-
table ranges

See Tables 9, 10 and 11.

Table 9 The effect of number of elements in thickness

Total
time

Linear density
in THK

FE deflection
of edge

Error Number of
elements in THK

3480 2.5 0.00078 48.1 2

4789 3.75 0.0009 39.9 3

9071 5 0.00095 37.2 4

14,416 6.25 0.00098 35 5

7228 7.69 0.00053 65 6

8287 10 0.00014 91 8
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Table 10 The effect of the number of elements in length

Total
time

Linear density
in length

Maximum FE
deflection

Error Number of
elements in length

3188 0.25 4.3E−05 97.1 12

7134 0.34 0.00095 37.2 16

9801 0.42 0.00101 32.7 20

12,168 0.51 0.00108 28.1 24

22,805 0.76 0.00122 19.2 36

32,812 1.02 0.00128 14.8 48

42,625 1.27 0.00132 12.2 60

48,056 1.49 0.00132 12.2 70

61,260 1.7 0.00135 10 80

78,310 1.91 0.00136 9.4 90

86,785 2.12 0.00137 9.1 100

100,197 2.55 0.00137 8.8 120

124,510 2.97 0.00137 8.7 140

109,702 3.18 0.0005 66.6 150

Table 11 The effect of band width (width of element) on deflection

Total
time

Linear density
in width

Maximum FE
deflection

Error Band
width

7679 0.33 0.00044 71 2

7134 0.67 0.00095 37.2 4

6759 1 0.00097 35.3 6

6434 1.33 0.00101 32.8 8

5958 1.67 0.00108 28 10

5149 2 0.00106 29.3 12

5241 2.33 0.00096 36.5 14
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