CHAPTER

Introduction

1

I find that the harder I work, the more luck I seem to have.
Thomas Jefferson (1743 1826)

1.1 What is predictive dynamics?
Predictive dynamics is a term coined to characterize a new methodology for predicting human motion while considering dynamics of the human and the environment. . .the laws of physics must be obeyed. Whereas kinematics is the study of
motion (position, velocity, and acceleration) without forces and torques, dynamics
is the study of motion of bodies with all external and internal forces taken into
consideration.
For every motion affected by physics, there are laws that govern that motion.
These laws have undergone the test of time, have sent people to the moon, and
have been implemented into every computer program that calculates the motion
of a given system. Equations that represent motion are called the equations of
motion. For large redundant systems such as the human body, these equations
become very complicated nonlinear coupled differential equations subject to various algebraic constraints on the motion; hence the term often used to represent
these equations is differential algebraic equations (DAEs).
For a complicated system of segments, such as for a human being, which is
made up of joints and rigid links (we assume rigidity of human bones), the formulation for multi-body dynamics becomes large and complex. Solving the consequent system of equations is almost impossible. Indeed, for structural systems
with limited number of degrees of freedom, integrators have been developed to
solve the problem iteratively. For a highly nonlinear system with a large number
of degrees of freedom, however, integrators come to a halt.
For many years, our research at the Virtual Soldier Research (VSR) program
has focused on a method that employs optimization with dynamics to predict
human motion. Recent results have demonstrated significant promise for resolving
the problem of predicting human motion while taking into consideration external
forces, obstacles, physiology, and most importantly the equations of motion.
Inducing natural behavior is a natural result of this method.
This method, which we call predictive dynamics (PD), provides a way to
address the issue of predicting human motion in a general manner. It addresses
problems where both the motion of the system and the forces causing the motion
Human Motion Simulation.
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are unknown and must be determined simultaneously. It will be seen that an
optimization-based formulation is ideally suited to solve such problems. Recent
results have shown that this method is applicable to gait prediction, lifting movements, pushing and pulling movements, climbing, and many other tasks. Indeed,
an entire task made up of multiple sub-tasks can be created whereby a true
physics-based predictive human simulator is created.
The objective of this book is to clearly demonstrate the basic formulation
needed to develop a PD task.

1.2 How does predictive dynamics work?
Predictive dynamics is an optimization-based method for predicting human
motion, while taking into consideration the biomechanics, physics of the motion,
and human behavior.
Consider a general optimization problem, for which there are three main
ingredients (Arora, 2012):
1. A set of design variables, which in our case are the joint profiles (i.e., joint
angles as functions of time) and the torque profiles at each joint
2. Multiple cost functions to be optimized, which are human performance
measures that represent functions that are important to accomplishing the
motion (e.g., energy, speed, joint torque, etc.), and
3. Constraints on the motion (e.g., collision avoidance, joint ranges of motion, etc.).
This general optimization problem is readily solved using existing optimization algorithms and codes. The field of optimization is mature and many such
codes exist that have been verified and validated, and tested with many different
complex problems.
Solving the above optimization problem predicts human motion as illustrated
in Figure 1.1. It has been shown that for static postures (i.e., predicting final
human postures to reach an object), this method is very successful; it produces
human-like results (Abdel-Malek et al., 2001a d; Abdel-Malek et al., 2004a c;
Abdel-Malek et al., 2006).
Now we add the issue of dynamics. We are interested in seeing how human
motion is predicted for scenarios that involve dynamic influences including but
not limited to external loads, obstacles, and running. The general concept is the
addition of the laws of physics, i.e., equations of motion, as constraints. Instead
of calculating specific static postures, we now calculate time-varying angles for
each joint in the body, which are also called motion profiles. Instead of a simple
displacement cost function, we implement an energy and effort driving performance measures, which drive the motion to minimize these two measures. This is
indeed the essence of our theoretical framework. . .we believe that humans act
and move because humans want to minimize or maximize certain objectives. This

1.3 Why data-driven human motion prediction does not work

Optimization-based Posture Prediction

Minimize:
Joint Displacement

1. Determine:
Joint Angles
2. Minimize:
Joint Displacement and
Visual Displacement
3. Subject to:
—Joint Limits
—Physical constraints
—Other constraints

½ Visual Displacement
½ Joint Displacement

FIGURE 1.1
Santoss the human model reaches to a point using two different strategies as a result of
predicting postures.

approach yields natural human motion, induces behavior, and provides for a
straightforward method of “predicting” the dynamics of the motion.
Figure 1.2 depicts the general optimization-based algorithm. The goal is to
determine joint profiles, meaning the angles subtended by each body segment as
a function of time. The second optimization formulation ingredient is one or more
cost functions. In this case, we have selected energy and effort, assuming that
both of these human performance measures can be transcribed into mathematical
functions. The third ingredient is the same as shown in Figure 1.1; however, we
have added an additional important constraint, namely the equations of motion.
These are the laws of motion that govern how our world behaves dynamically.
In general, we consider any case where a human segment is undergoing
motion that warrants the consideration of masses and moments of inertia. PD can
incorporate such general cases.

1.3 Why data-driven human motion prediction does
not work
We firmly believe that the data-driven approach to human motion prediction is
the wrong approach. Thousands of experiments are typically done to capture a
few motions. These motions are then compiled into large tables with many parameters. The data is then analyzed and modeled as a nonlinear or functional
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Predictive Dynamics
1. Determine:
Joint Profiles
2. Minimize:
Energy and Effort

3. Subject to:
—Joint Limits
—Physical constraints
—Other constraints
—Equations of motion

FIGURE 1.2
The general formulation for PD illustrated as a three-step optimization formulation.

regression model that should, in principle, predict motion. There are many obvious problems with this method, including:
•

•

•
•

Difficulties in collecting the data for varying anthropometries. This includes
the changes of masses, moments of inertia, muscle performance, and many
other parameters for each person.
Difficulties in managing a large number of parameters in a functional or
nonlinear regression algorithm. A large number of parameters means a
complex and less accurate model.
Difficulties in predicting postures and motions for reaches that have obstacles.
For each obstacle, the experiments must be repeated.
Difficulties in predicting motions where dynamics (external forces and loads)
play an important role.

After the apple fell from the tree on Newton’s head, he proceeded to measure a
few more, came up with the general theory, and finally came up with a rigorous
mathematical formulation for all falling objects and, furthermore, for all objects in
motion. He did not measure every apple on every tree to come up with a theory
that works and that is the fundamental basis for all motion in our universe.
The idea of recording every motion for thousands of people and for thousands
of different scenarios does provide a good way to study motion and to validate
motion predicted with various methods. However, it has no value for the prediction of motions beyond static postures.

1.4 Concluding remarks
This book deals with the science of human motion. It presents a rigorous methodology for representing human biomechanics and joint motion, and includes

References

the effects of environmental physics on the motion. PD is a novel approach for
simulating, specifically predicting, human motion. It avoids direct integration of
differential-algebraic equations in order to create the resulting simulations for
redundant digital human models. Cause and effect is at the center of this formulation. . .using a digital human environment, a user is able to model the human
by selecting their anthropometry, body type, weight, strength, and fatigue limits.
The user is also able to load the digital human model with various loads, for
example perhaps inflict a biomechanical injury that would restrict a joint range
of motion or lower the strength value of a particular group of muscles. Upon
selecting a motion or a task, PD provides for a computational platform that lets
us know the human reaction to these conditions. . .indeed, it answers the question: “How would the human have reacted if they were under these conditions?”
It is a human simulator.
The book aims to illustrate the entire methodology beginning with a systematic method for modeling the kinematics, then creating an optimization formulation, writing the dynamics, and formulating the PD problem. Human
performance measures are also introduced as cost functions (objective functions)
that drive the motion, a theory that has been proven effective for producing natural motions. Such motion prediction capabilities have a wide variety of practical applications, such as in automotive industry, military, clinical and
biomechanical analyses, and design of equipment. Several such applications are
illustrated through detailed examples.
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CHAPTER

Human Modeling:
Kinematics

2

The optimist proclaims that we live in the best of all possible worlds, and
the pessimist fears this is true.
James Branch Cabell

2.1 Introduction
The objective of this chapter is to establish a systematic method for representing
human anatomy and to develop mathematical methods for kinematic analysis as
the human body undergoes motion. Kinematic analysis in this context means the
study of motion characterized by the position, velocity, and acceleration of human
segmental links.
Throughout this chapter, we shall consider various segments of the body as
individual rigid bodies that are connected via joints. Human modeling techniques
have rapidly evolved in recent years, driven by the need for safety, security, and
better ergonomics, as well as the need for avatars to perform tasks that could not
be performed in the real world. Perhaps the most influential force behind this fast
pace is the gaming industry where avatars are extensively used to interact and
respond in real time. Similarly, in the movie industry, digital characters are used
to replace actors where it has now become difficult in some cases to differentiate
the real from the virtual. In general, human models have been represented as stick
figures, skeletons, mesh surfaces, profiles, and mannequins (Figure 2.1).
Consider the motion of a person’s arm from one position to another, where
only the elbow joint is changed. As a result of this simple motion, the hand is
also moved in space to a final configuration defined by a position and an orientation (also called a pose). In order to characterize the motion of these segmental
links and their associated joints, it is necessary to establish a systematic approach
for specifying coordinate systems defined by xyz on each link, and establish a
method for relating any two such coordinate systems.
Let us assume for a moment that we are able to specify values of the joint
variables for the shoulder complex, the elbow, and the wrist, and we wanted to
know the final position of the hand (Figure 2.2). In this case, we specify a vector
x that describes the position of the hand with respect to another coordinate system
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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FIGURE 2.1
Digital representations of human models.

FIGURE 2.2
A vector x representing the position of the hand with respect to the foot.

2.1 Introduction

(e.g., the foot). This chapter addresses exactly this issue. It will provide a rigorous
method for formulating a set of equations that have the joint variables as their
parameters. If the final hand position is required, variations in the joint variables
are substituted into the equation and the final position is readily obtained.
We shall also introduce a method for modeling human joints, as simple or as
complex as necessary, that represents the resulting interaction between any two
segmental links. The simplest form of these joints is the rotational joint (such as
the elbow joint). The combination of a number of simple joints can become complex in nature but still be represented using this straightforward approach.
The DenavitHartenberg (DH) method was created in the 1950s to systematically represent the relation between two coordinate systems, but was only extensively used in the early 1980s with the appearance of computational methods and
hardware that enable the necessary calculations. The method is currently used to
a great extent in the analysis and control of robotic manipulators. This method
has also been successful in addressing human motion, in particular towards gaining a better understanding of the mechanics of human motion.
It is important to distinguish the difference between a rigid body and a flexible
body. A rigid body is one that cannot deform (we typically consider bone as nondeforming, at least for the moment). However, a flexible body (or deformable
object) is one that undergoes relatively large strains when subjected to a load
(e.g., soft tissue). For the approach presented in this section, only rigid body
motion is assumed at all times. Indeed, for ergonomic design considerations, rigid
body motion is adequate to address most problems. Muscle interaction and deformation will be addressed in later chapters.
The DH modeling method is suitable for addressing the motion of kinematic
structures that are arranged in series. The DH method will be used to perform
analysis on the human body in this chapter, and will be used to predict postures
and perform ergonomic analysis in later chapters. A posture is defined in this text
as the configuration of a series of segmental links in the human body.
The human body is indeed arranged in series, where each independent anatomical structure is connected to another via a joint. Consider, for example, that there
exists a main coordinate system located at the waist. From that coordinate system,
one may be able to draw a branch by identifying a rigid link, connected through a
joint to another rigid link, connected to another link, until you reach the hand.
Each finger also comprises a number of segmental links connected via joints.
Similarly, also starting from the waist, one may follow the connection to reach
the head, the other hand, the left foot, and the right foot. We shall refer to one
such chain as a branch. For example, Figure 2.3 depicts the modeling of a human
into a number of kinematic branches. A hand can be represented by five branches,
one for each finger.
Because we consider gross human motion, detailed modeling of the joint connection is less important at this stage. Nevertheless, because in many cases accurate biomechanical modeling of a joint is needed, in Chapter 4 we will also
present a more elaborate method for representing the kinematic interactivity
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FIGURE 2.3
Modeling of a human using a series of rigid links connected by joints, also called
kinematic skeleton.

within the joint while taking into consideration muscle action, ligaments, and
other effects that are not considered in the DH representation method.
This chapter will begin with the fundamental theories required to understand
motion in 3D. The general translational and rotational motion of an object will
first be presented, followed by a standardization of a method for embedding coordinate systems (also called triads) in each segmental link. We will then develop a
formulation that relates any two segmental links in this chain.

2.2 General rigid body displacement
We define the word configuration as denoting the position and orientation of a
rigid body. Consider the general motion of the hand, now considered as a rigid
body, where the line segment OW embedded in the hand is shown in Figure 2.4.
The motion will carry the rigid body from its initial configuration in coordinate system A to a different configuration indicated by the line segment OvWv.
This motion can be described in vector notation as a translation along the vector
p 5 OO0 and a rotation about O0 prescribed by the rotation matrix A RB , where this
rotation matrix rotates the A-coordinate system from its orientation to the orientation shown in the B-coordinate system. In vector notation, this motion can be
described as
A

xðWvÞ  OO0 1 O0 Wv

(2.1)

where A xðWvÞ denotes the vector extending from the origin O to Wv as seen
by the A-coordinate system. A superscript to the left of the letter denotes

2.2 General rigid body displacement

Bz

θ

W"
A

W'

z

By

O"

W

Bx

O'
O
A

x

p'
A

y

FIGURE 2.4
General motion of a rigid body from one position and orientation at A to a second position
and orientation at B.

the reference frame in which the vector is resolved and is read as: x as
seen by A. This general motion can also be written in terms of a rotation
matrix as
A

xA p1 A RB B x

(2.2)

where Bx is the vector OvWv resolved in the B-coordinate system.
Of course, it is also possible that the rigid body undergoes first a rotation followed
by a translation, the results of which are the same. Equation (2.2) is indeed the most
important result, which applies to the general motion of a rigid body in 3D space.

2.2.1 Example: rotation and translation
Calculating the effects of translations and rotations on target points and vectors in
a virtual environment is an important aspect. By inserting a virtual camera into
the human’s eyes, the digital human is able to report back what can be seen from
this location, whether there exists obstacles in the design of a vehicle, but more
importantly, we have to calculate how the target point is seen by the original
coordinate system before motion. Consider a target point Q shown in Figure 2.5,
and given by A xQ 5 ½ 1 0 T , which is read as a vector of magnitude 1 along the
x-axis and 0 along the y-axis, as resolved (or seen) by the A-coordinate system.
The person now walks to a new position (at 5 along the x-axis and 2 along the
y-axis), which therefore can be represented by a vector from the origin of the
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y

x

y
45°
Ax
Q
Ap

2

Target point Q

B

x

A
5

Target point Q

FIGURE 2.5
Calculating the coordinates of the target point Q after rotation and translation from one
configuration to another.

A-coordinate system as A p 5 ½ 5 2 T . The person also rotates an angle of 45
(line of sight by 45 CCW). It is required to calculate the vector describing the
final target point with respect to the A-coordinate system.
The rotation matrix representing this rotation can be written as the dot product
of the B-coordinate system with the A-coordinate system.
"
#
A B
x: x A x:B y
A
RB 5 A B
y: x A y:B y
(2.3)


0:707 20:707
A
RB 5
0:707
0:707
The vector describing the coordinates of the target point Q after
rotation and translation, and as seen by the original coordinate system A, is
calculated as
 

  

5
0:707 20:707 1
5:707
A
xQ  A p 1 A RB B xQ 5
1 A RB 5
5
(2.4)
2
0:707
0:707 0
2:707
It is now evident that the rotation matrix plays an important role in various ways.
a. The rotation matrix can be used to describe the orientation of a set of vectors
in one coordinate system to another.
b. The rotation matrix can be used to calculate the coordinates of a point after a
rotation and translation of coordinate systems.

2.3 Concept of extended vectors and homogeneous coordinates

2.3 Concept of extended vectors and homogeneous
coordinates
The concept of an extended vector is introduced to facilitate vector and matrix
operations. The extended vector of x~ 5 ½ x y z T is the (4 3 1) vector given by
x 5 ½ ax ay az a T where a is an arbitrary number. The concept of homogeneous coordinates is introduced indicating that the values become homogeneous
when adding a new coordinate to the vector. In this case, it is homogeneous
because the vector will have the same meaning even if multiplied by a constant.
Formulations involving homogeneous coordinates are often simpler and more symmetric than their Cartesian counterparts. Homogeneous coordinates have many
applications, including computer graphics and 3D computer vision, where affine
transformations are allowed and projective transformations are easily represented
by a matrix. We shall use the concept of a homogeneous transformation to represent the rotation and translation into one homogeneous matrix transformation.
In human modeling, the importance of using homogeneous coordinates and
the concept of an extended vector stem from the representation of Equation (2.2),
which will become fundamental to the formulation of a systematic method for
representing the motion of one segmental link with respect to another. It is possible to write Equation (2.2) in terms of a (4 3 4) matrix as

⎡ A~
x ⎤ ⎡ A R B A p⎤ ⎡ B ~
x⎤
(2.5)
⎢ ⎥≡⎢
⎥⎢ ⎥
1 ⎦⎣ 1 ⎦
⎣1⎦ ⎣ 0
⎡B~
⎡ A~
x⎤
x⎤
where the extended vectors A x = ⎢ ⎥ and B x = ⎢ ⎥ can be used to rewrite
⎣1⎦
⎣1⎦
Equation (2.3) as
A

⎡ AR
x =⎢ B
⎣ 0

p⎤ B
⎥ x
1⎦

A

(2.6)

or as
A

where
A

x 5 A TB B x

⎡ AR
TB = ⎢ B
⎣ 0

(2.7)

p⎤
⎥
1⎦

A

(2.8)

This A TB matrix is called the Homogenous Transformation matrix and is read
as the transformation from B to A. It can be seen as acting on a rigid body causing
a transformation, i.e., changing its configuration. On the other hand, and this is
the concept that will be used throughout this text, it is seen as an operator acting
on a vector B x (which is resolved in the B-coordinate system), and resolving the
resulting vector in the A-coordinate system. This is similar in action to the rotation matrix but includes the translation as well.
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The transformation matrix is indeed a partitioned matrix where the upper left
corner sub-matrix is the rotation matrix and the upper right vector is the position
vector
A

⎡rotation position ⎤
TB = ⎢matrix vector ⎥
⎢
⎥
1 ⎦
⎣ 0

(2.9)

2.4 Basic transformations
Figure 2.6 shows two coordinate systems x1 y1 z1 and x2 y2 z2 that are coincident.
Consider the matrix generated by the rotation of the coordinates system x2y2z2
about the z1 axis.
By definition, this rotation can be written as the dot product of unit vectors as
2
3
x1 Ux2 x1 Uy2 x1 Uz2
Rz;θ 5 4 y1 Ux2 y1 Uy2 y1 Uz2 5
(2.10)
z1 Ux2 z1 Uy2 z1 Uz2
where the subscripts z and θ denote a rotation about
Figure 2.6(B), carrying out the dot product yields
2
cosθ
cosð90 1 θÞ
Rz;θ 5 4 cosð90 2 θÞ
cosθ
0
0

z with an angle θ. From
3
0
05
1

(2.11)

Further simplification using the identity cos(90 1 θ) 5 2sin θ and cos(90 2 θ) 5
sin θ yields the basic rotation matrix
2
3
cosθ 2sinθ 0
Rz;θ 5 4 sinθ
cosθ 0 5
(2.12)
0
0
1
z1

z1

z1

z2
y2

z2

z2
y2

y1

x1
(A)

FIGURE 2.6
Definition of basic transformations.

c

a

θ

x2

y1

y1

y2
x2
x1

b
x1

(B)

(C)

x2

2.4 Basic transformations

Inserting this basic rotation matrix into the transformation matrix T with
no displacement yields (i.e., the first three elements of the last column are all
zeros)
2
3
cosθ 2sinθ 0 0
6 sinθ
cosθ 0 0 7
7
Tz;θ 5 6
(2.13)
4 0
0
1 05
0
0
0 1
which is a basic homogeneous transformation matrix for rotation about the
z-axis.
Similarly, two other basic homogeneous transformation matrices for rotation
about the x- and y-axes, respectively, are given by
2

1
60
Tx;α 5 6
40
0
and

2

0
cosα
sinα
0

cosϕ
6
0
Ty;ϕ 5 6
4 2sinϕ
0

0
2sinα
cosα
0

3
0
07
7
05
1

3
0 sinϕ 0
1
0
07
7
0 cosϕ 0 5
0
0
1

(2.14)

(2.15)

A pure translation matrix, called a basic transformation matrix for translation,
can be written not by specifying rotations (i.e., an identity matrix for the rotation
matrix), but by specifying the coordinates of the three elements in the last column. A transformation matrix for translation along the x-axis by a-units can be
written as
2
3
1 0 0 a
60 1 0 07
7
Tx;a 5 6
(2.16)
40 0 1 05
0 0 0 1
Similarly, a basic transformation matrix
written as
2
1
60
Ttranslation 5 6
40
0

translating along x-, y-, and z-axes is
0
1
0
0

0
0
1
0

3
a
b7
7
c5
1

(2.17)

which can be thought of as translating the x2y2z2 a distance a along the x-axis, a
distance b along the y-axis, and a distance c along the z-axis as shown in
Figure 2.6(C).
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2.4.1 Example: knee rotation
The knee joint is a pivotal hinge joint, which permits flexion and extension as
well as a slight medial and lateral rotation. For the purpose of this example we
shall consider it as purely a hinge joint with one degree of freedom (DOF). We
seek to represent the position vector of a point specified on the foot as the lower
limb undergoes a rotational motion at the knee. A point Q on the foot is shown in
Figure 2.7 and is represented by the vector xQ 5 ½ 3 27 0 1 T with respect to
the coordinate system located at the knee. The knee is constrained to allow
motion only about the axis z by an angle θ. It is required to calculate the final
position of the foot point Q as the joint rotates (i.e., as a function of θ).
The lower limb rotates about the axis z, thus the pure rotational homogenous
matrix is
2
3
cosθ 2sinθ 0 0
6 sinθ
cosθ 0 0 7
7
Tz;θ 5 6
(2.18)
4 0
0
1 05
0
0
0 1
Note the translation vector is zero. To determine the location of Q at any joint
0
displacement θ, we multiply xQ by Tz;θ to calculate the rotated vector xQ
0

xQ 5 Tz;θ xQ 5 ½ 3cosθ17sinθ

3sinθ27cosθ

0

1 T

(2.19)

With this expression, it is possible to calculate the position of the lower limb
at any specified value of θ. For example let θ 5 90 , then the rotated limb’s new
position is

0
(2.20)
xQ ð90 Þ 5 7 3 0 1 T
which is shown in Figure 2.7 as the lower limb is extended.
y

Q

θ

y
θ

z

3

x
7
7

Q
3

FIGURE 2.7
Rotation of the lower limb about the z-axis by an angle θ.

x

2.5 Composite transformations

2.5 Composite transformations
In this section, we show that two consecutive transformation matrices can be
characterized by the multiplication of two independent transformation matrices
that yield the same result. In fact, we will show that consecutive transformations
can be represented by the multiplication of their respective transformation matrices. Indeed, consider the transformation from B to A given by the matrix A TB .
Consider also another transformation from B to C represented by the transformation matrix B TC . The resulting transformation can be obtained by multiplying the
two transformation matrices as
A

A

⎡ AR
TB B TC = ⎢ B
⎣ 000

A

p AB ⎤ ⎡ B R C
⎥⎢
1 ⎦ ⎣ 000

⎡ A R B RC + 0
TB B TC = ⎢ B
000
⎣

A

B

p BC ⎤
⎥
1 ⎦

R B B p BC + A p AB ⎤
⎥
1
⎦

(2.21)

(2.22)

The multiplication of two consecutive rotation matrices A RB B RC yields the
rotation matrix A RC . In addition, the position vector to the origin of the B coordinate system is seen by the A coordinate system as
A

RB B p BC 5 A p BC

(2.23)

and the summation of the two position vectors yields
A

p BC 1 A p AB 5 A p AC

(2.24)

Substituting Equations (2.23 and 2.24) into Equation (2.22) yields
A

⎡ AR
TB B TC = ⎢ C
⎣ 000

A

p AC ⎤ A
⎥ = TC
1 ⎦

(2.25)

which indicates that the chain rule applied to rotation matrices is also applicable to transformation matrices. In analogy with rotation matrices, the concept
of extending the chain rule to a sequence of transformations can be applied
such that the resulting transformation matrix characterizes the combined motion
from A to C. This is a very important result, which will be used extensively
throughout this text.

2.5.1 Example: composite transformations
Consider the arm shown in Figure 2.8 with three coordinate systems. For this
model, there exists one coordinate system at the shoulder called A, one at the
elbow called B, and one at the wrist called C. Note that all coordinate systems are
restricted and can only rotate about their own z-axis.
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A
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yA
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xB
7

zB
B

yC
0.5
Q

yB
C

5
zC
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1

FIGURE 2.8
The upper limb with three embedded coordinate systems at the shoulder, elbow, and
hand.

A point Q on the thumb is represented by a vector embedded in the hand and
given by C xQ 5 0:5 0 21 1 T . It is required to
(a)
(b)
(c)
(d)

Determine
Determine
Determine
Determine
coordinate

the homogenous transformation matrix A TB .
the homogenous transformation matrix B TC .
the homogenous transformation matrix A TC .
the coordinates of the vector xQ with respect to the shoulder
system A (i.e., A xQ ).

The transformation matrix relating coordinate systems A to B is
2

21
6 0
A
TB 5 6
4 0
0
2

0
61
B
TC 5 6
40
0

0
1
0
0
1
0
0
0

0
0
21
0
0
0
21
0

3
7
07
7
05
1
3
0
57
7
05
1

(2.26)

(2.27)

2.6 Directed transformation graphs

In order to determine the position and orientation of the C coordinate system
with respect to the A coordinate system, we multiply the two matrices
2
3
0 21 0 7
61
0 0 57
A
7
TB B TC 5 6
(2.28)
40
0 1 05
0
0 0 1
To determine how the thumb is seen by coordinate system A, we calculate

A
(2.29)
xQ 5 A TB B TC C xQ 5 7 5:5 21 1 T
From Figure 2.8, it can be observed that indeed the vector describing the point
on the thumb has coordinates (7, 5.5, 21) with respect to the A-coordinate system.

2.6 Directed transformation graphs
Consider the coordinate frames depicted in Figure 2.9. Each graph from one
frame to another represents a transformation matrix and is denoted by the
T-matrix. The direction of the arrow indicates subscript and superscript, respectively, of the T-matrix, i.e., the transformation from frame 0 to frame 1 is denoted
by 0 T1 . A graph from frame 1 to frame 2 is represented by 1 T2 .
Applying a sequence of transformations such as 0 T1 followed by 1 T2 yields a
graph from frame 0 directly to frame 2 represented by the transformation matrix
0

T2 5 0 T1 1 T2

(2.30)

Similarly, applying another transformation from frame 2 to frame 3 can be
represented by a directed graph from frame 0 to frame 3 and characterized by
0

0T
1

T3 5 0 T1 1 T2 2 T3

Frame 1

3T
0

(2.31)

1T

1T

2

Frame 2
3

2T

Frame 0

Frame 3

FIGURE 2.9
Four directed transformation graphs.
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A graph from frame 3 to frame 0 is represented by 3 T0 ; therefore, the multiplication of a transformation matrix times its inverse yields the identity matrix
0

T3 3 T0 5 I

(2.32)

It is also noted here that a transformation between any two frames can be
obtained independent of the route followed, i.e., the transformation from frame 0
to frame 2 can be obtained by
T2 5 0 T1 1 T2

(2.33)

T2 5 0 T3 3 T2

(2.34)

T2 5 ð2 T3 Þ21

(2.35)

0

or by
0

where the transformation
3

The order in which matrices are multiplied is important since matrix multiplication is not commutative, i.e., in general A TB B TC 6¼ B TC A TB . In fact, great care
must be given to the order of multiplication. Consider two coordinate systems,
X1Y1Z1 being the world coordinate system, and X2Y2Z2 being the body reference
frame. Two rules must be followed in applying the order of multiplication of
transformation matrices. These rules are given without proof:
1. A transformation taking place with respect to the world reference frame
(X1Y1Z1) necessitates the pre-multiplication of the previous transformation
matrix by an appropriate basic homogeneous transformation matrix.
2. A transformation taking place with respect to the body’s own reference frame
(X2Y2Z2) necessitates the post-multiplication of the previous transformation
matrix by an appropriate basic transformation matrix.

2.6.1 Example: multiple transformations
A digital human lives in a computer-aided engineering environment. This human
will be requested to perform some tasks, i.e., to grasp and move objects. In order to
identify objects in the workspace, a virtual camera is embedded in the human’s head,
which will function as his eyes. This camera will determine the position and orientation of an object in space and will return a homogeneous transformation matrix. The
virtual camera senses the position of a Joystick J shown in Figure 2.10. The virtual
camera’s coordinate system is represented by c1, c2, and c3 as shown in Figure 2.10.
The camera identifies the position and configuration of the shoulder and the joystick.
The homogeneous transformation matrix of the joystick J as seen by the
camera C is represented by C TJ as
2
3
0 1 0
5
60 0 1
24 7
C
7
TJ 5 6
(2.36)
4 1 0 0 215 5
0 0 0
1

2.6 Directed transformation graphs

10

c3
Camera
OC

c1

c2

15
Os
Shoulder

24
OJ

Joystick

5

FIGURE 2.10
A digital human whose eyes are replaced by a camera.

The transformation matrix of the coordinate system embedded in the shoulder
with respect to the camera is given as
2

0
61
C
TS 5 6
40
0

0
0
1
0

1
0
0
0

3
10
0 7
7
215 5
1

(2.37)

It is required to:
i. Sketch the unit basis vectors j1, j2, and j3 in the correct orientation at the
origin Oj of the joystick J.
ii. Sketch the unit basis vectors (s1, s2, s3) in the correct orientation at the origin
OS of the shoulder S.
iii. Calculate the coordinates of the Joystick origin Oj relative to the shoulder S.
iv. Determine the transformation matrix S TH for the hand H as seen by the
shoulder, when the hand is positioned to grasp the cube, as shown in
Figure 2.11.
With regards to (i) and (ii) above, since
from C TJ is given by
2
0 1
C
RJ 5 4 0 0
1 0

the rotation matrix
3
0
15
0

C

RJ extracted

(2.38)
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10

Camera
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c1
S2
Os

15
S3

c3

c2

Shoulder

S1
OJ
24
Joystick

OJ

J3

J2

5

FIGURE 2.11
Orienting the hand to grasp an object.

then vector bases at OC are given by

[j1

j2

⎡0 1 0 ⎤
j3 ] = ⎢⎢0 0 1⎥⎥
⎣⎢1 0 0⎥⎦

(2.39)

which can readily be drawn at OJ with respect to the video camera coordinate system and are shown in Figure 2.11. Similarly, the unit basis [s1 s 2 s 3 ] are
extracted from C TS and are plotted as shown in Figure 2.11.
With regards to (iii) above, the coordinates of the joystick origin relative to
S
the shoulder coordinate frame
 S (i.e., seeking the vector p SJ ) can be either read
from Figure 2.12 as S p SJ 5 24 0 25 T or calculated numerically from S TJ ,
which can be written as
S

TJ 5 S TC C TJ

(2.40)

Since only S TC is given, its inverse is computed as
2

0
C 21 6 0
S
TC 5 TS 5 6
41
0

1
0
0
0

0
1
0
0

3
0
15 7
7
210 5
1

(2.41)
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Shoulder

S2

S3
h1
S1
17
50º

h2
0.5
3

FIGURE 2.12
Solution to (i) and (ii) in Example 2.6.1.

Calculating S TJ yields
2
32
3 2
3
0 1 0
0
0 1 0
5
0 0 1
24
60 0 1
6
6
15 7
24 7
0 7
S
76 0 0 1
7 61 0 0
7 (2.42)
TJ 5 6
4 1 0 0 210 54 1 0 0 215 5 5 4 0 1 0
25 5
0 0 0
1
0 0 0
1
0 0 0
1

and extracting S p SJ 5 24 0 25 T yields identical results.
With regards to (iv) above, the transformation matrix B TF can be first obtained
by identifying the unit basis vectors with respect to the shoulder coordinate frame as
S

R H = [h1 h 2

0.64 − 0.76⎤
⎡0
0 ⎥⎥
h 3 ] = ⎢⎢1 − 0.76
⎢⎣0
0
− 0.64⎥⎦

(2.43)

and
S


p SH 5 17

0:5

23 T

(2.44)

As the method for determining the configuration of a rigid body with respect
to a second coordinate frame is now well established through this systematic
approach, it is only natural to extend this method for use in human modeling, for
the purpose of simulating human motion to perform tasks in the virtual world.
However, logistics regarding the embedding of coordinate frames in each rigid
body (called a link) are to be developed, particularly when many segmental links
and joints are needed. Similarly, a systematic representation of a homogeneous
transformation matrix between two consecutive links should also be developed
because coordinate frames are typically arbitrarily oriented.
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2.7 Determining the position of a multi-segmental link:
forward kinematics
The forward kinematics problem is characterized by determining the final position
and orientation of a link (e.g., anatomical landmark on the hand) with knowledge
of the joint variables. One can think of the forward kinematics (sometimes called
direct kinematics) as a black box that contains the necessary calculations for
accepting joint coordinates as input, and producing position and orientation parameters as output, for any of the segmental links in the chain. This black box
approach is depicted in Figure 2.13.
Consider the arm of a person constrained to move on the surface of a table.
Assume that this arm is represented by only two joints, characterized by two variables,
q1 and q2. The question that will be addressed throughout this chapter is as follows:
Given a displacement of q1 5 15 and q2 5 30 , what is the final position of
the hand?
In order to answer this question, it is necessary to formulate an equation that
contains the two independent variables q1 and q2 as its parameters, and that evaluates to a position. Because two parameters are involved, we would also need two
independent coordinate systems, which we shall denote by frame 0 and frame 1
shown in Figure 2.14.
For this simple example, it can be seen from geometry that the x- and y-values
of the hand with respect to the first coordinate system x0 and y0 are
x 5 4 cosq1 1 6 cosðq1 1 q2 Þ

(2.45)

y 5 4 sinq1 1 6 sinðq1 1 q2 Þ

(2.46)

and

Joint
variables

Position and
orientation

Forward
kinematics

FIGURE 2.13
Understanding forward kinematics.

4
y0

6

5.28
q2

y1
x0

x1

q1

FIGURE 2.14
The upper limb with two embedded coordinate systems.

8.10

2.8 The DenavitHartenberg representation

Therefore, to calculate the final position of the hand, we substitute for values
of q1 and q2, which yields the final position of the hand as

(2.47)
x 5 8:10 5:28 T
From this simple example, it can be seen that if the number of DOF becomes
large, and the orientation of each joint with respect to another is spatial rather
than planar, the formulation of the x, y, and z equations becomes complicated. If
the orientation of the hand is required, further complexity is introduced.
Therefore, we need to develop a systematic methodology for:
a. Locating coordinate systems on each segmental link in a consistent manner.
b. Calculating the relation between any two segmental links.
c. Characterizing the position and orientation of a distal link on the kinematic
chain with respect to another link on the same or different chain.

2.8 The DenavitHartenberg representation
In order to obtain a systematic method for describing the configuration (position
and orientation) of each pair of consecutive segmental links, a method was proposed by Denavit and Hartenberg (1955). We shall utilize the method of Denavit
and Hartenberg (DH) to address human kinematics.
The method, now referred to as the DH method, is based upon characterizing
the configuration of link i with respect to link i 2 1 by a (4 3 4) homogeneous
transformation matrix representing each link’s coordinate system. If each pair of
consecutive links represented by their associated coordinate system (Figure 2.15)
is related via a matrix, then using the matrix chain-rule multiplication, it is possible to relate any of the segmental links (e.g., the hand) with respect to any other
segmental link (e.g., the shoulder).

Zi-1
Zi-1

Zi

Xi-1

Zi

Xi-1
Yi

FIGURE 2.15
Joint coordinate systems between two segmental links.
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Zi

θi

Joint i
αi

Zi-1

Joint i-1

Xi

di

ai

Oi

Oi-1

Yi
Xi-1

FIGURE 2.16
The relation between two coordinate systems with four parameters.

We shall always refer to T as having the following vectors
⎡ nx
⎢n
T=⎢ y
⎢ nz
⎢
⎣0

sx
sy
sz
0

ax
ay
az
0

px ⎤
p y ⎥⎥ ⎡n s a p ⎤
=⎢
⎥
pz ⎥ ⎣ 0 0 0 1 ⎦
⎥
1 ⎦

(2.48)

A single general transformation matrix between any two coordinate systems is
needed. A general motion (translation and rotation) between any two configurations can be identified by four consecutive transformations taking the rigid body
from one configuration to its final destination. These transformations are illustrated in Figure 2.16 and are listed as follows:
1.
2.
3.
4.

A
A
A
A

rotation of α angle about the OX axis
translation of a units along the OX axis
translation of d units along the OZ axis
rotation of θ angle about the OZ axis.

Since all transformations are about the world coordinate system, the transformation matrices are pre-multiplied. Remember that a basic homogeneous transformation
matrix characterizes each transformation. The final transformation can be written as
3
2
32
1 0 0 a
cosθ 2 sinθ 0 0
6
7
6 sinθ
cosθ 0 0 7
6
76 0 1 0 0 7
Tðd; θ; α; aÞ 5 Tz;θ Tz;d Tx;a Tx;α 5 6
7
76
4 0
0
1 0 54 0 0 1 0 5
2

0

1 0
60 1
6
6
40 0
0 0
2
cosθ
6 sinθ
6
Tðd; θ; α; aÞ 5 6
4 0
0

0 0 0 1
0
0 1
3
32
1
0
0
0
0 0
6
7
0 07
76 0 cosα 2 sinα 0 7
7
76
cosα 0 5
1 d 54 0 sinα
0
0
0
1
0 1
3
2 cosαsinθ
sinαsinθ acosθ
cosαcosθ 2 sinαcosθ asinθ 7
7
7
sinα
cosα
d 5
0

0

1
(2.49)
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The resulting homogeneous transformation matrix of Equation (2.49) is an
important element in developing the DH representation. For any two rigid bodies,
this transformation matrix characterizes the configuration (position and orientation) of one with respect to the other in terms of the four important parameters
(d,θ,α,a). Therefore, if it is possible to expand this result to the representation of
rigid bodies connected in a serial chain, their multiplication will yield a transformation matrix relating any two links in the chain. We will expand on this issue in
the following section toward establishing a systematic method for the embedding
of coordinate systems.

2.9 The kinematic skeleton
In order to establish a systematic method for biomechanically modeling human
anatomy, it is necessary to establish a convention for representing segmental links
and joints. We can represent human anatomy as a sequence of rigid bodies (links)
connected by joints. Of course, this serial linkage could be an arm, a leg, a finger,
a wrist, or any other functional mechanism. Joints in the human body vary in
shape, function, and form. The complexity offered by each joint must also be
modeled, to the extent possible, to enable a correct simulation of the motion. The
degree by which a model replicates the actual physical model is called the level
of fidelity.
Perhaps the most important element of a joint is its function, which may vary
according to the joint’s location and physiology. The physiology becomes important when we discuss the loading conditions of a joint. In terms of kinematics, we
shall address the function in terms of the number of DOF associated with its overall movement. Muscle action, ligament, and tendon attachments at a joint are also
important and contribute to the function.
For example, consider the elbow joint, which is considered a hinge or oneDOF rotational joint (e.g., the hinge of a door) because it allows for flexibility
and extension in the sagittal plane as the radius and ulna rotate about the
humerus. We shall represent this joint by a cylinder that rotates about one axis
and has no other motions (i.e., one DOF). Therefore, we can now say that the
elbow is characterized by one DOF and is represented throughout the book as a
cylindrical rotational joint, also shown in Figure 2.17A.
On the other hand, consider the shoulder complex. The glenohumeral joint
(shoulder joint) is a multi-axial (ball and socket) synovial joint between the head
of the humerus and the glenoid cavity. There is a 4 to 1 incongruence between
the large round head of the humerus and the shallow glenoid cavity. A ring of
fibrocartilage attaches to the margin of the glenoid cavity forming the glenoid
labrum. This serves to form a slightly deeper glenoid fossa for articulation with
the head of the humerus Figure 2.17B.
There are a number of methods that can be used to model this complex joint
(Figure 2.18). One such method (Maurel et al., 1996) is to consider the shoulder
girdle (considering bones in pairs) as four joints that can be distinguished as: the
sterno-clavicular joint, which articulates the clavicle by its proximal end onto the
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(A)
Elbow joint

FIGURE 2.17A
A one-DOF elbow joint.
Reprinted with permission from www.cyber-anatomy.com

(B)
Acromioclavicular
joint

Glenohumeral
joint

FIGURE 2.17B
The shoulder complex.
Reprinted with permission from www.cyber-anatomy.com

q4
q3

q5

q2

q1

yo
xo

FIGURE 2.18
Modeling of the shoulder complex as three revolute and two prismatic DOFs.

2.9 The kinematic skeleton

sternum; the acromio-clavicular joint, which articulates the scapula by its acromion onto the distal end of the clavicle; the scapulo-thoracic joint, which allows
the scapula to glide on the thorax; and the gleno-humeral joint, which allows the
humeral head to rotate in the glenoid fossa of the scapula.
Another method takes into consideration the final gross movement of the joint
(Abdel-Malek et al., 2001ad), as abduction/adduction (about the anteroposterior
axis of the shoulder joint), flexion/extension and transverse flexion/extension
(about the mediolateral axis of the shoulder joint). Note that these motions provide for three rotational degrees of freedom having their axis intersecting at one
point. This gives rise to the effect of a spherical joint typically associated with
the shoulder joint (Figure 2.18). In addition, the upward/downward rotation of the
scapula gives rise to two substantial translational degrees of freedom in the shoulder complex. This sliding motion is represented by elevation/depression, protraction/retraction, tipping forward/backward and medial/lateral rotations for the
scapulo-thoracic joint (5 DOF).
This model allows for consideration of the coupling between some of the
joints as is the case in the shoulder where muscles extend over more than one segment. When muscles are used to lift the arm in a rotational motion, unwittingly, a
translational motion of the shoulder occurs.
The hand is composed of many small bones called carpals, metacarpals, and
phalanges. The two bones of the lower arm—the radius and the ulna—meet at the
hand to form the wrist. We will model the wrist as three intersecting revolute
joints intersecting at one point, whose action yields a spherical wrist (Pieper,
1968). The complete 9-DOF model of the upper extremity is shown in
Figure 2.19.

q4
q3

q5

q2

q1

yo

q
q9

q7

X(θ)

q8

FIGURE 2.19
Modeling of the upper extremity as a 9-DOF kinematic chain.
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We shall use this method to develop a complete model of the human, always
maintaining a serial link approach to facilitate a computational approach. As will
be seen in later chapters, this approach enables us to address problems in simulation and ergonomics.

2.10 Establishing coordinate systems
In order to obtain a systematic method for generating the (4 3 4) homogeneous
transformation matrix between any two links, it is necessary to follow a convention in establishing coordinate systems on each link. This can be accomplished by
implementing the following rules. It should be emphasized that a suitable home
configuration must first be established before applying these rules. A home configuration denotes the start configuration of the serial chain (segmental links). It
is customary to start from a well-known position where the user indicates that this
posture is the home configuration.
The procedure for establishing coordinate frames at each link is as follows:
1.
2.
3.
4.

Name each joint starting with 1,2,. . . up to n-degrees of freedom.
Embed the zi21 axis along the axis of motion of the ith joint.
Embed the xi axis normal to the zi21 (and of course normal to the zi axis).
Embed the yi axis such that it is perpendicular to the xi and zi subject to the
right hand rule. However, on the kinematic skeleton, it is customary not to
show the yi axis so as not to clutter the drawing and since it is not needed for
determining the DH parameters.

The location of the origin of the first coordinate frame (frame 0) can be chosen to be anywhere along the z0 axis. In addition, for the nth coordinate system, it
can be chosen to be embedded anywhere in the nth link subject to the above four
rules. In order to generate the matrix relating any two links, four parameters are
needed. The four parameters are:
1. θi is the joint angle, measured from the xi21 to the xi axis about the zi21
(right hand rule applies). For a prismatic joint θi is a constant. It is basically
the angle rotation of one link with respect to another about the zi21.
2. di is the distance from the origin of the (i 2 1)th coordinate frame to the
intersection of the zi21 axis with the xi axis along zi21 axis. For a revolute
joint, di is a constant. It is basically the distance translated by one link with
respect to another along the zi21 axis.
3. ai is the offset distance from the intersection of the zi21 axis with the xi axis
to the origin of the ith frame along xi axis. (Shortest distance between the zi21
and zi axis).
4. αi offset angle from zi21 axis to zi axis about the xi axis (right hand rule).

2.10 Establishing coordinate systems

Careful attention must be given when the following cases occur:
1. When two consecutive axes are parallel, the common normal between them is
not uniquely defined, i.e., the direction of xi must be perpendicular to both
axes; however, the position of xi is arbitrary.
2. When two consecutive axes intersect, the direction of xi is arbitrary.
The four values for the DH parameters θi ; di ; ai ; αi are typically entered into a
table known as the DH table. A 10-DOF model will have a table with 10 rows.
Each row is used to generate the homogeneous transformation matrix for a DOF.

2.10.1 Example: a 9-DOF model of an upper limb
A 9-DOF model of the upper extremity is shown in Figure 2.20. Sketch the coordinate systems for each joint according to the DH representation method (note
that the first two joints are prismatic (translational).
Each z-axis, starting with the first joint and denoted by z0, is located along the
joint (Figure 2.21). The x-axis is also located but the y-axis is not shown to avoid
cluttering the figure.
The position and location of each axis determines the parameters θi ; di ; ai ; αi ,
and hence determine the resulting (4 3 4) homogeneous transformation matrix
from Equation (2.49), and repeated here for continuity.
2
3
sinαi sinθi
ai cosθi
cosθi 2cosαi sinθi
6 sinθi
cosαi cosθi
2sinαi cosθi ai sinθi 7
i21
7
Ti 5 6
(2.50)
4 0
sinαi
cosαi
di 5
0
0
0
1
For any sequence of consecutive transformations or for any serial mechanism,
any two reference frames can be represented by the multiplication of the transformations between them. To relate the coordinates frames m 2 1 and m 1 n, the following transformations are computed
m21

Tm m T m 1 1 . . .:m 1 n 2 1 T m 1 n 5 m 2 1 T m 1 n

FIGURE 2.20
A 9-DOF model of the upper extremity.

(2.51)
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FIGURE 2.21
Locating the coordinate systems for the 9-DOF model of the upper extremity.

In general, the kinematic equations of serial n-DOF segmental links relating
the coordinates of the last link (the nth coordinate frame) with respect to the world
coordinates system (the 0th coordinate frame) can be written as
0

i

Ti 5 0 T1 1 T2 :::i 2 1 Ti 5 L j 2 1 Tj for i 5 1; 2; . . .; n

(2.52)

j51

For example, for a 9-DOF model of the upper limb (n 5 9), the position and orientation of the 9th link with respect to the base frame (the first frame) is represented by:
0

T1 1 T2 . . .8 T9 5 0 T9

(2.53)

If
x and x are the extended position vectors of a point, referred to coordinate frames embedded in link m21 and m, respectively, the relationship between
the two vectors is given by
m21

m

m21

x 5 m 2 1 Tm m x

(2.54)

Similarly, a vector resolved in the coordinates of the hand (nv) can be resolved
in the world coordinate system by multiplying by the corresponding transformation matrix as
0

v 5 0 Tn n v

(2.55)

where the vector v is resolved in the world coordinate frame.
0

2.10.2 Example: DH parameters of the lower limb
Consider the lower limb shown in Figure 2.22. For the purpose of this example, a
total of four DOF are used to model the limb.
a.
b.
c.
d.

Determine the coordinate systems and sketch on the figure
Determine the DH table
Write down the matrices relating any two consecutive coordinate systems
Write down the matrix relating the first link to the coordinate system
embedded in the foot.

2.10 Establishing coordinate systems

Q

FIGURE 2.22
A simple 4-DOF model of the lower limb.

z0

z1
x0
x1

9
z2

x2
11
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x4

z3

3
z4

x3

FIGURE 2.23
Establishing coordinate systems on a 4-DOF model of the lower limb.

e. If the lower limb has moved to q1 5 0, q2 5 90o , q3 5 2 90o , and q4 5 0,
calculate the final orientation of the foot, and the final coordinates of the point
Q located at the tip of the foot.
Results for (a) to (e) above:
a. Coordinate systems are established as shown in Figure 2.23.
b. The DH parameters are shown in Table 2.1.
c. Substituting each row of the DH table into Equation (2.50) yields the four
transformation matrices as follows:
2
3
sinq1 0
cosq1 0
6 sinq1 0 2cosq1 0 7
0
7
(2.56)
T1 5 6
4 0
1
0
05
0
0
0
1
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Table 2.1 DH Parameters for the Lower Limb
Joint

θi

αi

ai

di

1
2
3
4

q1
q2
q3
q4 1 π=2

0
0
0
0

0
9
11
3

π=2
0
0
0

2

cosq2
6 sinq2
1
T2 5 6
4 0
0
2
cosq3
6
sinq3
2
T3 5 6
4 0
0
2
2sinq4
6
cosq4
3
T4 5 6
4
0
0

2sinq2
cosq2
0
0

0
0
1
0

2sinq3
cosq3
0
0

0
0
1
0

2cosq4
2sinq4
0
0

0
0
1
0

3
9 cosq2
9 sinq2 7
7
0 5
1
3
11 cosq3
11 sinq3 7
7
5
0
1

3
23 sinq4
3 cosq4 7
7
5
0
1

(2.57)

(2.58)

(2.59)

d. To relate the first frame to the fourth frame, the following multiplication of
homogeneous transformation matrices must be carried out:
0

T1 1 T2 2 T3 3 T4 5 0 T4

where the resulting (4 3 4) matrix
2
nx ox
6 ny oy
0
T4 5 6
4 nz o z
0 0

ax
ay
az
0

3
px
py 7
7
pz 5
1

(2.60)

(2.61)

where,
nx 5 2 cosq1 sinðq2 1 q3 1 q4 Þ

(2.62)

ny 5 2 sinq1 sinðq2 1 q3 1 q4 Þ

(2.63)

nz 5 cosðq2 1 q3 1 q4 Þ

(2.64)

sx 5 2 cosq1 cosðq2 1 q3 1 q4 Þ

(2.65)

2.10 Establishing coordinate systems

sy 5 2 sinq1 cosðq2 1 q3 1 q4 Þ

(2.66)

sz 5 2 sinðq2 1 q3 1 q4 Þ

(2.67)

ax 5 sinq1

(2.68)

ay 5 2 cosq1

(2.69)

az 5 0

(2.70)

px 5 cosq1 ð2 3 sinðq2 1 q3 1 q4 Þ 1 9 cosq2 1 11 cosðq2 1 q3 ÞÞ

(2.71)

py 5 sinq1 ð2 3 sinðq2 1 q3 1 q4 Þ 1 9 cosq2 1 11 cosðq2 1 q3 ÞÞ

(2.72)

pz 5 9 sinq2 1 11 sinðq2 1 q3 Þ 1 3 cosðq2 1 q3 1 q4 Þ

(2.73)

th

e. To determine the orientation of the 4 coordinate system with respect to the
0
hip, we substitute q1 5 0, q2 5 0,
q4 5
the
 q3 5 0, and
 0 into T4 and
T
T
orientation
is
identified
as
n
5
0
0
1

,
s
5
21
0
0

,
and

a 5 0 21 0 T .
In order to determine the position of the point Q, defined with respect to
the 4th coordinate system, we shall use the extended vector equation as
0 
4 
v
v
5 0 T4 ðqÞ
(2.74)
1
1

The position of a point on the foot is given by vQ 5 0 0 0 T . For the
initial posture of the lower limb, the joints are q1 5 0, q2 5 0, q3 5 0, and q4 5 0.
In order to calculate the new posture given the change in joint variables,
we substitute into 0 T4
2
3
0 21
0 11
60


0 21 0 7
0
7
T4 ð0; 90 ; 2 90 ; 0Þ 5 6
(2.75)
41
0
0 12 5
0
0
0 1
The position is calculated as


vQ ð0; 90 ; 2 90 ; 0Þ 5 12

and the orientation is calculated as

n5 1
0 0 T

s5 0
0 1 T

a 5 0 21 0 T
as shown in Figure 2.24.

0

211 

(2.76)

(2.77)
(2.78)
(2.79)
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y0
z0
x0
Q
z4
12

y411
x4

FIGURE 2.24
The configuration of the lower limb as a 4-DOF model.

2.11 The Santoss model
Figure 2.25 illustrates Santoss with the kinematic model (skeleton). The values
Li between joints define the body parameters of the human, such as shoulderto-elbow distance. For generality of use of the human model, these parameters are
left as user-input and can be changed to correspond to specific anthropometrical
data. The high level of control over the distances Li allows this model to represent
any anthropometrical percentile.
The z-axes in Figure 2.25 represent the axes of rotation for each DOF (each
kinematic revolute joint). The model includes four 3-DOF spherical joints (each
modeled using three revolute joints) to represent movement of the human spine,
totaling 12 DOF for the torso segment (labeled z0 through z11). Each arm includes
two revolute joints for the clavicle, a spherical joint for the shoulder, and four
0
additional DOF for the elbow and wrist. Hence, each arm has 9 DOF (labeled z12
0
through z20 for the right arm and z12 through z20 for the left). Finally, the leg segments have 7 DOF each, including a spherical joint at each hip. The result is a
segmented human kinematic model capable of representing human motion with
considerable accuracy.

2.12 Variations in anthropometry
Because the DH method is dependent upon a well-defined set of parameters, as
entered into the DH Table, it is indeed straightforward to vary these parameters
as the anthropometric model is changed.

2.13 A 55-DOF whole body model

Right arm segment

Left arm segment

Torso segment
Global coordinates in code (DH model)

FIGURE 2.25
Santoss —a 215-DOF human model.

2.13 A 55-DOF whole body model
A kinematic human skeletal model with 55 DOFs, shown in Figure 2.26, consists
of six physical branches and one virtual branch. The physical branches include
the right leg, the left leg, the spine, the right arm, the left arm, and the head. In
these branches, the right leg, the left leg, and the spine start from the pelvis
(z4 , z5 , z6 ), while the right arm, left arm and head start from the spine end joint
(z30 , z31 , z32 ). This model shall be used in predictive dynamics to account for the
physical translational and rotational joints of the human with respect to a fixed
coordinate system on the ground.
The spine model includes four joints, each joint has three rotational DOFs
( [z21 , z22 , z23 ], [z24 , z25 , z26 ], [z27 , z28 , z29 ], [z30 , z31 , z32 ] ). The legs and arms are
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FIGURE 2.26
The 55-DOF digital human model (with global DOFs z1 , z2 , z3 , z4 , z5 , z6 ) used in
predictive dynamics.

assumed to be symmetric along the sagittal plane. Each leg consists of a thigh, a
shank, a rear foot, and a forefoot. There are seven DOFs for each leg: three at the
hip joint (z7 , z8 , z9 ), one at the knee joint (z10 ), two at the ankle joint (z11 , z12 ),
and finally, one to characterize the forefoot (z13 ). At the clavicle, there are two
orthogonal revolute joints (z33 , z34 ). Each arm consists of an upper arm, a lower
arm, and a hand. There are seven DOFs for each arm: three at the shoulder, two
at the elbow, and two at the wrist. In addition, there are five DOFs for the head

2.14 Global DOFs and virtual joints

Table 2.2 Link Length and Mass Properties
Link

Length (cm)

Mass (kg)

L1
L2
L3
L4
L5
L6
L7
L8
L9
L10
L11
L12
L13
L14
L15
L16
L17
L18

8.51
38.26
39.46
5.0
9.01
7.56
9.0
5.63
5.44
6.0
17.39
16.76
20.0
17.1
4.41
25.86
24.74
16.51

4.48
9.54
3.74
0.5
0.7
0.23
2.32
2.32
2.32
2.32
3.0
5.78
4.22
1.03
2.8
1.9
1.34
0.5

branch: three at the lower neck and two at the upper neck. The anthropometric
data for the skeletal model representing a 50-percentile male, generated using
commercial software, are shown in Table 2.2.
It is noted here that the foregoing 55-DOF skeletal model has been developed to
simulate many human activities, such as symmetric and asymmetric walking, running,
stairs climbing, lifting objects, throwing, etc. For simulating each of these activities,
some DOF that do not participate in the activity in a significant manner are frozen to
their neutral angles. The formulation presented here is quite flexible allowing any
DOF to be frozen to a specified value. In addition, limits on the range of motion of
any DOF can be imposed. A general-purpose software is being developed that can be
used to simulate these activities using the same skeletal model. For the symmetric
gait simulation problem, the following DOFs are frozen: wrist joint, clavicle joint,
neck joint, and two spine joints (shown as red dashed enclosures in Figure 2.26).
Therefore, the skeletal model used for gait simulation has 38 active DOFs. The other
way to accomplish this objective would be to redefine the skeletal model for each
activity. However, this would require redefinition of the body segments and recalculation of their mass and inertial properties, which would be quite tedious.

2.14 Global DOFs and virtual joints
The six global DOFs generate rigid body motion for the entire spatial skeleton
model. The three translations are represented by three prismatic joints, and the
three rotations by three revolute joints in the DH method. These joints are named
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as virtual joints to distinguish them from the physical human joints. The two adjacent virtual joints are connected by a virtual link which uses zero mass and zero
inertia to define the link properties. Finally, the virtual joints and links constitute
a virtual branch which contains six global DOFs (z1 , z2 , z3 , z4 , z5 , z6 ).
The virtual joints defined in the virtual branch not only generate global rigid
body movements but also contain global generalized forces. These forces correspond to the six global DOFs: three forces (τ 1 ,τ 2 ,τ 3 ) and three moments (τ 4 ,τ 5 ,τ 6 ).
For the system in equilibrium, these global generalized forces should be zero.

2.15 Concluding remarks
This chapter has presented the kinematics of human modeling. It is evident that
the human body is complex, requiring a true multi-disciplinary approach among
researchers from the medical field and from engineering. Detailed physics-based
modeling of human joints may require far more knowledge than is currently available. However, for all practical purposes, it has been shown that approximate
modeling of gross human motion, for the purpose of human motion simulation or
ergonomic analysis, can be achieved using the DenavitHartenberg representation method. The DH method provides an adequate, consistent, and systematic
method for embedding the local coordinate systems for each link. Furthermore,
the DH method allows for the modeling of complex and large DOF skeletons,
where each complex joint has multiple DOF. Lastly, the DH method lends itself
well to computational methods and we will expand on this foundation in later
chapters to build the dynamics of the motion, leading to predicting how humans
will respond to a given situation.
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CHAPTER

Posture Prediction and
Optimization

3

The concept is interesting and well-formed, but in order to earn better
than a ‘C’, the idea must be feasible.
A Yale University management professor in response to student Fred Smith’s paper
proposing reliable overnight delivery service (Smith went on to found Federal
Express Corp.)

3.1 What is optimization?
Mathematical optimization is a branch of computational mathematics that seeks
to answer the question: “What is the best solution given a set of constraints?”
This type of optimization is well suited to problems for which the quality of
any answer can be expressed as a numerical value. Such problems arise in many
fields, particularly in business, engineering, structures, architecture, economics,
management, and just about every smart appliance on the market today. Equally
wide in scope is the range of methods used to solve such problems. An excellent
reference on the subject, including solution methods, is a text written by the second author (Arora, 2012).
This chapter presents the basic ideas of mathematical optimization and provides a rigorous understanding of the three ingredients: design variables, cost
functions, and constraints. The chapter does not, however, cover numerical methods or numerical solvers of optimization as this is quite a mature field and there
are many existing computational codes that can be used to solve a wellformulated optimization problem. It is believed that optimal solutions are readily
obtained if the problem is well formulated.

3.2 What is posture prediction?
Posture prediction refers to the estimation of joint variables that will allow the
human body to assume a posture towards achieving an objective. For example,
prediction of upper extremity variables (joint angles) to achieve the grasping of
an object is a posture prediction problem. Note that grasping means the positioning of the hand (called the end-effector of a serial kinematic chain in the field of
robotics), often referred as inverse kinematics or IK for short. Similarly,
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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calculating the joint variables of a lower extremity to allow the foot to be positioned on a pedal, for example, is also a posture prediction problem.
For a posture prediction problem, the design variables are the joint angles
of the body. The constraints are the location and possibly the orientation of an
end-effector (usually the fingertip) and the joint ranges of motion. Commonly,
optimization-based inverse kinematic methods focus on minimizing some form
of discomfort (Abdel-Malek et al., 2004b; Jung and Choe, 1996) or minimizing perturbation from a neutral position (Case et al., 1990; Porter et al.,
1990). If more than one objective function is used, they can be combined
using multi-objective optimization techniques like the objective sum method,
the minmax method, or the global criterion method (Yang et al., 2004ad).
Other objective functions that have been tried include minimizing joint
displacement, minimizing change in potential energy, minimizing the distance
to the target, and maximizing reachability (Abdel-Malek et al., 2004a,c; Yang
et al., 2004ad).
Optimization can be used not only to find the most realistic posture to reach
a point in the workspace, but also to find the best placement of the human
within a workspace or the best placement of the target relative to the human
(Abdel-Malek et al., 2004a,c; Abdel-Malek et al., 2006; Abdel-Malek et al.,
2001ad; Abdel-Malek et al., 2005; Marler et al., 2009; Mi et al., 2002a; Yang
et al., 2006a,b,c,d; Mi et al., 2009; Yang et al., 2004ad).
Motion prediction broadens the approach and finds the optimal motion
between two target points. For motion prediction, B-spline approximations or
polynomials are used to approximate joint displacement with respect to time (Mi,
2004). Furthermore, additional objective functions are formulated that deal with
the change in joint displacement over time. Examples include minimizing inconsistency, minimizing joint acceleration, and minimizing velocity at the beginning
and end of the motion (Abdel-Malek et al., 2004b; Mi, 2004).
In this chapter, the treatment of an open kinematic chain is addressed as
opposed to closed-loop systems. For the human body, we consider a variety of
open kinematic chains, typically all beginning in the waist and extending to the
hand, the foot, or the head. Similarly, the kinematic chain can begin with the
ground (foot); then extend through the body to the arm, hand, and fingers. Note
that the word prediction is often used rather than calculation since predicting realistic human motion is not an exact science, but rather a prediction of human
behavior. For a human to touch a given point with a finger, several postures
exist. . .but what is the “best” way to accomplish this task?
Motion prediction refers to the calculation of joint variables with respect to
time (often called a motion profile) to enable motion from an initial configuration
to a final configuration. Posture prediction is typically associated with the calculation of static postures, which characterizes the final positions and orientations of
segmental links without much consideration of how this posture occurred. The
challenge in predicting postures and motions is evident in that there are a large
(infinite) number of solutions.

3.3 Inducing behavior

There are many theories and methodologies for how the brain issues motor control commands to the central nervous system to achieve a task. This chapter will
not address all reported methods but rather will focus on the method that is based
on optimization, which we believe is a natural process for completing a task.

3.3 Inducing behavior
One method for characterizing brain function to induce behavior in a digital
human is to give it the ability to process a task using the previously mentioned
cost functions. This theory was first introduced by the first author and his colleagues some time ago (Abdel-Malek et al., 2001ad). A task is first broken into
sub-tasks, and then each sub-task is broken into procedures. This process is called
task planning and is well understood in the field of robotics. Subsequently, to
accomplish a procedure, the procedure planner selects one or more cost functions
from a list of available human performance measures to be used in an optimization algorithm (Figure 3.1). Note that task planning and procedure planning are
forms of intelligent engines. Indeed, it is believed that selecting the appropriate
type of cost functions and understanding their relative importance is a challenging
problem that is not well understood. Nevertheless, optimizing for a combination
of cost functions yields a behavior that is different than that yielded by optimizing
TASK
Task
planning
Procedure
Procedure 1...2...3...3...n

planning

Effort
Discomfort
Vision
Energy

Selection of
cost functions

Balance
Fatigue

Optimization
Task execution

FIGURE 3.1
The overall planning and execution of a task using the theory of optimization.
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for a different set of cost functions. It is expected that this aspect of selecting cost
functions will continue to be an area of research of great interest as it produces
behaviors that vary for performing the same task with different cost functions.
The main new idea here is that humans execute procedures while minimizing
or maximizing cost functions. By selecting a combination of various cost functions, a behavior is induced and a new motion profile is calculated. This concept
will be explained further in this chapter.

3.4 Posture prediction versus inverse kinematics
Because of the apparent mathematical complexity of the problem of posture prediction and because the human body has many more than six DOF, methods for
predicting postures are quite involved. Posture prediction, at least on the surface,
is equivalent to what is called inverse kinematics in the field of mechanisms and
robotics (known as IK in the gaming and animation industries). In this section we
comment about their benefits and shortcomings.

3.4.1 Analytical and geometric IK methods
Analytical and geometric IK methods are typically associated with robotic manipulator arms that have no more than 6 DOF and where closed-form or numerical
solutions are possible. Larger than 6-DOF systems become very redundant and
require very complex numerical algorithms. Analytical or geometric IK methods
for human posture prediction are almost impossible because of the following
reasons:
1. The large number of DOF associated with the human model leads to severe
difficulties in calculating solutions. It is almost impossible to use geometric
methods and very difficult to use numerical methods, as identifying and
finding all solutions is a difficult mathematical problem.
2. The need to calculate realistic postures. While some of the analytical methods
may yield solutions, a choice of “the best” solution that looks most natural is
difficult to achieve using analytical IK methods.
The main benefit of analytical and geometric methods is that, if determined,
they are determined very quickly. Typically, analytical methods, even though
they are numerical in nature, are computationally efficient.

3.4.2 Empirically-based posture prediction
This method is based on gathering a great deal of data from actual subjects while
they are performing various postures. Anthropometry and posture data are captured and recorded. Statistical models, typically nonlinear regression, are then
developed and used in posture prediction algorithms. The benefit of this method

3.5 Optimization-based posture prediction

is the ability to predict postures that already have been recorded for the exact
anthropometric model. Extrapolating postures and variations thereof is extremely
difficult and highly inaccurate. However, where this method completely fails is in
predicting motion, which is the ultimate objective of posture prediction. If it is to
be expanded to predict motion, the variability and many parameters associated
with motion, including dynamic effects and inertia, are not only difficult to measure but impossible to correlate. The method requires an exhaustive and often
very costly experimental setup involving thousands of subjects to generate a modest model for a small population.

3.5 Optimization-based posture prediction
This chapter introduces a framework and associated algorithm for predicting postures that are based on an individual task. In order to better understand the motivation behind cost functions, consider the case of a driver, in a vehicle, who is
about to reach for a radio control button on the dashboard. It is believed that the
driver will reach directly to the button while exerting minimum effort and perhaps
expending minimum energy. However, the same driver when negotiating a curve
will have to place their hand on the steering wheel in such a way to be able to
exert the necessary force needed to turn the wheel. As a result, involuntarily, the
driver will select a posture that maximizes force at the hand, minimizes the torque
at each joint, minimizes energy, and minimizes effort needed to accomplish this
task (Figure 3.2).
Therefore, our underlying plot is that each task is driven by the optimization
of one or more cost functions, leading the person to posture their body in the
most natural manner. Note that simple logic has been implemented in the
Processor module to correlate between the task and the cost functions.
What we have proposed through this simple example is that humans assume
different postures for different tasks. Note that, when coupled with the DH

Task
Turn steering wheel
Turn headlights on/off
Shift gear
Adjust mirror
...

Cost Functions
min
min

Processor
min

FIGURE 3.2
The task-based approach to selecting cost functions.

Effort
Energy
Dexterity
Reach
Discomfort
Force at fingertip
Torque at joint
Stress
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parameters from Chapter 2 and cost functions as human performance measures,
this presents a very robust method for creating and inducing different behavior
while calculating naturalistic motions.
The optimization formulation contains three main ingredients:
1. A cost function: A cost function is a human performance measure to be
minimized or maximized. In our case, there are many cost functions, forming
a multi-objective optimization problem.
2. Design variables: The variables are individual DOF joint displacements that
will be calculated from the algorithm. In our case, these are the joint variables
that define the position and orientation of each segmental link.
3. Constraints: Constraints are mathematical expressions that bound the
problem. A constraint that makes the distance between the end-effector
and the target point be within a specified tolerance is imposed. Joint
ranges of motion are necessary constraints, but additional constraints are
added as appropriate.
Many cost functions exist, and others are being developed by many researchers and in many fields. We will demonstrate the use of a number of such functions for posture prediction, which will then be used in the formulation for
predictive dynamics in a later chapter.
This chapter focuses on introducing a general optimization-based formulation
for predicting postures. These postures compare well with those assumed by real
humans.
The optimum posture (set of q-values) is determined by solving the following
optimization problem:
Find:
qARDOF
Minimize: Discomfort; Effort; etc:

2
Subject to:xðqÞend-effector 2 xtargetpoint  # ε
and qLi # qi # qU
i ;

i 5 1; 2; . . .; DOF

(3.1)

(3.2)

where q is the vector of generalized joint variables and xtarget point is the point in
space that will be touched. The feasible space for a problem such as the one in
Equation (3.2) is defined as the set of all points x for which all of the constraints
are satisfied.

3.5.1 Design variables
As suggested earlier, the design variables are the generalized coordinates qi , or in
vector form, q 5 ½ q1 ::: qDOF T . Since all joints are rotational, qi have units of
radians. Many optimization algorithms require an initial guess, which entails
determining initial values for the design variables. The initial guess can be somewhat arbitrary, although it is helpful to use a feasible point. In this study, an

3.6 A 3-DOF arm example

initial guess is used that satisfies the joint limits but does not necessarily satisfy
the distance constraint, which is discussed below.

3.5.2 Constraints
The first constraint in Equation (3.2) is the distance constraint and requires that
the end-effector contact a predetermined target point (user-specified) in Cartesian
space, where ε is a small positive number that approximates zero. This constraint
represents distance squared. The DH method is used to determine the position of
the end-effector after a series of given displacements. In addition, each generalized coordinate is constrained to lie between lower and upper limits, represented
by qLi and qU
i , respectively. These limits ensure that the digital human does not
assume an unrealistic position in an effort to contact the target point.

3.5.3 Cost function
For simplicity, and to demonstrate the concept, consider the first objective function, which represents a simple form of discomfort and is proportional to the deviation from the neutral position. The neutral position is selected as a relatively
comfortable posture, typically a standing position with arms at one’s sides, where
qNi is the neutral position of a joint, and qN represents the overall posture.
Technically, the displacement from the neutral position is given by jqi 2 qNi j;
however, for computational simplicity ðqi 2qNi Þ2 is used. Because motion in some
joints contributes more significantly to discomfort, a weighting parameter wi is
introduced to stress the importance of a particular joint. Currently, these weights
are determined by trial and error. Then, the cumulative discomfort (of all joints)
is characterized by the following objective function:
fDiscomfort ðqÞ 5

n
X

wi ðqi 2qNi Þ2

(3.3)

i51

Note that the intent in developing this performance measure is not necessarily
to quantify discomfort. Rather, the function in Equation (3.3) is designed simply
to yield a realistic posture and is effective in that capacity.

3.6 A 3-DOF arm example
Consider, for example, the simplified planar 3-DOF arm shown in Figure 3.3.
This is an illustrative example to demonstrate our formulation where we have
restricted the arm to planar motion.
The objective of this exercise is twofold:
1. Given the point p 5 [5.67 3.59] and the following joint ranges of motion
A 5 2 π3 , q , π3, it is required to determine whether this point is reachable.
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FIGURE 3.3
The upper extremity modeled as 3 DOF and restricted to planar motion.

Table 3.1 DH Table
1
2
3

θi

di

αi

ai

q1
q2
q3

0
0
0

0
0
0

4
2
1

2. If this point is reachable and it is required to reach the point with the
orientation a 5 [1 0], it is necessary to calculate a posture of the upper
extremity.
The DH table is readily determined and presented in Table 3.1.
Substituting each row into the general DH matrix representation, Equation
(2.49) yields the following (4 3 4) transformation matrices
2
3
cos θ 2sin θ 0 0
6 sin θ
cos θ 0 0 7
7
Tz;θ 5 6
(3.4)
4 0
0
1 05
0
0
0 1
Performing the multiplication and obtaining the position vector yields


4cos q1 1 2cos ðq1 1 q2 Þ 1 cos ðq1 1 q2 1 q3 Þ
xn0 ðqÞ 5
4sin q1 1 2sin ðq1 1 q2 Þ 1 sin ðq1 1 q2 1 q3 Þ

(3.5)

We shall also impose ranges of motion on each joint as 2π=3 # qi # π=3;
i 5 1; 2; 3.
We now answer the two objectives:

3.7 Development of human performance measures

FIGURE 3.4
The computed posture is shown within the boundary of the workspace.

To predict a posture at this position p with the given orientation, we implement the minimum effort cost function given by:
fEffort ðqÞ 5

n
X

γ i ðqi 2qinitial
Þ2
i

(3.6)

i51

where γ i is a weight assigned to each joint and is comparable to wi.
The computed joint angles for the final posture are q 5 [0.78 π/180 0.39
π/180 0.39 π/180]T. The posture is schematically represented in Figure 3.4. The
boundary of the workspace of all points in space that can be touched by the endeffector is also shown. This workspace is also called the reach envelope.
Computational and closed-form methods for determining the reach envelope for
humans was provided by Abdel-Malek et al. (2001ad, 2004ad).

3.7 Development of human performance measures
The objective functions in the final optimization formulation represent human
performance measures. In this section, we first describe joint displacement, which
is based on work by Jung and Choe (1996) and Yu (2001). We explain how this
performance measure can be modified to represent effort. We then introduce additional performance measures.
It has been suggested that each DOF, or each body segment, should be associated with an individual objective function or component that may be considered
in the final performance measure (Zacher and Bubb, 2004). Several performance
measures will also be used as multi-objective optimization problems towards predicting postures.
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3.7.1 Joint displacement
The neutral position qN represents a relatively comfortable position. Consider
qNi as the neutral position of a joint measured from the home configuration, which
is characterized by q 5 0. Then, conceptually, the displacement from the neutral
position for a particular joint is given by jqi 2 qNi j. However, to avoid numerical
difficulties and non-differentiability, the terms ðqi 2qNi Þ2 are used. Each of these
terms (one for each DOF) serves as an individual objective function. The terms
are combined using a weighted sum. The scalar weights wi are used to stress the
importance of particular joints. The consequent joint displacement function is
given as follows:
D
OF
X
wi ðqi 2qNi Þ2
(3.7)
fJoint displacement ðqÞ 5
i51

We have determined the values for the weights based on trial-and-error experimentation with the 21-DOF model, and they are given in Table 3.2.
For this model, the neutral position is chosen based on observation of the
skinned model in the previous chapter (see Figure 2.25) rather than a skeletal
model. The resulting vector qN is defined as
qNi 50; i 51;.. .; 12; 19;20
qN13 52 15:0; qN14 520:0; qN15 5 100:0; qN16 5210:0; qN17 5280:0;
qN18 52 35:0; qN21 515:0

(3.8)

This generally represents a posture with the arms straight down, parallel to the
torso. It is known that the human’s position gravitates towards the neutral position.

3.7.2 Effort
Effort is measured as the cumulative displacement of the joints from their initial
position, rather than from the neutral position. While discomfort is measured

Table 3.2 Joint Weights for Joint Displacement
Joint Variables

Joint Weight

q1 ; q4 ; q7 ; q10
q2 ; q5 ; q8 ; q11

100
100 when qi 2 qNi . 0
1000 when qi 2 qNi , 0
5
75
1
50 when qi 2 qNi . 0
1 when qi 2 qNi , 0
1

q3 ; q6 ; q9 ; q12
q13
q14 ; q15 ; q16
q17
q18 ; q19 ; q20 ; q21

3.7 Development of human performance measures

relative to a position that is deemed most comfortable, and the posture with the
minimum discomfort gravitates towards the neutral position, effort is measured
relative to a starting position, regardless of the starting position’s comfort level.
Consequently, effort depends greatly on the initial configuration of the limbs prior
to motion and is most significant when a series of target points are selected with
the posture changing from point to point. For an initial set of joint variables
qinitial
, a simple measure of effort is expressed as follows:
i
fEffort ðqÞ 5

n
X

γ i ðqi 2qinitial
Þ2
i

(3.9)

i51

where γ i is a weight assigned to each joint and is comparable to wi.

3.7.3 Delta potential energy
Potential energy is a well-understood basic concept and has been used successfully as an objective with robotic movements. However, implementing an energy
function as a human performance measure requires special considerations. This
proposed performance measure stems from difficulties with the above-mentioned
joint displacement function and from deficiencies in an existing performance
measure that depends on the potential energy of an arm (Abdel-Malek et al.,
2001ad; Mi et al., 2002b; Mi, 2004).
With joint displacement, the weights are set based on intuition and experimentation, and although the postures obtained by minimizing joint displacement are
acceptable, the question arises as to whether or not there are more practical, less
ad hoc approaches to setting the weights. The idea of potential energy provides
one such alternative. With potential energy, the weights are essentially based on
the mass of different segments of the body, and in a sense, an individual objective
function is developed for each segment.
Whereas the previous potential-energy function incorporates only the potential
energy of an arm, we consider the complete upper body. We represent the primary
segments of the upper body with six lumped masses: three for the lower, middle,
and upper torso, respectively; one for the upper arm; one for the forearm; and one
for the hand. We then determine the potential energy for each mass. The actual
masses for the segments are determined based on data from Chaffin and Anderson
(1991). The heights of the masses, rather than the joint displacements, provide the
components of the human performance measure. Mathematically, the weight (force
of gravity) of a segment of the upper body provides a multiplier for movement of
the segment in the vertical direction. The height of each segment is a function of
the joint angles, so, in a sense, the weights of the lumped masses replace the scalar
multipliers wi, which are used in the joint displacement function.
If potential energy is used directly, as is the case with the previous potentialenergy function, there is always a tendency for the avatar to simply bend over,
thus reducing potential energy. All of the lumped masses gravitate towards the
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FIGURE 3.5
Potential energy.

same vertical baseline where the potential is considered zero. Consequently, we
introduce the idea of minimizing the change in potential energy. It is calculated
as follows. Each segment in the human model has a specified center of mass as
depicted in Figure 3.5.
The vector from the origin of a link’s local coordinate system to its center of
mass is given by ri , where the subscript indicates the relevant local coordinate system. In order to determine the position of any part of the body, we use the DH
transformation matrices ði 2 1Þ Ti . Note that ri is actually an augmented 4 3 1 vector
with respect to local coordinate system-i, rather than a 3 3 1 vector typically used
with Cartesian space, as discussed in subsection 10.2.1; g 5 ½ 0 2g 0 0 T is
the augmented gravity vector. When the avatar moves from one configuration to
another, P0i represents the potential energy of the initial configuration, and Pi represents the potential energy of the current configuration. The potential energy terms
for the ith body part are P0i 5 mi gT 0 T0 1 ?i 2 1 T0 i ri and Pi 5 mi gT 0 T1 ?i 2 1 Ti ri . In
Figure 3.5, Δhi is the y-component of the vector 0 T0 1 ?i 2 1 T0 i ri 2 0 T1 ?i 2 1 Ti ri .
The final performance measure, which is minimized, is defined as follows:
fDelta2potential2energy ðqÞ 5

κ
X

ðPi 2P0i Þ2

(3.10)

i51

Note that Equation (3.10) can be written in the form of a weighted sum as
follows:
fDelta2potential2energy ðqÞ 5

κ
X
i51

ðmi gÞ2 ðΔhi Þ2

(3.11)

3.7 Development of human performance measures

where ðmi gÞ2 represents the weights and ðΔhi Þ2 acts as the individual objective
functions; κ is the number of lumped masses. Potential energy is a relative quantity, and the term Δhi usually refers to the vertical distance between a mass and a
plane of zero potential, where the plane is the same for all masses. However, in
this case, Δhi is measured relative to the neutral position for a particular mass.
Essentially, each mass has a different plane of zero potential. In this case, the initial position is the neutral position described in relation to joint displacement.
Thus, with this performance measure, the human model again gravitates towards
the neutral position, as was the case with joint displacement. However, horizontal
motion of the lumped masses has no effect.

3.7.4 Discomfort
The idea of modeling discomfort can be somewhat ambiguous, as it is a subjective quantity, the evaluation of which may vary from person to person. However,
it is possible to incorporate distinct factors that contribute to discomfort, though
the actual absolute value for discomfort may not be significant. In this section,
we present a human performance measure for musculoskeletal discomfort that
incorporates three such factors:
1. The tendency to move different segments of the body sequentially
2. The tendency to gravitate to a reasonably comfortable neutral position
3. The discomfort associated with moving while joints are near their respective
limits.
Some experimental work has been completed on discomfort in an effort to
determine which factors contribute to discomfort, and the above-mentioned factors surface in these studies. However, these factors have not yet been collectively
incorporated into an effective optimization-based human performance measure for
use with virtual humans.
In order to incorporate the first factor (the tendency to move different segments of the body sequentially), there are several strategies to induce motion in a
certain order, or with higher weighted joints than others.
For example, in an effort to reach a particular target point, one first uses one’s
arm. Then, only if necessary, does one bend the torso. If the target is still out of
reach, one may extend the clavicle joint or take a step to reach it. The
weights used to approximate the lexicographic approach are shown in Table 3.3
(Marler et al., 2005a,b, 2009).
The weights in Table 3.3 are used in a function that is based on Equation (3.7)
with the neutral position defined as shown in Equation (3.8). In this way, the second factor of discomfort (the tendency to gravitate to a reasonably
comfortable neutral position) is incorporated. Prior to applying the weights, each
term in Equation (3.7) is normalized as follows:
Δqnorm 5

qi 2 qNi
L
qU
i 2 qi

(3.12)
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Table 3.3 Joint Weights for Discomfort
Joint Variables

Joint Weight

q1 ; . . .; q12

1 3 104

q13 ; q14

1 3 108
1

q15 ; . . .; q21

With this normalization scheme, each term ðΔqnorm
Þ2 acts as an individual
i
objective function and has values between zero and one.
Generally, this approach works well, but it often results in postures with joints
extended to their limits, and such postures can be uncomfortable. To rectify this
problem and to incorporate the final factor of discomfort (the discomfort associated with moving while joints are near their respective limits), specially designed
penalty terms are added to the discomfort function such that discomfort increases
significantly as joint values approach their limits. The final discomfort function is
given as follows:
fDiscomfort ðqÞ 5

OF
1 DX
½γ ðΔqnorm
Þ 1 G 3 QUi 1 G 3 QLi 
i
G i51 i

(3.13)



 100
5:0ðqU
i 2qi Þ
11:571
11
QUi 5 0:5 Sin
L
qU
i 2qi

(3.14)



 100
5:0ðqi 2qLi Þ
11:571
11
QLi 5 0:5 Sin
L
qU
i 2qi

(3.15)

where G 3 QU is a penalty term associated with joint values that approach their
upper limits, and G 3 QL is a penalty term associated with joint values that
approach their lower limits; γ i represents the weights defined in Table 3.3. Each
U
L
L
U
L
term varies between zero and G, as ðqU
i 2 qi Þ=ðqi 2 qi Þ and ðqi 2 qi Þ=ðqi 2 qi Þ
vary between zero and one. Figure 3.6 illustrates the curve for the following function, which represents the basic structure of the penalty terms
Q 5 ð0:5 Sinð5:0r11:571Þ11Þ100

(3.16)

U
L
L
U
L
r represents either ðqU
i 2 qi Þ=ðqi 2 qi Þ or ðqi 2 qi Þ=ðqi 2 qi Þ.
Thus, as Figure 3.6 illustrates, the penalty term has a value of zero until the
joint value reaches the upper or lower 10% of its range, where either
U
L
L
U
L
ðqU
i 2 qi Þ=ðqi 2 qi Þ # 0:1 or ðqi 2 qi Þ=ðqi 2 qi Þ # 0:1. The curve for the penalty
term is differentiable and reaches its maximum of G 5 1 3 106 when r 5 0. The
final function in Equation (3.13) is multiplied by 1=G for the sake of presentation
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FIGURE 3.6
Graph of discomfort joint-limit penalty term.

Table 3.4 Objective Function Values with the Front Right Target
Min. Joint Displacement
Min. Delta Potential Energy

Joint Displacement

Delta Potential Energy

1.6
176.

27
3

Table 3.5 Objective Function Values with the Back Target
Min. Joint Displacement
Min. Delta Potential Energy

Joint Displacement

Delta Potential Energy

2.2
131

32
1.7

to the user, so discomfort does not have extremely high values when compared
with other performance measures.

3.7.5 Single-objective optimization
Results of single cost function optimization are shown below using the front right
and the back target. The values of the objective functions are shown in Tables 3.4
and 3.5.
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FIGURE 3.7 Front right target.
A. Posture calculated after minimizing joint displacement; B. Posture calculated after
minimizing delta potential energy.

FIGURE 3.8 Back target.
A. Posture calculated after minimizing joint displacement; B. Posture calculated after
minimizing delta potential energy.

Indeed, the two objective functions oppose each other: what decreases the
value of one, increases the value of the other. In some cases, one function
can dominate the aggregated objective function regardless of the weighting
values.
The actual postures associated with the points in Tables 3.4 and 3.5 are
shown in Figures 3.7 and 3.8. In evaluating the visual results, we are concerned

3.7 Development of human performance measures

primarily with gross movement; the nuances of skin deflection are not
addressed. Generally, minimizing delta potential energy results in increased
torso rotation about the vertical axis. This is because rotation about the y-axis
does not alter the potential energy of any part of the body. Using delta potential
energy also results in more bending of the elbow. As one can see from the
results with the front right target, delta potential energy should not necessarily
be used in place of joint displacement; it should not be used alone. This suggests that human posture is not governed primarily by potential energy, but as
we show, potential energy does play a role. This finding is counterintuitive and
consequently significant.

3.7.6 Numerical solutions to optimization problems
The subject of this book is the introduction of a new method called predictive
dynamics. The method uses numerical optimization at its core. Optimization is
a well-developed field, and many numerical methods and strategies have been
researched to obtain solutions since the 1960s. The intent here is not to
describe the details of numerical methods for solving optimization problems,
but only to give a brief introduction to how such problems can be solved.
Based on extensive research on numerical optimization methods, a few promising methods for solution of practical problems have emerged: the sequential
quadratic programming (SQP) method, the interior point (IP) methods, the exterior penalty methods, the augmented Lagrangian methods, and the generalized
reduced gradient (GRG) methods. Some of these methods have been implemented
into widely used software environments, such as MATLAB and Excel. However,
these programs are cumbersome to use for digital human modeling applications.
Several other commercial codes are available, and some of these are listed below.
This is by no means a comprehensive list.
1. SNOPT: SNOPT stands for Sparse Nonlinear OPTimizer. It implements a
sparse SQP algorithm that is suitable for large sparse optimization problems
(Gill et al., 2002). It also has an algorithm to solve dense optimization problems.
2. KNITRO: KNITRO has three algorithms for solving nonlinear optimization
problems: interior-point direct, interior-point conjugate gradient, and active
set algorithms (Byrd et al., 2006).
3. CONOPT: CONOPT implements a large-scale GRG algorithm (Drud, 1992).
4. LANCELOT: LANCELOT implements an augmented Lagrangian method
(Conn et al., 1992).
Real-time optimization requires more sophisticated optimization formulation
and implementation. While we have been able to implement a real-time posture
prediction method into Santoss, including physics makes the problem difficult.
This topic will be briefly discussed in later chapters.
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Final point
and posture

Initial point
and posture

FIGURE 3.9
Posture predicted using initial and final points on the Cartesian path.

3.8 Motion between two points
Motion prediction is defined as calculating the joint variables versus time
for each joint during motion of a kinematic skeleton from one point to another.
The curve representing joint variables versus time is also called joint profiles.
In order to calculate the joint profiles in motion prediction, the initial and
final value for each joint qi must be known. Given a Cartesian path for the endeffector, these values are determined by running posture prediction for both the
initial and final points along the path (Figure 3.9).

3.9 Joint profiles as B-spline curves
Joint profiles are defined as the curve of joint angle versus time. Indeed, each
joint can be made of one or more DOF. Therefore, while we use the term joint
profiles, each profile is indeed for each independent DOF.
Motion prediction involves finding joint profiles for each DOF in a kinematic
model. While a motion is never discreet, it is important to have discrete points representing the joint profile. Therefore, we first introduce a “B-spline curve” as a linear
combination of B-spline basis functions. B-spline curves are an ideal choice because
they can be chosen to allow continuity, differentiability, and endpoint interpolation.
Furthermore, B-spline curves give local control; hence, changing one coefficient

3.9 Joint profiles as B-spline curves

affects only a small portion of the curve. This is desirable when using these coefficients as design variables in an optimization in order to shape the joint profile.
The pth-degree B-spline curve C(u) is a linear combination of pth-degree basis
functions Nk,p(u), defined as follows:
Xn

CðuÞ 5

k50

Nk;p ðuÞPk

(3.17)

where
Nk;p ðuÞ 5

u 2 uk
uk1p11 2 u
Nk;p21 ðuÞ 1
Nk11; p21 ðuÞ;
uk1p11 2 uk11
uk1p 2 uk

(3.18)

and

Nk;0 ðuÞ 5

1 if uk # u # uk11
0 otherwise

(3.19)

Here, the curve has n 1 1 coefficients Pk (0 # k # n). The vector U 5 {u0,. . .,
um} is a non-decreasing sequence of real numbers called the knot vector; each ui
is a knot. The number of knots m 1 1, the number of coefficients n 1 1, and the
degree p are related by
m5n1p11

(3.20)

For calculation of joint acceleration, the joint profiles must be at least twice
differentiable; thus, it is necessary to use at least a third-degree B-spline curve.
Furthermore, using a knot vector that begins and ends with multiplicity p 1 1 will
ensure that the joint trajectories interpolate the initial and final joint values.
Hence, the joint profiles are defined by
qi ðuÞ 5

Xn
k50

Nk;3 ðuÞPðiÞ
k

(3.21)

ðiÞ
ðiÞ
where qi is the ith joint profile, fPðiÞ
0 ; P1 ; . . .; Pn g is the unknown coefficient
vector for qi, and 1 # i # nDOF (where nDOF is the number of DOF). Hence,
there are (n 1 1) (nDOF) coefficients to determine.
For example, for a 15-DOF kinematic model, the first and last coefficients are
equal to the initial and final values; therefore, there are only 13 2 1 2 1 5 11
coefficients per curve. Thus, there will be (11) (nDOF) 5 11 15 5 165 design
variables for optimization.
Lastly, note that using B-spline curves gives a result with normalized time
between zero and one second. The resulting motion can be scaled to longer
durations.
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3.10 Motion prediction formulation
The optimum motion along a path, given by a set of joint trajectories, is determined by solving the following optimization problem:
Find:
to minimize:
subject to:
and

qðuÞ 5 fqi ðuÞj1 # i # nDOFg
Discomfort; etc:
jjxend2eff ðqðtj ÞÞ  xpath ðtj Þjj2 # εðdistance to pathÞ
Upper
qLower
# PðiÞ
ðjoint limitsÞ
i
k # qi

(3.22)

where q(u) represents motion profiles for each joint. For this problem in Equation
(3.22), the feasible space is defined as the set of all solutions q(u) for which every
constraint is satisfied.

3.10.1 Design variables
As previously discussed, the design variables are the (n 1 1) (nDOF) coefficients,
ðiÞ
ðiÞ
fPðiÞ
0 ; P1 ; . . .; Pn g for 1 # i # nDOF. These coefficients shape the B-spline curve
into optimal joint trajectories (which we call joint profiles). The resulting curve
plots joint values (radians) versus time (seconds). The optimization requires an
“initial guess” for the design variables. In this case, the coefficients for the ith
joint are evenly spaced between the initial joint value qinit
and the final joint value
i
qfinal
.
Hence,
the
initial
guess
for
q
(u)
becomes:
i
i
init
PðiÞ
k 5 qi 1

k final
ðq
2 qinit
i Þ
n i

(3.23)

where there are n 1 1 coefficients and 0 # k # n. This guess satisfies the joint
limits as long as the initial and final joint values also satisfy joint limits.
However, it does not necessarily satisfy the distance constraint.

3.10.2 Constraints
The first constraint in Equation (3.22) is the distance constraint, which requires
that the end-effector remain in contact with the given Cartesian path. The remaining constraints ascertain that each curve qi(u) lies between the upper and lower limits for that joint. Using the property of B-spline curves, restricting every coefficient
PðiÞ
k to be within the joint limits will guarantee that the entire curve qi(u) lies within
the joint limits. Enforcing these constraints helps ensure that the algorithm does not
result in an unrealistic motion, and as a result will stay on the given path.

3.11 A 15-DOF motion prediction

FIGURE 3.10
Detailed 15-DOF kinematic model of the torso and arm.

3.11 A 15-DOF motion prediction
The current 15-DOF model provides a simple example of optimization-based
motion prediction. Although a higher-DOF model has the potential to improve
results, it is useful to discuss the current model as a starting point and basis for
comparison.

3.11.1 The 15-DOF DenavitHartenberg model
A 15-DOF kinematic chain for the upper torso and right arm was developed using
the DH method (Figure 3.10). This model combines rotational and translational
DOFs to estimate human joint movements. The distances Li between joints define
the transformation matrices of Equation (2.49). These values are considered input
to the motion prediction routine. They can therefore be varied to correspond with
specific anthropometric data. For the purpose of testing, reasonable values of Li
are determined by inspection.
Since the discomfort objective depends on a neutral posture, this 15-DOF
model must have a defined neutral posture qN 5 fqNi j1 # i # nDOFg. Currently,
the chosen neutral posture is a standing position with the arms at the sides.
The vector qN is then defined as qN10 5 90:0; qN13 5 2 90:0, and qNi 5 0 for all
other i, 1 # i # nDOF. Note that any qi is measured with respect to the posture
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in Figure 3.10 and corresponds to the zi21 axis. Furthermore, the positions of
the target and end-effector must be given in terms of a common coordinate
system. For this purpose, a global coordinate system is chosen to correspond to
the zeroth coordinate frame of the model. Hence, the global position (0,0,0) is
located at the center of the torso. The end-effector for this model is a point on
the thumb given by the local position (L8, 2 L9, 0) relative to the last coordinate frame.

3.12 Optimization algorithm
To solve this problem we have used a number of commercial optimization software programs. However, these programs have consistently resulted in a violated
distance constraint. In an effort to compensate for this, the distance constraint is
combined with the objective and given a large weighting factor. This forms the
following unconstrained objective:
f ðqÞ 5 fdiscomfort 1 1000:0

nTIME
X 


xend-eff ðqðtj ÞÞ 2 xpath ðtj Þ2

(3.24)

j51

Furthermore, additional terms to control the shape of the resulting joint profile
are added to the objective function. The first is a term to control the inconsistency
of the curve—that is, to prevent joint curves that produce back and forth movements. This inconsistency is mathematically defined by:
!
nTIME
X
X nDOF
_ 5
finconsistancy ðqÞ
ðjsignðq_i ðtj ÞÞ 2 trendi j 1 1Þjq_i ðtj Þj
(3.25)
j51

i51

where


if q_i ðtÞ $ 0
if q_i ðtÞ , 0

(3.26)

1
if ðqfi 2 q0i Þ $ 0
21 if ðqfi 2 q0i Þ , 0

(3.27)

signðq_i ðtÞÞ 5

1
21

and

trendi 5

The second is a term to ensure smooth joint movement by minimizing the second derivative of the joint profile. The non-smoothness added to the objective is
given by:
!
nTIME
X
X nDOF
2
€ 5
fnonsmoothness ðqÞ
ðq€i ðtj ÞÞ
(3.28)
j51

i51

3.13 Motion prediction of a 15-DOF model

Finally, the objective function for the unconstrained optimization problem
becomes:
_ qÞ
€ 5 w1 fdiscomfort 1 w2 finconsistnacy 1 w3 fnonsmoothness
f ðq; q;
nTIME
X
1 1000:0
jjxend-eff ðqðtj ÞÞ 2 xpath ðtj Þjj2

(3.29)

j51

Mi (2004) describes the objective terms in Equations (3.25) and (3.28) in
greater detail.
The limits for the generalized coordinates qi are determined based on rough
estimates and observation. However, these joint limits are input parameters to the
optimization and can correspond to any anthropometric specifications. The values
for the weights in Equation (3.29) are determined based on trial-and-error
experiments.

3.13 Motion prediction of a 15-DOF model
Applying the current motion prediction algorithm to the 15-DOF model results in
the motion shown in Figures 3.11 and 3.12. The motion was generated using an
initial posture with zero rotation and an approximate target point of (41, 255,
32). Since the minimum jerk model is well accepted for point-to-point motion
(Flash and Hogan, 1985), the end-effector follows a minimum jerk Cartesian path
for this example. The optimization used 43 discretized Cartesian points along the
path to constrain the end-effector. The five screenshots show the instantaneous
postures at t 5 0.0, 0.25, 0.5, 0.75, and 1.0 seconds. The calculation took about
17 seconds on a 1.8-GHz Pentium4 CPU with 512-MB RAM.
Figure 3.13 provides the some of the joint trajectories from the motion prediction. By inspecting the curve, it is apparent that the joint movements are smooth
and continuous; they are devoid of abrupt changes in velocity or acceleration.
However, note that the initial and final velocities are not necessarily zero. For an
isolated point-to-point movement, restricting the initial and final velocities is intuitively desirable.
Furthermore, this motion is slightly unnatural, with excessive torso movement.
As discussed earlier, it was necessary to combine the distance constraint with the

FIGURE 3.11
Motion prediction on 15-DOF model at five time instants.
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FIGURE 3.12
Motion prediction on 15-DOF model at five instants, overlapped.
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FIGURE 3.13
Joint trajectories (motion profiles) predicted by motion prediction on a 15-DOF model.

3.16

Concluding remarks

objective function because the DOT does not handle the constrained optimization
well. In fact, the optimization yields similar results with this target point when
the objective terms are omitted entirely. This suggests that the distance term in
Equation (3.24) dominates the objective. However, if the multiplier (1000) is
reduced to rectify this problem, then the constraint is not adequately satisfied.
Conceptually and practically, the objective needs to be treated independently.
Furthermore, using a larger-DOF model that allows more realistic movement in
the upper torso and clavicle will improve the results.

3.14 Multi-objective problem statement
In this section, we formulate the posture prediction optimization problem using
the above-described model. MOO is used first to develop new human performance measures. It is then used to combine these measures that serve as multiple
objective functions in the final optimization formulation.

3.15 Design variables and constraints
As suggested earlier, the design variables for the final MOO problem are qi ,
which indicate joint angles in units of degrees. The vector q represents the consequent posture. Because listing values for all of the joint angles with each predicted posture can be cumbersome and unrevealing, and therefore, results in the
design space are depicted with actual pictures of the avatar.
The first constraint, called the distance constraint, requires the end-effector to
contact the target point. There is one distance constraint for each end-effector. In
addition, each generalized coordinate is constrained to lie within predetermined limL
its; qU
i represents the upper limit for qi , and qi represents the lower limit. These limits ensure that the virtual human does not assume an unrealistic posture given the
nature of actual human joints. Finally, we will demonstrate that the orientation of a
body part can be controlled by implementing an additional orientation constraint.

3.16 Concluding remarks
This chapter has introduced the concept of posture prediction as an effective and
robust method that yields natural human motion.
The main concept from this chapter is the use of optimization to solve human
motion problems. We have shown how optimization lends itself well to answering
the questions: “What would a human do under these constraints?” and “What is
the best solution given those constraints?”
Posture prediction using optimization-based methods is effective in addressing
the prediction of human motion and yields the following results:
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a. Predicts natural human motion; this is due to the use of human performance
measures as cost functions in an optimization algorithm.
b. Models with high fidelity; the DH representation method allows high-fidelity
modeling that employs a high-DOF representation of the human.
c. Is suitable for computational implementation; the method and accompanying
algorithm are suitable for computational methods yielding highly efficient
algorithms.
d. Induces behavior; one of the most important aspects of this method is its
ability to change the combination of cost functions to induce various
behaviors.
e. Runs in real time and is therefore interactive; the method is computationally
efficient and provides immediate interactivity for a user to posture the digital
avatar.
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CHAPTER

Recursive Dynamics

4
Never mistake motion for action.
Ernest Hemingway (18991961)

4.1 Introduction
The aim of this chapter is to introduce and develop a rigorous computational
platform for describing the dynamics of a system of segmented links of a
human body. Mass, moments of inertia, velocities, and accelerations will form
a coupled set of nonlinear differential equations called the equations of
motion.
General dynamics equations have been extensively studied in recent decades
in terms of computational efficiency as the advent of computational platforms has
readily enabled the calculation of physics for objects in motion. A convenient
method for formulating the equations of motion, building upon the
DenavitHartneberg (DH) method and using the Lagrangian equations for a serial
kinematic chain, will be presented. This methodology lends itself well for kinematic skeletons of the human body and yields a convenient and compact description of the equations of motion. However, computation of the torques from
equations of motion is of the order Oðn4 Þ, where n is the number of degrees of
freedom (DOF) for the system.
The human motion prediction optimization problem is usually a large-scale
sparse nonlinear programming (NLP) problem. Accurate sensitivity (gradient
calculation) is a key factor to efficiently achieve an optimal solution.
Although the finite difference approach can be used to approximate gradients,
the computational expense becomes substantial as the number of variables
increases (i.e., the number of DOF). In addition, accuracy of the derivatives
can affect convergence of the optimization process, thus leading to further
computational expense.
Although different algorithms for sensitivity of dynamic equations have been
studied, limited work is found for inverse recursive Lagrangian formulation with
sensitivity for general motion planning problems. By using 4 3 4 transformation
matrices (DH method), recursive Lagrangian formulation is more efficient and
convenient to implement compared with recursive NewtonEuler formulation
(Hollerbach, 1980). In addition, the Lagrangian formulation is the energy concept for the equations of motion typically defined in the joint space; this results
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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in more convenient calculation of joint torques, especially for a skeletal model,
compared with the NewtonEuler formulation, which is based on the Cartesian
coordinates. Recursive dynamics will be introduced and sensitivity analysis will
be derived.
In this chapter, the recursive Lagrangian dynamics and sensitivity formulation
for the system are presented. Implementation aspects of sensitivity calculations
for the complex articulated human mechanism are addressed. The developed formulation can systematically treat open-loop, closed-loop and branched mechanical
systems. In addition, the sensitivity analysis needed for the optimization process
is easier to implement. The formulation is based on DH transformation matrices
and external forces, and moments at any point of the mechanism are included in
the recursive formulation.
In order to demonstrate this formulation, an optimal time trajectory planning problem for a two-link human arm model is solved. Initial and final conditions are given. Total travel time is minimized subject to the joint torque
limits.
We begin by developing the equations of motion. We first formulate a general
static torque equation in vector form. This chapter is an adaptation of our work as
it has appeared in Xiang et al. (2009a,b, 2010a,b,c).

4.2 General static torque
To obtain a relationship for the torque in terms of linear and angular velocity vectors, we use the chain rule in joint space as follows. For the vector of angular
joint variables q 5 [q1 q2. . .qn]T; the Jacobian (J(q)) provides a direct relationship
between the velocity in joint and Cartesian spaces.
 
v
5 JðqÞq_
(4.1)
ω
where, v is the translational velocity of the end-effector and ω is the angular
velocity of the end-effector frame. JðqÞ is the augmented Jacobian matrix
(Sciavicco and Siciliano, 2000) of the kinematic structure defined by
 
J
JðqÞ 5 x
(4.2)
Jω
This also indicates that the virtual displacements have the similar relationship:
 
δx
5 JðqÞδq ’δq
(4.3)
δθ
where δx, δθ, and δq are the virtual displacement vectors of Cartesian linear,
Cartesian angular, and joint variables, respectively.
We begin with the calculation of the torque at each joint. To account for all of
the elements that enter into calculating the torque at a given joint, we apply the

4.2 General static torque

principle of virtual work to the two force systems. As for the joint torques, its
associated virtual work is
(4.4)
δWτ 5 τT δq
where δW is the virtual work and τT denotes the transpose of τ. For the
end-effector forces F 5 ½ f T mT T , comprised of a force vector f and a moment
vector m, the virtual work performed is
δWF 5 f T δx 1 mT ωδt

(4.5)

where δx is the linear virtual displacement and ωδt is the angular virtual displacement of the end-effector, respectively. Because the difference between the virtual
work of the joint torques and the virtual work of the end-effector forces shall be
null for all joint virtual displacements, we write
τT δq 5 FT JðqÞδq ’q

(4.6)

The relationship between the joint torque vector and end-effector force/
moment vector is then given by
τ 5 JT F
(4.7)
T
where the torque vector is τ 5 ½τ 1 ; τ 2 ; . . .; τ n  .
Now, we extend this formulation to the case where multiple external loads
(both translational and rotational) are applied to any location of any link, not necessarily to the end-effector. Let’s assume that a general form of external load Fk
is applied to the point at k r k location of link k, where k r k location vector is
expressed with respect to kth local coordinate frame.
This point of application of external load can be regarded as the end-effector
for the corresponding external load. The augmented Jacobian matrix Jk for this
point is derived from the linear relationship between the joint velocity vector and
the Cartesian velocity vector:
2
3
@0 T1 ðqÞ k
@0 Ti ðqÞ k
@0 Tk ðqÞ k
rk . . .
rk . . .
rk 7
6
@qi
@qk
Jk ðqÞ 5 4 @q1
(4.8)
5
Z0 ðqÞ
...
Zi21 ðqÞ
...
Zk21 ðqÞ 6 3 k
where, i 5 1; . . .; k is the local z-axis vector of joint i expressed in terms of the
global coordinate system.
Therefore the joint torque vector due to the external load applied at point k r k
of link k is
(4.9)
τk 5 JTk Fk
From the principle of superposition, the total joint torques due to several
external loads is obtained as a sum of all joint torques:
X
τ5
JTk Fk
(4.10)
k
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4.3 Dynamic equations of motion
For the purpose of this discussion, consider a kinematic skeleton of a human
body represented as an articulated (jointed) set of rigid bodies as depicted in
Figure 4.1. A global coordinate system is established at the base of the chain, and
a local coordinate system at each link as mandated by the DH method.
The general form of dynamic equation of motion is derived from
Lagrange’s equation. Assuming that only the gravity forces and the driving
joint torques are applied to the human links, the Lagrange’s equation is written
as follows:
d @L
@L
2
5 τ i ; i 5 1; . . .; n
(4.11)
dt @q_i
@qi
where L 5 T 2 V is called the Lagrangian. T is the total kinetic energy, V is the
total potential energy, qi is the generalized coordinate of joint i, τ i is the generalized torque of joint i, n is the number of the total DOF, and t is the time. Here, τ i
is the driving torque actuated by human muscles.
The velocity of the endpoint can be derived as follows:
!
i @0 T ðqÞ
X
d 0
d 0 i
j
vi 5 ð ri Þ 5 ð Ti ri Þ 5
(4.12)
q_j i ri
dt
dt
@q
j
j51

Global coordinate
system
Local coordinate
system

q1

x(q )
Target point

Fy, My

......

q2
qn

Fx, Mx
Fz,Mz

End-effector

FIGURE 4.1
Joint-link system with external loads showing the generalized variables—the vector x(q)
and end-effector—with respect to the global coordinate system.
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The kinetic energy Ki of link i is calculated from the kinetic energy of a differential mass element as
ð
1
Trðvi vTi Þdm
(4.13)
Ki 5
2 m
where, Tr is the trace of a matrix, i.e., the sum of the diagonal elements of a
matrix.
Therefore, the total kinetic energy K of the human-link system is
K5

n
X

Ki 5

i51

n
1X
2 i51

ð
m

Trðvi vTi Þ dm

(4.14)

Expanding the velocities and expressing them in terms of joint velocities q_j
using Equation (4.12), the total kinetic energy can be expressed in terms of joint
space as
n X
n
1
1X
K 5 q_ T MðqÞq_ 5
Mik q_i q_k
(4.15)
2
2 i51 k51
where q_ is the joint velocity vector and Mik is the (i, k) element of the massinertia symmetric matrix MðqÞ such that
"
#T !
@0 Tj ðqÞ @0 Tj ðqÞ
Mik ðqÞ 5
Tr
Ij
@qk
@qi
j5maxði;kÞ
n
X

i; k 5 1; 2; . . .; n

(4.16)

3
mi xi 7
7
7
7
mi yi 7
7
7
7
m i zi 7
7
5
mi

(4.17)

and Ij is the inertia matrix as below:
2

2 Ixx 1 Iyy 1 Izz
6
2
6
6
6
6
2Ixy
Ii 5 6
6
6
6
2Ixz
6
4
m i xi

2Ixy

2Ixz

Ixx 2 Iyy 1 Izz
2

2Iyz

2Iyz
mi yi

Ixx 1 Iyy 2 Izz
2
m i zi

where mi is the mass of link i, (xi , yi , zi ) is the location vector of center
of mass of link i, expressed in terms of ith coordinate frame, Ixx ,. . ., Ixy ,. . .
are the moments/products of inertia of link i with respect to ith coordinate
frame.
The potential energy Pi of each link i is
Pi 5 2 mi gT 0 ri 5 2 mi gT ð0 Ti i ri Þ;

i 5 1; 2; . . .; n

(4.18)
th

where i ri is the center of mass vector of link i with respect to the i local coordinate frame and g is the augmented 4 3 1 gravity vector.
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Therefore, the total potential energy P due to gravity is the sum of each link’s
potential energy:
P5

n
X
i51

Pi 5

n
X

2 mi gT ð0 Ti i ri Þ

(4.19)

i51

The kinetic energy Equation (4.15) and the potential energy Equation (4.19)
are substituted into the Lagrange’s equation (Equation 4.11) to derive the equations of motion, based on the procedure given in Fu et al. (1987).
As a result, the equation of motion is obtained as follows:
X
_ 1
τ 5 MðqÞq€ 1 Vðq;qÞ
Ji T m i g
(4.20)
i

_ is the Coriolis and Centrifugal torque vector
where, Vðq;qÞ
"
#T !
@2 0 Tj ðqÞ @ 0 Tj ðqÞ
_ 5
Vi ðq;qÞ
Tr
Ij
q_k q_m ;
@qk @qm
@qi
k51 m51 j5maxði;k;mÞ
n X
n
X

n
X

i; k; m 5 1; 2; . . .; n
(4.21)

P

and i Ji T mi g is the joint torque vector due to gravity force.
Again, from the principle of superposition, the general equation of motion
including several external loads can be obtained by adding the restoring torque
term (Equation 4.20) and static torque term (Equation 4.10) to the above equation
(Equation 4.20). As a result, the final version of general equation of motion with
external loads, in vector-matrix form is
X
X
_
τ 5 MðqÞ q€1 Vðq; q Þ
1
Ji T m i g 1
JkT Fk 1 Kðq 2qN Þ (4.22)
|ﬄ{zﬄ}
|ﬄﬄﬄ{zﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
i
k
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}
muscle 2 elasticity

massinertia matrix CoriolisCentrifugal

gravity 2forces

external2 forces

Equation 4.22 is the most common form of the equations of motion as each
terms is readily identifiable. Note that these equations govern the motion and are
highly nonlinear.

4.4 Formulation of regular Lagrangian equation
The regular form of the Lagrangian equation can be written in vector-matrix form
(Fu et al., 1987):

_ 1
τ 5 MðqÞ q€ 1 Vðq; qÞ

X
i

JTi mi g1JTs f s

(4.23)
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where
n
X

@0 Tj ðqÞ
@0 Tj ðqÞ
Tr
Ij
Mik ðqÞ 5
@qk
@qi
j5maxði;kÞ
n X
n
X

!T !

n
X

@2 0 Tj ðqÞ
@ 0 Tj ðqÞ
_ 5
Vi ðq; qÞ
Tr
Ij
@qk @qm
@qi
k51 m51 j5maxði;k;mÞ

i; k 5 1; 2; . . .; n

(4.24)

!T !
q_k q_m

i; k; m 5 1; 2; . . .; n
(4.25)

Ji 5

@ 0 Ti
ri
@qi

(4.26)

Js 5

@ 0 Ts
rs
@qs

(4.27)

where Ji is the Jacobian matrix for link i and r i is the position of the center
of mass of link i with respect to the ith coordinate system; Ij is the augmented inertia matrix for link j; Js is the Jacobian matrix for the external
load f s and r s is the position where external load is applied in the sth coordinate system.

4.4.1 Sensitivity analysis
Sensitivity analysis means calculation of derivatives of various quantities with
respect to the state variables. We note from Equations (4.64.10) that the regular
Lagrangian equations are coupled, nonlinear, and second-order differential equa_ is an n 3 1 vector. Each term involves
tions. MðqÞ is an n 3 n matrix and Vðq; qÞ
summation and state variables. Direct sensitivity analysis gives the n 3 n sensitivity matrix as
P
_
@τ @MðqÞ q€
@Vðq; qÞ
@ i JTi mi g @JTs f s
5
1
1
1
(4.28)
@q
@q
@q
@q
@q

4.5 Recursive Lagrangian equations
We begin with a general formulation for forward recursive kinematics. Recursive
dynamics methods have been shown to allow for efficient simulation of dynamic
systems with large DOFs regardless of whether they are open, closed, or branched
loops. Recursive dynamics averts the need for the reformulation of the dynamic
equations for human systems. Furthermore, recursive dynamics provide for an
increased stability in numerical performance.
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4.5.1 Forward recursive kinematics
We can define 4 3 4 matrices Aj , Bj , Cj as recursive position, velocity, and acceleration transformation matrices, respectively, for the jth joint. Given the link transformation matrix (Tj ) and the kinematics state variables for each joint (qj , q_j ,
and q€j ), we have for j 5 1 to n:
Aj 5 T1 T2 T3 ?Tj 5 Aj21 Tj

(4.29)

_ j 5 Bj21 Tj 1 Aj21 @Tj q_j
Bj 5 A
@qj

(4.30)

€ j 5 Cj21 Tj 1 2Bj21
_ j5 A
Cj 5 B

@Tj
@2 T j 2
@Tj
q_j 1 Aj21
q_ 1 Aj21
q_
@qj
@qj 2 j
@qj j

(4.31)

where A0 5 ½I and B0 5 C0 5 ½0 .
After obtaining all the transformation matrices Aj , Bj , Cj , the global position,
velocity, and acceleration of a point in Cartesian coordinates can be calculated as
0

rj 5 Aj rj ; 0 r_ j 5 Bj rj ; 0 r€ j 5 Cj rj

(4.32)

where rj contains the augmented local coordinates of the point in jth coordinate
system.

4.5.2 Backward recursive dynamics
Based on forward recursive kinematics, the backward recursion for dynamic
analysis is accomplished by defining 4 3 4 transformation matrix Di and 4 3 1
transformation matrices Ei , Fi , and Gi as follows.
Given the mass and inertia properties of each link, and the external force
f k T 5 ½ k f x k f y k f z 0  and the moment hk T 5 ½ k hx k hy k hz 0  for the link
k defined in the global coordinate system, then the joint actuation torques τ i are
computed for i 5 n to 1 as (Hollerbach, 1980):


@Ai
@Ai
@Ai
τ i 5 tr
D i 2 gT
Ei 2 f Tk
Fi 2 GTi Ai21 z0
(4.33)
@qi
@qi
@qi
where
Di 5 Ii Ci T 1 Ti11 Di11

(4.34)

Ei 5 mi ri 1 Ti11 Ei11

(4.35)

Fi 5 k rf δik 1 Ti11 Fi11

(4.36)

Gi 5 hk δik 1 Gi11

(4.37)

i

with Dn11 5 En11 5 Fn11 5 Gn11 5 ½0 ; Ii is the inertia matrix for link i; mi is
the mass of link i; g is the gravity vector; i ri is the location of center of mass of
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link i in the local frame i; k rf is position of the external force in the local frame
k; z0 5 ½ 0 0 1 0 T for a revolute joint and z0 5 ½ 0 0 0 0 T for a prismatic joint. δik is Kronecker delta.
The first term in torque expression is the inertia and Coriolis torque, the second
term denotes the torque of force due to gravity, the third term is the torque due to
external force, and the fourth term represents the torque due to external moment.

4.5.3 Sensitivity analysis
@τ i @τ i @τ i
,
,
(i 5 1 to n; k 5 1 to n), can be evaluated for a
@qk @q_k @q€k
mechanical system in a recursive way using the foregoing recursive Lagrangian
dynamics formulation.

The derivatives,

4.5.4 Kinematics sensitivity analysis
For a given point, sensitivity of position, velocity, and acceleration with respect
to state variables relates to transformation matrices A, B, and C:
8
@Ai21
>
>
Ti ðk , iÞ
>
>
@qk
>
<
@Ai
@Ti
(4.38)
5
ðk 5 iÞ
Ai21
@qk >
>
>
@qk
>
>
:
0
ðk . iÞ
8 @B
@Ai21 @Ti
i21
>
Ti 1
q_ ðk , iÞ
>
>
>
@q
@qk @qi i
k
>
<
@Bi
(4.39)
5
@T
@2 T
> Bi21 i 1 An21 2i q_i ðk 5 iÞ
@qk >
>
@qk
@qk
>
>
:
0
ðk . iÞ
8
@Bi21
>
>
>
> @q_k Ti ðk , iÞ
>
@Bi <
@Ti
(4.40)
5
ðk 5 iÞ
> Ai21
@q_k >
>
@q
k
>
>
:
0
ðk . iÞ
8
@Ci21
@Bi21 @Ti
@Ai21 @2 Ti 2 @Ai21 @Ti
>
>
>
Ti 1 2
q_i 1
q_ 1
q€ ðk , iÞ
>
>
@qk @qi
@qk @q2i i
@qk @qi i
> @qk
@Ci <
2
3
2
5
> Ci21 @Ti 1 2Bi21 @ Ti q_i 1Ai21 @ Ti q_2i 1Ai21 @ Ti q€i
@qk >
ðk 5 iÞ
>
@qk
>
@q2k
@q2k
@q3k
>
>
:
0
ðk . iÞ
(4.41)
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8
@Ci21
@Bi21 @Ti
>
Ti 1 2
ðk , iÞ
q_
>
>
>
_
@
q
@q_k @qi i
>
k
<
@Ci
5
@Ti
@2 T i
@q_k >
2Bi21
1 2Ai21 2 q_i ðk 5 iÞ
>
>
@qk
@qk
>
>
:
0
ðk . iÞ
8
@Ci21
>
>
Ti ðk , iÞ
>
>
@q€k
>
<
@Ci
@Ti
5
ðk 5 iÞ
Ai21
@q€k >
>
>
@qk
>
>
:
0
ðk . iÞ

(4.42)

(4.43)

The forward recursive kinematics sensitivity equations are implemented as
follows:
_ q€ and initial condition A½ 0 5 I, B½ 0 5 0, C½0  5 0
Input state variables q; q;
Do i 5 1; n
ð1Þ Obtain qi ; q_i ; q€i
ð2Þ Calculate and store Ti ðqi Þ; @Ti ðqi Þ=@qi ; @2 Ti ðqi Þ=@q2i ; @3 Ti ðqi Þ=@q3i
ð3Þ Calculate and store Ai
ð4Þ Calculate and store Bi
ð5Þ Calculate and store Ci
ðaÞ Calculate and store @Ai =@qj
ðbÞ Calculate and store @Bi =@qj ; @Bi =@q_j
ðcÞ Calculate and store @Ci =@qj ; @Ci =@q_j ; @Ci =@q€j
EndDo

(4.44)

4.5.5 Dynamics sensitivity analysis
Sensitivity of the joint torque with respect to the state variables involves D, E, F,
and G, which correspond to inertia and Coriolis, gravity, external force, and
external moment, respectively.
8
@CTi
@Di11
>
>
I
1 Ti11
ðk # iÞ
>
i
>
@qk
@qk
>
>
>
>
@Di11
@Di < @Ti11
Di11 1 Ti11
ðk 5 i 1 1Þ
(4.45)
5
@qk
@qk
@qk >
>
>
>
>
@Di11
>
>
>
ðk . i 1 1Þ
: Ti11 @q
k
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8
>
@CTi
@Di11
>
>
1 Ti11
> Ii
<
@q_k
@q_k

@Di
5
@Di11
@q_k >
>
>
T
>
: i11 @q_k

8
>
@CTi
@Di11
>
>
I
i
>
< @q€k 1 Ti11 @q€k

@Di
5
@Di11
@q€k >
>
>
T
>
: i11 @q€k

8
0
>
>
> @Ti11
@Ei11
>
>
@Ei < @qk Ei11 1 Ti11 @qk
5
@qk >
>
> T @Ei11
>
>
: i11 @qk
8
0
>
>
>
@Fi11
>
> @Ti11
@Fi < @qk Fi11 1 Ti11 @qk
5
@qk >
>
@Fi11
>
>
>
: Ti11 @qk
@Gi
50
@qk

ðk # iÞ
(4.46)
ðk . iÞ

ðk # iÞ
(4.47)
ðk . iÞ
ðk # iÞ
ðk 5 i 1 1Þ
(4.48)
ðk . i 1 1Þ
ðk # iÞ
ðk 5 i 1 1Þ
(4.49)
ðk . i 1 1Þ

(4.50)

1
8 0
2
2
2
>
>
@
A
@A
@D
i
i
i
>
A 2gT @ Ai Ei 2f T @ Ai Fi 2GT @Ai21 z0 ðk #iÞ
>
tr @
Di 1
>
i
>
@qi @qk
@qi @qk
@qi @qk
@qi @qk
@qk
@τ i <
0
1
5
@qk >
>
@Ai @Di A
@Ai @Ei
@Ai @Fi
>
>
>
2 gT
2f T
ðk .iÞ
tr @
>
:
@qi @qk
@qi @qk
@qi @qk


@τ i
@Ai @Di
5 tr
@q_k
@qi @q_k


@τ i
@Ai @Di
5 tr
@q€k
@qi @q€k

(4.51)
(4.52)
(4.53)

Thus, the gradients of torque with respect to state variables are obtained
through Equations (4.514.53). It is essential to have closed-form expressions
for the gradients as this facilitates fast computation of the optimization
algorithm.
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The backward recursive dynamics sensitivity equations are implemented as
follows:
_ q€ and final condition D½n 1 1 5 0, E½n 1 1 5 0,
Input state variables q; q;
F½n 1 1 5 0, G½n 1 1 5 0 and use the stored information calculated from forward
recursive sensitivity algorithm.
Do i 5 n; 1
ð1Þ Calculate and store Di ; Ei ; Fi ; Gi
ð2Þ Calculate and store τ i
Do j 5 1; i
Calculate and store @2 Ai =@qi @qj
End Do

(4.54)

Do k 5 1; n
ðaÞ Calculate and store @Di =@qk ; @Di =@q_k ; @Di =@q€k
ðbÞ Calculate and store @Ei =@qk
ðcÞ Calculate and store @Fi =@qk
ðdÞ Calculate and store @τ i =@qk ; @τ i =@q_k ; @τ i =@q€k
EndDo
EndDo

(4.55)

4.5.6 Joint profile discretization
A joint profile qðtÞ is parameterized by using uniform B-splines as follows:
qðt; PÞ 5

m
X

Bi ðtÞpi

0#t#T

(4.56)

i51

where Bi ðtÞ are the basis functions, t 5 ft0 ; . . .; ts g is the knot vector, and
P 5 fp1 ; . . .; pm g is the control point vector. With this representation, the control
points become the optimization variables (also called the design variables).
B-spline interpolation has many important properties, such as continuity, differentiability, and local control. These properties, especially differentiability and local
control, make B-splines competent to represent joint angle trajectories, which
require smoothness and flexibility (Wang et al., 2007).
The B-spline basis functions are uniquely determined by knot vector t, which
is evenly spaced on the time interval ½ 0 T  with time step Δt, as follows:
ti11 5 ti 1 Δt;

Δt 5

T
;
s

i 5 0; . . .; s 2 1

(4.57)

where s is the number of discretized segments.
_ and q€ are calculated as functions of t and P; therefore torque
Note that q, q,
τ 5 τðt; PÞ is an explicit function of the knot vector and control points from the

4.6 Examples using a 2-DOF arm

equation of motion. Thus, the derivatives of a torque τ with respect to the control
points and knot points can be computed using the chain rule as:
@τ
@τ @q
@τ @q_
@τ @q€
5
1
1
@pi
@q @pi
@q_ @pi
@q€ @pi

(4.58)

@τ
@τ @q
@τ @q_
@τ @q€
5
1
1
@ti
@q @ti
@q_ @ti
@q€ @ti

(4.59)

4.6 Examples using a 2-DOF arm
We first derive the recursive Lagrangian sensitivity equations for the 2-DOF
system. We then use these derivations in numerical examples to illustrate the
use of the Lagrangian recursive formulations in solving general-purpose
problems.
The first problem is the time-optimal trajectory-planning design
without gravity and external forces. The reason for using this example is to
validate the numerical results, as these solutions have been well studied and
are readily available in the literature (Dissanayake et al., 1991; Wang et al.,
2005).
The second problem is to optimize a lifting motion of the arm with a mixed
performance criterion. Both gravity and external force are considered. Sensitivity
results with the recursive algorithm and the closed-form formulation are numerically compared.
For the purpose of demonstrating the formulation for dynamics, consider a
2-DOF arm constrained to move in the vertical plane—shown in Figure 4.2 (vertical motion only to reduce the complexity for this example while taking gravity
into consideration). We shall first derive the recursive Lagrangian sensitivity
equations for the arm. This system consists of two links whose lengths are L1 and
L2 , and moments of inertia are I1 and I2 as shown in Figure 4.2. The relative joint
angles are denoted by q1 and q2 , respectively, and are controlled by the joint actuating torques τ 1 and τ 2 . The two segmental links of the arm are considered rigid,
and the relative joint angles are selected as independent generalized coordinates.
The system is assumed to lie in the vertical plane restricting the motion to 2
DOFs. Actuator torques (muscle actions) drive the arm from the initial position
(q1 ð0Þ; q2 ð0Þ) to the final position (q1 ðTÞ; q2 ðTÞ) in the time interval T. In addition,
the arm is at rest at the initial and final points. The data for the arm are given in
Table 4.1.
This arm can be modeled as a planar kinematic chain as shown in Figure 4.3,
where l1 and l2 are the distances from the local coordinate system to the center of
mass location.
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Plane of motion

X0
y2
x2

q1

y1

y0
q2
x1

FIGURE 4.2
A 2-DOF planar arm model restricted to move in a planar motion and showing the DH
coordinate systems.

Table 4.1 Parameters for the 2-DOF Arm
Length:
Mass:
Inertia:

L1 5 L2 5 0:4 m
m1 5 m2 5 0:5 kg

Center of Mass of Link 1:

1

r 1 5 ð2 L1 =2; 0Þ

Center of Mass of Link 2:

2

r 2 5 ð2 L2 =2; 0Þ

Torque upper bound:

τU 5 10 Nm

Torque lower bound:

τL 5 2 10 Nm

I1 5 I2 5 0:1 kgm2

4.6.1 The DH parameters
The DH parameters of the planar two-link arm are shown in Figure 4.3 and presented in Table 4.2.
The transformation matrices are:
0
1
0
1
cosθ1 2sin θ1 0 L1 cos θ1
cos θ2 2sin θ2 0 L2 cos θ2
B sinθ1 cos θ1 0 L1 sin θ1 C
B
C
C T 5 B sin θ2 cos θ2 0 L2 sin θ2 C (4.60)
T1 5 B
@ 0
0
1
0 A 2 @ 0
0
1
0 A
0
0
0
1
0
0
0
1
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Plane of motion

g
q1

q1

m1, I1

l1
L1

m2, I2
l2
q2

L2

FIGURE 4.3
A 2-DOF kinematic skeleton of an arm restricted to move on a vertical plane and showing
the center of mass locations and dimensions.

Table 4.2 DH parameters for the Two-link Arm
Link

θi

di

ai

αi

1
2

θ1
θ2

0
0

L1
L2

0
0

4.6.2 Forward recursive kinematics
In order to obtain expressions for the forward recursive kinematics, we first find
expressions for the A, B, and C terms.
A1 5 T1 ;
B1 5
C1 5

@2 T1 _ 2 @T1 €
θ1 1
θ1 ;
@θ1
@θ21

@T1 _
θ1 ;
@θ1

A2 5 A1 T2

B2 5 B1 T2 1 A1

C2 5 C1 T2 1 2B1

(4.61)
@T2 _
θ2
@θ2

(4.62)

@T2 _
@2 T2 2
@T2 €
θ2 1 A1 2 θ_ 2 1 A1
θ2 (4.63)
@θ2
@θ2
@θ2
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4.6.3 Backward recursive dynamics
0

I2 1 m2 ðl2 2L2 Þ2
B
0
J2 5 B
@
0
m2 ðl2 2 L2 Þ
0

I1 1 m1 ðl1 2L1 Þ2
B
0
J1 5 B
@
0
m1 ðl1 2 L1 Þ
D2 5 J2 C2T ;
E2 5 m2 ð l2 2L2

0

0

1Þ ;
T

F2 5 ð 0 0
g5ð0

2g

0
0
0
0

0
0
0
0

1
m2 ðl2 2 L2 Þ
C
0
C
A
0
m2

(4.64)

0
0
0
0

0
0
0
0

1
m1 ðl1 2 L1 Þ
C
0
C
A
0
m1

(4.65)

D1 5 J1 C1T 1 T2 D2
E1 5 m1 ð l1 2L1
0

0 0 ÞT

1 ÞT

0

(4.66)
0

1 Þ 1 T2 E2
T

F 1 5 T2 F 2

f2 5 ð 0

2f

0 0 ÞT

(4.67)
(4.68)
(4.69)

And the torques are expressed as:
2
3
@A
@A1
@A1
1
D1 5 2 gT
E1 2 f 2 T
F1
τ 1 5 tr 4
@q1
@q1
@q1
5 ðI1 1 I2 1 m1 l21 1 m2 ðL21 1 l22 1 2L1 l2 cos θ2 ÞÞθ€ 1 1 ðI2 1 m2 l22 1 m2 L1 l2 cos θ2 Þθ€ 2
2
2 2m2 L1 l2 θ_ 1 θ_ 2 sin θ2 2 m2 L1 l2 θ_ 2 sin θ2 1 m2 gl2 cosðθ1 1 θ2 Þ 1 m1 gl1 cos θ1
1 m2 gL1 cos θ1 1 fL2 cosðθ1 1 θ2 Þ 1 fL1 cos θ1

2
3
@A
@A2
@A2
2
D 2 5 2 gT
E2 2 f 2 T
F2
τ 2 5 tr 4
@q2
@q2
@q2
2
5 ðI2 1 m2 l22 Þθ€ 2 1 ðI2 1 m2 l22 1 m2 L1 l2 cos θ2 Þθ€ 1 1 m2 L1 l2 θ_ 1 sin θ2

(4.70)

(4.71)

1 m2 gl2 cosðθ1 1 θ2 Þ 1 fL2 cosðθ1 1 θ2 Þ

4.6.4 Gradients
Explicit gradients of torque with respect to state variables are derived as follows:
0
1
2
2
2
@τ 1
@
A
@A
@D
1
1
1
A 2 gT @ A1 E1 2 f T @ A1 F1
5tr @
D1 1
2
@θ1
@q1 @q1
@q1 @q1
@q1 @q1
@q1 @q1
52 m2 gl2 sinðθ1 1 θ2 Þ 2m1 gl1 sin θ1 2 m2 gL1 sin θ1 2fL2 sinðθ1 1θ2 Þ 2fL1 sin θ1
(4.72)
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0

1

@τ 1
@A1 @D1 A
@A1 @E1
@A1 @F1
2 gT
5 tr@
2f T2
@θ2
@q1 @q2
@q1 @q2
@q1 @q2
5 ð2 2m2 L1 l2 sin θ2 Þθ€ 1 1ð2m2 L1 l2 sin θ2 Þθ€ 2 22m2 L1 l2 θ_ 1 θ_ 2 cos θ2
2
2m2 L1 l2 θ_ 2 cos θ2 2 m2 gl2 sinðθ1 1 θ2 Þ2fL2 sinðθ1 1 θ2 Þ


@τ 1
@A1 @D1
5tr
52 2m2 L1 l2 θ_ 2 sin θ2
@q1 @θ_ 1
@θ_ 1



@τ 1
@A1 @D1
5tr
52 2m2 L1 l2 θ_ 1 sin θ2 2 2m2 L1 l2 θ_ 2 sin θ2
@q1 @θ_ 2
@θ_ 2


@τ 1
@A1 @D1
5tr
5 I1 1 I2 1m1 l21 1 m2 ðL21 1l22 12L1 l2 cos θ2 Þ
@q1 @θ€ 1
@θ€ 1


@τ 1
@A1 @D1
5tr
5 I2 1 m2 l22 1 m2 L1 l2 cos θ2
@q1 @θ€ 2
@θ€ 2

0
1
2
2
2
@τ 2
@
A
@A
@D
2
2
2
A 2gT @ A2 E2 2f T @ A2 F2
5 tr @
D2 1
2
@θ1
@q2 @q1
@q2 @q1
@q2 @q1
@q2 @q1

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

52 m2 gl2 sinðθ1 1 θ2 Þ2fL2 sinðθ1 1θ2 Þ
0
1
2
2
2
@τ 2
@
A
@A
@D
2
2
2
A 2gT @ A2 E2 2f T @ A2 F2
5tr @
D2 1
2
@θ2
@q2 @q2
@q2 @q2
@q2 @q2
@q2 @q2
5ð2 m2 L1 l2 sin θ2 Þθ€ 1 1 m2 L1 l2 θ_ 1 cos θ2 2m2 gl2 sinðθ1 1θ2 Þ2 fL2 sinðθ1 1θ2 Þ
2



@τ 2
@A2 @D2
5tr
5 2m2 L1 l2 θ_ 1 sin θ2
@q2 @θ_ 1
@θ_ 1


@τ 2
@A2 @D2
5tr
50
@q2 @θ_ 2
@θ_ 2


@τ 2
@A2 @D2
5tr
5 I2 1 m2 l22 1 m2 L1 l2 cos θ2
@q2 @θ€ 1
@θ€ 1


@τ 2
@A2 @D2
5tr
5 I2 1m2 l22
€
€
@q
@θ2
2 @θ 2

(4.79)
(4.80)
(4.81)

(4.82)

(4.83)

The foregoing recursive sensitivity equations can be readily verified with the
closed-form solution for this problem as detailed below.
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4.6.5 Closed-form equations of motion
In order to compare the Lagrangian formulation with the closed form, we will
derive below the closed-form equations. We shall impose gravity g and a force f
at the end-effector.
The closed-form Lagrangian equation of a two-link rigid arm is well studied
and can be written as follows:
τ 1 5 ðI1 1 I2 1 m1 l21 1 m2 ðL21 1 l22 1 2L1 l2 cos θ2 ÞÞθ€ 1 1 ðI2 1 m2 l22 1 m2 L1 l2 cos θ2 Þθ€ 2
2
2 2m2 L1 l2 θ_ 1 θ_ 2 sin θ2 2 m2 L1 l2 θ_ 2 sin θ2 1 m2 gl2 cosðθ1 1 θ2 Þ 1 m1 gl1 cos θ1

1 m2 gL1 cos θ1 1 fL2 cosðθ1 1 θ2 Þ 1 fL1 cos θ1
(4.84)
τ 2 5 ðI2 1 m2 l22 Þθ€ 2 1 ðI2 1 m2 l22 1 m2 L1 l2 cos θ2 Þθ€ 1 1 m2 L1 l2 θ_ 1 sin θ2
2

1 m2 gl2 cosðθ1 1 θ2 Þ 1 fL2 cosðθ1 1 θ2 Þ

(4.85)

Explicit gradients of torque with respect to state variables are derived as
follows:
@τ 1
52m2 gl2 sinðθ1 1θ2 Þ 2m1 gl1 sin θ1 2 m2 gL1 sin θ1 2fL2 sinðθ1 1θ2 Þ2 fL1 sin θ1
@θ1
(4.86)
@τ 1
5 ð2 2m2 L1 l2 sin θ2 Þθ€ 1 1 ð2m2 L1 l2 sin θ2 Þθ€ 2 2 2m2 L1 l2 θ_ 1 θ_ 2 cos θ2
@θ2

(4.87)

2
2m2 L1 l2 θ_ 2 cos θ2 2 m2 gl2 sinðθ1 1 θ2 Þ2fL2 sinðθ1 1 θ2 Þ

@τ 1
522m2 L1 l2 θ_ 2 sin θ2
@θ_ 1

(4.88)

@τ 1
522m2 L1 l2 θ_ 1 sin θ2 2 2m2 L1 l2 θ_ 2 sin θ2
@θ_ 2

(4.89)

@τ 1
5I1 1I2 1m1 l21 1m2 ðL21 1 l22 1 2L1 l2 cos θ2 Þ
@θ€ 1

(4.90)

@τ 1
5I2 1m2 l22 1m2 L1 l2 cos θ2
@θ€ 2

(4.91)

@τ 2
52 m2 gl2 sinðθ1 1 θ2 Þ2fL2 sinðθ1 1 θ2 Þ
@θ1

(4.92)

@τ 2
2
5ð2 m2 L1 l2 sin θ2 Þθ€ 1 1 m2 L1 l2 θ_ 1 cos θ2 2m2 gl2 sinðθ1 1θ2 Þ 2fL2 sinðθ1 1θ2 Þ
@θ2
(4.93)
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@τ 2
52m2 L1 l2 θ_ 1 sin θ2
@θ_ 1

(4.94)

@τ 2
50
@θ_ 2

(4.95)

@τ 2
5 I2 1m2 l22 1 m2 L1 l2 cos θ2
@θ€ 1

(4.96)

@τ 2
5I2 1m2 l22
@θ€ 2

(4.97)

The gradients will become import in later chapters when the optimization formulation is implemented.

4.7 Trajectory planning example
As an illustration of the use of recursive dynamics, we shall present an example
of trajectory planning. Trajectory planning is defined as creating motion for an
end-effector (e.g., a hand) from one point to another while avoiding collisions.
We shall use concepts from Chapters 3 on optimization and Chapter 4 on dynamics to present a time-optimal trajectory planning for the two-link arm treated earlier. We shall solve the optimization problem using the recursive Lagrangian
formulation.
The objective is to minimize total travel time T subjected to boundary conditions and torque limits. The same problem has been examined by Dissanayake
et al. (1991) and Wang et al. (2005) using the closed-form equation of motion
without the gravity effects. The parameter optimization problem can then be
stated mathematically as follows: to compute design variables x, which are control points P and total travel time T, and to minimize T subject to the constraints
on boundary conditions and torque limits
Minimize: TðxÞ
Such that q1 ð0Þ 5 0:0; q2 ð0Þ 5 2 2:0
q1 ðTÞ 5 1:0; q2 ðTÞ 5 2 1:0
q_1 ð0Þ 5 q_2 ð0Þ 5 q_1 ðTÞ 5 q_2 ðTÞ 5 0:0
2 10 # τðxÞ # 10

(4.98)

where T is the final time that needs to be minimized. Gravity effects are neglected
in this time-optimal design problem, i.e., g 5 0.
We use the word profile to denote a quantity changing over time. The optimal
joint profiles are shown in Figure 4.4 and the joint torque profiles are depicted in
Figure 4.5.
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Joint angles (rad)
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FIGURE 4.4
Joint angle profiles.
15
Joint torques (Nm)
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FIGURE 4.5
Joint torque profiles.

The minimum travel time is T 5 0:3934 s, which is similar to that reported in
the literature (0.3945 s by Furukawa [2002]; 0.394 s by Wang et al. [2005]). The
optimality and feasibility tolerances are both set to the default value ε 5 1026 in
SNOPT. Different starting points were tried for the optimization and they all converge to the same optimal solution, implying a global solution for the problem.
The convergence history of the cost function (the total travel time T) is plotted in
Figure 4.6. It is noted that the SQP algorithm in SNOPT worked quite well and
optimal solutions were obtained in 1.07 CPU seconds on a 1.40-GHz PC.

4.8 Arm lifting motion with load example
In this section, we shall use a simple introductory example to illustrate the capability of this method to address the lifting motion of a load with the arm.
The lifting motion of the two-link arm is studied by using a simple optimization problem where we shall use an energy function as a human performance

4.8 Arm lifting motion with load example
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FIGURE 4.6
Iteration history for the cost function.

measure. This cost function will be optimized to predict the motion. Note that
this example serves as an introduction to the following chapter, “Predictive
dynamics,” which is the essence of this book.
Consider an energy consumption cost function defined as
!
ðT
n
X
2
ð1 2 uÞ 1 u
τ i dt uA½0; 1
(4.99)
t50

i51

where u is a specified constant and T is the total travel time of the arm. The second
term, torque square, is related to energy consumption. When u goes to zero, this cost
function becomes the time-optimal criterion. An appropriate u avoids harsh functioning of the actuator torques (Bessonnet and Lallemand, 1990). We shall also add
an external load to the arm as if it is carrying a load from one point to another.
We shall use the same example treated earlier of the two-link arm with physical parameters as listed in Table 4.1. The constant vertical external load f 5 10 N
acting at the hand and the gravity effect g 5 9:8062 m=s2 are considered in this
case. The optimization formulation is given as follows:
!
n
X
ÐT
2
Min: t50 ð1 2 uÞ 1 u τ i ðxÞ dt uA½0; 1
i51

St:

q1 ð0Þ 5 1:32; q2 ð0Þ 5 2 2:37
q1 ðTÞ 5 2:80; q2 ðTÞ 5 2 2:37
q_1 ð0Þ 5 q_2 ð0Þ 5 q_1 ðTÞ 5 q_2 ðTÞ 5 0:0
2 10 # τðxÞ # 10

(4.100)

where x is a vector of control points P (joint profile) and total time T: x 5 ½P; T.
u 5 0:01. Starting points are obtained by linear interpolation between the initial
and final joint angles.
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FIGURE 4.7
Joint angle profile with external load.

Note that the objective here is to predict the motion, which means predicting
values for the joints as time progresses, also called joint profiles. The joint profiles are shown as the continuous and the dotted lines in the graph in Figure 4.7.
Because of the recursive dynamics approach with optimization, it is also possible to predict the torques as a function of time (also called torque profiles as
shown in Figure 4.8), for the entire lifting motion.
In this example, we have used a numerical optimization solver called SNOPT.
The optimality and feasibility tolerances are both set to the default value ε 5 1026
in SNOPT and the optimal solutions were obtained in 2.44 CPU seconds on a
1.40-GHz PC. Optimal travel time for the mixed optimization problem is
T 5 0:520 s. To verify the optimal solution, the problem was also solved using
commercial multi-body dynamics software called ADAMSt. The optimized joint
torques as shown in Figure 4.9 were treated as inputs and the equations of motion
were automatically generated and integrated to obtain the response. The two
motion trajectories matched quite well. Sensitivity results with the recursive algorithm and the closed-form formulation at the optimal design are compared in
Figure 4.9 and Figure 4.10. The sensitivity obtained from the two algorithms
match quite closely.

4.9 Concluding remarks
Dynamics of human limbs are best modeled using the DH parameters and the
Lagrangian formulation. This methodology is often chosen because it presents an
elegant and systematic method for representing the motion including all aspects
of dynamics, particularly for a multi-body serial system such as the human body.
It is also readily suitable for computer implementation.
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FIGURE 4.8
Joint torque profile with external load.
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FIGURE 4.9
Sensitivity results compared for both the recursive and closed form.

It is essential to understand that the results of the recursive Lagrangian equations are indeed identical to those obtained from the closed-form equations of
motion. In human modeling and simulation, particularly when a high degree
of fidelity model is sought with a large number of DOF, the recursive Lagrangian
formulation lends itself to numerical solutions.
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FIGURE 4.10
Sensitivity results of the joint torques comparison at the optimal design.

External forces and moments are systematically included in the recursive formulation. Although recursive, NewtonEuler also gives linear computational
complexity with respect to the number of DOFs; recursive Lagrangian formulation is of higher efficiency and simplicity in calculating joint torques since the
internal force calculation is avoided.
The examples of trajectory planning and the arm lifting motion of a model of
a 2-DOF arm were solved for motion prediction. These simple examples illustrate
the power and potential of using optimization with dynamics to “predict” human
motion, as will be explored more in the next chapter.
In later chapters we will use the same idea with more complex motions, such
as walking and lifting, for a full model of a human with substantially increased
DOFs.
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5

Only two things are infinite, the universe and human stupidity, and I’m not
sure about the former.
Albert Einstein (18791955)

5.1 Introduction
Predictive dynamics is a term coined to represent the methodology for predicting
human motion while taking into consideration the biomechanics of the human
and the physics of the task. It is dynamics in the sense that it deals with the equations of motion. It is predictive in that it is concerned with simulating or calculating what a human would do under the same conditions. At the heart of predictive
dynamics is the cause and effect.
Predictive dynamics (PD) is an optimization-based approach for human
motion prediction with unknown generalized forces and joint angle profiles. The
basic idea is to model a redundant dynamical system as an optimization problem
and to solve for its motion while optimizing a performance measure and satisfying the physical and kinematical constraints. Both the motion and the forces that
cause the motion are unknown in the equations of motion that are treated as
equality constraints and evaluated using inverse dynamics instead of their numerical integration. Available experimental data, such as response at discrete time
points, can be used as constraints in the optimization formulation (Arora and
Wang, 2005; Kim et al., 2005; Wang et al., 2005; Xiang et al., 2007; Xiang,
2008; Xiang et al., 2010ac). This chapter is an adaptation of the work by Xiang
et al. (2009c, 2010c).

5.2 Problem formulation
The basic idea of predictive dynamics is to model a redundant dynamical system
as an optimization problem and to solve for its motion where only limited information about the system is available. It uses cost functions, which represent
human performance measures, to drive the motion. The predictive dynamics
approach requires three main components, similar to the basic optimizations

Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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formulation introduced in Chapter 3. These three components are displayed in
Figure 5.1, and are explained as follows:
a. Design variables: In this case we seek to determine the joint profiles for the
human skeleton.
b. Cost function: One or more cost functions are used to drive the behavior of
the motion.
c. Constraints where any limitations on the motion or the interaction between the
human and the environment are imposed. However, in this case we shall also
scale the formulation introduced in Chapter 3 for posture prediction without
dynamics to include the equations of motion. . .Newton’s laws will now be acting
on the entire motion to govern and subject any predictions to the laws of physics.
Figure 5.1 illustrates the three main components that formulate the predictive
dynamics problem at an optimization formulation.
For the system, both the motion and the forces that cause the motion are
unknown and treated as design variables in the optimization process. Equations of
motion are treated as equality constraints instead of their direct numerical integration. The optimization problem is usually a large-scale nonlinear programming
problem with many design variables and constraints. To solve the problem efficiently, modern optimization methods that take advantage of the structure of the
problem are used.
The studied biosystem is represented as S and the corresponding mathematical
model as M. The general equations of motion for the model M are written as:
_ q;
€ tÞ 5 τ
f ðq; q;
Predictive Dynamics

1. Determine:
Joint Profiles

2. Minimize:
Energy and Effort

3. Subject to:
— Joint limit
— Physical constraints
— Other constraints
— Equations of motion

FIGURE 5.1
The three components involved in formulating the predictive dynamics problem.

(5.1)

5.2 Problem formulation

N
_ qAR
€
where q; q;
are the state variables, and τARN are the generalized forces.
This dynamics problem is defined over the time domain Ω 5UðT0 ; TÞ with
boundary Γ 5 fT0 ; Tg; tAΩ, t being the time and the symbol ðUÞ indicating
derivative with respect to t. The superscript N represents the number of DOF
of model M.
€ from the force τ by inteForward dynamics calculates the motion (q, q_ and q)
grating Equation (5.1) with the specified initial conditions. In contrast, inverse
dynamics computes the associated force τ that leads to a prescribed motion for
the system. The two procedures are depicted in Figure 5.2. For simplicity, we use
only q to represent kinematics of the system.
In practice, it is difficult to measure complete displacement (q) and force (τ)
histories accurately for a biosystem with many DOFs, especially involving a complex motion. This is because the experimental measurement is either not accurate
enough or too expensive to achieve the required accuracy. However, the boundary
conditions and some state response of the system might be available. In this case,
neither forward dynamics nor inverse dynamics can be applied to the biosystem S
directly. As a consequence, the predictive dynamics procedure is proposed to
solve these types of problems. The basic idea is to formulate a nonlinear optimization problem based on the physics of motion (the dynamics of the motion). An
appropriate performance measure (objective function) for the biosystem is defined
and minimized subject to the available information about the system that imposes
various constraints.
The ultimate intent of predictive dynamics is to enable the study of cause and
effect on a human simulator, whereby a user defines the human body, body type,
strength, and fatigue limits and is able to simulate an entire motion of the human.
We illustrate the predictive dynamics problem using Figure 5.3 where the joint
variables in this optimization problem are both displacement histories and force
histories, and are both unknown; g are the constraints defined based on the available information ϒ about the system S, such as physical constraints, collision, and

known

unknown
(A)

known

unknown
(B)

FIGURE 5.2
Flowcharts of (A) forward dynamics and (B) inverse dynamics.
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Determine:
Joint Profiles q
Torque profiles t
Minimize: J(q, τ,t)
Example: Energy and Effort
Subject to:
- Equations of motion
- Variable information constraints
- Joint Limits
- Strength constraints

τ-f(q, t) = 0
g(ϒ) <
–0
qL <
–q<
– qu
τL <
–τ<
– τu

FIGURE 5.3
Illustration of the optimization problem in three main components.

q
Predictive
Dynamics

ϒ

unknown

τ

known
(Optimization)

unknown

FIGURE 5.4
Flow chart of predictive dynamics.

_ q;tÞ
€ 5 τ are the equations of motion; and q and τ are subject to their
others; f ðq; q;
lower and upper bounds, respectively. This is called the predictive dynamics
approach and is formulated for the system M as follows:
min Jðq; τ; tÞ
q; τ

_ q;
€ tÞ 5 0
s:t:: τ - f ðq; q;
gðϒÞ # 0

(5.2)

q #q#q
L

U

τL # τ # τU
For the biosystem, the objective function is usually called the performance
measure. The flowchart of predictive dynamics is shown in Figure 5.4.
Two challenging problems naturally arise for the predictive dynamics
approach:
1. The functional form of the performance measure is unknown
2. The constraints are undetermined.

5.3 Dynamic stability: zero-moment point

Before turning to these two important issues, the evaluation criterion for predictive dynamics is first proposed, i.e., how to validate the predictive dynamics
solution of model M with that of the real system S.
Suppose q and τ represent the natural motion of the biosystem S. One way
to quantify the accuracy of the predictive dynamics solution for the biosystem is
to evaluate the percentage error of the residuals of the predicted force and displacement histories in a norm, as follows:
ÐT
ðjjq-q jj 1 jjτ-τ jjÞdt
ε5 0 ÐT
(5.3)


0 ðjjq jj 1 jjτ jjÞdt
where q and τ are optimal values obtained from the predictive dynamics in
Equation (5.2); T is the total time.
For human motion validation, some well-studied kinematics variables (angles
and displacements) have been chosen as determinants to define a specific motion
such as walking and running. For example, in walking motion the six determinants have been identified corresponding to the lower extremities and pelvic
motion (Saunders et al., 1953). Therefore, instead of using all the joint angle and
torque profiles in Equation (5.3), only the determinant and the corresponding torque profiles may be used to validate the task.
Furthermore, the predictive dynamics structure has very flexible optimization
formulation in terms of constraints and performance measures for dynamic human
motion prediction. For instance, the constraints allow one to model the boundary
conditions and state response of the problem, and the performance measure allows
one to study what drives human behavior. However, this assumes that the performance measure represents a physically significant quantity, not just a curve fit to
predetermined data. Therefore, once the simulation model is validated, it can be
used to show cause and effect, study an injury problem (reduce joint limit), analyze pathological motion, and so on.

5.3 Dynamic stability: zero-moment point
Dynamic stability of the human model is an important aspect of almost every
task. Some tasks, such as rolling on the ground, may not require a stability criterion, but in most cases it is required.
Balance of the skeletal model is achieved by satisfying the zero-moment point
(ZMP) constraint throughout the motion, if applicable. ZMP is briefly explained
below and used in detail in the following chapter. In a balance state, ZMP coincides with the center of pressure (COP) where the resultant GRF acts (Xiang
et al., 2010a,b).
The ZMP is a point on the ground at which the resultant tangential moments
of the active forces are zero (Vukobratović and Borovac, 2004). It is used as the
balance criterion for human walking. The forces on the system are divided into
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two categories: active forces and passive forces. Active forces include inertia,
gravity, and applied external forces and moments. Passive forces are the ground
reaction forces (GRF). The ZMP position and the GRF are calculated from the
equations of motion by using a two-step algorithm: the resultant active forces and
the ZMP location are calculated in the first step, and the GRF are calculated in
the second step. The basic idea of this algorithm is to obtain the GRF from the
resultant active forces by imposing the overall equilibrium of the digital human
model at ZMP. This algorithm was first introduced in Xiang et al. (2007) to simulate 3D human gait, and details were presented elsewhere (Xiang, 2008; Xiang
et al., 2009b). It is outlined below but will be expanded upon in the next chapter.
The following calculations are performed at each time instant:
Step 1: Calculation of resultant active forces and ZMP
_ q€ for each DOF, the global resultant active forces (Mo , Fo ) at
1.1. Given q, q,
the origin in the global coordinate system (o-xyz), excluding GRF, are
calculated from equations of motion using inverse dynamics.
1.2. The ZMP position is calculated from its definition using the global resultant
active forces and assuming the feet to be on the level ground, as follows:
yzmp 5 0; xzmp 5

Mzo
2 Mxo
; zzmp 5
o
Fy
Fyo

(5.4)



where Mo 5 Mxo Myo Mzo T and Fo 5 Fxo Fyo Fzo T .
1.3. After obtaining the ZMP position, the resultant active forces at ZMP (Mzmp ,
Fzmp ) are computed using the equilibrium conditions as follows:
Mzmp 5 Mo 1 o r zmp 3 Fo ; Fzmp 5 Fo

(5.5)

where o r zmp is the ZMP position in the global coordinate system
obtained from Equation (5.4).
Step 2: Calculation of GRF
The value and location of GRF are calculated from the equilibrium between
the resultant active forces and passive forces at the ZMP:
MGRF 1Mzmp 5 0;

FGRF 1 Fzmp 5 0;

o

r GRF 2 o r zmp 5 0

(5.6)

All active forces (gravity, inertia and applied external forces) and passive
forces (GRF) are applied to the entire human body model, and the equations of
motion are used to obtain the real joint torques. In this case, the global forces are
zero and the equilibrium of the system is satisfied automatically.
There are two prominent features to calculate GRF in the foregoing two-step
algorithm:
1. GRF are explicitly calculated from joint kinematics; and differentiation of
GRF with respect to the system kinematics is easily achieved.

5.4 Performance measures

2. Since GRF are directly obtained from the system equilibrium conditions, the
equilibrium is satisfied while evaluating GRF using equations of motion
(Xiang et al., 2007). This two-step algorithm is called GRF equilibrium
inclusion formulation.

5.4 Performance measures
In Chapter 3, we have presented some basic cost functions used to predict posture. We remind the reader that these human performance measures were used as
cost functions to drive the behavior of the system, which means the behavior of
the human’s motion. However, these cost functions in Chapter 3 did not take into
consideration any dynamic or inertial quantities. They simply did not take the
dynamics of the motion into effect. In practice, the performance measures include
many different kinematics and dynamics criteria such as time minimization, torque optimization, energy minimization, jerk minimization, and others.
In this chapter, we add a few more that are far more effective in the dynamics
simulation for human motion.
1. Dynamic effort
f5

ðT

τ  τ dt

(5.7)

0

which is defined as the integration of squares of all joint torques over
time. The value of this integration is a torque square summation, which is
very closely related to the energy of the system.
2. Mechanical energy
ðT
f5
jτ  q_ jdt
(5.8)
0

which measures the mechanical energy for the mechanical system.
3. Metabolic energy
ðT
_
f5
Edt

(5.9)

0

where E_ is the rate of total metabolic energy.
4. Jerk
ðT
f5
τ_  τ_ dt

(5.10)

0

which is defined as the integration of squares of all joint torque derivatives.
An alternative form of jerk is to evaluate the derivative of acceleration instead
of joint torque. Minimization of jerk gives a smoother motion.
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5. Stability
f5

ðT
S dt

(5.11)

0

where S represents the stability quantity, which can be defined in different
ways. One definition is the deviation of ZMP position from the center of the
support polygon or a prescribed ZMP trajectory (Huang et al., 2001; Xiang
et al., 2010b). The second definition is the deviation of the trunk from vertical
position (Gubina et al., 1974; Kim et al., 2008).
6. Maximum absolute value of joint torque
f 5 maxfjτ i jg
i

(5.12)

A common approach for treating cost function in Equation (5.12) is to
introduce an additional unknown parameter λ (Rasmussen et al., 2001; Xiang
et al., 2009a):
Min:
s:t:

λ
τ i # λ;
2 τ i # λ;

(5.13)
i 5 1; 2; . . .; n

7. Dynamic effort as a cost function
A performance measure that is well studied in the biomechanics literature is
the minimizing of the squares of all actuating torques or minimizing the maximum torque for all joints.
The dynamic effort, which is represented as time integral of the squares of all joint
torques, is used as a performance measure to be minimized for the walking motion.
This is also sometimes called the total torque effort. The predicted motion depends
strongly on the adopted objective function F. As an example, dynamic effort sometime used as the performance criterion for the walking problem can be written as:
 

ðT 
τðq; tÞ T τðq; tÞ
FðqÞ 5
U
dt
(5.14)
jτjmax
t50 jτjmax
where jτjmax is the maximum absolute value of joint torque limit.

5.5 Inner optimization
An alternative way to define the performance measure is to use the inner optimization (nested optimization) method. The basic idea is to construct a local search
space of cost functions SJ with a specific functional form based on some insight
into the physical processes governing the biosystem.
SJ ðq; τ; tjp Þ  Jðq; τ; tÞ
where p is the parameter vector that needs to be determined.

(5.15)

5.6 Constraints

For instance, a performance measure for the biosystem has been identified as
the sum of squares of all joint torques with coefficients p as in Equation (5.16).
ðT X
nτ
SJ ðq; τ; tjpÞ 5
pi τ 2i dt
(5.16)
0 i51

where
nτ
X

pi 5 1

and

pi $ 0

(5.17)

i51

The parameters p are determined by solving the inner optimization problem as
defined in Equation (5.18) so that the exact performance measure can be identified.
min ε
p

s:t:: hðpÞ # 0
min
q; τ

SJ ðq; τ; tjpÞ

_ q;
€ tÞ 5 0
s:t:: τ - f ðq; q;
gðϒÞ # 0

(5.18)

qL # q # qU
τL # τ # τU
where hðpÞ # 0 are the possible equality or inequality constraints on the parameters p satisfying the normalization and non-negativity conditions. ε is the error
defined in Equation (5.3). The process of identifying the unknown performance
measure is transformed to find the parameters p that will minimize the error ε.

5.6 Constraints
Constraints are formulated based on the available information ϒ about the biosystem. In general, two types of constraints are included in this set: (i) boundary conditions, and (ii) state response at some time points, qðtj Þ; tj AΩ, obtained from
either experiments or observations. In addition, boundary conditions consist of
time boundary, qtj , tj AΓ , and geometrical boundary, Xðqtj Þ, tj AΩ , Γ , where X
represents the global Cartesian coordinates that capture the geometrical environment for the biosystem. For example, given initial and final postures, a walking
task is performed to predict the walking motion between the two postures. The
initial and final postures are the time boundaries, and the ground is formulated as
a geometrical boundary. However, there are many options for state response constraints based on available information about the walking motion, such as transition posture between single support and double support phases, knee flexion
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Time Boundary
Boundary Set
Constraints

Geometrical Boundary
Response Set

FIGURE 5.5
Constraints for a biosystem.

angle at mid-swing time point, etc. The overall set of constraints is depicted in
Figure 5.5.

5.6.1 Feasible set
The feasible set of solutions for the problem is an important issue for predictive
dynamics. An infeasible set will result in a null solution space for the system.
This situation should always be avoided while formulating a predictive dynamics
problem. For a biosystem, feasibility of all the constraints can be tested by solving the predictive dynamics problem with a constant objective function as
follows:
min Jðq; τ; tÞ  c
q; τ

_ q;
€ tÞ 5 0
s:t:: τ 2 f ðq; q;
gðϒÞ # 0

(5.19)

qL # q # qU
τL # τ # τU
where c is a constant.
The solution of Equation (5.19) implies that the output set ðqf ; τf Þ satisfies all linear and nonlinear constraints, but does not optimize any performance measure for the
biosystem. This is a feasible solution of the predictive dynamics problem. There are
two purposes of obtaining a feasible solution for the system: one is to test the feasibility of all the constraints, and the other is to get a solution that might be used as a
good initial guess for the predictive dynamics with a physical performance measure.

5.6.2 Minimal set of constraints
It is obvious that the more information about the biosystem that is available, the
more accurate the predictive dynamics solution is. As an extreme case, all the displacement and force histories can be available in the time domain, Ω , Γ .
However, in most cases only minimal information about the biosystem is available so that predictive dynamics seeks the minimal constraint set gðϒ minimal Þ and

5.7 Types of constraints

an appropriate performance measure to simulate the applied force and response
histories for the biosystem, as follows:
min Jðq; τ; tÞ
q; τ

_ q;
€ tÞ 5 0
s:t:: τ 2 f ðq; q;
gðϒminimal Þ # 0
q #q#q
L

(5.20)

U

τL # τ # τU
The minimal constraint set depends on the complexity of the biosystem and
the motion to be simulated. For a simple motion, boundary conditions alone might
be enough to reveal the entire motion; in this case, the minimal constraint set
includes only boundary conditions. In contrast, for a complex motion some state
responses between the boundaries need to be known to simulate the real motion.
Therefore, these state responses have to be included in the minimal constraint set.

5.7 Types of constraints
5.7.1 Time-dependent constraints
5.7.1.1 Joint limits
To avoid hyperextension, the joint limits are taken into account in the formulation. The joint limits representing the physical range of motion are:
qL # qðtÞ # qU ;

0#t#T

(5.21)

where qL are the lower joint limits and qU the upper limits. Limits on major
joints are presented in Table 5.1.
Joint limit constraint is also used to “freeze” a DOF by setting its lower bound
and upper bound to the neutral angle (the natural angle at rest) instead of eliminating this DOF from the skeleton model. Changing lower or upper joint limit
constraints in conjunction with strength constraints at a single joint can simulate a
disability and will cause the model to respond differently.

5.7.1.2 Torque limits
Each joint torque is also bounded by its physical limits (strength), which are
obtained from several references (Cahalan et al., 1989; Gill et al., 2002; Kaminski
et al., 1999; Kumar, 1996):
τL # τðtÞ # τU ;

0#t#T

where τL are the lower torque limits and τU the upper limits.

(5.22)
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Table 5.1 Major Joint Angle Limitsa,b
Joints

Joint Angle Limits (Degree)

Ankle (dorsi/plantar)
Knee (extension/flexion)
Hip (flexion/extension)
Hip (abduct/adduct)
Hip (external/internal)
Spine (tilt)
Spine (bend)
Spine (rotate)
Shoulder (aft/fore)
Shoulder (adduct/abduct)

Lower Limit

Upper Limit

220
7
2102
246
249
211
29.5
213.5
219
223

54.5
138
41
34
32
11
21
13.5
111
123.5

a

Zero joint angles correspond to home configuration as depicted in Figure 7.2.
Joint coupling motions are not considered.

b

y

x
z

FIGURE 5.6
Foot ground penetration conditions.

5.7.1.3 Ground penetration
Walking is characterized with unilateral contact between the foot and ground as
shown in Figure 5.6. While the foot contacts the ground, the height and velocity
of contacting points (circles) are zero. In contrast, the height of other points
(triangles) on the foot is greater than zero.
Therefore, the ground penetration constraints are formulated as follows:
yi ðtÞ 5 0;
yi ðtÞ . 0;

x_i ðtÞ 5 0; y_i ðtÞ 5 0;
i2
= Ω;

z_i ðtÞ 5 0;
0#t#T

iAΩ

where Ω is the set of contacting points as illustrated in Figure 5.6.

(5.23)
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FIGURE 5.7
Foot support polygon (top view).

5.7.1.4 Dynamic balance
The dynamic balance is achieved by enforcing the ZMP to remain within the foot
support polygon (FSP) as depicted in Figure 5.7, where Γ is a vector along the
boundary of FSP and r is the position vector from a vertex of the FSP to ZMP.
The ZMP constraint is mathematical expressed as follows:
ðri 3 Γi Þ  ny # 0;

i 5 1; . . .; 4

(5.24)

where ny is the unit vector along the y axis.

5.7.1.5 Self-avoidance
Self-avoidance is considered in the current formulation to prevent penetration of
the arm in the body. A sphere-filling algorithm is used to formulate this constraint
as shown in Figure 5.8, as follows:
dðq; tÞ 2 r1 2 r2 $ 0;

0#t#T

(5.25)

where r1 is a constant radius to represent the wrist, and r2 is another radius to represent the hip; d is the distance between wrist and hip.

5.7.2 Time-independent constraints
5.7.2.1 Symmetry conditions
The gait simulation starts from the left heel strike and ends with the right heel
strike. The initial and final postures and velocities should satisfy the symmetry
conditions to generate continuous walking motion. These conditions are expressed
as follows:
qL ð0Þ 2 qR ðTÞ 5 0
qSx ð0Þ 2 qSx ðTÞ 5 0
qSy ð0Þ 1 qSy ðTÞ 5 0
qSz ð0Þ 1 qSz ðTÞ 5 0

q_L ð0Þ 2 q_R ðTÞ 5 0
q_Sx ð0Þ 2 q_Sx ðTÞ 5 0
q_Sy ð0Þ 1 q_Sy ðTÞ 5 0
q_Sz ð0Þ 1 q_Sz ðTÞ 5 0

(5.26)
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Wrist
r1

d
r2
Hip

FIGURE 5.8
Self-avoidance constraint between the wrist and hip.

where subscripts L and R represent the DOFs of the leg, arm and shoulder joints which
satisfy the symmetry conditions with the contra-lateral leg, arm and shoulder joints;
the subscript S represents the DOFs of spine, neck and global joints which satisfy the
symmetry their conditions at the initial and final times; x, y, z are the global axes.

5.7.2.2 Ground clearance
To avoid foot drag motion, ground clearance constraint is imposed during the
walking motion. Instead of controlling the maximum height of the swing leg, the
maximum knee flexion at mid-swing is used to formulate ground clearance constraint. Biomechanical experiments have shown that the maximum knee flexion
of normal gait is around 60 degrees regardless of the subject’s age and gender.
This constraint is expressed as
2ε # qknee 2 60 # ε;

t 5 tmidswing

(5.27)

where ε is a small range of motion, i.e., ε 5 5 degrees.

5.8 Discretization and scaling
The predictive dynamics problem in Equation (5.2) is actually an optimal control
problem with boundary conditions and some state constraints. The classical method
to solve the optimal control problem is to derive the optimality condition for the
continuous variable optimization problem. However, beyond boundary conditions
the continuous method has difficulty dealing with discrete state constraints. The
most efficient way to solve a complex optimal control problem is to use nonlinear
optimization techniques. The basic idea is to discretize the governing equations of
motion using a suitable numerical method and define finite dimensional approximation for the state and control variables. This process transforms the system differential equations into algebraic equations with parametric representation of the
state and control variables. The performance measures and the constraints are also
evaluated in terms of discrete state and control values. Therefore, the original optimal control problem is transformed into a nonlinear programming (NLP) problem.
The time domain is first discretized into n intervals with step size hi , as follows:
0 5 t0 # t1 # . . .tn21 # tn 5 T

and

hi 5 ti11 2 ti

(5.28)
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The discretized state qh and force τh can be expressed in terms of interpolating
functions and discrete nodal DOF (control points) Pq and Pτ .
qh 5 qðPq ; hÞ;

τh 5 τðPτ ; hÞ

(5.29)

Thus, the discretized predictive dynamics problem is formulated as:
min Jðqh ; τh ; th Þ
q; τ

s:t:: τh 2 f ðqh ; q_ h ; q€ h ; th Þ 5 0
gðϒh Þ # 0

(5.30)

qL # qh # qU
τL # τh # τU
In general, all the unknowns and the equations of motion should be scaled to
improve the numerical performance of the nonlinear optimization solver.
Appropriate scale factors are chosen so as to obtain quantities that have the same
magnitude order, Oð1Þ. It is noted that scaling of a constraint does not change the
constraint boundary, so it has no effect on the optimum solution.
min Jðsq qh ; sτ τh ; st th Þ
q; τ

s:t:: sτ τh 2 f ðsq qh ; sq q_ h ; sq q€ h ; st th Þ 5 0
gðϒh Þ # 0

(5.31)

s q # s qh # s q
q L

q

q U

sτ τL # sτ τh # sτ τU

5.9 Numerical example: single pendulum
Before applying predictive dynamics to a large problem, such as a human with
many DOF, we will examine the method’s implementation in a simpler and more
basic problem to illustrate its power. The example below considers a simple
pendulum.

5.9.1 Description of the problem
The natural swinging motion of a single pendulum subjected to external torque is
considered. The swinging motion is first treated as a forward dynamics problem
with the known external force and solved by the multi-body dynamics solver
ADAMS. The solution is assumed to be the true response of the system used to
evaluate the results obtained with the predictive dynamics formulation. Predictive
dynamics is implemented based on the available information about the system.
Four cases are examined with predictive dynamics as listed in Table 5.2.
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Table 5.2 Four Cases of Swing Motion Examined with Predictive Dynamics
Motion

Case

Available Information

Simple swing without
oscillation
Oscillating motion

1

Boundary conditions

2
3

Boundary conditions
Boundary conditions and response at one
point
Boundary conditions and response at two
points

4

y

O

x
q
l

mg

FIGURE 5.9
Single pendulum.

The pendulum pivots at the point O as shown in Figure 5.9. The equation of
motion for a rigid bar subject to external torque is given as
l
I q€ 1 mg cos q 5 τ
2

(5.32)

where I is the moment of inertia, m is the mass, l is the length, q is the joint
angle, and τ is the external torque. The external torque is assumed to be a sinusoidal function given as
τ 5 0:1sin 5t

ðNmÞ

(5.33)

The geometrical and physical parameters of the rigid bar are taken as
I 5 0:0267 kgm2 , m 5 0:5 kg, and l 5 0:4 m. With the initial condition qð0Þ 5 0
_ 5 0, the forward dynamics is solved by the ADAMS Runge-Kutta solver,
and qð0Þ
as shown in Figure 5.10, which is considered the true solution of the system.
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Single Pendulum
0.0

10.0
Joint Angular velocity

–0.5
5.0
Angle (rad)

–1.0
–1.5

0.0

–2.0
–5.0
–2.5
–3.0
0.0

0.5

1.0
Time (sec)

1.5

Angular velocity (rad/sec)

Joint angle

–10.0
2.0

FIGURE 5.10
Forward dynamics solved by ADAMS.

5.9.2 Simple swing motion with boundary conditions—PD solution
The swinging motion without oscillation is studied with the initial and final conditions. The total time is randomly selected as T 5 0:43 s (less than first half
period of oscillation), and the single pendulum starts at rest in the horizontal position and ends up with the final conditions that are obtained from Figure 5.10 as
_ 5 2 5:86 rad=s. The swinging motion is driven by the
qðTÞ 5 2 2:40 rad and qðTÞ
external torque and gravity. Besides boundary condition and total travel time T,
neither external torque nor joint angle is known. Therefore, the predictive dynamics problem is formulated as in Equation (5.31) to reveal the natural swing motion
of the single pendulum.
Minimize Jðq; τ; tÞ
l
Subject to I q€ 1 mg cos q 5 τ
2
_ 50
qð0Þ 5 0; qð0Þ
_ 5 2 5:86; T 5 0:43
qðTÞ 5 2 2:40; qðTÞ

(5.34)

2π#q#π
2 10 # τ # 10
Treating q and τ as design variables, four performance measures are tested as
follows
ðT
J1 ðq; τ; tÞ 5
τ  τdt
(5.35)
t50
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J2 ðq; τ; tÞ 5 max τ

(5.36)

J3 ðq; τ; tÞ 5 T

(5.37)

J4 ðq; τ; tÞ 5 c

(5.38)

tA½0;T

The first performance measure is to minimize the integral of squares of the
joint torque for the entire time domain, which is a form of mechanical energy.
The second is to minimize the maximum torque over the entire time domain, and
the third is to minimize the total travel time, T, subjected to the same boundary
conditions. The final performance measure is to solve for only a feasible solution
where c is a constant.
The optimization problem is discretized into a nonlinear programming problem and then solved by SNOPT with various performance measures as defined
in Equations (5.355.38). The optimal solution yields the joint angle, velocity,
and external torque history as depicted in Figures 5.11, 5.12, and 5.13,
respectively.
Figures 5.12 and 5.13 show that the performance measures torque-square
and minmax torque successfully predict joint angle and velocity response.
However, only torque-square predicts joint torque correctly. Minimizing the
total time or a constant fails to predict the response of the dynamic system. This
is explained by the fact that the natural motion always obeys an energy-saving
rule so the energy-related performance measure is more appropriate for predicting the dynamic motion.

0.0
–0.5

Joint angle (rad)
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Torque square
Constant
Min–max
Minimum time
Forward dynamics

–2.0
–2.5
0.0

0.1
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FIGURE 5.11
Joint angle prediction of the single pendulum, Case 1.
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FIGURE 5.12
Joint velocity prediction of the single pendulum, Case 1.
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FIGURE 5.13
Joint torque prediction of the single pendulum, Case 1.
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Torque square
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Forward dynamics

0.0

Joint angle (rad)
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FIGURE 5.14
Joint angle prediction of the single pendulum, Case 2.

5.9.3 Oscillating motion with boundary conditions—PD solution
Oscillating pendulum makes the motion more complex. The predictive dynamics
approach is examined in this case by extending the final time to T 5 1:79 s (more
than one and one-half period). The optimization formulation is similar to
Equation (5.33) except for the final conditions.
Minimize Jðq; τ; tÞ
l
Subject to I q€ 1 mg cos q 5 τ
2
_ 50
qð0Þ 5 0; qð0Þ
_ 5 2 2:85; T 5 1:79
qðTÞ 5 2 2:40; qðTÞ

(5.39)

2π#q#π
2 10 # τ # 10
Note from the results of the previous section that the performance measure of
minimum total time or a constant is not appropriate for predicting the natural
swinging motion of the single pendulum. Thus, only torque squares and minmax
formulations are tested as performance measures for the present case. The optimized joint angle, velocity, and applied torque are given in Figures 5.145.16.
For the oscillating motion, the predictive dynamics fails to predict joint
angle, velocity, and torque histories with only the boundary conditions specified.
Although an energy-related performance measure is chosen, predictive dynamics

5.9 Numerical example: single pendulum
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FIGURE 5.15
Joint velocity prediction of the single pendulum, Case 2.
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-0.4

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Time (s)

FIGURE 5.16
Joint torque prediction of the single pendulum, Case 2.

cannot predict the true response due to lack of necessary information (constraints) on the dynamic system between the boundaries. This is because both
force and motion are unknowns in the optimization formulation. Although the
boundary conditions are satisfied, it may predict different motion between the
boundaries.
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5.9.4 Oscillating motion with boundary conditions and one stateresponse constraint—PD solution
Adding one state constraint, qð0:76Þ 5 22:44 rad(obtained from Figure 5.16), to
the optimization formulation in the previous section, predictive dynamics is
formulated as:
Minimize Jðq; τ; tÞ
l
Subject to I q€ 1 mg cosq 5 τ
2
_ 50
qð0Þ 5 0; qð0Þ
qð0:76Þ 5 2 2:44
_ 5 2 2:85; T 5 1:79
qðTÞ 5 2 2:40; qðTÞ

(5.40)

2π#q#π
2 10 # τ # 10
Solving the above optimization problem with the two performance measures,
the corresponding joint angle, velocity, and torque are obtained, as shown in
Figures 5.175.19.
In Figures 5.165.18, minmax performance closely predicts joint angle and
velocity histories of the system. However, it has a bang-bang type prediction for
the joint torque. Torque-square performance only predicts the trends of joint angle
and velocity and fails to predict joint torque.
1.0
0.5

Torque square
Min–max
Forward dynamics

0.0
Joint angle (rad)
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FIGURE 5.17
Joint angle prediction of the single pendulum, Case 3.

5.9 Numerical example: single pendulum

8
Torque square
Min–max
Forward dynamics

Joint velocity (rad/s)

6
4
2
0
–2
–4
–6
–8
–10

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Time (s)
FIGURE 5.18
Joint velocity prediction of the single pendulum, Case 3.
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FIGURE 5.19
Joint torque prediction of the single pendulum, Case 3.
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5.9.5 Oscillating motion with boundary conditions and two stateresponse constraints
Besides boundary conditions, two more state responses, qð0:76Þ 5 2 2:44 rad and
qð1:21Þ 5 2 0:493 rad, are imposed as additional constraints for the optimization
problem. The predictive dynamics problem is defined as:
Minimize Jðq; τ; tÞ
l
Subject to I q€ 1 mg cos q 5 τ
2
_ 50
qð0Þ 5 0; qð0Þ
qð0:76Þ 5 2 2:44
qð1:21Þ 5 2 0:493
_ 5 2 2:85; T 5 1:79
qðTÞ 5 2 2:40; qðTÞ

(5.41)

2π#q#π
2 10 # τ # 10
Predicted joint angle, velocity, and torque are given in Figures 5.205.22.
With two more state-response constraints, the predictive dynamics closely
reveals the joint angle, velocity, and torque histories. It is important to note that
the minmax performance measure still has a bang-bang type of joint torque.
Both joint angle and velocity are identified by torque-square and minmax performance measures.
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Torque square
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Forward dynamics

0.0

Joint angle (rad)
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FIGURE 5.20
Joint angle prediction of the single pendulum, Case 4.

5.9 Numerical example: single pendulum

8
Torque square
Min–max
Forward dynamics

Joint velocity (rad/s)

6
4
2
0
–2
–4
–6
–8
–10

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Time (s)

FIGURE 5.21
Joint velocity prediction of the single pendulum, Case 4.
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FIGURE 5.22
Joint torque prediction of the single pendulum, Case 4.

As one can see, predictive dynamics yields numerical results that are consistent with those obtained from a forward dynamics computational method.
A more detailed treatment of two specific tasks is presented in Chapter 7 for
the prediction of the biomechanics of walking and in Chapter 8 for the prediction
of the biomechanics of lifting.

119

120

CHAPTER 5 Predictive Dynamics

5.10 Example formulations
The next section presents summary formulations for various tasks of predictive
dynamics. The major components for each task are presented in a figure:
a.
b.
c.
d.
e.
f.
g.
h.

Walking [Figure 5.23A]
Box lifting [Figure 5.23B]
Stairs climbing [Figure 5.23C]
Throwing [Figure 5.23D]
Ladder climbing [Figure 5.23E]
Running [Figure 5.23F]
Kneeling [Figure 5.23G]
Jumping [Figure 5.23H]

5.11 Concluding remarks
Predictive dynamics is a new method for simulating the response of a system
given a certain action. The most significant issue that summarizes this chapter is
characterized by this method’s ability to solve for the motion without the need to
integrate the equations of motion. Unlike typical forward dynamics methods

FIGURE 5.23A
Walking.

5.11

FIGURE 5.23B
Box lifting.

FIGURE 5.23C
Stairs climbing.
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FIGURE 5.23D
Throwing.

FIGURE 5.23E
Ladder climbing.

5.11

FIGURE 5.23F
Running.

FIGURE 5.23G
Kneeling.
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FIGURE 5.23H
Jumping.

where the dynamic equations of motion must be integrated, this method provides
a viable and rigorous approach to solving for the motion.
The equations of motion are typically characterized by a set of differential
algebraic equations and contain a high degree of freedom system. . .they are quite
complex, and highly nonlinear. As a result, these DAEs are difficult to integrate
if not impossible, depending on the complexity.
Predictive dynamics offers a unique method for characterizing human behavior as represented by cost functions (one or multiple objectives) formulated as a
multi-objective optimization problem. A digital human climbing a wall will most
likely have various cost functions driving that motion, including but not limited
to minimizing energy, maximizing stability, maximizing vision, and several
others. The predictive dynamics approach provides for a direct method to enable
“human” or more “naturalistic” predictions of human motion than the typical
direct integration of the equations of motion.
We list below the major important aspects of predictive dynamics:
a. No integration of the equations of motion.
b. Uses human cost functions to drive the motion.
c. Computationally efficient.
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d. Can predict behavior and, more importantly, can simulate behavior by varying
the selection of cost functions.
e. Can assess cause and effect. . .allows for tradeoff analysis.
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CHAPTER

Strength and Fatigue:
Experiments and Modeling

6

The majority of this chapter was contributed by Laura Frey-Law, PhD, MS, PT

The difference between a successful person and others is not a lack of
strength, not a lack of knowledge, but rather a lack of will.
Vince Lombardi

6.1 Joint space
In order to determine whether a digital human model can accomplish a task, it is
essential to define strength limits. The simple concept of measuring strength is
indeed simple to understand, but difficult to attain. The intuitive approach is to
consider muscle strength and forces as an assessment of strength for various
regions of the anatomy. However, one quickly realizes that this is a difficult task
as the concept of muscle recruitment and activation is difficult to ascertain.
This makes a seemingly simple modeling process somewhat more complex than
one might initially expect. Clearly an individual who is “strong” can be readily differentiated from one who is “weak”. However, there are several physiological
aspects of muscle strength that may be relevant to digital humans, as well as the
decay in strength (i.e., muscle fatigue) that occurs naturally with physical activity.
Reasonable representations of normative human strength and endurance are
needed for digital human models (DHM) to behave in expected and meaningful
ways. Without accurate models of strength (and fatigue) DHM cannot model typical or realistic human behavior reliably.
Models of muscle strength typically fall into two basic approaches: modeling
individual muscle forces or modeling net torque produced about a joint, due to
multiple synergistic muscles. Both modeling approaches have their advantages
and disadvantages, particularly for whole-body digital human modeling.
However, we will focus our attention on strength modeling at the joint level as
that is the level at which we can assess strength in humans, and thus for validation. This is also called the joint space, as all calculations, predictions, and experimental measurements are done at the joint level.
Muscle model approaches require assumptions of load sharing and activation
levels that are also pertinent to the issues discussed in this chapter. However, noninvasive direct muscle force measurements are not possible in humans; only net
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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FIGURE 6.1
Muscle modeling using curves of action (Patrick, 2007).

torque measurements produced about a joint. Thus, all models of strength must
ultimately be validated against assessments of net joint torque. A muscle-level
model of a DHM is shown in Figure 6.1 and developed by the authors’ team
(Patrick, 2007) where muscle lines and curves of action are depicted. This model
provides for muscle curves that wrap and slide.
If torque is calculated at the joint, which is at the heart of this book, then muscle forces can be calculated by resolving the torque into its various components
(Figure 6.2). And indeed there are several methods for accomplishing this calculation (Patrick, 2007; Zatsiorsky, 2002).

6.2 Strength influences
Muscle strength definitions typically center on the capability to produce force, or
the maximal force-production of a muscle. Several factors can influence muscle
strength, including properties inherent to muscle contraction (i.e., at the cellular,
fiber, or single muscle level) and the mechanical arrangement of muscles within
the musculoskeletal system (i.e., considering individual and/or groups of muscles).

6.2 Strength influences

FIGURE 6.2
Resolving a torque at a joint to muscle forces.

At the single muscle level, strength is proportional to muscle cross-sectional
area. This is commonly observed as the phenomenon of large, hypertrophied muscles being stronger than small, atrophied muscles. Total muscle length is not a
critical factor in muscle strength per se, but may indirectly influence forceproduction through the mechanical advantage of the muscle or the ability of the
muscle to contract rapidly (e.g., contraction velocity), which will be discussed
below. Conversely, the relative length of the muscle influences force-production
through the length-tension relationship, which will be discussed further below.
Muscle hypertrophy occurs as an adaptation to unaccustomed activity or
strength training, and strength training is often performed precisely because of
this relationship, namely to create larger muscles. The specific tension of muscle,
that is the force produced per unit area, is relatively constant across muscles, men
and women, and is often used to estimate peak force for single muscle models.
Specific tensions have been reported to range from approximately 30 N/cm2
(Chow et al., 1999; Narici et al., 1992; Reeves et al., 2004) to 5560 N/cm2
(O’Brien et al., 2010). The variations in estimates are likely due to differences in
how physiological cross-sectional area and/or peak force are accounted for (e.g.,
fiber angle at rest or during contraction; antagonist muscle force considered, etc).
However, specific tension does not vary between men and women or children versus adults (O’Brien et al., 2010). Thus, differences in strength between individuals
are largely due to differences in the muscle cross-sectional area.
Another inherent muscle property influencing force-producing capability is the
torque-velocity relationship (Figure 6.3). Hill (1938) first described this nonlinear
phenomenon over 80 years ago. Essentially, muscles produce less peak force the
faster they shorten (Hill, 1938). Practically, this is apparent when one tries to lift a
light versus a heavy weight in one hand as fast as the muscles can. They are able
to move quite quickly with a light hand weight (e.g., 2 lbs), but move much slower
when trying to move a heavy weight (e.g., 20 lbs). Interestingly this occurs during
shortening, or concentric, contractions, but the opposite occurs during lengthening,
or eccentric contractions (see Figure 6.3). Eccentric contractions occur when
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FIGURE 6.3
Schematic representation of the torque-velocity relationship for human muscle.

muscles are lengthened while resisting external loads. For example lowering an
object, walking down stairs, or performing “negative” push-ups (i.e., the lowering
phase of a push-up) all involve eccentric contractions. In animal studies eccentric
contractions produced through electrical stimulation can produce up to 150% of
peak isometric (static) contraction forces (Lieber, 2002); however, in humans voluntary eccentric contractions typically only reach levels between 100120% of
isometric peak torque (Chapman et al., 2005; 2008; Griffin, 1987; Horstmann
et al., 1999; Klass et al., 2005; Kramer and Balsor, 1990).
A side note regarding eccentric contractions is that the common experience of
developing muscle soreness 12 days after exercise (i.e., delayed onset muscle
soreness, DOMS) has been shown to be a result of only the eccentric and not the
isometric or concentric component of unaccustomed tasks (Cleak and Eston,
1992; Yu et al., 2002).
Two factors contribute to the influence of joint angle on muscle strength.
First, the length of the contracting muscle fibers has a direct influence on muscle
force produced (i.e., the length-tension relationship) and second, the varying
moment arm through a joint range of motion has an indirect influence on muscle
strength via mechanical advantage (i.e., torque 5 force 3 moment arm). Muscle
contraction occurs as two myofilament proteins bind and slide past one another:
the actin and myosin filaments. There is an optimal level of overlap between
these filaments which results in peak force-production from a muscle fiber.
However, if this overlap increases or decreases from the optimal length, the ability of the fiber to produce active muscle force decays, creating a curvilinear

6.2 Strength influences

Muscle length-tension relationship

Muscle force

Passive force
Active force
Total force

Muscle length

FIGURE 6.4
Schematic of the muscle length-tension relationship, demonstrating the active, passive
and net tension produced as a function of muscle length.

force-length relationship (Gordon et al., 1966). In addition to this active force,
muscle and tendon exhibit passive elastic properties, such that stretching a muscle
eventually produces passive force, like a spring. If you combine these active and
passive forces, the net force from a muscle typically increases with muscle length,
but with a curvilinear plateau in the region of optimal muscle length (Figure 6.4).
The torque produced about a joint is the product of the muscle force and its
moment arm with respect to the joint center of rotation. Thus, torque is a function
of both muscle force-producing capability and the mechanical advantage afforded
by the muscle-tendon complex. As joint angles change throughout the range of
motion, this mechanical advantage changes. These changes can be specific to
each joint, thus no one relationship can be modeled for all joints (Frey-Law et al.,
2012b). Thus, the torque-angle relationship does not always appear to be consistent with the force-length relationship.
Population-specific factors that influence strength include: male versus female;
young-versus old-adult; and active/trained versus sedentary cohorts, to name a
few. Typically men exhibit approximately 50% greater peak torque than females
but this too can vary across joint regions (Frey-Law et al., 2012b). As mentioned
above, these sex differences result primarily from cross-sectional area as opposed
to the inherent muscle properties for men and women (e.g., specific tension of
muscle). Certainly this does not discount systemic physiological differences
between men and women, including sex differences in the hormonal milieu, from
playing a strong role in muscle strength. It does, however, suggest the contractile
proteins are not in and of themselves the source of these differences per se, but
rather the number of these muscle fibers in parallel. Accordingly, digital humans
(DHs) need to be specific to male versus female avatars not only in physical
anthropometry (e.g., height and weight) but also in strength properties.
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Strength is considered to be relatively stable from the third (i.e., 20 s) to the
fifth decades of life (i.e., 40 s), but typically begins to decay sometime after the
sixth decade of life (i.e., in 50 s or 60 s) (Stoll et al., 2000). This suggests DH
models of strength can be used to represent “young” adults across several decades
of age. Whereas others have suggested using linear decays in strength models
from the 20 s to the 70 s, data suggest constant strength models through the 40 s
or 50 s are reasonably well substantiated (Bohannon, 1997; Horstmann et al.,
1999; Stoll et al., 2000). Future advances in DH modeling may move toward
more exact models of strength, by decade of life, but this level of fidelity does
not currently have sufficient data to suggest its usefulness. However, DHs representing the older adult population (i.e., over 65 years) clearly would benefit from
strength models specific to this cohort. This loss of strength with increasing age
is likely due to a complex array of factors such as relative inactivity, subthreshold disease or pathology, or age-related changes in cell health and adaptation. While age-related declines in health can vary between men and women or
between muscle groups, one simple modeling approach is to reduce young-adult
strength by a constant percentage (e.g., 15%), which could also be increased with
advancing age.
Changes in strength with training can be quite large and specific to the muscle
groups involved. While this is not modeled directly by most DH strength models
today, it can be represented indirectly using population statistics. Most normative
data collected on strength will include a heterogeneous population, resulting in
observed standard deviations in the range of 2030% of mean strength values
(Bohannon, 1997; Frey-Law et al., 2012b; Griffin, 1987; Horstmann, Maschmann
et al., 1999). Thus, these data sets can be used to model stronger or more highly
trained individuals using the mean plus some multiple of the observed standard
deviation (i.e., higher strength population percentiles). Conversely, untrained or
weak individuals can be modeled using the observed mean minus some multiple of
the standard deviation (i.e., lower strength population percentiles). Direct models
attempting to link training and strength are not likely to be practical anytime soon,
however, as training effects are often non-linear, occurring in proportion to the
baseline level of training, frequency and intensity of training, etc. For example,
individuals that are sedentary will see larger adaptations with training than someone who is already near their peak performance level.

6.3 Strength assessment
The actual assessment of strength can be accomplished in several ways, each measuring different aspects of muscle strength capability. Isometric (i.e., constant
length, static) assessments are performed at specific joint angles and typically used
to evaluate torque-angle relationships. These measurements are often assessed
using isokinetic dynamometers (set to work isometrically) or load cells (force
assessments at a constant moment arm length). Isotonic (i.e., constant load)

6.3 Strength assessment

FIGURE 6.5
A subject conducting a knee strength measurement using an isokinetic dynamometer.

assessments either use a constant mass (e.g., free weights) and are assessed as the
one repetition maximum (1 RM) that an individual can lift through a full ROM, or
use an isokinetic dynamometer set to maintain a constant external torque, allowing
the contraction velocity to vary throughout the ROM. Isokinetic (i.e., constant
velocity) assessments also typically use an isokinetic dynamometer, but with a different setting; using a constant velocity, the torque produced throughout the ROM
is measured. In research settings, the most common means to assess strength
involve isokinetic dynamometers, due to their flexibility in strength assessments,
followed by load cell configurations; whereas isotonic assessments are largely used
in fitness and health centers due to their relatively low cost (the assessment can be
carried out using only a set of free weights).
Figures 6.5 and 6.6 show subjects conducting strength measurements using an
isokinetic strength dynamometer. Isokinetic exercise and testing are tools used to
develop and assess strength of the various joints such as the elbow, knee, wrist,
shoulder, hip, and torso. These machines or devices typically provide a computercontrolled torque motor or brake to limit the maximum movement velocity and thus
obtain isokinetic motion during maximum effort trials. The force the subject applies
to the device is measured and recorded along with joint angle and movement velocity, which then can be used to assess peak strength for a given isokinetic velocity.
Concentric, eccentric, and isometric modes of exercise can be used.
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FIGURE 6.6
Strength assessment for the elbow using an isokinetic dynamometer.

6.4 Normative strength data
There are numerous studies reporting on joint-level strength, particularly focusing
on torque-angle (isometric) and/or torque-velocity (isokinetic) data. Advances in
DHM coupled with the use of predictive dynamics or optimization techniques can
better utilize information gleaned from both of these relationships more so than
previous quasi-static DH models, which relied almost solely on torque-angle data.
To best utilize both of these “two-dimensional” curvilinear relationships (i.e., 2D
curves of torque-angle or torque-velocity), recently studies have begun to evaluate
“three-dimensional” strength relationships: torque as a function of both velocity and
angle, creating 3D surfaces (Anderson et al., 2007; Frey-Law et al., 2012b; Khalaf
and Parnianpour, 2001; Khalaf et al., 1997, 2000, 2001). For example, the strength
surfaces shown in Figure 6.7 represent the mean concentric strength values for knee
flexion and extension torque as a function of joint angle and movement velocity (i.e.,
3D strength surfaces), for both males and females.
Note that the shape of the flexion and extension surfaces differ, suggesting the
mechanical advantages due to muscle lengths and muscle moment arms play a
significant role in determining the 3D peak torque surface. However, the surfaces
are qualitatively similar between men and women; they differ primarily in absolute strength levels. Similarly, 3D strength surfaces for shoulder flexion and
extension are shown in Figure 6.8.
These 3D surfaces have been modeled in various ways, including modifications to the torque-velocity relationship accounting for changes in joint angle and
eccentric contractions (Anderson et al., 2007) and second-order polynomials
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FIGURE 6.7
Mean 3D knee concentric strength surfaces for men (N 5 24) and women (N 5 21).

(Khalaf and Parnianpour, 2001; Khalaf et al., 1997, 2000, 2001). While both of
these approaches provide reasonable estimates of the peak strength surfaces,
they do not readily allow for significant interactions between joint angle and contraction velocity which are observed in experimental data (Frey-Law et al.,
2012b), and can result in non-physiologic torque predictions (i.e., values “crossing
zero”) when extrapolated to joint angles beyond those assessed for developing the
strength models.
We have found greater flexibility using logistic equations to best fit the
nonlinear experimental data. This approach maximizes the heuristic, nonlinear
representation of strength surfaces using only 7 to 8 parameters, thus is also
reasonably parsimonious. We chose to model the eccentric relationship as it is
challenging to train individuals to exert maximum eccentric strength and can
lead to DOMS or more severe muscle injury. Based on numerous previous
studies, we modeled peak eccentric strength as 120% of peak isometric
strength independent of eccentric contraction velocity. Using this assumption,
examples of the resulting 3D surfaces that model both concentric and eccentric
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Strength surfaces for shoulder flexion and extension torque for males and females.

strength using logistic equations are shown in Figure 6.9. The format of this
approach is provided in Equation (6.1), where X 5 joint angle, Y 5 contraction
velocity, Z 5 peak torque, and parameters ah define a unique surface for
each joint and torque direction:
Z 5 a 1 LOGISTIC X ðb; c; dÞ 1 LOGISTIC Y ðe; f; gÞ
1 LOGISTIC X ðh; c; dÞ  LOGISTIC Y ð1; f; gÞ

(6.1)

However, specific parameter values will depend on the units used
(e.g., degrees vs radians) and the sign conventions needed for any particular
digital human. That is, we display all strength values as positive here, but for
any specific DHM application the joint angles, contraction velocities, and torque signs have to be adjusted to match the underlying framework of the
model (e.g., knee flexion torque may be negative and knee extension torque
positive, with the joint angles represented as negative values as the knee
moves into flexion). Thus, no one set of parameter values is likely to be universal across all DH models.
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FIGURE 6.9
Measured (concentric, from Figure 6.3) and estimated (eccentric, 120% of isometric peak
torque) strength plotted as points, with the logistic, 8-parameter surface models shown
concurrently.

6.5 Representing strength percentiles
Clearly, strength varies across individuals, thus normative strength can be best
represented by population means and/or strength percentiles. These strength surfaces are frequently fit from average or median data, however could also be fit to
any strength population percentile (%ile). For DHM, normative strength can be
easily modeled using z-scores, where any percentile level is equal to the mean plus
the appropriate z-score (see Table 6.1 for standard z-scores by percentile) multiplied by the standard deviation (SD, Equation 6.2). Thus, the 50th %ile strength
level for either men or women is simply the mean (since z 5 0 for 50th %ile). This
is valid for normally distributed data, which we found to be true for knee and elbow
strength (Frey-Law et al, 2012b) when separated by sex.
%ile strength 5 mean strength 1 ðz-score %ile  SDÞ

(6.2)

The standard deviation can also be modeled as a 3D surface as a function of
contraction velocity and joint angle, but a simpler approach is to represent it by
the mean coefficient of variation (CV, Equation 6.3) across all joint angles and
contraction velocities. The coefficient of variation is simply the standard deviation standardized by the mean. This allows for limited modulation of standard
deviation values with little additional computational effort. We have found CV
varies somewhat between joints and contraction types but centers roughly on a
value of 0.3 (Frey-Law et al., 2012b).
CV 5 SD=mean

(6.3)

Thus, combining Equations (6.2) and (6.3), we can calculate strength percentiles as indicated in Equation (6.4) (i.e., %ile strength is a function of joint
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Table 6.1 Standard z-scores for
Percentile Calculations (Normal
distribution)
Percentile (%ile)

Z-score

1
5
10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
99

22.330
1.645
21.280
21.040
20.840
20.675
20.525
20.385
20.250
20.125
0.000
0.125
0.250
0.385
0.525
0.675
0.840
1.040
1.280
1.645
2.330

angle (q) and contraction velocity (dq/dt)). The 3D surface models of peak torque
are used to provide the mean peak torque values for each joint angle (q) and contraction velocity (dq/dt) of interest.
%ile strength ðq; dq=dtÞ5 mean ðq; dq=dtÞ 1ðz-score  CV  mean strength ðq; dq=dtÞÞ
5 ð1 1z-score  CVÞ  mean ðq; dq=dtÞ
(6.4)
where CV is a joint-specific constant.

6.6 Mapping strength to digital humans: strength surfaces
The mapping of normative joint strength to digital humans is not necessarily a trivial
matter and depends on the DH framework used and the anatomical definition for joint
range of motion. For relatively simple hinge joints, such as the knee or elbow, this

Torque(Nm)

6.6 Mapping strength to digital humans: strength surfaces
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FIGURE 6.10
Torque-velocity results from predictive dynamics are compared with extrapolated torquevelocity curves (surfaces).

process may be relatively straightforward involving simply confirming whether a
“straight” knee is defined as 0 or 180 degrees and matching the sign conventions
between the DH model and the normative data. However, for 3-DOF joints (or more),
such as the hip, trunk, or shoulder, this process is complicated by computational
issues, such as gimbal lock, and measurement issues such as separating net joint torque
into the underlying DH joints. For example, shoulder torque is typically assessed as
net flexion/extension, abduction/adduction, internal/external rotation, and possibly horizontal abduction/adduction. However, these torques occur due to muscular torques
about both the glenuhumeral and scapulothoracic joints.
Depending on the DH model, it may be challenging to discern which joints
should be compared with which normative data values, or if some load sharing
paradigm must be assumed between the joints involved. Similarly, trunk strength
is frequently assessed as a single entity in physiological measurements (e.g., net
trunk extension torque), yet clearly there are multiple spinal joints involved.
However, the muscles involved span several joints and cannot be isolated to only
a single joint (L4-L5 verses L5-S1, for example). Thus, assumptions must be
made to enable strength mapping between experimental, normative data and
DHM, and errors associated with gimbal lock must be noted.
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Figure 6.10 demonstrates the concept of comparing torque values calculated
from predictive dynamics with those measured experimentally using a 2D torquevelocity curve for simplicity. The white curve depicts torque values over time for
a single joint relative to expected torque-velocity percentile strength curves. Note
that for this example, the task requires from ,25% of maximum to .75% of
maximum peak torque, which varies across time.
Once strength models have been created, there are essentially two methods for
applying torque models in DHM:
a. Pre-processing approach: Embedding the torque/strength models as limits or
constraints in the optimization algorithm which yields a motion that is
constrained to the available peak strength, i.e., a motion that can be
accomplished by the digital human if a solution exists. The benefit of this
method is that it simulates human motion more realistically as strength limits
(e.g., 50th %ile) cannot be violated to accomplish the motion, if the task can
be accomplished. However, the disadvantages include greater computation
cost (i.e., a nonlinear constraint that varies as a function of the parameters
being optimized) and it does not allow the DHM to model where a task could
exceed the strength surface for any given strength percentile, which may be
useful for predicting risks for musculoskeletal injury.
b. Post-processing approach: Comparing the results of the predicted DHM
torques resulting from the optimization algorithm using only simplified
strength limits (e.g., a constant average value) to the 3D strength surfaces
without using the surface models to limit or constrain the DHM. This method
is computationally simpler and provides insight into what joint has exerted a
torque that may exceed expected normative percentile levels. However, it can
also yield motions that would otherwise not be possible, particularly at faster
velocities or end-ranges of motion where the simple strength limit is most
likely to be in error relative to the 3D strength models.

6.7 Fatigue
Localized muscle fatigue can be briefly defined as the loss of force-producing
capability following muscle activity (Bigland-Ritchie and Woods, 1984). Thus,
fatigue is temporary, recovers following rest, and is distinct from weakness,
pathology or traumatic injury. Practically, the development of fatigue is important
for dynamic DHM because the temporal decay in muscle strength is a very common and real phenomenon. Clearly, as we perform tasks either for greater lengths
of time or of higher intensity, we typically develop greater fatigue.
A curvilinear relationship between fatigue and intensity has been well documented
for over 50 years, often referred to as Rhomert’s curve or the intensity-endurance time
(ET) curve (Rohmert, 1960). Numerous authors have proposed various versions of
intensity-ET curves, including several joint-specific models (El ahrache et al., 2006;

6.7 Fatigue

(B)

(A)

1200

1600

Endurance Time (sec)

Endurance Time (sec)

1800

Ankle

1400
1200
1000
800
600
400

1000

Grip
800
600
400
200

200
0

0
0.0

0.2

0.4

0.6

0.8

1.0

0.2

Standardized Intensity

(C)

0.8

1.0

1200

Endurance Time (sec)

Endurance Time (sec)

0.6

(D)
2500

2000

Knee
1500

1000

500

1000

Elbow

800
600
400
200
0

0
0.0

0.2

0.4

0.6

0.8

1.0

0.0

Standardized Intensity

0.2

0.4

0.6

0.8

1.0

Standardized Intensity

(E)

(F)
1200

1200
1000

Endurance Time (sec)

Endurance Time (sec)

0.4

Standardized Intensity

Trunk
800
600
400

1000

Shoulder
800
600
400
200

200

0

0
0.0

0.2

0.4

0.6

0.8

Standardized Intensity

1.0

0.2

0.4

0.6

0.8

1.0

Standardized Intensity

FIGURE 6.11
Joint-specific statistical fatigue models (mean 6 95% prediction intervals) and their
corresponding experimental data points from the literature.
Reprinted with permission from Frey-Law and Avin, 2010

Monod and Scherrer, 1965; Rose et al., 2000) based on limited fatigue data and/or a
compilation of other models. We recently performed a systematic review of the literature to gather all relevant static fatigue data (194 publications were included, with 369
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FIGURE 6.12
Schematic representation of the three-compartment fatigue model.
Reprinted with permission from Frey-Law et al., 2012a

data points) and generated new intensity-ET curves for a “general” model as well as
six joint-specific models (Figure 6.11): hand/grip, elbow, shoulder, trunk, knee, and
ankle (Frey-Law and Avin, 2010). These statistical models provide a simplified means
to estimate the development of fatigue (e.g., by estimating maximum endurance time)
for digital human applications.
These intensity-ET relationships are particularly relevant for static, sustained
tasks with no rest intervals; however, most activities involve some component of
dynamic movement and/or relative rests. Thus analytical, heuristic models which
can represent the actual changes in peak force-production are needed to represent
the decay and recovery of muscle fatigue at the joint-level for DHM applications.
Several models have been proposed to model fatigue, but relatively few are
specifically for DH applications. Ding and colleagues developed a muscle fatigue
model that was aimed at clinical applications for electrical stimulation of paralyzed muscle (Ding et al., 2000, 2002a,b, 2003). This modeling approach is an
adaptation to a muscle model by adding a decay component and requires estimates of stimulation frequency input to the motor neurons. We developed a different approach to model fatigue which is capable of addressing the effects of
work intensity, joint position, contraction velocity, and rest intervals (Xia and
Frey-Law, 2008a,b).
Our model (Figure 6.12) was adapted from a previous model first proposed
for modeling only maximal contractions (Liu et al., 2002), employing a threecompartmental approach. Muscle tissues are considered to be in one of three
states (i.e., three compartments) at any time: resting (MR), activated (MA), or
fatigued (MF). We added a feedback control loop to the model, allowing for submaximal contractions to be modeled. Muscle activation-deactivation (MR2MA)
is simulated using a bounded proportional controller to regulate (i.e., match)
required work intensity (as predicted by a DHM). The fatigue (MA-MF) and
recovery (MF-MR) processes are regulated by two transfer rate coefficients,

6.7 Fatigue

F and R, representing the fatigue and recovery properties, respectively. The system can maintain a steady torque output by increasing muscle activation until failure, i.e. maximum holding time (MHT), occurs. Additionally, the model can
calculate the level of fatigue at any given time during a task as the proportion of
the muscle in the “fatigued” state (i.e., in MF).
The model consists of several differential equations defining the flow rates
between compartments, where the rate is proportional to the concentration (volume) of each compartment (see Equations 6.56.7) and an equation for the controller depending on the situation (Equations 6.86.10). The input required is the
relative task intensity, which may simply be known (i.e., for a simple task) or can
be modeled using DHM to estimate required net joint torques standardized by the
3D strength surfaces (as a function of joint angle and velocity). Thus, in this way,
even a complex dynamic task can be represented as a time-vector of task intensity
values (i.e., ranging in value from 1100% intensity) as previously depicted schematically in Figure 6.10. We can represent joint-specific fatigue behavior through
variations in the model parameters, F and R:
dMR =dt 5 2 CðtÞ 1 R  MF


(6.5)

dMA =dt 5 CðtÞ 2 F MA

(6.6)

dMF =dt 5 F  MA 2 R  MF

(6.7)



CðtÞ 5 L ðTL 2 MA Þ

(6.8)

i.e., activation of muscle, if there is sufficient “muscle” available in the active
and/or resting compartment to meet the target level requirements
CðtÞ 5 L  MR

(6.9)

i.e., activation of muscle, if there is insufficient “muscle” available in the active
and/or resting compartment to meet the target level requirements
CðtÞ 5 L  ðTL 2 MA Þ

(6.10)

i.e., deactivation of muscle, if the active compartment is exceeding the target
level
where
C(t) 5 the controller denoting the muscle activation-deactivation drive;
F 5 fatigue parameter defining the rate of change between the active and
fatigued compartments;
R 5 recovery parameter defining the rate of change between the fatigued and
resting compartments;
L 5 an arbitrary constant tracking factor to ensure good system behavior (Xia
and Frey-Law, 2008a). We found a value of 10 is reasonable based on a
sensitivity analysis (Xia and Frey-Law, 2008c); and
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FIGURE 6.13
Model predictions compared with statistical fatigue model (Frey-Law and Avin, 2010).
Note how well the three-compartment model can reproduce the static intensity-ET
relationships for each joint, simply using two model parameters.
Reprinted with permission from Frey-Law et al., 2012a

TL 5 target level for the task (% maximum) that the controller is attempting
to match.
We have validated the model against statistical fatigue models obtained from
our meta-analysis systematic review (Frey-Law et al., 2012a). This approach
reproduces the intensity-ET curves exceedingly well (Figure 6.13) and is

References

mathematically capable of predicting intermittent tasks as well as dynamic tasks
for use with predictive dynamics.

6.8 Strength and fatigue interaction
One method to combine strength and fatigue models for DHM is to use the fatigue
model to decay the corresponding strength surface (e.g., joint-specific). For example, as the elbow flexors are used (task modeled in DHM to provide task intensity
input to fatigue model), the fatigue model can then predict the decay in peak strength
capability over time. This can be conceptualized as a fatigue coefficient with
values from 0 (completely fatigued) to 1 (completely rested). The product of this
coefficient with the peak 3D strength surfaces results in the time-varying strength
properties of a joint as a function of time (and the underlying task involved).
Continued efforts are needed to validate and determine the practical applications of these modeling approaches, but significant advances in modeling strength
and fatigue have occurred in the past decade. Future advances are likely to outpace previous accomplishments, making this area an exciting component in the
development of DHM tools.

6.9 Concluding remarks
In summary, representing strength and fatigue for digital human models can be
accomplished with surprising accuracy at the joint level, which we call the joint
space. By applying both well-documented musculoskeletal relationships with new
data and modeling approaches, numerous muscle force nonlinearities can be efficiently modeled computationally.
Modeling muscle forces as the limiting factor for a particular motion is both difficult and impractical, whereas joint-space strength limits provide a computationally
efficient approach. Predicted joint torques obtained from predictive dynamics can
readily be compared against normative torques (strength percentile surfaces, postprocessing) or the 3D strength surfaces can be used as constraints (pre-processing),
which better limit the capability of a human model to perform a task.
Undoubtedly, future advances will continue to improve the accuracy of these
modeling approaches, making digital humans increasingly realistic and useful
tools for a wide variety of applications.
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Predicting the Biomechanics
of Walking

7

With contribution by Yujiang Xiang, PhD, Virtual Soldier Research Program

If everything seems under control, you’re just not going fast enough.
Mario Andretti

7.1 Introduction
The objective of this chapter is to develop a broadly applicable formulation for
the prediction of human walking. It is to answer the question: “How would a person walk given a set of conditions, such as a specific body size, a specific load,
and joint ranges of motion?”
Past research has addressed walking analysis, also called gait analysis, where
a person’s walk is measured and sometimes mathematically modeled for the reasons of analysis, to better understand deviation from the normal or to evaluate
performance. This is of importance for the understanding of disabilities, injuries,
and post-surgical gait, for example. The intent of this chapter is to create a predictive model for the biomechanics of walking.
Walking is also called ambulation and is one of the main gaits of locomotion
among legged animals. Walking is generally defined by an inverted pendulum gait in
which the body vaults over the stiff limb or limbs with each step. This applies regardless of the number of limbs—even for arthropods with six, eight or more limbs.
There are many reports that have established methods to simulate human
motion, in particular walking, using databases generated from experiments on
human subjects (Choi et al., 2003; Pettre and Laumond, 2006). These methods
draw upon libraries of pre-stored motions to present the best-fit approach for a
particular scenario. These approaches are limited by the accuracy and amount of
available experimental data.
Other methods have attempted to model and simulate human walking. One
such approach is to solve the walking problem based on the idea that biped walking can be treated as an inverted pendulum. Advantages of this method are its
simplicity and faster solvable dynamics equations (Park and Kim, 1998).
However, the method also suffers from an inadequate dynamics model that cannot
generate natural and realistic human motion; particularly problematic is its inability to represent a large DOF system with high fidelity.
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.

149

150

CHAPTER 7 Predicting the Biomechanics of Walking

One well-established approach is the ZMP-based trajectory generation method,
which has received a great deal of attention. In this method, the walking motion
can be generated in real time for smaller-sized models to follow the desired ZMP
trajectory using an optimal control approach (Kajita et al., 2003; Yamaguchi
et al., 1999). The ZMP concept can also be incorporated in an optimization formulation to synthesize walking pattern by maximizing the stability, subject to
physical constraints (Huang et al., 2001; Mu and Wu, 2003). The key point of
this approach is that the dynamics equations are used only to formulate the stability condition rather than to generate the entire motion trajectory directly, thus
many dynamics details are not considered.
Optimization-based trajectory generation presents a viable method for addressing the prediction of walking. This method has exhibited the possibility for predicting realistic and natural human motion. Furthermore, the method can easily
handle large DOF models, and can optimize many human-related performance
measures simultaneously and satisfy all the constraints (Anderson and Pandy,
2001; Chevallereau and Aoustin, 2001; Fregly et al., 2007; Lo et al., 2002; Ren
et al., 2007; Saidouni and Bessonnet, 2003).
Chevallereau and Aoustin (2001) planned robotic walking and running
motions using optimization to determine the coefficients of a polynomial approximation for profiles of the pelvis translations and joint angle rotations. Saidouni
and Bessonnet (2003) used optimization to solve for cyclic, symmetric gait
motion of a 9-DOF model that moves in the sagittal plane; the control points for
the B-spline curves along with the time durations for the gait stages were optimized to minimize the actuating torque energy. Anderson and Pandy (2001)
developed a musculoskeletal model with 23 DOFs and 54 muscles for normal
symmetric walking on level ground. Muscle forces were treated as design variables and metabolic energy expenditure per unit distance was minimized.
Lo et al. (2002) determined human motion that minimized the summation of the
squares of all actuating torques. The design variables were the control points for
the cubic B-spline approximation of joint angle profiles. Sensitivity of joint torque with respect to control points were analytically obtained by using the recursive NewtonEuler formulation.
Our team (Kim et al., 2005) has developed an optimization-based approach
for predicting 3D human gait motions on level and inclined planes. By minimizing the deviation of the trunk from the upright posture, joint profiles were
calculated, subjected to some physical constraints. Time durations for various
gait phases were also optimized. The joint torques and ground reaction forces
were not calculated; therefore constraints on the joint strength could not be
imposed. In this chapter, recursive Lagrangian formulation is used for dynamics; joint torques and GRFs are calculated using equations of motion; a more
realistic skeletal model is used; the optimization formulation is physics-based
where an energy-related objective function is minimized; and constraints on the
joint torques are imposed. As a result, a more realistic human walking motion
is obtained.

7.3 Muscle versus joint space

It is noted that the material for this chapter is derived from several papers published by the authors and the contributing author to this chapter (Xiang, 2008;
Xiang et al., 2009a,b, 2010a,b,c).

7.2 Joints as degrees of freedom (DOF)
To simulate walking, the lower part of the body is most important. The foot,
ankle, knee, and hip joints are most critical for simulation and prediction of walking motion. However, including the spine and arms is also important because the
inertia and dynamics associated with the upper torso and arms are significant to
the balance and dynamics of the motion.
We shall use a 55-DOF human skeleton as presented in Chapter 2. There are 6
DOF for global translation and rotation, and 49 DOF representing the kinematics
of the body. Each DOF corresponds to relative rotation of two body segments
connected by a revolute joint.
We shall also use the DenavitHartenberg (DH) method as presented in
Chapter 2. The objective is to calculate the motion of each of those DOF for each
joint. Indeed, we also seek to calculate the torques required at each joint, denoted
by torque profiles. While both joint and torque profiles are smooth curves that
must be calculated for each joint, these curves will be represented with B-spline
interpolations. As such, it is only the control points of each curve that must be
calculated.
For dynamics and in order to represent the equations of motion, we shall use
the recursive Lagrangian formulation which is known for its computational
efficiency.

7.3 Muscle versus joint space
In the past, the emphasis in predicting motion has been on the local forces generated by muscle activation. As a result, there has been a significant amount of
research on trying to understand muscles, recruitment, and activation. We have
determined that a more direct approach is to deal with the joint space, i.e., the torque generated by these muscles on the joint (regardless of which muscle is active
and which is recruited). Thus, our focus is the resultant action of these muscles
on the joint. Because we use the DH parameterization method at each individual
DOF, this approach lends itself well to our goals of estimating and predicting
how the body is set in motion.
To set up the optimization problem, we will also need the gradients for all
objective functions and constraints. Working in the joint space provides a direct
and feasible method for accomplishing an effective optimization problem
formulation.
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As stated earlier, the most important benefit of this optimization formulation
is that the equations of motion are not explicitly integrated, but are evaluated by
inverse dynamics. The dynamic effort (performance measure) that is represented
as the integral of the squares of all the joint torques is minimized. Indeed,
dynamic balance is achieved by satisfying the ZMP constraint throughout the
walking motion. Subsequently, the sequential quadratic programming algorithm is
used to solve the nonlinear optimization problem. The results of the optimization
problem, torque and joint profiles, are shown to be realistic when compared with
the experimental data for normal walking. Besides normal walking, three other
cases of walking with a shoulder backpack are simulated.
The objective of formulating the gait using predictive dynamics is to enable
the prediction of natural motions, and to be able to simulate cause and effect,
whereby a user can input various parameters, observe the simulated motion, and
calculate the parameters of the motion (forces, torques, motion profiles, ground
reaction forces [GRFs], and balance issues).
Because of the use of optimization to model the behavior and the biomechanics, it is believed that the algorithm drives the motion towards a more naturalistic
and higher-fidelity motion. As a result, our objective is to obtain a high-fidelity
motion with a model of a large DOF human skeleton. Because we use the joint
space (not muscle space), we shall use the strength limits (strength surfaces) as
the limits of what a person can do.

7.4 Spatial kinematics model
As detailed in Chapter 2, we shall use the DH parameterization method to model
the full kinematics of the human body. Recall that the DH transformation matrix
includes rotation and translation and is a function of four parameters, θi , di , αi ,
and ai , which relate coordinate frames i and i-1, depicted in Figure 7.1.

7.4.1 A kinematic 55-DOF human model
The spatial kinematic skeletal model with 55 DOFs (the z’s), shown in
Figure 7.2, will be used throughout this chapter to illustrate the principles. The
model consists of six physical branches and one virtual branch. The physical
branches are: the right leg, the left leg, the spine, the right arm, the left arm, and
the head. In these branches, the right leg, the left leg and the spine start from the
pelvis (z4 , z5 , z6 ), while the right arm, left arm, and head start from the spine end
joint (z30 , z31 , z32 ).
The spine model includes four joints, and each joint has three rotational DOFs
([z21 , z22 , z23 ], [z24 , z25 , z26 ], [z27 , z28 , z29 ], [z30 , z31 , z32 ]). The legs and arms are
assumed to be symmetric with respect to the sagittal plane y-z. Each leg consists
of a thigh, a shank, a rear foot, and a forefoot. There are seven DOFs for each
leg: three at the hip joint (z7 , z8 , z9 ), one at the knee joint (z10 ), two at the ankle

7.4 Spatial kinematics model

qi+1
Joint i + 1

qi
Link i
Joint i
αi

zi

xi

ai

di

zi-1
θi

xi-1

FIGURE 7.1
Joint coordinate systems using the DenavitHartenberg representation methodology.

joint (z11 , z12 ), and finally, one to characterize the forefoot (z13 ). At the clavicle,
there are two orthogonal revolute joints (z33 , z34 ). Each arm consists of an upper
arm, a lower arm, and a hand. There are seven DOFs for each arm: three at the
shoulder, two at the elbow, and two at the wrist. In addition, there are five DOFs
for the head branch: three at the lower neck and two at the upper neck. The
anthropometric data for the skeletal model representing a 50th percentile male,
generated using GEBOD software (Cheng et al., 1994), are shown in Table 7.1.
Note that these dimensions represent a specific human model—it is not a
percentile-based anthropometry.
This 55-DOF skeletal model has been developed to simulate many human
activities, including symmetric and asymmetric walking, running, climbing stairs,
lifting objects, throwing, and many other tasks. For simulating each of these
activities, some DOFs that do not participate in the activity in a significant manner are frozen to their neutral angles. The formulation presented here is quite flexible, allowing any DOF to be frozen to a specified value. In addition, limits on
the range of motion of any DOF can be imposed. A general-purpose software has
been developed that can be used to simulate these activities using the same skeletal model. For the symmetric gait simulation problem, the following DOFs are
frozen: wrist joint, clavicle joint, neck joint, and two spine joints (shown as
dashed enclosures in Figure 7.2). Therefore, the skeletal model used for gait simulation has 38 active DOFs. The other way to accomplish this objective would be
to redefine the skeletal model for each activity. However, this would require
redefinition of the body segments and recalculation of their mass and inertial
properties, which would be quite tedious.
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FIGURE 7.2
The 55-DOF digital human model (with global DOFs z1 , z2 , z3 , z4 , z5 , z6 ).

7.4.2 Global DOFs and virtual joints
Consider six global DOFs that generate rigid body motion for the entire spatial
skeleton model. The three translations are represented by three prismatic joints
and the three rotations by three revolution joints in the DH method. We denote
these joints as virtual joints to distinguish them from the physical human joints.

7.4 Spatial kinematics model

Table 7.1 Link Length and Mass Properties
Link

Length (cm)

Mass (kg)

L1
L2
L3
L4
L5
L6
L7
L8
L9
L10
L11
L12
L13
L14
L15
L16
L17
L18

8.51
38.26
39.46
5.0
9.01
7.56
9.0
5.63
5.44
6.0
17.39
16.76
20.0
17.1
4.41
25.86
24.74
16.51

4.48
9.54
3.74
0.5
0.7
0.23
2.32
2.32
2.32
2.32
3.0
5.78
4.22
1.03
2.8
1.9
1.34
0.5

We shall use these virtual joints to enable generalized global motion of the human
with respect to a fixed coordinate frame at (0, 0, 0).
The two adjacent virtual joints are connected by a virtual link that uses zero
mass and zero inertia to define the link properties. Finally, the virtual joints and
links constitute a virtual branch that contains six global DOFs denoted by (z1 , z2 ,
z3 , z4 , z5 , z6 ).
The virtual joints defined in the virtual branch not only generate global rigid
body movements but also contain global generalized forces. These forces correspond to the six global DOFs: three forces (τ 1 ,τ 2 ,τ 3 ) and three moments
(τ 4 ,τ 5 ,τ 6 ). For the system in dynamic equilibrium, these global generalized forces
should be zero.

7.4.3 Forward recursive kinematics
We shall use the recursive kinematics and the Lagrangian approaches to carry out
the kinematics and dynamic analyses of the 3D human model. The computational
cost of the recursive formulation is OðnÞ. The sensitivity information about a joint
involves only two adjacent joints; therefore, its computational cost is reduced
to OðnÞ.
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We use 4 3 4 matrices denoted by Aj , Bj , and Cj to represent recursive position, velocity, and acceleration transformation matrices for the jth joint, respectively. Given the link transformation matrix (Tj ) and the kinematics state
variables for each joint, angular displacement, velocity and acceleration (qj , q_j ,
and q€j ), we have for j 5 1 to n:
Aj 5 T1 T2 T3 ?Tj 5 Aj21 Tj

(7.1)

_ j 5 Bj21 Tj 1 Aj21 @Tj q_j
Bj 5 A
@qj

(7.2)

2
€ j 5 Cj21 Tj 1 2Bj21 @Tj q_j 1 Aj21 @ Tj q_2 1 Aj21 @Tj q€j
_j 5A
Cj 5 B
@qj
@qj
@q2j j

(7.3)

where A0 5 1 and B0 5 C0 5 0. Then, the global position, velocity, and acceleration of a point in the Cartesian coordinate system can be calculated using the following formulas:
0

r j 5 Aj rj ; 0 r_ j 5 Bj rj ; 0 r€ j 5 Cj rj

(7.4)

where 0 rj and rj are global and local augmented coordinates, respectively.

7.5 Dynamics formulation
7.5.1 Backward recursive dynamics
Based on forward recursive kinematics, the backward recursion for the dynamic
analysis is accomplished by defining a 4 3 4 transformation matrix Di and 4 3 1
transformation vectors Ei , Fi , and Gi as follows. Given the mass
 and inertia properT
k
k
k
ties of
each
link,
the
external
force
f
5
f
f
0
and the moment
f
y
z
k
x


hTk 5 k hx k hy k hz 0 for the link k, defined in the global coordinate system, the
joint actuation torques derived in Chapter 4 (Equation 4.33) are τ i for i 5 n to 1 as:


@Ai
@Ai
@Ai
Di 2 gT
Ei 2 f Tk
Fi 2 GTi Ai21 z0
(7.5)
τ i 5 tr
@qi
@qi
@qi
Di 5 Ii CTi 1 Ti11 Di11

(7.6)

Ei 5 mii ri 1 Ti11 Ei11

(7.7)

Fi 5 k rf δik 1 Ti11 Fi11

(7.8)

Gi 5 hk δik 1 Gi11

(7.9)

where Dn11 5 0 and En11 5 Fn11 5 Gn11 5 0; Ii is the inertia matrix for link i;
mi is the mass of link i; g is the gravity vector; i ri is the location of center of
mass of link i in the local frame i; k rf is the position of the external force in the

7.5 Dynamics formulation

T

local frame k; z0 5 0 0 1 0 T for a revolute joint and z0 5 0 0 0 0
for a prismatic joint; and finally, δik is Kronecker delta.
The first term in the torque expression (equation of motion) is the inertia and
Coriolis torque; the second term is the torque due to gravity load; the third term
is the torque due to external force; and the fourth term represents the torque due
to the external moment.

7.5.2 Sensitivity analysis
In order to calculate the sensitivity, we must first find expressions for the deriva@τ i @τ i @τ i
,
,
(i 5 1 to n; k 5 1 to n),
tives of various quantities. The derivatives,
@qk @q_k @q€k
can be evaluated for the articulated spatial human mechanical system in a recursive
way using the foregoing recursive Lagrangian dynamics formulation:
8  2

2
2
@ Ai
@Ai @Di
@Ai21
>
T @ Ai
T @ Ai
>
> tr
D
1
E
2f
Fi 2GTi
z0 ðk #iÞ
2g
i
i
>
<
@qi @qk
@qi @qk
@qi @qk
@qi @qk
@qk
@τ i


5
@Ai @Di
@Ai @Ei
@Ai @Fi
@qk >
>
>
tr
2f T
ðk .iÞ
2gT
>
:
@qi @qk
@qi @qk
@qi @qk


@τ i
@Ai @Di
5tr
@q_k
@qi @q_k


@τ i
@Ai @Di
5tr
@q€k
@qi @q€k

(7.10)
(7.11)
(7.12)

A more detailed treatment on the derivation of sensitivity equations can be
found in some of the published work on sensitivity (Xiang et al., 2008).

7.5.3 Mass and inertia property
Predictive dynamics uses forward kinematics to transfer the motion from the origin towards the end-effector along the branch as shown in Figure 7.3. This process involves only state variables and geometrical parameters. However,
backward dynamics propagates forces from the end-effector to the origin. Mass
and inertia property of the links are taken into consideration for dynamic
analysis.
In Figure 7.3, joint (k) and joint (k 1 1) are connected by link (j 1 1) for which
mass and inertia properties are defined in the local coordinate zi13 . The links
between coordinates zi13 and zi12 , and zi12 and zi11 have zero link length, and
zero mass and inertia, so that the force is correctly transferred back through zi13 ,
zi12 , and zi11 for the joint (k).
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Dynamics
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Joint (k)
zi+1
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FIGURE 7.3
Mass and inertia allocation for joint pairs.

7.6 Gait model
7.6.1 One-step gait model
We shall present a modeling method for a complete gait cycle that includes two
continuous steps (also called one stride). In the present formulation, normal walking is assumed to be symmetric and cyclic; therefore only one step of the gait
cycle needs to be modeled and simulated. Each step is divided into two phases:
single support phase and double support phase.
The single support phase occurs when one foot contacts the ground while the
other leg is swinging; it starts from the rear foot toe-off and ends when the swinging foot lands on the ground with a heel strike; the time duration for this phase is
denoted as TSS .
Considering the ball joint of foot, the single support phase can be divided into
two basic supporting modes: rear foot single support and forefoot single support.
The double support phase is characterized by both feet contacting the ground. This
phase starts from the front foot heel strike and ends with the contra-lateral foot toeoff. The time duration of double support is denoted as TDS . In this work, a walking
step starts from the left heel strike, then goes through left foot flat, right toe-off,
right leg swing, left heel off, and finally comes back to right heel strike as shown
in Figure 7.4. The foot support polygon is plotted in Figure 7.5. The foot contacting conditions are summarized in Table 7.2.
Symmetry conditions for the gait cycle are needed so that only one step can
be modeled to simulate gait. The successive step repeats the motion of the previous step by swapping the roles of the legs and arms. The initial and final joint
angles and velocities (at left heel strike and subsequent right heel strike) should
satisfy symmetry conditions so as to generate continuous and cyclic gait motion.

7.6 Gait model
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R
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FIGURE 7.4
Basic feet supporting modes in a step (side view: R denotes right leg; L denotes left leg).
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FIGURE 7.5
Foot support polygon (dash area) in a step.

7.6.2 Ground reaction forces (GRF)
It is necessary to calculate GRFs in the gait formulation for multiple purposes.
Ground reaction forces provide rigorous validation criteria for whether the walk
prediction is realistic and whether it does indeed simulate a natural human walk.
To include the GRF in the formulation, we have two challenges: not only is the
GRF value transient but also the GRF position is variable. To solve for the GRF,
a two-step algorithm is developed.
Initially we will distinguish forces into two categories: active forces and GRF.
Active forces include inertia, Coriolis, gravity, and external forces and moments.
The main idea of the algorithm is to first calculate the resultant of the active
forces and ZMP location from the equations of motion, and then calculate GRF
using the global equilibrium conditions between the active forces and GRF. After
that, the obtained GRF are applied as external loads at the ZMP, together with the
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Table 7.2 Foot Contacting Conditions: Four Modes in a Step
Double support

Right toe
Left heel

Single support
Rear-foot

Fore-foot

Left heel
Left ball

Left ball
Left toe

Double support

Left toe
Right heel

Retrieve GRF from global equilibrium
Start

MGRF, FGRF, o rGRF

Input

q, q, q and GRF =0

Calculate τ from EOM again

Calculate τ from EOM

Obtain real joint torques
Global Force: 0

Obtain the resultant active
forces : τ1, τ2, τ3

End

FIGURE 7.6
Flow chart of the two-step algorithm to obtain GRF and real joint torques.

active forces, to recover the real joint torques. This two-step algorithm is depicted
in Figure 7.6 and explained as follows:
_ and q,
€ external loads and gravity, the
Step 1: Given current state variables q, q,
joint torques are calculated using the inverse recursive Lagrangian dynamics
without the GRF. This is illustrated in Figure 7.6. The global forces τ 1 , τ 2 , τ 3
and moments τ 4 , τ 5 , τ 6 in the virtual branch are not zero at this stage due to
exclusion of GRF. These forces are in fact the resultants of the active forces at
the end of the virtual branch, i.e., the pelvis. After that, the ZMP is calculated
using these forces, as explained in the following subsection.
Step 2: This step is illustrated in Figure 7.6. Considering the global equilibrium
between the resultant active forces and the GRF at ZMP, the resultant GRF are
obtained and then treated as external forces applied at ZMP for the human
model, such as the forces f and h in Equations (7.57.9). Given the state

7.7 Zero-Moment point (ZMP)
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FIGURE 7.7
Balanced and unbalanced states: (A) balanced state, (B) unbalanced state.

variables, external loads, and gravity loads as well as the GRF, the real joint
torques are recovered from the equations of motion using Equation (7.5).

7.7 Zero-Moment point (ZMP)
The ZMP approach is a well-established bipedal dynamic balance criterion that
has been widely used in the fields of robotics and biomechanics (Vukobratović
and Borovac, 2004). The ZMP is the point on the ground where the resultant tangential moments of the active forces are zero, as illustrated in Figure 7.7.
Here, the forces are distinguished into two categories: active forces and passive forces. Active forces include inertia, Coriolis, gravity, and external forces.
Passive forces are the GRFs. The balanced and unbalanced states of the human
system are illustrated in Figure 7.7, where point A denotes the ankle, point C is
the center of mass of foot, G is foot gravity force, FA and MA are resultant force
and moment of body parts excluding the contacting foot, F and M are the resultant GRFs, and FI and MI are the inertia forces of the foot due to rotation. FZMP
represents fictitious ZMP, and FRI is foot rotation indicator.
The position of ZMP can be calculated using the conditions: Mz 5 0 and
Mx 5 0 (z is the walking direction, x is the lateral direction, and y is the vertical
direction; refer to Figure 7.4).
Pnlink
ðmi ð2€yi 1 gÞxi 1 mi x€i yi 2 Ji θ€ iz 1 fiy xi 2 fix yi 1 hiz Þ
(7.13a)
xzmp 5 i51
Pnlink
yi 1 gÞ
i51 mi ð2€
Pnlink
ðmi ð2€yi 1 gÞzi 1 mi z€i yi 1 Ji θ€ ix 1 fiy zi 2 fiz yi 2 hix Þ
zzmp 5 i51
(7.13b)
Pnlink
yi 1 gÞ
i51 mi ð2€
where xi , yi , zi are the global coordinates of the center of mass for the link i; mi is
the mass, Ji is the global inertia, θ€ i is the global angular acceleration with link i; fi
and hi are the external force and moment applied on link i; and g 5 2 9:8062 m=s2 .
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To calculate ZMP, the inertia Ji and angular acceleration θ€ i must be evaluated
in the global coordinates; however, they have been defined in the local coordinates associated to link i in the DH method. The transformation to the global
coordinates is tedious and time-consuming. Therefore, some researchers simply
ignore these terms in ZMP calculation.
To overcome this difficulty, an alternative method is developed to calculate
ZMP based on global equilibrium condition, or equivalently, the forces and
moments in the virtual branch obtained from the equations of motion. The basic
idea is to use the resultant of the active forces and moments to calculate ZMP
directly instead of evaluating them link by link as in Equations (7.13).
Given state variables (qj , q_j , and q€j ) for each joint, apply active forces to the
mechanical system, excluding GRF. The calculated generalized forces (τ 1 , τ 2 , τ 3 ,
τ 4 , τ 5 , τ 6 ) in the virtual branch from the equations of motion are in fact the resultant active forces and moments. After obtaining the resultant of the active forces,
we can use them to calculate ZMP using the following three steps:
1. Calculate the resultant of the active forces and moments at the pelvis in the
inertial reference frame;
2. Transfer these forces and moments to the origin of the inertial reference frame
(o-xyz);
3. Calculate the ZMP from its definition.
We present more details of these three steps below.

7.7.1 Global forces at the pelvis
We denote the forces at the pelvis by Fp 5 ½ Fxp Fyp Fzp T .
The direction of the resultant active moments (τ 5 , τ 6 ) at the pelvis are defined
in the local coordinates (z5 , z6 ). Because of the global rotational movements
(q4 , q5 ), the forces at the pelvis no longer align with the global Cartesian coordinates (o-xyz), as shown in Figure 7.8. Since ZMP is defined in the global
Cartesian coordinates, we need to recover the resultant active moments
Mp 5 ½ Mxp Myp Mzp T at the pelvis in the global Cartesian coordinates. This is
accomplished using the following equilibrium equation:
2
32 p 3 2 3
Mz
cosðz4 ; xÞ cosðz4 ; yÞ cosðz4 ; zÞ
τ4
4 cosðz5 ; xÞ cosðz5 ; yÞ cosðz5 ; zÞ 54 Mxp 5 1 4 τ 5 5 5 0
(7.14)
Myp
cosðz6 ; xÞ cosðz6 ; yÞ cosðz6 ; zÞ
τ6
where τ 4 , τ 5 , τ 6 are resultant moments along the DH local axes associated with
their DOFs; cosðz4 ; xÞ 5 0, cosðz4 ; yÞ 5 0, and cosðz4 ; zÞ 5 1 because the first rotational joint is aligned with global z-axis.
The resultant active forces Fp 5 ½ Fxp Fyp Fzp T at the pelvis are obtained by
considering the equilibrium between two sets of forces as follows:
Fxp 1 τ 2 5 0; Fyp 1 τ 3 5 0; Fzp 1 τ 1 5 0

(7.15)
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FIGURE 7.8
Global DOFs in virtual branch.

7.7.2 Global forces at origin
After obtaining the global forces at the pelvis in the global Cartesian coordinates
we can transfer the resultant active force from the pelvis to the origin using the
equilibrium conditions. Thus, the resultant active forces (Mo , Fo ) at the origin are
obtained as follows:
Mo 5 Mp 1 o rp 3 Fp
F o 5 Fp

(7.16)

where Mo 5 ½ Mxo Myo Mzo T and Fo 5 ½ Fxo Fyo Fzo T ; o rp is the pelvis position vector in the global coordinate system, as depicted in Figure 7.9.

7.7.3 ZMP calculation
Next, the resultant active forces are further transferred from the origin to the
ZMP by using the equilibrium conditions; i.e., (Mzmp , Fzmp ) are obtained using
the equation:
0 zmp 1 0 o 1 0
1 0 o1
Mx
Mx
Fx
xzmp
B M zmp C B M o C B
C B Fo C
y
5
1
3
@ y A @ y A @ zmp A @ y A
(7.17)
Mzzmp
Mzo
Fzo
zzmp
Fzmp 5 Fo
where o r zmp 5 ½ xzmp yzmp zzmp T is the ZMP position vector in the global coordinates. Since ZMP is set on the level ground and tangential moments are zero
due to its definition, we have:
yzmp 5 0; Mxzmp 5 0; Mzzmp 5 0

(7.18)
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Resultant active forces at the pelvis, origin and ZMP.

Using Equations (7.17) and (7.18), the ZMP position is uniquely obtained as
follows:
xzmp 5

Mzo
2 Mxo
;
z
5
zmp
Fyo
Fyo

(7.19)

In addition, the resultant active moment at ZMP along the y-axis is also
obtained from Equation (7.17):
Myzmp 5 Myo 1 Fxo zzmp 2 Fzo xzmp

(7.20)

There are two major advantages of using the foregoing ZMP formulation: one
is that the calculation of resultant active forces from the equations of motion is
very convenient and straightforward; the other is that the resultant active forces
(Mzmp , Fzmp ) and position o r zmp of the ZMP are obtained simultaneously. The
resultant active forces at ZMP are used to calculate the GRFs.

7.8 Calculating ground reaction forces (GRF)
The resultant GRF are located at the center of pressure (COP), which coincides
with the ZMP as long as the dynamic system is in balance (Goswami, 1999;
Sardain and Bessonnet, 2004). Thus, the transient position of the resultant GRF
can be obtained by tracing the ZMP position o r zmp using Equation (7.19).

7.8 Calculating ground reaction forces (GRF)
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FIGURE 7.10
Partition of ground reaction forces.

Moreover, the transient value of resultant GRF is also obtained from global equilibrium conditions as:
MGRF 1Mzmp 5 0
FGRF 1 Fzmp 5 0
o

(7.21)

r GRF 2 r zmp 5 0
o

In the single support phase, one foot supports the whole body and the ZMP
stays in the foot area so that GRF can be applied at the ZMP directly. However,
in the double support phase, the ZMP is located between the two supporting feet,
and the resultant GRF needs to be distributed to the two feet appropriately. This
partitioning process can be treated as a sub-optimization problem (Dasgupta and
Nakamura, 1999). In order to simplify this process, the GRF is distributed to the
points (A, B) of the supporting parts on each foot as shown in Figure 7.10, where
point A (triangle) is the left toe center and point B (triangle) is the right heel center; d1 and d2 are the distances from the ZMP (circle) to points A and B respectively. A linear relationship is used to partition GRF. The GRF value is first
linearly decomposed at the ZMP as follows:
d2
MGRF ;
d1 1 d2
d1
MGRF
5
MGRF ;
2
d1 1 d2
MGRF
5
1

d2
FGRF
d1 1 d2
d1
FGRF
5
FGRF
2
d1 1 d2
FGRF
5
1

(7.22)

Then, (MGRF
, FGRF
) are transferred to point A and (MGRF
, FGRF
) to point B
1
1
2
2
as follows:
MA 5 MGRF
1 A d zmp 3 FGRF
1
1
FA 5 FGRF
1
MB 5 MGRF
1 B d zmp 3 FGRF
2
2
FB 5 FGRF
2

(7.23)

(7.24)
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where A d zmp is the position vector from point A to ZMP, and B d zmp is the position
vector from point B to ZMP.

7.9 Optimization formulation
The objective of this section is to formulate the optimization problem for walking
in terms of three major components: design variables, objective function, and constraints. At a given walking velocity (V) and a step length (L), the time duration for
the step is calculated as T 5 L=V. The double support time duration is taken as
TDS 5 αT; as a result, the single support time duration is given as TSS 5 ð1 2 αÞT.
Single support is detailed into rear foot support (mid-stance) and forefoot support
(terminal stance). Their time durations are set to βTSS and ð1 2 βÞTSS , respectively.
The parameters α and β are obtained from the literature (Ayyappa, 1997).
The walking task is formulated as a nonlinear optimization problem. A general
mathematical form is defined as: Find the optimal joint trajectories q(t) and joint torques τ(t) to minimize a human performance measure subject to physical constraints:
Find : q; τ
To :
min Fðq; τÞ
Sub : hi 5 0; i 5 1; . . .; m
gj # 0; j 5 1; . . .; k

(7.25)

where hi are the equality constraints and gj are the inequality constraints.

7.9.1 Design variables
In the current formulation, the design variables are the joint angle profiles qðtÞ.
The joint torques τðq; tÞ are calculated using the governing differential equations.
This is called the inverse dynamics procedure where the differential equations are
not integrated. This has also been called the differential inclusion formulation.

7.9.2 Objective function
The predicted motion depends strongly on the adopted objective function F. In
this work, the dynamic effort, the time integral of squares of all the joint torques,
is used as the performance criterion for the walking problem:
 

ðT 
τðq; tÞ T τðq; tÞ
U
FðqÞ 5
dt
(7.26)
jτjmax
t50 jτjmax
where jτjmax is the maximum absolute value of joint torque limit.
Figure 7.11 illustrates the optimization problem containing the three components of a formulation. Note that we have used the simple form of the minimization function as the integration of the torque square versus the normalized form in
Equation (7.26).

7.9 Optimization formulation

FIGURE 7.11
The general optimization formulation for walking.

7.9.3 Constraints
Two types of constraints are encountered for the walking optimization problem:
one is the time-dependent constraints, which include joint limits, torque limits,
ground penetration, dynamic balance, arm-leg coupling, and self-avoidance. These
constraints are imposed throughout the time interval. The second type is the timeindependent constraints, which comprise the symmetry conditions, ground clearance, and initial and final foot positions; these constraints are considered only at a
specific time point during the step.

7.9.3.1 Time-dependent constraints
7.9.3.1.1 Joint limits
To avoid hyperextension, the joint limits are taken into account in the formulation. The joint limits representing the physical range of motion are
qL # qðtÞ # qU ;

0#t#T

(7.27)

where qL are the lower joint limits and qU the upper limits as presented later in
Table 7.3. A joint limit constraint is also used to “freeze” a DOF by setting its
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FIGURE 7.12
Foot ground penetration conditions.

lower bound and upper bound to the neutral angle (the natural angle at rest)
instead of eliminating this DOF from the skeleton model.

7.9.3.1.2 Strength limits
Each joint torque is also bounded by its physical strength limits. These limits are
obtained from the strength experiments as presented in Chapter 6. Note that the
percent max of torque that is acting as a limit is a single point on the surface
depicted in Figures 6.8 and 6.9. Note that these surfaces must be represented into
a parametric equation in order to be used in the inequality constraint as follows:
τL # τðtÞ # τU ;

0#t#T

(7.28)

where τL are the lower torque limits and τU the upper limits.

7.9.3.1.3 Ground penetration
Walking is characterized with unilateral contact between the foot and ground as
shown in Figure 7.12. While the foot contacts the ground, the height and velocity
of the contacting points (circles) are zero. In contrast, the height of other points
(triangles) on the foot is greater than zero.
Therefore, the ground penetration constraints are formulated as follows:
yi ðtÞ 5 0;
yi ðtÞ $ ε;

x_i ðtÞ 5 0; y_i ðtÞ 5 0;
i2
= Ω;

z_i ðtÞ 5 0;
0#t#T

iAΩ

(7.29)

where ε is a small positive number and Ω is the set of contacting points.

7.9.3.1.4 Dynamic balance
The dynamic balance is achieved by forcing the ZMP to remain within the foot support polygon (FSP) as depicted in Figure 7.13, where Γ is a vector along the boundary of the FSP and r is the position vector from a vertex of the FSP to the ZMP.
The ZMP constraint is mathematically expressed as follows:
ðri 3 Γi ÞUny # 0;
where ny is the unit vector along the y-axis.

i 5 1; . . .; 4

(7.30)
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Arm-leg coupling motion.

7.9.3.1.5 Arm-leg coupling
It is believed that the arm-swing is performed to help balance the upper body during walking to reduce the trunk moment in the vertical direction. Swinging arms
are not necessary or required for motion; however, that motion provides dynamic
balance.
In practice, it is difficult to measure the moment produced by the swing arm.
In this formulation, we introduce a two-pendulum model to represent arm-leg
coupling kinematics during the walking motion. The basic idea of the arm-leg
coupling constraint is that the arm-swing on one side counteracts the leg-swing
on the other side as depicted in Figure 7.14, where the first pendulum η1 represents the left arm (from the left shoulder to the left wrist), and the second pendulum η2 denotes the right leg (from the right hip to the right ankle).
The mathematical form of a coupling constraint is written as:
ðη1  nz Þðη2  nz Þ $ 0

(7.31)

where nz is the unit vector along the z-axis. It is important to note that the armleg coupling constraint is imposed only on the swing directions of the arm and
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FIGURE 7.15
Self-avoidance constraint between the wrist and hip.

the leg rather than a quantitative relationship on the swing angles. The swing
angles are determined in the optimization process.

7.9.3.1.6 Self-avoidance
Self-avoidance is considered in this formulation to prevent penetration of the arm
in the body. A sphere-filling algorithm is used to formulate this constraint, as
shown in Figure 7.15:
dðq; tÞ 2 r1 2 r2 $ 0;

0#t#T

(7.32)

where r1 is a constant radius to represent the wrist, r2 is another radius to represent the hip; and d is the distance between the wrist and hip.

7.9.3.2 Time-independent constraints
The following time-independent constraints are imposed on the optimization
problem.

7.9.3.2.1 Symmetry conditions
The gait simulation starts from the left heel strike and ends with the right heel strike.
The initial and final postures and velocities should satisfy the symmetry conditions
to generate continuous walking motion. These conditions are expressed as follows:
qL ð0Þ 2 qR ðTÞ 5 0
qSx ð0Þ 2 qSx ðTÞ 5 0
qSy ð0Þ 1 qSy ðTÞ 5 0
qSz ð0Þ 1 qSz ðTÞ 5 0

q_L ð0Þ 2 q_R ðTÞ 5 0
q_Sx ð0Þ 2 q_Sx ðTÞ 5 0
q_Sy ð0Þ 1 q_Sy ðTÞ 5 0
q_Sz ð0Þ 1 q_Sz ðTÞ 5 0

(7.33)

where subscripts L and R represent the DOFs of the leg, arm, and shoulder joints
which satisfy the symmetry conditions with the contra-lateral leg, arm and shoulder joints; the subscript S represents the DOFs of the spine, neck and global joints
which satisfy the symmetry conditions on themselves at the initial and final times;
x, y, z are the global axes.

7.9.3.2.2 Ground clearance
To avoid foot drag motion, a ground clearance constraint is imposed during the
walking motion. Instead of controlling the maximum height of the swing leg, the
maximum knee flexion at mid-swing is used to formulate the ground clearance
constraint. Biomechanical experiments have shown that the maximum knee

7.10 Numerical discretization

flexion of normal gait is around 60 degrees regardless of the subject’s age and
gender. This constraint is expressed as
2ε # qknee 2 60 # ε;

t 5 tmidswing

(7.34)

where ε is a small range of motion, i.e., ε 5 5 degrees.

7.9.3.2.3 Initial and final foot contacting position
Since the step length L is given, the foot initial and final contacting positions are
specified at the initial and final times to satisfy the step length constraint. It is
noted that the initial and final postures and velocities are determined by the optimization process instead of specified from the experiments.
xi ð0Þ 5 x~ i ð0Þ;
xi ðTÞ 5 x~ i ðTÞ;

iAΩ

(7.35)

where x~ i is the specified initial and final contacting position, and Ω is the set of
contacting points as specified in Table 7.2.

7.10 Numerical discretization
In order for the numerical solver to calculate the design variables, the time
domain is discretized by using cubic B-spline curves, which are defined by a set
of control points P and time grid points (knots) t. A joint profile qðtÞ is parameterized by using B-splines as follows:
qðt; PÞ 5

m
X

Bi ðtÞpi

0#t#T

(7.36)

i51

where Bi ðtÞ are the basis functions, t 5 ft0 ; . . .; ts g is the knot vector, and
P 5 fp1 ; . . .; pm g is the control points vector. With this representation, the control
points become the optimization variables (also called the design variables).
_ and q€ are functions of t and P, torque τ 5 τðt; PÞ is an explicit
Since q, q,
function of the knot vector and control points. Thus, the derivatives of a torque
with respect to the control points can be computed using the chain rule as
@τ
@τ @q
@τ @q_
@τ @q€
5
1
1
@Pi
@q @Pi
@q_ @Pi
@q€ @Pi

(7.37)

Multiplicity is used in the knot vector at the end points of the time interval.
This property guarantees that the starting and ending joint angle values of a DOF
are exactly those corresponding to the first and last control point values. This
makes it easier to impose the symmetric posture constraints. The time-dependent
constraints are imposed not only at the knot points but also between the knots, so
that a very smooth motion is generated.
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7.11 Example: predicting the gait
The examples presented below will demonstrate predictive dynamics as a method
for predicting normal walking, cause and effect, and symmetric and asymmetric
gaits.
We have chosen to use a sequential quadratic programming (SQP) algorithm
as implemented in SNOPT (Gill et al., 2002) to solve the optimization problem.
To use the algorithm, cost and constraint functions and their gradients need to be
calculated. The foregoing recursive kinematics and dynamics procedures provide
accurate gradients to improve the computational efficiency of the optimization
algorithm. Appropriate normal walking parameters (velocity and step length) are
obtained from Inman et al. (1981). In addition to normal walking, the current
work also considers situations where people walk and carry backpacks with various weights (20 lbs, 40 lbs, and 80 lbs).

7.11.1 Normal walking
Walking speeds in humans vary greatly depending on factors such as anthropometry, weight, age, terrain, surface, load, culture, effort, and fitness. The average
human walking speed is about 5.0 km/h, or 1.4 m/s, about 3.1 mph. Walking
research has found pedestrian walking speeds ranging from 4.51 km/h to 4.75 km/h
for older individuals and 5.32 km/h to 5.43 km/h for younger individuals, although a
brisk walking speed can be around 6.5 km/h and champion race walkers can average
more than 14 km/h over a distance of 20 km.
For the problem defined herein, we shall assume a normal gait motion, where
the user inputs normal walking velocity V 5 1.2 m/s and step length L 5 0.6 m.
There are 330 design variables (55 DOFs, each with 6 control points) and 1036
nonlinear constraints. First the optimization problem is solved to obtain a feasible
solution for the walking problem. Here q 5 0 is used as the starting point with
FðqÞ 5 constant as the objective function and all constraints imposed. This is a
new procedure for obtaining feasible solutions for a nonlinear programming problem that has proved to be very effective in testing feasibility of the predictive
dynamics formulation.
Once a feasible solution has been obtained, it is used as the starting point for
the optimization problem with dynamic effort as the objective function. There are
two advantages of obtaining a feasible solution first: one is to test the feasibility
of the problem formulation; and the second is to obtain a good starting point for
the original optimization problem. The optimality and feasibility tolerances are
both set to ε 5 1023 for SNOPT and the optimal solution is obtained in 512 CPU
seconds on a Pentium(R) 4, 3.46-GHz computer. There are 158 active constraints
at the optimal solution.
Figure 7.16 shows the resulting stick diagram of a 3D human walking on level
ground and includes the motion in the single support phase and the double support phase. As expected, correct knee bending occurs to avoid collision with the
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FIGURE 7.16
The diagram of optimized cyclic walking motion (two strides).

ground. The arms swing to balance the leg swing. The continuity condition is satisfied to generate smooth walking motion where the initial and final postures are
also optimized. The ZMP location is also plotted in the figure and it stays in the
foot support polygon to satisfy the dynamic balance condition. It is important to
note that the spine keeps upright automatically to reduce energy expenditure of
the walking motion.

7.11.1.1 Kinematics
There are six well-known kinematic variables (angles and displacements) that
have been established as the determinants of forward walking (Saunders et al.,
1953). These determinants correspond to the lower extremities and pelvic motion
as follows:
a.
b.
c.
d.
e.
f.

Hip flexion/extension
Knee flexion/extension
Ankle plantar/dorsiflexion
Pelvic tilt
Pelvic rotation
Lateral pelvic displacement.
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FIGURE 7.17
Comparison of predicted determinants with the experimental data.

The six determinants of normal walking predicted using predictive dynamics
for a stride, starting from heel strike and ending with the same heel strike, are
plotted in Figure 7.17. A more detailed treatment of validation methods and
results for tasks predicted using predictive dynamics is presented in Chapter 9.

7.11 Example: predicting the gait

The solid black curves in the figure represent the predicted determinants, the
dashed curves are the experimental mean value of the determinants, and the curves
with shorter dashes show the 95% confidence interval (C.I.) of the statistical means.
The six simulated determinants lie close to the mean of the experimental data;
major parts of the motion are in the confidence region and have trends as those of
the statistical mean. The peak values of ankle motion, pelvic rotation, and pelvic
lateral displacement occur earlier than the experimental data. This is because the
six determinants represent a complex coupled motion, and the optimal solution is
only a compromise motion. Furthermore, ankle motion is the major passive movement due to GRF. It has shown a larger plantar flexion at 60% of gait cycle.
These differences are expected due to approximations in the mechanical model of
the human body.

7.11.1.2 Dynamics
Since we are using a rigid skeleton model, the energy absorption of muscle tendons and ligaments and joint tissue are ignored at heel strike and toe-off. This
results in some jerks in GRF and joint torques. Therefore, the Butterworth lowpass filter with a cutting frequency of 8 Hz is used to obtain plots for the GRF
and joint torques. Figure 7.18 depicts the torque profiles of the hip, the knee and
the ankle for a stride. Here, HS denotes heel strike, FF foot flat, HO heel off, and
TO toe-off. The figure also shows torques data (digitized) obtained from the literature (Simpson and Jiang, 1999; Stansfield et al., 2006).
In Figure 7.18, the hip torque begins to flex the hip at the heel strike and this
torque reaches its maximum extension torque at the terminal stance phase. At the
knee joint, the reaction force flexes the knee during the early stance, but the knee
torque then reverses into an extension torque. Before the swing phase, the knee is
flexed for a second time. The ankle starts with a plantar torque just after heel
strike and reverses into a dorsiflexion torque continuously during the stance,
reaching its peak at terminal stance and then dropping quickly until toe-off.
Figure 7.19 shows the GRFs for the predicted walking motion. The vertical
GRF has a familiar double-peak pattern, and the maximum vertical force is developed soon after heel strike and then again during terminal stance (push-off). In
the walking direction, the fore-aft GRF, there is a decelerating force early in the
stance phase, and an acceleration force at push-off. Meanwhile, the foot also
pushes laterally during the entire stance phase.
The above resulting joint torques and GRF have shown general agreement
with the experimental results presented in the literature (Simpson and Jiang,
1999; Stansfield et al., 2006). However, there are discrepancies at the beginning
and end of the gait cycle. Since we do not impose symmetry conditions on joint
angle accelerations, the predicted forces show impact phenomena with discontinuities at the boundaries. The discrepancies may also be due to the approximate
models used and approximate simulation of impacts during walking motion. In
addition, the GRF are linearly distributed between the feet during the double support phase and this may also result in some inaccuracies.
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FIGURE 7.18
Joint torque profiles for a stride.

7.12 Cause and effect
The most important aspect of a human simulator is the ability to study tradeoffs,
cause and effect. One such aspect is the loading of a human model with various
types of loads at various locations. The intent is to see the effect on the human’s biomechanics, in this case walking.
Consider the case where humans carry loads on their backs while walking. We
shall assume a walking velocity V 5 1.2 m/s and a step length L 5 0.6 m. The
load is considered as a point load applied on the back in the downward vertical
direction. Although this load model is relatively simple, it is used to study cause
and effect during the gait cycle. Three cases are simulated with varying load
weights of 20 lbs, 40 lbs, and 80 lbs. 3D stick diagrams of the walking motion are
compared in Figure 7.20. The walks of Santoss using predictive dynamics for no
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Ground reaction forces for a stride.
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FIGURE 7.20
Cause and effect on walking motion with loads of (A) 20 lb, (B) 40 lb, (C) 80 lb.
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FIGURE 7.21
(A) Snapshots of predictive dynamics results of cyclic walking motion without a backpack;
(B) results of predictive dynamics of walking motion with a 60-lb backpack.

external load compared with a load of 60 lbs is shown in Figures 7.21A and
7.21B, respectively. A reasonable spine bending is observed with increasing backpack weight. The joint angle profiles, the GRFs, and joint torque profiles are
illustrated in Figures 7.22, 7.23, and 7.24, respectively.
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FIGURE 7.22
Joint angle profiles with backpack.

The hip, knee, and ankle motions have no significant differences with different
backpacks. This is because they are all simulated with the same walking velocity
and step length. However, the spine bending angles are significantly affected by
the backpack weights. Heavier weight results in larger spine bending to lower the
center of mass and increase stability.
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Ground reaction forces with backpack.
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Table 7.3 Major Joint Angle Limitsa,b
Joints

Ankle (dorsi/plantar)
Knee (extension/flexion)
Hip (flexion/extension)
Hip (abduct /adduct)
Hip (external /internal)
Spine (tilt)
Spine (bend)
Spine (rotate)
Shoulder (aft/fore)
Shoulder (adduct/abduct)

Joint Angle Limits (degree)
Lower Limit

Upper Limit

220
7
2102
246
249
211
29.5
213.5
219
223

54.5
138
41
34
32
11
21
13.5
111
123.5

a

Zero joint angles correspond to home configuration as depicted in Figure 7.2
Joint coupling motions are not considered

b

The GRF show generally larger forces with increasing backpack weight.
There is significant backpack effect on the vertical GRF. For the fore-aft GRF,
the 80-lb backpack results in greater minimum and maximum force than the 20-lb
backpack. The 40-lb backpack has a minimum force similar to the 20-lb backpack
and a maximum force similar to the 80-lb backpack. For medial-lateral GRF, the
80-lb backpack has larger peak force compared with the 20-lb and 40-lb backpacks; however, there is no significant difference in other parts of the gait cycle.
It is seen that the torques on the lower extremity are almost the same in the
swing phase; however, they are different in the stance phase because of varying
backpack weights. In the swing phase, all the weight is shifted to the supporting
leg, so the torque of the swinging leg is almost the same with different backpacks.
This is quite reasonable. On the other hand, during the stance phase, an 80-lb
backpack results in larger peak torque compared with 20-lb and 40-lb backpacks.
For the hip and knee torques, there is no significant difference between 20-lb and
40-lb backpacks. The maximum extension knee torque of an 80-lb backpack is
similar to those of other backpacks, but the maximum flexion torque occurs later
than that for the lighter backpacks. The spine-bending torque shows significantly
larger value with increases in backpack weight. Major joint angle limits are presented in Table 7.3 again for convenience.
An interesting result is observed from the foregoing analyses. Different backpack weights are considered with the same walking parameters (step length and
velocity). Therefore, similar joint profiles of the lower extremities are obtained
with different backpacks. Although the GRF show significant differences, especially for the vertical GRF, the joint torque profiles show no significant differences. This may be explained in the context of human walking strategy; the GRF

7.13 Implementations of the predictive dynamics walking formulation

location is optimized to facilitate an energy-saving walk for different backpacks
to increase stability and reduce the joint torques. Thus, the current algorithm predicts that people will choose a strategy to walk more efficiently for carrying backpacks under the given walking parameters.

7.13 Implementations of the predictive dynamics walking
formulation
7.13.1 Effect of constrained joints
Constrained joints refer to the range of motion limitations in various joints that
can be due to disabilities, injuries, or physical restraints. Examples of physical
restraints include clothing of various thickness and stiffness, and rigid objects that
can be worn by humans such as knee pads and armor material. The predictive
dynamics formulation for walking takes into consideration ranges of motion as
limitations on the DOF for each joint. These are imposed as inequality constraints
that can be varied at any time.

7.13.2 Sideways and backward walking
Sideways and backward walking are important aspects of walking simulation and
are indeed a realistic human behavior.

7.13.3 Effect of changing anthropometry
Because of the implementation of the DH parameters, the dimensions of each
body part are readily implemented into the DH table. Therefore, a simulation can
include variations in anthropometric measures to see the effect on the motion.
Note that any change in anthropometry should be, although not necessarily,
accompanied with a change in the set of strength surfaces associated with that
simulation. Limits of strength are assigned as presented in Chapter 6.

7.13.4 Effect of changing loads
As demonstrated in the previous section, a change of loading on the human will
directly affect the optimization problem. Loads on the arms, legs, torso, or any
other body location can be simulated and their effects calculated and visualized.
Loading effects are of particular importance for athletes, military personnel, and
workers in industrial settings. Analyzing and better understanding the effect of
loading on human performance is at the core of predictive dynamics and is why
this book was created.
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7.13.5 Walking on uneven terrains
While only simple forward walking was presented here, the method has been
extended to walking on uneven terrain (Hariri, 2011). The major change in the
formulation is in the ZMP approach that was originally developed for forward
walking on a flat surface. Walking on uneven terrains includes stair climbing and
many other implementations.

7.13.6 Asymmetric walking
Asymmetric walking can be simulated by formulating the problem for a full stride
as demonstrated by Xiang et al. (2009a,b, 2010a,b,c).

7.13.7 Walking on different terrain types
Foot contact with the ground, including friction conditions and various ground
types such as mud or ice, is important in many fields. The interaction between the
foot and soft inelastic material such as gravel is an area of future research.

7.14 Concluding remarks
This chapter is dedicated to the detailed treatment of formulating a predictive
dynamic walk cycle. The main objective is to demonstrate how gait prediction is
formulated and how it can be used to study cause and effect. We summarize the
main advantages of using predictive dynamics as a method for understanding
motion and the effect of physics in modeling and simulating human motion.
a. Walking with various forms, loads, anthropometries, and ranges of motion can
be simulated.
b. Integration of the equations of motion is not carried out. As a result, the
prediction of a walk cycle is faster and fundamentally of higher fidelity
because of the optimization algorithm.
c. The cause and effect can be obtained by varying the input to the model.
d. A high number of DOFs for the human body (55 DOF were used) can provide
an adequate, natural, and realistic motion.
e. Global DOFs and virtual joints can be used to provide for the global
transformation motion of the digital human with respect to a fixed reference
frame.
f. The objective function used as a characterization of the joint torque square
provides a driving function for the motion, to enable a natural human-like
realistic behavior.
g. Ground reaction forces using the predictive dynamics formulation can be
recovered.

References

h. The ZMP is readily implemented into the predictive dynamics formulation for
walking and provides effective balance criteria for walking.
i. Global forces, reaction forces, joint and torque profile can be calculated from
the simulation.
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CHAPTER

Predictive Dynamics: Lifting

8

With contributions by Dr. Yujiang Xiang

First they ignore you, then they laugh at you, then they fight you,
then you win.
Mahatma Gandhi (18691948)

8.1 Human skeletal model
Lifting is a common task that is performed by humans every day. It is described
as holding an object with two hands and moving the object from a lower position
to a higher position. There have been several studies involving lifting, as it is a
common task that often leads to injury (Arisumi et al., 2007; Dysart and
Woldstad, 1996; Huang et al., 2005; Xiang et al., 2009b; Zhang et al., 2000).
For this predictive dynamics task, we shall use the same kinematic skeleton and
corresponding DH representation as that shown in Section 7.4.1, Figure 7.2 (shown
again in Figure 8.1), with 55 DOFs, and the link lengths and mass properties shown
in Table 7.1. The majority of the chapter is adapted from Xiang et al. (2009b, 2012).

8.2 Equations of motion and sensitivities
We shall use the recursive formulation introduced in Chapter 4 to formulate the
predictive dynamics task of lifting. Forward kinematics propagates the motion
from the base point to the end-effectors. In contrast, the backward dynamics
transfer the forces from the end-effectors to the base point.

8.2.1 Forward recursive kinematics
Position, velocity, and acceleration characterized by the 4 3 4 matrices Aj , Bj , and
Cj , respectively, are recursively defined for the jth joint. Given the link transformation matrix, Tj , and the kinematics state variables for each joint, angular displacement, velocity, and acceleration, qj , q_j , and q€j , we define for j 5 1 to n as follows:
Aj 5 T1 T2 T3 ?Tj 5 Aj21 Tj
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.

(8.1)
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FIGURE 8.1
The 55-DOF digital human model (with global DOFs z1 , z2 , z3 , z4 , z5 , z6 ).

_ j 5 Bj21 Tj 1 Aj21 @Tj q_j
Bj 5 A
@qj
2
€ j 5 Cj21 Tj 1 2Bj21 @Tj q_j 1 Aj21 @ Tj q_j 2 1 Aj21 @Tj q€j
_j 5 A
Cj 5 B
@qj
@qj 2
@qj

(8.2)

(8.3)

8.2 Equations of motion and sensitivities

where A0 5 1 and B0 5 C0 5 0. Then, the global position, velocity, and acceleration of a point in the Cartesian coordinate system can be calculated using the
following formulas:
0

rj 5 Aj rj ;

0

r_ j 5 Bj rj ;

0

r€ j 5 Cj rj

(8.4)

where 0 rj and rj are global and local augmented coordinates, respectively. It is
noted that the repeated index is not summed in the above equations or the equations that follow.

8.2.2 Backward recursive dynamics
We proceed to develop the backward recursion for the dynamic analysis, which is
accomplished by defining a 4 3 4 transformation matrix Di and 4 3 1 transformation vectors Ei , Fi , and Gi as follows.


Given
the external
force f Tk 5 k f x k f y k f z 0
and the moment


hTk 5 k hx k hy k hz 0 for the link k, defined in the global coordinate system, the
joint actuation torques τ i for i 5 n to 1 are computed as:


@Ai
@Ai
@Ai
D i 2 gT
Ei 2 f Tk
Fi 2 GTi Ai21 z0
(8.5)
τ i 5 tr
@qi
@qi
@qi
Di 5 Ii CTi 1 Ti11 Di11

(8.6)

Ei 5 mi ri 1 Ti11 Ei11

(8.7)

Fi 5 k rf δik 1 Ti11 Fi11

(8.8)

Gi 5 hk δik 1 Gi11

(8.9)

i

where Dn11 5 0 and En11 5 Fn11 5 Gn11 5 0; Ii is the inertia matrix for link i; mi
is the mass of link i; g is the gravity vector; i ri is the location of center of mass
of link i in the local frame i; k rf is the position of the external force in the local
frame k; z0 5 ½ 0 0 1 0 T for a revolute joint; and δik is Kronecker delta.
Where the first term in the equations of motion is the inertia and Coriolis torque, the second term is the torque due to gravity load, the third term is the torque
due to external force, and the fourth term represents the torque due to the external
moment.

8.2.3 Sensitivity analysis
This is a highly nonlinear programming problem, and optimization lends itself
well to calculating reasonable solutions. Accurate sensitivity is a key factor for
efficiently achieving an optimal solution for a gradient-based optimization algorithm, such as the sequential quadratic programming (SQP) method.
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@τ i @τ i @τ i
,
,
(i 5 1 to n; k 5 1 to n) are evaluated for the artic@qk @q_k @q€k
ulated spatial human mechanical system in a recursive manner using the foregoing recursive Lagrangian dynamics formulation as follows:
8  2

2
2
>
@ Ai
@Ai @Di
@Ai21
T @ Ai
T @ Ai
>
> tr
D
1
E
2
f
Fi 2 GTi
z0 ðk # iÞ
2
g
i
i
>
<
@qi @qk
@qi @qk
@qi @qk
@qi @qk
@qk
@τ i


5
@Ai @Di
@Ai @Ei
@Ai @Fi
@qk >
>
>
tr
2 fT
ðk . iÞ
2 gT
>
:
@qi @qk
@qi @qk
@qi @qk
The derivatives

(8.10)



@τ i
@Ai @Di
5 tr
@q_k
@qi @q_k


@τ i
@Ai @Di
5 tr
@q€k
@qi @q€k

(8.11)
(8.12)

Note that the computational cost of the recursive formulation is of the order
OðnÞ, where n is the number of DOFs. Forward kinematics transfers the motion
from the origin toward the end-effector along the branch. In contrast, the backward
dynamics propagates forces from the end-effector to the origin. More details about
the derivation of sensitivity equations are provided by Xiang et al. (2009a,b).

8.3 Dynamic stability and ground reaction forces (GRF)
We shall use the ZMP method to address the dynamic stability condition for the
lifting motion. We shall also include the GRF to be calculated. This can be
accomplished by forcing the feet to stay in the form of a polygon as shown in
Figure 8.2. The two feet are fixed on the ground with the distance d and orientation angle θ during the lifting motion. The concept of ZMP has been extensively
used as a bipedal dynamic stability criterion. It is defined as the point on the
ground at which the resultant tangential moments are zero.
We shall also use an active-passive algorithm to calculate ZMP and GRF to obtain
the real joint torques for the multi-body human system. Details of the algorithm are
presented by Xiang et al. (2009a,b) and Hariri (2012) and outlined as follows:
1. Use inverse dynamics to calculate the global resultant active forces, Mo , Fo ,
at the origin in the inertial reference frame (o-xyz in Figure 8.2). Note that the
_ q€ (design variables) are specified for each DOF.
state variables q, q,
2. Calculate the ZMP position from its definition using the global resultant
active forces as follows:
yzmp 5 0;

xzmp 5

Mzo
;
Fyo

zzmp 5

2Mxo
Fyo

(8.13)

8.4 Formulation

θ

θ
z
ZMP
d
x

o

Left foot

Right foot

FIGURE 8.2
Feet locations and support region.



where Mo 5 Mxo Myo Mzo T and Fo 5 Fxo Fyo Fzo T . Note that the two
feet are assumed to be on the level ground.
3. Calculate the resultant active forces at ZMP (Mzmp , Fzmp ) using the
equilibrium condition as follows:
Mzmp 5 Mo 1 Fo 3 o r zmp

(8.14)
Fzmp 5 Fo
where o r zmp is the ZMP position in the global coordinate system obtained
from Equation (8.13).
4. Calculate the value and location of GRF from the equilibrium between the
resultant active forces and passive forces at the ZMP:
MGRF 1 Mzmp 5 0
FGRF 1 Fzmp 5 0

(8.15)

r GRF 2 r zmp 5 0
Next, the resultant GRF is partitioned into two feet by using a linear distance
relationship between the GRF location and feet centers as shown in Figure 8.3.
5. Finally, all active forces (gravity, inertia, and external forces) and passive forces
(GRF) are applied to the multi-body human system using Equation (8.5) to
obtain the real joint torques that are used in the torque limit constraints and to
calculate the dynamic effort objective function.
o

o

8.4 Formulation
8.4.1 Lifting task
In this chapter, the lifting task is defined as moving a box from an initial location
to a final location. Figure 8.4 depicts the input parameters for the proposed
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MGRF

Left foot

FGRF
e1
ZMP
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o

e2
x
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B

z

FIGURE 8.3
Partition of the GRF into two feet: e1 and e2 are distances between ZMP and feet ball centers.

w

h1

h2

d2
d1

FIGURE 8.4
Definition of input parameters for lifting task.

formulation. In this regard, h1 is the initial height of the box measured from the
ground, d1 is the initial distance measured from the foot location to the center of
the box, h2 is the final height measured from the ground, d2 is the final distance,
and w is the weight of the box. The initial and final postures and dynamic lifting
trajectory are determined by solving a nonlinear optimization problem. The
mechanical system is at rest at the initial and final time points.

8.5 Predictive dynamics optimization formulation
The lifting motion is predicted by solving a multi-objective optimization problem.
In the proposed formulation, the box initial and final locations, feet locations and
orientations, and box dimension and weight are given. The total time T for the

8.5 Predictive dynamics optimization formulation

qi(t)

(0,0,0,) 0

T/2

T (T,T,T)

FIGURE 8.5
B-spline discretization of a joint profile.

lifting motion is specified. The initial and final postures are optimized along with
the lifting motion instead of specifying them from the experiments.

8.5.1 Design variables and time discretization
Because we must calculate the joint profile across time, we will discretize the time
domain using a B-spline. The time domain is discretized by using cubic B-spline
functions. Thus a joint profile qðtÞ is parameterized as follows:
qj ðt; PÞ 5

m
X

Ni ðtÞpi

0#t#T

(8.16)

i51

where Ni ðtÞ represents the basis functions; t 5 ft0 ; :::; ts g is the knot vector; and
Pj 5 fp1 ; :::; pm g is the control points vector. With this representation, the control
points become the optimization design variables. In this study, the knot vector is
specified and fixed in the optimization process.
We formulate the lifting task as a general nonlinear programming (NLP)
problem. To find the optimal control points P for the lifting motion, a human performance measure, FðPÞ, is minimized subject to physical constraints as follows:
Find:
To:
Sub:

P
min FðPÞ
hi 5 0; i 5 1; . . .; m
gj # 0; j 5 1; . . .; k

(8.17)

where hi are the equality constraints and gj are the inequality constraints.
We represent the joint angle profile for each DOF by five control points. As a
result, there are 275 design variables (55 DOF 3 5 control points). In addition, the
total time duration is discretized into four evenly distributed segments, and five
time grid points are used for the entire motion as shown in Figure 8.5, where the
horizontal scale shows the knot vector. Multiplicity at the ends is used in the knot
vector. For B-splines, the multiplicity property guarantees that the initial and final
joint angle values of a DOF are exactly those corresponding to the initial and
final control point values. The time-dependent constraints are imposed not only at
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the knot points but also between the adjacent knots, so that a smooth motion can
be generated.
_ and q€ are functions of t and P, torque τ 5 τðt; PÞ is an explicit
Since q, q,
function of the knot vector and control points. Thus, the derivatives of a torque
with respect to the control points can be computed using the chain rule as
@τ
@τ @q
@τ @q_
@τ @q€
5
1
1
@Pi
@q @Pi
@q_ @Pi
@q€ @Pi

(8.18)

Equations (8.108.12) and (8.18) are used to calculate accurate gradients for
the optimization formulation to improve the computational efficiency.

8.5.2 Objective functions
For the dynamic lifting motion prediction problem, two performance measures are
investigated. The first one is to minimize the dynamic effort, which is defined as
the time integral of the squares of all joint torques; the second one is to maximize
the stability, which can be transformed to minimize the time integral of the distance squares between ZMP and the foot support boundaries. The weighted sum of
the two objective functions is used as the performance measure as follows:
ð T

 ðT  X
 
nb
T
2
FðPÞ 5 w1 N
τðP; tÞ τðP; tÞ dt 1 w2 N
sðtÞi dt
(8.19)
t50

t50

i51

where si is the distance between ZMP and the ith foot support boundary at time-t;
nb is the number of foot support boundaries; w1 and w2 are weighting coefficients
for the two objective functions ranging from 0 to 1, respectively; and
w1 1 w2 5 1. The symbol NðÞ is a normalization operator. A general functiontransformation method (Marler and Arora, 2005) is used to determine the normalization operator in Equation (8.19).

8.5.3 Constraints
We shall consider two types of constraints for the predictive dynamics task of lifting. One type is the time-dependent constraints, which include joint limits, torque
limits, ground penetration, dynamic balance, foot locations, vision, hand orientation,
and collision avoidance. These constraints are imposed throughout the time interval.
The second type is time-independent constraints, which comprise the initial and
final box locations and the initial and final static conditions; these constraints are
considered only at the starting and ending time points for the lifting motion.
For the lifting task, joint angle limits, torque limits, ground penetration, foot
locations, and dynamic balance constraints are detailed by Xiang et al. (2009a,b),
and a symmetric walking motion is simulated using a one-step formulation. The
vision, hand orientation, collision avoidance, initial and final box locations, and

8.5 Predictive dynamics optimization formulation

Vision
vector

Hands parallel

Collision
avoidance

Hands normal
to box

FIGURE 8.6
Hand-orientation, vision, and collision-avoidance constraints.

initial and final static conditions are new constraints for the lifting problem.
These new constraints are depicted in Figure 8.6 and described as follows.

8.5.3.1 Vision
We shall enforce a vision constraint, which is to align the eye vector, reye , with
the vision vector, rvision . The vision vector is aligned to the box center. The vision
vector is defined as a vector from the midpoint of the two eyes to the box center.
The eye vector is defined as a vector located at the midpoint of the eyes and normal to the forehead as shown in Figure 8.7.

α # θ 5 arccos


reye  rvision
#β
kreye kkrvision k

(8.20)

where α and β define the vision cone.

8.5.3.2 Hand distance and orientation
Hand distance during the lifting task is a constant defined by the box dimension.
Furthermore, the hand orientation is represented by two vectors: the hand normal
vector, rn, and the hand tangential vector, rt, as depicted in Figure 8.8.
rn 3 rbox 5 0
rt 3 rhandle 5 0

(8.21)
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Right eyes
reye
Midpoint
θ

Left eyes

rvision
Box center

FIGURE 8.7
Vision constraint.
rt
rhandle

rn
rbox

Hand

Box edge

FIGURE 8.8
Hand-orientation constraint.

Note that the orientation constraints are imposed in such a way that the hand
normal vector is parallel to the box edge vector, rbox, and the hand tangential vector is parallel to the box handle vector, rhandle.

8.5.3.3 Collision avoidance
There are many methods for detecting and avoiding collision during the calculation process. A fast and efficient method is to fill objects in the scene with
spheres, including the human body. The size of the spheres will determine the
accuracy of the collision detection/avoidance algorithm.
Specifically, the ankle, knee, hip, shank, thigh, chest, and neck are filled with
spheres of various radii to represent the body dimensions. The distances between
the box edge and all sphere centers are calculated to impose collision avoidance
as shown in Figure 8.9. Collision avoidance is considered in the current formulation to prevent penetration of the box in the body.
l5

krbody 3 redge k
$r
kredge k

(8.22)

8.6 Computational procedure for multi-objective optimization

r
l

Body sphere

rbody

Box edge

redge

FIGURE 8.9
Collision avoidance constraint between the box and the body.

where r is the radius of the sphere to represent a body segment, and l is the distance between the sphere center and the box surface.

8.5.3.4 Initial and final hand positions
Hand-contacting positions are specified at the initial and final times for the lifting
motion. It is noted that the initial and final postures are determined by the optimization process instead of specifying them from experiments.
xð0Þ 5 x~ ð0Þ;
xðTÞ 5 x~ ðTÞ;

(8.23)

where x is the calculated hand position, and x~ is the specified hand-contacting
position.

8.5.3.5 Initial and final static conditions
The entire body is at rest at the initial and final time points. These conditions are
implemented as equality constraints as follows:
q_i ð 0Þ 5 0;
q_i ðTÞ 5 0;

i 5 1; :::; n

(8.24)

where n is the number of DOF.

8.6 Computational procedure for multi-objective
optimization
A sequential quadratic programming (SQP) algorithm is typically used to solve
the nonlinear optimization problem of lifting motion prediction. To use the algorithm, cost and constraint functions and their gradients must be calculated. The
recursive kinematics and dynamics provide accurate gradients to improve the
computational efficiency of the optimization algorithm (Lee et al., 2005; Xiang
et al., 2009a,b). The adaptive lifting strategies are predicted for box lifting by
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Table 8.1 Task Parameters for the Box
Lifting

Parameters
Box weight (kg)
Box width (m)
Box height (m)
Box depth (m)
d1 (m)
h1 (m)
d2 (m)
h2 (m)
T (s)

9.0
0.525
0.365
0.370
0.490
0.365
0.460
1.370
1.2

solving the NLP problem. The data related to the box-lifting task are obtained
from an experiment as depicted in Table 8.1.

8.6.1 Lifting determinants and error quantification
As indicated in the formulation for predictive dynamics, motion determinants
must be delineated. Based on the literature (Authier et al., 1996) and experimental
observations, six joint angle profiles are chosen as the determinants to define the
lifting motion. These determinants correspond to the whole-body motion parameters that have major roles in the task: hip flexion/extension, knee flexion/extension, ankle plantar/dorsiflexion, trunk flexion/extension, shoulder flexion/
extension, and elbow flexion/extension.
Errors of these determinants between simulation and experiments are quantitatively studied. In general, the error for the dynamic system at time point t is given as:
ei ðq; tÞ 5 qi ðtÞ 2 q~i ðtÞ

(8.25)

where qi ðtÞ is the simulated ith joint angle profile and q~i ðtÞ is the measured ith
joint angle profile at time t. Next, the error throughout the time interval T is given
in scalar form using an L2 norm, which is defined as the following integral:
Ei ðqÞ 5

ðT

½ei ðq; tÞ2 dt

(8.26)

0

For box-lifting validation, the total error summation of the six determinants is
evaluated as:
Esum ðqÞ 5 Eankle ðqÞ 1 Eknee ðqÞ 1 Ehip ðqÞ 1 Etrunk ðqÞ 1 Eshoulder ðqÞ 1 Eelbow ðqÞ
(8.27)

8.7 Predictive dynamics simulation

(A)

(B)

(C)

FIGURE 8.10
Snapshots of simulated box-lifting motion: (A) stability criterion, (B) dynamic effort
criterion, (C) a weighted sum of w1 5 0.1 and w2 5 0.9.

The total error in Equation (8.27) is used to quantify accuracy of the predicted
lifting motion and to determine weighting coefficients corresponding to each
objective function for the multi-objective optimization problem.

8.7 Predictive dynamics simulation
For the results below, a weighted sum approach to multi-objective optimization
can be used for stability and effort. The box lifting is simulated by solving
the MOO problem, and the simulation results are validated with the experimental
data in this section. The effects of different objective functions are also illustrated.
Results of the predictive dynamics simulation for the lifting task using stability, dynamic effort, and the weighted sum performance measures are depicted in
Figure 8.10. The ZMP trajectories for the box-lifting simulations using different
performance measures are illustrated in Figure 8.11. In addition, GRF and joint
torque profiles obtained from the motion prediction using the predictive dynamics
approach are shown in Figures 8.12 and 8.13, respectively.
A detailed reference on using predictive dynamics in simulating lifting was
reported by Xiang et al. (2009b). As observed in Figure 8.10, the stability
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FIGURE 8.11
ZMP and feet support polygon for box lifting with various performance measures:
(A) stability criterion, (B) dynamic effort criterion, (C) weighted sum w1 5 0.1 and w2 5 0.9.

criterion predicts a back-lift box-lifting motion in which a large spine flexion
occurs without obvious knee-bending as shown in Figure 8.10(A). The predicted
lifting motion gives maximum stability, and the ZMP trajectory focuses around
the center of the support polygon in Figure 8.11(A). In contrast, the dynamic

8.8 Validation
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FIGURE 8.12
Ground reaction forces for dynamic box-lifting using the weighted sum performance
measure: (A) vertical GRF, (B) fore-aft GRF.

effort performance measure predicts a more natural back-lift lifting motion as
shown in Figure 8.10(B). Knee, spine, and shoulder flexions occur simultaneously, and the ZMP trajectory moves in a relatively larger area in the support
polygon in Figure 8.11(B). Finally, the weighted sum performance measure produces a lifting motion that is quite similar to the one predicted using the dynamic
effort as the performance measure as seen in Figure 8.10(C). However, the predicted
ZMP trajectory varies in a small area in the support polygon in Figure 8.11(C). It is
evident that the MOO approach shows the combination effects of the two objective
functions and also predicts a more natural lifting motion.
The GRF and joint torque profiles for the box-lifting motion are also obtained by
solving the optimization problem. The GRFs on both feet are similar in both trends and
magnitudes, as shown in Figure 8.12 (GRF is shown as a fraction of the body weight).
In addition, the vertical GRF on each foot takes about half of the body and box
weights. The fore-aft GRF has small values for a symmetric box-lifting motion. The
predicted joint torques for the right knee, hip, shoulder, and elbow are also similar to
the values on the left counterparts as depicted in Figure 8.13. This is quite reasonable
because the initial and final box locations are symmetric in the sagittal plane so that
the predicted lifting motion is also symmetric. However, the torque values on the left
and right sides of the skeletal model are not exactly the same. This is expected because
of the uneven locations of ZMP where GRF are applied as shown in Figure 8.11(C).

8.8 Validation
In order to ensure the accuracy of the proposed method, motion capture is used to
validate the results experimentally. The lifting motion experimental data were collected from five healthy male subjects. The mean height of the subject population
was 50 7v with a mean weight of 143 lbs. The average age of the participants was
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FIGURE 8.13
Joint torque profiles for dynamic box-lifting using weight sum performance measure:
(A) knee extension torque, (B) hip extension torque, (C) elbow flexion torque,
(D) shoulder flexion torque.

34 years. The subjects had no history of musculoskeletal problems and were reasonably fit. Their participation was voluntary, and a written informed consent, as
approved by the University of Iowa Institutional Review Board, was obtained
prior to testing. During the lifting trials, each subject lifted at a self-selected
speed. The experimental data for each subject were also normalized by dividing
the cycle time, which is defined as the time duration to lift the object from the
initial position to the final position, to directly evaluate the determinants at a percentage of a lifting cycle. For each subject, the timescale was normalized such
that the initial posture occurred at time t 5 0 and the final posture occurred at
time t 5 1. The lifting motion is validated with experimental determinants as
shown in Figure 8.14.
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FIGURE 8.14
Comparison of lifting determinants between simulation and experiments.

In general, the predicted lifting motion has shown a good correlation with the
experimental data. First, they stay inside the normal region specified by the interval of confidence (outer dashed curves). Additionally, they show similar trends to
those of the mean (the middle dashed curve) for the normal subjects.
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Nevertheless, the dynamic model shows some difficulties predicting the shoulder
angle accurately. This may be due in part to the absence of the necessary constraints on the complex shoulder motion in the model and in part to the difficulties associated with computing accurate shoulder joint motion from the
experimental data. The latter could be contributed to the complex structure of the
shoulder joint and the high degree of coupling with the adjacent joints in the
human body during the lifting motion. It is noted that the validation for the kinetics data is ongoing and will be reported later.

8.9 Concluding remarks
This chapter has presented an implementation of predictive dynamics as a lifting
task. The method is broadly applicable to lifting a load from one location to
another. The motion planning was formulated as a large-scale nonlinear programming problem. Joint profiles were discretized using cubic B-splines, and the corresponding control points were treated as unknowns for the optimization problem.
Two objective functions were used in the lifting formulation: dynamic effort and
stability as a weighted sum approach in a multi-objective optimization problem.
Based on the simulation data, the ability of the proposed methodology to select a
realistic human lifting strategy was demonstrated.
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The biggest place I look for validation is from my mother. That’s the little
girl in me that will never grow up.
Naomi Watts

9.1 Introduction
This chapter introduces a validation methodology to assess the predicted motion
of computer human models and provide feedback to model developers for evaluation and refinement. Due to the varied strategies for (and the relative complexity
of) human motions under different dynamic tasks, the proposed validation methodology is designed to be general and effective.
While objective and subjective statistical tools comprise the major components
of the proposed validation methodology, accurate collection of human data and
efficient handling of the data during post-processing operations are critical components in this process. In order to demonstrate the validation method, we will
implement it in the two tasks detailed in Chapters 7 and 8.
Advances in measurement systems and motion capture technologies have
played a key role in the development of human modeling and simulation. Human
models have become more human-like with more sophisticated skeletons and predictive capabilities. As a result, many questions have been raised about the validity of these predictive models in representing human motions. One major question
is how to define the line between acceptable and unacceptable predicted motion;
there are many possible answers, depending on the required accuracy and application. The objective of this chapter is to present effective validation methodologies
that provide tools to answer such questions.
Some approaches for validating predictive human-model motion have been
very helpful in the development and acceptance of the models (Abdoli-Eramaki
et al., 2009; Blankevoort and Huiskes, 1996; Chaffin, 2002, 2009; Dubowsky et al.,
2008; Karduna et al., 2001; Marras and Sommerich, 1991; Rabuffetti and Baroni,
1999; Robert et al., 2007). However, most of these approaches were designed for
specific usage or tasks, and they usually targeted a certain area of the human body
or used a low-fidelity model with a limited number of links and joints.
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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A major challenge for validation of predictive dynamics (PD) tasks is the
uncertainty in the predicted motion because people assume different strategies
when performing the same task. This is attributed to differences in strength and
anthropometry, but also to other physiological and psychological parameters that
are beyond the scope of this book. The variances in strategies will produce different joint angle profiles for various people. As a result, it is expected that validation processes that are based on only statistical measures may not be effective in
capturing such differences.
The second difficulty is associated with the technology for measuring and capturing motion, often referred to as motion capture. For example, a digital human
modeled as having 55 degrees of freedom (DOF), with each DOF having a joint
profile that must be recorded over a time period, may generate an amount of data
that is difficult to handle. Fortunately, in most cases, the real active motion is
conducted by a limited number of DOF that represent a subset of the total DOF.
The motion of the remaining DOF could be considered as passive, and may not
be critical to the validation process.
Another potential difficulty in the validation of PD tasks is the accuracy of
collecting the experimental data and transforming them from the Cartesian space
to the joint space. In this regard, state-of-the-art motion capture systems with
appropriate calibration and a realistic number of cameras should be used to
acquire the subject’s motion data using appropriate marker placement protocols.
Robust inverse-kinematic software should be used in calculating the joint angles
from the positional marker data. There are several inverse kinematics (IK) programs to do that; however, most of them are commercial packages and are limited
to animating their avatars based on Cartesian information. They may not be useful
for animating the predictive human model under investigation (Santos) because it
has a detailed human-like skeleton.
The last, but not least, major difficulty in the validation of motion is human
perception of virtual reality, which comes into effect when people from different
backgrounds are asked to evaluate the motion of an avatar. Two people observing
the same avatar may have different impressions of the realism of the avatar’s
motion; this happens even when the avatar’s motion is derived with accurate
motion capture systems from human subjects. The role of human perception of
virtual reality will become an important component of the validation methodology
when it comes to discussing what is acceptable motion and what is not.
In this chapter, a framework to validate the predicted motion of a whole-body
task is introduced. The validation framework is based on benchmark tests to characterize the conditions under which the predicted motions are considered acceptable. Some of the benchmark tests are based on qualitative comparisons and are
used to construct a general perception about the normality of the motion. The validation method and process should be thought of as a mechanism for providing
feedback as well as substantial insight into the PD task.
Additional benchmark tests are based on quantitative comparisons and provide
critical and detailed information about the quality of the model in general and the
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weaknesses at specific local locations. The tests also impose tighter constraints
for the model testing and improvement. The validation of two PD tasks—normal
walking and box lifting—will be detailed in this chapter.

9.2 Motion determinants
The concept of motion determinants is characterized by a set of motion profiles
that are subtended by the human body and that are common to humans conducting the same motion.
In this work we will call the active DOF the determinants of the motion. Note
that these determinants are well established in gait analysis, but for all other tasks
we have introduced an analogous concept to ascertain the quantities that can be
measured and validated.
The motion determinants concept presents a very useful time history of the
trend of the major joints; it also generates large amounts of motion information.
Luckily, the determinants have distinctive signatures at certain locations in the
time history of the motion. For example, in normal walking, the knee flexion, as
one of the walking determinants, reaches a maximum value of 62 6 6 degrees
during the walking cycle (Baliunas et al., 2002). Such key frames should be
selected carefully and used as signatures for normal motion. Fortunately, critical
key frames are well defined in the literature for some tasks, such as normal walking; however, they need to be characterized for other tasks.

9.3 Motion capture systems
9.3.1 Overview
There are many motion capture systems on the market that can be used to acquire
the motion characteristics of a human with a relatively high degree of accuracy.
These include inertial, optical, and markerless motion capture systems. Each system has its own advantages and disadvantages.
Inertial systems such as those by Xsens (http://www.xsens.com/) and
Animazoo (http://www.animazoo.com/) can acquire accurate local acceleration
data at different locations on the human body, but they suffer from motion drifting because they lack a global coordinate system; also, they are sensitive to magnetic fields.
Optical motion capture systems can be categorized as passive (reflective markers), such as those by Vicon (http://www.vicon.com/) and Motion Analysis (http://
www.motionanalysis.com/), or active (light emitting diodes [LED]), such as those by
Optotrak
(http://www.ndigital.com/lifesciences/certus-motioncapturesystem.php).
Passive motion capture systems have high initial and running costs, but they are still
the most popular in international motion research labs because of their accuracy.
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Another advantage is that the markers are passive sensors, meaning that they are
only reflective surfaces and can be attached easily to any area on the body of the subject without the need for wires to connect them to a data collection system. In addition, theoretically, only three markers are required to define the three-dimensional
(3D) velocity and acceleration of each body segment. Another advantage is that there
are many well-accepted professional packages, such as Visual3D by C-Motion
(http://www.c-motion.com/products/visual3d/) that can be used to post-process the
motion capture data for general and specific applications. Finally, real-time data flow
and avatar animation can be done easily with most optical motion capture systems,
and there are numerous post-processing options to digitally filter and differentiate
the motion data.
A potential problem with passive markers, though, is occlusion, where the
markers do not appear in enough of the camera shots due to blockage of the line
of sight by objects in the scene or by other parts of the subject’s body. Most commercial post-processing packages have the capability to deal with occluded markers. They may create virtual markers to help fill in the occluded markers, or they
may use redundant markers (more than the minimum required in the standard protocol) to compensate for occluded markers. Methodologies are available to fill in
the motion data from occluded markers with information from the redundant
markers.
Markerless motion capture systems such as those by organic motion (http://
www.organicmotion.com/) may present an alternative new approach to motion
capture technology; however, their validity as an effective tool still needs to be
shown.

9.3.2 Optical motion capture systems
A 12-camera Vicon System (infrared SVcam cameras with a resolution of
0.3 megapixels per frame and a peak capture rate of 200 Hz) and a 16-camera
Motion Analysis system (with four megapixels per frame and a peak capture rate
of 500 Hz) are used for data collection at the 3D Bio-Motion Research Lab
(3DBMRL) at the Center for Computer-Aided Design at The University of Iowa.
The basic idea behind the function of optical systems is that each camera in the
system sends infrared light that will be reflected back when it collides with reflective surfaces. The Cartesian position of the center of a reflective marker (normally
with a spherical or hemispherical shape) can be identified by the intersection of
the infrared lights of three cameras. Therefore, with more cameras, there is a better chance that a marker will be seen by more than three cameras during the
experiments.
Figure 9.1 illustrates the procedure of using the motion capture system to
acquire human motion data for a person wearing a motion capture suit with a
number of markers attached to their body. The placement of the markers on the
human body is called a marker protocol. There are several standard marker protocols, such as the plug-in gait for gait analysis, that are used in various labs, and
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FIGURE 9.1
(A) A participant wearing a motion capture suit; (B) Vicon skeletal human model.

new marker protocols can be generated and used for different applications and for
avatars with different skeletons. For example, this may be necessary for PD tasks
where the motion can be very complicated when a subject is wearing or holding
different equipment.

9.3.3 Marker placement protocol
Figure 9.2 depicts the marker protocol that is used for the PD model when preparing the human subjects for the motion capture process (Santoss marker protocol).
In this protocol, markers are placed on the subjects to highlight bony landmarks
and identify segments between joints based on previously identified guidelines
and suggestions (Dubowsky et al., 2008; Karduna et al., 2001). The skeleton of
Santoss includes the major joints of the human body with the number of spine
joints reduced to four.
Reflective markers are placed on the subject’s body to highlight anatomical
landmarks. Head markers are placed just superior and lateral to each eyebrow, on
each side of the back of the head, and laterally on the level of C1 over the mastoid process; trunk markers are located on the C7, T7, T12, L3, and S1 spinous
processes, the jugular notch between the clavicles, each clavicle midway between
the manubrium and acromion, the xyphoid process, and the anterior and posterior
superior iliac spine. Lower-extremity markers are placed lateral to each greater
trochanter, over the medial and lateral condyles of the femur, over the midpoint
of the patella, over the medial malleolus of the tibia, over the lateral malleolus of
the fibula, just proximal to the 5th metatarsal head, and over the head of the 1st
metatarsal. Upper-extremity markers are placed over the acromion process, on the
anterior and posterior aspects of the shoulder midway between the lateral edge of
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FIGURE 9.2
Santoss marker placement protocol.

the acromion and the axilla, over the medial and lateral epicondyles of the
humerus, over the radial and ulnar styloid processes, and over the 2nd and 5th
metacarpal heads.
Collected marker motion data are smoothed using a Butterworth filter; the cutoff frequency is usually 8 Hz, but it would depend on the frequency content of
the motion for high-speed motion. The subjects are instructed to stand in a neutral
position, referred to as the T-pose, which corresponds to the initial joint angles
and segment locations of the skeleton. The T-pose is defined as standing with feet
shoulder width apart and parallel, and arms raised parallel to the floor in the
transverse plane and lateral to the body in the frontal plane. Palms face forward
with the elbows maximally extended and the olecranon process pointed towards
the ground.

9.3.4 Subject preparation and data collection
When a subject comes into the motion capture lab, they put on the motion capture
suit, and markers are placed on their body according to the previously defined
marker placement protocol. Bony landmarks are carefully located, and corresponding markers are placed accordingly to reflect these anatomical reference
points (Karduna et al., 2001; Oyama et al., 2001). Figure 9.3 shows the marker
placement schemes.
Subjects are first instructed to stand in the T-pose. The first trial in each
motion capture was a range of motion (ROM) trial. In the ROM trial, the
subject performed a series of movements that isolated each joint. Some of these
movements were head flexion/extension, arm circles, hip rotations, bending
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FIGURE 9.3
Marker placement schemes (T-Pose).

side-to-side and ankle rolls. Movements were designed to isolate joints or DOF in
a joint, and to identify joint limits. The knee was modeled as a single-DOF hinge
joint. Knee flexion during the ROM trial isolated this joint. However, the hip was
modeled as a 3-DOF ball-and-socket joint, so hip flexion isolated a single DOF in
the hip joint. Hip abduction and rotation were performed separately to analyze the
remaining DOF in the hip.

9.4 Methods
9.4.1 Normalizing the data
The motion capture data for the throwing task are considered in this section.
The time history of the joint angles for each subject shows variations in the
total task time, making a direct frame-by-frame comparison between the experiment and prediction infeasible. Therefore, a specific normalized cycle time is
defined based on distinguishable human positions during the motion. For example, during throwing (Figure 9.4), it is found that the initial cocked position
and object release point provide two comparable positions between subjects.
The throwing cycle contains all of the motion from the cocked position until
the object is released from the hand. Since the motion following the release
point is also important, an additional 10% of data after the release point is
also considered.
With this defined cycle, all subjects start and end in the same position independent of the time elapsed between. In this case, the normalized time can be
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FIGURE 9.4
Subject in the initial posture of the throwing task.

used directly to compare the joint angles based on their position in the cycle. The
time normalization algorithm can be seen in other studies, such as those by
Matsunanga et al. (2004) and Nadzadi et al. (2003). In this work, the starting
cycle time is defined as t 5 0, and the ending (release point) time as t 5 1.
In other words,
Proportion of time 5

ðt 2 t0 Þ
ðtn 2 t0 Þ

(9.1)

where t0 represents the time point at which the subject is ready to throw the
object and tn represents the time point at which the subject releases the object
from their hand. This approach will be used throughout the chapter.

9.4.2 Validation methodology
The validation methodology involves testing the validity of the PD task to pass
effectively and consecutively through four benchmark tests comprising two qualitative and two quantitative comparisons. In general, the benchmark tests depicted
in Figure 9.5 are ordered by increasing levels of strictness of conformity and validation effort.
In the qualitative comparison stage, the first benchmark test asks observers to
compare movies or pictures simultaneously played back by two avatars. One avatar uses experimental data, and the other uses predictive data. The first benchmark
test is a very helpful tool that plays a significant role in capturing the differences

9.4 Methods

Simulation
Qualitative Comparison
Benchmark Test #1
Visual Comparison

Benchmark Test #2
Determinant-shape Comparisons

Qualitative Comparison
Benchmark Test #3
95% Confidence Interval

Benchmark Test #4
2

R Coefficient of Determination of
Determinants at Distinct Key Frames

Validate

FIGURE 9.5
Flow diagram of the validation methodology showing the two comparison stages with the
four benchmark tests.

in subjects’ trends during complex motions where people use different strategies
that cannot be captured by the quantitative statistical measures. The second
benchmark involves subjectively comparing the general shape of the joint angle
time histories for the experimental and predicted avatars.
In the quantitative comparison of the validation methodology, the third and
fourth benchmarks quantitatively compare the determinants’ time histories based
on statistical metrics. The quantitative comparison stage comprises rigorous statistical comparisons between the magnitude of the predicted and normal determinants. The first benchmark of this stage tests if the predicted time history
magnitude of the determinants follows the magnitude of the mean of the normal
subjects and falls within the 95th percentile interval of confidence. The second
and final benchmark of this stage is designed to statistically determine, using the
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coefficient of determination R2, the degree of correlation between the predicted
and experimental data at the distinctive key frames. All benchmarks are considered valuable because substantial effort could be saved if the predicted motions
could be configured during the early benchmark tests.
The validation methodology performs each benchmark test by comparing the
predicted motions against the average motions obtained by performing experiments for the same task. One critical issue that needs to be considered in the validation process is the inconsistency between the experimental data and the
predicted data spaces. The experimental 3D displacement data are expressed in
the Cartesian space, while the predicted dynamic tasks are expressed in the joint
space. Therefore, the experimental data are first transformed from the Cartesian
space to the joint space using a global optimization-based IK scheme (Lu and
O’connor, 1999; Xiang et al., 2011).
Due to the large amount of information in the resulting motion, the validation
process becomes cumbersome, and therefore it only considers the determinants of
the motion. Furthermore, the validation methodology selects a more restrictive
subspace of these determinants at distinct key frames. The distinct key frames
represent the magnitude of the determinants at well-defined times in the determinants’ time history. For a lifting task, for example, the magnitudes of the knee
angle at 0%, 20%, 40%, 60%, 80%, and 100% of the lifting height can be used as
distinct key frames. In addition to validating the kinematics of the motion, the
validation methodology also checks the kinetics of the motion.
Two tasks will be validated in this chapter to demonstrate the method, process,
and accuracy of PD.

9.5 Validation of predictive walking task
9.5.1 Walking task description
Following the ROM, the subjects performed the normal walking trials. The normal walking trial was set up so that the subjects walked continuously back and
forth across the laboratory. The first and final steps of each pass were considered
acceleration and deceleration, and the middle stride was analyzed as a steadystate gait cycle for normal forward walking.
The normal walking trial was set up so that the subjects walked forward at a
comfortable speed, stopped, and walked backwards to return to the starting position. On average, the subjects took 45 steps forward depending on preferred
step length.
The trials were repeated to ensure that the results were usable and to examine
the consistency of the velocities chosen by the subjects. In addition, every trial
began and ended with the subject in the same position—the T-pose described earlier in this chapter. The reflective markers seen on the subject in Figure 9.6 correspond to the Santoss marker placement protocol.

9.5 Validation of predictive walking task

FIGURE 9.6
A picture of a subject’s skeleton motion capture during walking, and the ground force
plates.

9.5.2 Walking determinants
Based on the literature and a fair understanding of human gait, six determinants
were chosen to characterize walking (Saunders et al., 1953). These walking determinants (WD) represent major DOF, or a combination of DOF, that play considerable roles in the walking process. Walking determinants consist of the lower
extremities and the pelvic motion of the human, and include hip flexion/extension,
knee flexion/extension, ankle plantar/dorsiflexion, pelvic tilt, pelvic rotation, and
lateral pelvic displacement. With the exception of lateral pelvic displacement, each
of the gait determinants is the time history of a joint angle. Pelvic motion, which
includes pelvic tilt, pelvic rotation, and lateral pelvic displacement, is not consistently identified in the literature; however, it will be included in this work because
of its significant involvement in normal human walking.

9.5.3 Participants
Nine healthy males and one healthy female were used for the validation of normal
walking. The subjects had no history of musculoskeletal problems and were reasonably fit. Their participation was voluntary, and a written informed consent, as
approved by the University of Iowa Institutional Review Board, was obtained
prior to testing. The height of the subject population was 176 6 7 cm, the weight
was 67 6 7 kg, and the age was 27 6 7 years.

9.5.4 Results
9.5.4.1 Qualitative comparison
For the first benchmark (Figure 9.5), 13 participants were used to evaluate five
videos of animated avatars. Four avatars were animated using experimental data,
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FIGURE 9.7
Normalized rating scores of 13 participants evaluating the predicted and experimental
walking.

and one was animated using predicted data. Figure 9.7 shows a comparison of the
rating scores. The p-value of the Wilcoxon Signed Rank Test was 0.0215. The
exact p-value (p-value 5 0.133) calculated from binominal distribution indicates
that the percentage of people who thought the simulated walking was normal was
not significantly less than 50%.
For the second benchmark, Figure 9.8A shows that the predicted determinantcurve shapes for walking have general shapes that closely follow the individual
10 subjects. Figure 9.8B demonstrates the coupling strength between one of the
predicted determinants—hip flexion, for example—with other WD. As shown in
Figure 9.8B, the predicted hip determinant almost captured the strong coupling
between the determinants of the natural subjects.
Figure 9.8A demonstrates a comparison between the velocity of the walking
determinants of the 10 subjects and the model. As shown in the figure, the shape
of the predicted model velocity is, in general terms, similar to that of the subjects.
However, there are fewer local fluctuations in the predicted WD.
Calculated acceleration (Figure 9.9B) has shown behavior similar to that of
the velocity depicted in Figure 9.9A; however, more local fluctuations
appeared in the experimental curves as a result of the finite difference calculations. For kinetics, Figure 9.10 shows the experimental and predicted vertical
and forward ground reaction forces during walking. As indicated in the figure,
the predicted model showed comparable characteristics to those of the experimental data.
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FIGURE 9.8
(A) Comparisons of the joint profiles (of the determinants) obtained from validation
experiments versus those predicted; (B) coupling strength between one of the predicted
determinants (hip flexion) and the rest of the determinants.
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FIGURE 9.9
(A) Comparisons of joint velocity profiles versus those obtained from the validation
experiments; (B) comparisons of joint acceleration profiles versus those obtained from the
validation experiments.
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FIGURE 9.10
Ground reaction forces (GRF) in the vertical and fore-aft directions during the walking
cycle of Santoss (solid line) and those in the literature (Stansfield et al., 2006) (dashed
line).

9.5.4.2 Quantitative comparison
The comparison between the experimental and predicted WD in terms of the
interval of confidence is presented in Figure 9.11. The model determinants
showed significant correlation and agreement with the human subjects, by being
inside the interval of confidence and following the trajectories of the subjects’
determinants. Figure 9.12 shows the selected key frames for the walking task,
while Figure 9.13 depicts the R2 plot for the key frames in Figure 9.12. The diamond shape represents the relationship between the simulation data and the average experimental data of the hip flexion of 10 subjects. Other graphs represent
the relation for the rest of the determinants.

9.5.4.3 Discussion
The results for the first benchmark test showed that 30% of the participants who
watched five videos of the predicted and experimental models thought the simulation video looks normal. It should be noted here that some participants gave low
scores for some of the experimentally driven avatars, indicating that people have
different levels of visual perception in detecting abnormalities in the way avatars
are moving. The results of the second benchmark test show significant similarity
between the shapes of the simulated and human WD. The predicted model even
shows some potential to capture the strong coupling between the WD.
For the quantitative benchmark tests, and in general terms, the results have
shown that the model’s hip flexion/extension time history reaches relatively
greater maximum and minimum peaks than the mean of the subject population;
however, it is still considered within normal behavior. Knee flexion/extension lies
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FIGURE 9.11
The 95% confidence intervals are shown in dashed lines for the walking determinants.
The experimental subject’s mean is shown in gray and Santoss’s determinants are shown
in black.

FIGURE 9.12
Selected key frames of the walking task.

within the region; however, the simulation curve, while shifted vertically, is still
within the interval of confidence. There is a lesser degree of correlation between
the ankle dorsi-flexion and normal human motion, specifically in the second third
of the cycle. The general trend line of the pelvic tilt seems to agree with the
experimental curves. The pelvic tilt falls outside the 95% confidence interval
from 35% to 50% of the gait cycle when the ANOVA test shows that P , 0.001.
The pelvic rotation of the predicted model is well correlated to that of the human
subjects. In terms of lateral pelvic displacement, the simulation provides a relatively normal curve, but the peak values occur at different percentages of the gait
cycle than were seen in the subject population.
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R2 plot for the six walking determinants for the selected key frames (bottom). The vertical
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corresponds to the average experimental data.

For the key frames, Figure 9.13 demonstrates a good correlation for the hip
flexion, as indicated by the value of R2, which exceeds 0.9. Similar behaviors
with less correlation can be seen for other determinants. However, the ankle
dorsi-flexion has shown relatively poor correlation, with R2 less than 0.53. For
the GRF, Figure 9.10 demonstrates a good agreement between the two curves in
the vertical and the fore-aft directions. This gives the model significant value and
potential for calculating realistic values for the joint torque of the different
human’s joints.
The determinant’s velocity for the predicted model has shown similar characteristics to those of the subject population. However, the predicted model could
not capture the higher-frequency components, which are represented by the local
fluctuation in the velocity curves. Normally, natural human motion is relatively
smooth, and the local fluctuations, shown in Figure 9.9A, are anomalies that may
represent some type of numerical noise as a result of the finite differences calculation, or because of local movement of reflective markers due to skin motion
(Garling et al., 2007; Lucchetti et al., 1998). A low-pass filter may be used to
smooth out the experimental data. What has been shown and applied to velocity
seems to be applicable to the acceleration, as shown in Figure 9.9B.
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The results, in general, have shown that PD models can be relied upon to realistically predict human walking motion and GRF. They also indicate the potential
of future contributions of these models to the area of human biomechanics.

9.6 Validation of box-lifting task
9.6.1 Lifting task description
Subjects were instructed to stand in a neutral position, referred to as the T-pose
(Figure 9.3), which corresponds to the initial joint angles and segment locations
of the skeleton. It is well known that subjects may use different lifting strategies
depending on their strength and their perception of the load (Bartlett et al., 2007;
Li and Zhang, 2009). In this work, participants were aware of the weight of the
box (20 lb for males and 15 lb for females) and were shown proper materiallifting strategies to avoid any unexpected harmful strategies. They were then
instructed to lift a box from the standing surface to shoulder height in their most
natural or comfortable way (Burgess-Limerick et al., 1995). Adequate warm-up
and rest time was allotted. Figure 9.14 shows the initial (left picture) and final
(right picture) lifting postures.

FIGURE 9.14
Initial and final lifting postures and the input parameters for the predicted box-lifting task
(d1, d2, h1, and h2).

9.6 Validation of box-lifting task

9.6.2 Box-lifting determinants
Based on the literature, six determinants—torso flexion [1], shoulder flexion [2],
elbow flexion [2,3], hip flexion [2,3,4], knee flexion [2,3,4], and ankle flexion
[2,3,4])—are identified in this work to determine if the PD model’s (Santoss’s)
box-lifting motion correlates to the real-world observations.

9.6.3 Participants
Twelve subjects participated in the subjective evaluation of the predicted motion,
and another 12 subjects participated in the testing of a whole-body motion task.
The first 12 subjects were asked to watch movies of two avatars, one driven by
simulation data and one driven by experimental data, and then to evaluate the
avatars’ motion normality. The second 12 subjects (8 healthy males and 4 healthy
females) were involved in the experimentation of the materials-lifting task. The
subjects had no history of musculoskeletal problems and were reasonably fit.
Their participation was voluntary, and a written informed consent, as approved by
the University of Iowa Institutional Review Board, was obtained prior to testing.
The height of the subject population for the materials-lifting task was
175.6 6 11.5 cm, the weight was 73.2 6 10.7 kg, and the age was 21.8 6 4.3 yrs.

9.6.4 Results
9.6.4.1 Qualitative comparison
Twelve subjects participated in the first benchmark test to observe and evaluate
two videos of animated avatars. One avatar was animated using experimental
data, and the other was animated using predicted data. The participants were
asked to report their scores based on what they consider a natural human lifting
motion. Figure 9.15 shows a comparison of the rating scores for both avatars. The
coefficient of correlation (r) between the experimental and simulation rate was
0.692729.
For the second benchmark, Figure 9.16A shows that the predicted
determinant-curve shapes, except for the ankle flexion, for lifting during the lifting cycle have general shapes that closely followed the 12 individual subjects.
Figure 9.16B demonstrates the coupling strength between one of the predicted
determinants—shoulder flexion, for example—and other lifting determinants. As
shown in the figure, the predicted shoulder flexion determinant followed to some
extent the trend of coupling between the determinants of the natural subjects.
Again, the predicted ankle flexion showed weak correlation with the experiments.
Figure 9.17A shows a comparison between the velocity of the lifting determinants of the 12 subjects and the model. As shown in the figure, the shape of the
predicted model velocity is similar to that of the subjects for the torso and hip.
However, there are fewer local fluctuations in the predicted lifting determinants.
The shape of the rest of the determinants was somehow different. The calculated
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FIGURE 9.15
Normalized rating scores of 12 participants evaluating the predicted and experimental
box-lifting task.

acceleration (Figure 9.17B) shows behavior similar to that of the velocity; however, more local fluctuations appeared in the experimental curves.
For the two important joints for this task (hip and torso), the calculated velocity and acceleration profiles are shown as compared with values obtained from
the experiments (Figure 9.17). It is shown that the PD method yields adequate
results and is indeed a rigorous approach to predicting the motion.
For kinetics, Figure 9.18 shows the experimental and predicted vertical and
forward GRF during lifting. As indicated, the predicted model showed behaviors
similar to those of the experimental data but was not able to capture the initial
characteristics of the lifting cycle.

9.6.4.2 Quantitative comparison
The comparison between the experimental and the predicted lifting determinants
in terms of the interval of confidence is presented in Figure 9.19. The experimental data for each subject represents the average of two lifting cycles. The model
determinants show weak correlation for the ankle and the shoulder flexion; however, they show reasonable correlation and agreement with the human subjects for
the rest of the determinants, by being inside the interval of confidence and following the trajectories of the subjects’ determinants. Figure 9.20 depicts the R2 plot
for the six lifting determinants for the distinctive key frames (0% height, 20%
height, and 40% height). The solid black circle in Figure 9.20 represents the relationship between the simulation data and the average experimental data of the hip

9.6 Validation of box-lifting task

FIGURE 9.16
(A) Comparisons of the joint profiles (of the determinants) obtained from validation
experiments versus those predicted; (B) coupling strength between one of the predicted
determinants (shoulder flexion) and the rest of the determinants.
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FIGURE 9.17
(A) Comparisons of joint velocity profiles versus those obtained from the validation
experiments; (B) comparisons of joint acceleration profiles versus those obtained from the
validation experiments.
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FIGURE 9.20
The R2 values for experiment versus predictive simulation.

flexion of 12 subjects. Other symbols in Figure 9.20 represent the relation for the
rest of the determinants.

9.6.4.3 Discussion
As indicated in Figure 9.5, the validation framework is based on four benchmark
tests comprising two qualitative and two quantitative benchmark tests. The results
for the first qualitative benchmark test (which demonstrates subjective comparisons by observing videos of the simulated and experimental models shown in
Figure 9.15) have shown a reasonable correlation between the experimental and
the predictive models with an r-value of 0.692729.
The subjective evaluation may not give information as accurate or specific as
that obtained by the objective evaluation, but it can give some expectations to the
modeler that the objective measure cannot provide. For example, the subjective
measure can present how realistically the whole body is moving during the task.
It also presents images that may help in finding or localizing unnatural behaviors
at certain joints that could be hard to observe by just looking at the data coming
from the objective evaluation. The authors found that the subjective assessment
was very useful for the modeler, especially when the motion is far from natural,
or the strategy of the task is different from what the model predicts. While the
subjective assessment gives general information, it can still point out specific problems that can inform the quantitative assessment. For example, major differences
in the whole-body motion will make the modeler think about a different objective

9.6 Validation of box-lifting task
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FIGURE 9.21
Predicted model showing human posture during the selected key frames.

FIGURE 9.22
Experimental model showing human posture during the selected key frames.

function. Or, a major problem at a joint will make the modeler add, delete, or
relax some constraints at these joints.
As shown in Figure 9.15, some participants gave low scores to the experimentally driven avatar. One reason for this poor evaluation is related to the difficulties
associated with the level of visual perceptions and deceptions of humans when
they watch moving objects in the virtual world. Another reason for this rating
could be the way the avatar looks. As shown in Figures 9.21 and 9.22, the avatars
used for the animation have very detailed realistic skin and human-like features.
These features may distract the observers and cause them to unintentionally check
other irrelevant avatar attributes. For example, the participants were asked to
focus on and evaluate the lifting determinants, but some participants commented
on the way the avatar’s head was moving. In general, the first benchmark test provided significant information about the acceptance of the model; however, it provides limited information regarding the accuracy of the determinants. This is
because the model has a large DOF with strong coupling between the determinants, which makes it very hard for normal eyes to differentiate between the predicted and experimental determinants.
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The results of the second qualitative benchmark test have shown some similarity between the shapes of the predicted and human lifting determinants as shown
in Figure 9.16A and Figure 9.16B. However, the model showed poor performance
in following the shape of the ankle and shoulder flexion during the lifting cycle.
The predicted model showed some potential for capturing the coupling between
the lifting determinants as shown in Figure 9.16B, with some poor performance
in capturing the coupling between the shoulder and the ankle. The importance of
this benchmark test is to detect major discrepancies, if there are any.
Additionally, this test can identify any abnormal characteristics in the shape of
the determinants’ time history during the lifting cycle.
In terms of the quantitative comparison in the third benchmark test, the predicted lifting motion showed a reasonable correlation with the experimental data
(Figure 9.18), where all determinants, except the shoulder flexion-extension and
the ankle flexion angles, stayed inside the interval of confidence at all times and,
notably, followed the mean of the subjects. The shoulder flexion-extension angle
showed acceptable correlation during the first half of the lifting cycle, but poorly
represents human characteristics during the second half of the motion cycle.
These discrepancies could be related to model accuracy, in that the experimental
data was collected from a real human with muscle and skin movement, while the
model is based on a rigid-body dynamics assumption.
The discrepancies may also be due in part to the absence of necessary constraints on the complex shoulder motion in the model and in part to the difficulties associated with computing accurate shoulder joints from the experimental
data. The discrepancies could also be attributed to other parameters, such as the
complex interaction of the shoulder-clavicle complex motion and the motion of
the wrists when the box is extended above chest level while keeping the feet on
the floor. Ankle flexion showed behaviors similar to those of shoulder flexion.
Unlike other human motion tasks that require a single common strategy, such
as walking, the box-lifting task can be conducted using different strategies; therefore, the whole motion looks natural, but the determinants’ shapes could be
affected by the coupling and the speed associated with the strategy being used.
As shown in Figure 9.21, the model inadequately captured the early stages of the
lifting process, which could involve different speeds and different lifting strategies; still, the model succeeded in capturing the following steady-state phase for
both legs. It should be noted here that the GRF for box lifting were based on one
subject and may be not sufficient for use in model kinetics validation due to the
uncertainty in the lifting strategy and the possibility of the subjects leaning laterally. Therefore, the reaction forces at the hands should also be measured and
used in the comparison. However, in this work, we considered symmetrical lifting
and assumed equal distribution of the forces on the hands and legs.
For the key frames in the fourth and last quantitative benchmark test,
Figure 9.22 demonstrates the correlation between the experimental and simulated
determinants with R2 extended from 0.72 to 0.98 for most determinants, with the
exception of the shoulder flexion.

9.8 Concluding remarks

As mentioned earlier, the shoulder performed adequately during the first half
of the lifting cycle (Figure 9.18); however, the coupling between the shoulderclavicle motion, the stretching in the trunk, the twisting in the wrists, and the
additional motion from the lower extremity may have affected the results. For
these reasons, the graph for the shoulder extension, shown in dashed lines in
Figure 9.19, has been divided into two segments representing the first and second
halves of the lifting cycle. Interestingly, in the first qualitative benchmark test,
most subjects did not observe any abnormality in the shoulder motion because it
is too local.

9.7 Feedback to the simulation
Validation is not only necessary but essential to improving the simulation. When
there is a major difference between the predicted motion and human motion, it is
critical that the PD formulation be refined. This is accomplished by using different objective functions in the optimization schemes. If unrealistic motion has
occurred at a certain joint, it may become clear that a physical constraint is missing or that an additional objective function is needed to render the motion more
natural or realistic.
For example, for the box-lifting task, the subjective evaluation showed that
the whole-body motion of the predicted model (Figure 9.20) looks different than
the whole-body motion of the experimental model (Figure 9.21) for the key
frames 0% height, 20% height, and 40% height, which could be related to the lifting strategy. In this case, the objective evaluation (Figures 9.18 and 9.19) may
not have the capacity or the information to relate that to the change in the strategy, because the discrepancies in the motion may show in parts of some determinants, which could be considered as a deficiency in the model. This is very clear
in the objective evaluation of the determinants (Figure 9.18), where all determinants were inside the interval of confidence except the hip flexion and shoulder
flexion, which were outside the interval of confidence for the first 40% of the
cycle. This is a good example for showing the significance of having the objective and subjective evaluations in the validation framework.

9.8 Concluding remarks
This chapter has presented a framework to validate the results of PD. The framework was applied, as an example, to a 55-DOF predictive computer human model
performing two of the most important common tasks: walking and box lifting.
Validation of human motion is not an easy process; however, it is an essential
step of formulation development. There are two purposes for validation: (a) to
ascertain that the formulation for predicting a human motion is correct, and more
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importantly, (b) to provide feedback to the modeler, and subsequently the model,
in order to change the formulation to a higher level of fidelity.
In the PD formulation, there are many ways to change the formulation effectively and with relative ease. Changing the cost functions that drive the motion is
probably the most direct and effective method for affecting the motion.
Obviously, more insight into the biology, the task, and the output will provide
better control and input into the model. Adding, removing, tightening, and relaxing constraints will also affect change.
The validation framework shows that the predictive model considered in this
work can predict, to a certain level, human motion during walking and box lifting.
However, the model needs additional work to capture the characteristics of natural human motion. The proposed validation method was able to localize the problems in the model and showed that it has difficulty capturing some aspects of
the task dynamics, such as the initial GRF profile and some of the task kinematics
like ankle and shoulder flexion profiles. The results from this validation framework were used to locate specific abnormal characteristics in the motion determinants and to provide feedback to the developers for further refinement of the
predicted lifting task.
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I think and think for months and years. Ninety-nine times, the conclusion
is false. The hundredth time I am right.
Albert Einstein

This book has introduced a new method for predicting and analyzing human
motion. While it is not perfect, it is a broadly applicable formulation for many
tasks that humans perform. Predictive dynamics (PD) has been shown to be a general systematic method for predicting human motion. In this chapter, we summarize the most important aspects of this method, its applications, and future
research endeavors.

10.1 Benefits of predictive dynamics
We enumerate below some of the benefits of the PD method.

10.1.1 Using the Denavit Hartenberg (DH) method is effective in
modeling human kinematics
The DH parameterization method is an effective and powerful approach to modeling human segments, embedding the coordinate systems, and creating the four
generalized coordinates that relate one frame to another. Indeed, the DH method
provides for a systemic approach to modeling the kinematics.
Because the DH representation method is so consistent, it is a straightforward
process to represent the underlying kinematic skeleton and use it as a reference to
attach rigid objects to. Since each body is defined with respect to a coordinate system, it was also possible to define additional rigid bodies, such as clothing items,
loads, helmets, and any other object that affects human motion, to that frame.
Additionally, because the DH parameters are consistent and flexible in their
ability to be programmed into a code, changes in body stature and size (anthropometry) and changes in joint limits can be readily implemented. As a result, PD
can analyze an individual of a specific weight, height, body type, and strength
Human Motion Simulation.
© 2013 Elsevier Inc. All rights reserved.
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and fatigue capability. All of these characteristics are input parameters in the PD
environment.

10.1.2 Predictive dynamics solves dynamics without integration
This is perhaps the most significant benefit of PD. Multi-body dynamics typically
attempts to use numerical integration to determine the motion of a system of rigid
bodies that has been subjected to external forces or is in motion. However, multibody dynamics methods cannot address the prediction of human motion for the
following reasons:
a. Multi-body dynamics cannot handle high-DOF models having equality and
inequality constraints on the motion, such as those of the human body.
b. The algebraic-differential equations that are formed by the human system are
too complex and are highly nonlinear.
c. Unlike PD, multi-body dynamics does not consider the natural behavior of the
motion. The PD optimization formulation, on the other hand, uses objective
functions to drive the motion.

10.1.3 Predictive dynamics renders natural motion
The essence of the PD method is its ability to render natural motions, similar to
those of humans. It considers the human body to have a set of cost functions
that drive the motion. This is an essential difference from traditional inverse
kinematics methods, which yield postures and motions that cannot be performed
realistically by humans. Predictive dynamics exhibits natural motion because
the motion is constrained by the joint range of motion for all joints, the laws of
physics, and any physical constraints that may exist. More importantly, PD
attempts to find solutions that obey the dynamic strength surface for each joint.
The result is natural motion that looks realistic for a person of a certain stature
and strength.

10.1.4 Predictive dynamics induces natural behavior
The use of one or more cost functions, depending on the task, has been shown to
yield different behaviors. It was also shown that using multi-objective optimization can induce certain behaviors typically performed by humans. Whether it is
energy, jerk, discomfort, effort, or torque, it is obvious that humans try to minimize or maximize some quantity. This, we believe, also develops as humans gain
experience, grow wiser, and become adept at performing various tasks.

10.1.5 Predictive dynamics admits cause and effect
A human simulator can be tried, loaded, and pushed to obtain a reaction. The
user of a human simulator that is developed using PD can experience cause and

10.1 Benefits of predictive dynamics

effect. As shown in the box-lifting example, a higher load will cause substantially
higher torques. An enormous load will cause the human simulation system to
respond with “I cannot do this.” The PD method will simply not converge and
will be stopped.
Cause and effect is one of the most important aspects of a simulator. It is
what differentiates an analysis system from an animation system. In gait analysis,
for example, the analyst obtains data for the physical gait from the person and
then employs software tools to analyze the motion and determine its performance.
However, if this same analyst wanted to examine a different condition, the analyst
would have to return to the laboratory, conduct another experiment, and perform
another analysis. With a human simulator, changing the conditions and determining the effects of, or response to, that change can occur immediately in the software without the need to do additional experiments.

10.1.6 Predictive dynamics uses joint space, not muscle space
One of the most significant contributions from our work over the past 10 years
has been the realization that modeling and working with joint space is effective.
Instead of addressing the resolution of forces into every muscle or muscle group,
we focused our attention on generalized variables at the joint level—namely, rotation angle, angular velocity, angular acceleration, and torque. Because each joint
is represented by one or more DOF, each DOF is systematically associated with a
set of generalized variables.
Predicting motion with PD was then simplified to focus on determining these
generalized variables at each DOF. Once the predicted motion is determined,
these variables are calculated as a discretized curve (a B-spline) that governs the
shape/velocity/acceleration of the motion, but also with the capability to calculate
torques for every DOF and reaction forces where needed. It is a fast, efficient,
reliable, and robust approach to predicting human motion.
Recovery of muscle forces, if needed, can be accomplished by first combining
the torques for every DOF at the joint into a resultant component, then resolving
the resultant component torques into muscle action forces.

10.1.7 Predictive dynamics uses dynamic strength surfaces
Because we have used joints as the key ingredient in our basic formulation for
PD, it is critical to identify strength requirements and, even more importantly,
strength limits. We have shown that answering the questions “What is the limit of
this person’s ability?” and “Why can’t Santoss do this task?” requires a deep
understanding of joint strength limits.
As a result, over the past 10 years we have conducted a substantial number of
experiments to measure the joint-level strength, focusing particularly on torqueangle (isometric) and/or torque-velocity (isokinetic) data, also called dynamic
strength surfaces.
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These surfaces were then modeled using various strategies for implementation
into the code. It was shown that the PD optimization-based formulation uses these
torque surfaces as constraints in guiding the human model to accomplish a task.
The ideas of modeling by using joints, limiting their strengths, and numerically
optimizing them to drive natural motion fits together well and provides for a complete methodology.

10.1.8 The PD validation process is effective
A cornerstone of any simulation formulation is its ability to be validated and verified. It has been shown that validation can be accomplished on all PD tasks, albeit
with varying levels of accuracy, using a number of methods. The keys to the validation strategy are the determinants of motion that were defined earlier. We do
believe, however, that technologies for motion capture and analysis will continue
to evolve very rapidly and that more effective validation methods can be
employed. Nevertheless, validation is only successful when the validation data
feed back into the model and improve its fidelity. Predictive dynamics allows for
both validation and feedback into the model.

10.2 Applications
There are many applications for the use of digital human models in general, specifically the use of PD as a method for predicting human motion and understanding cause and effect.

10.2.1 Ergonomics
Consider an operator in a manufacturing plant who has to maneuver a large and
heavy object into a machine. Similarly, consider another operator who works on
an assembly line inserting a fitting with a certain force into the machine’s assembly. Both operators will most likely acquire musculoskeletal injuries after some
time. These injuries are typically not due to static loads but rather to dynamic
loads and repetitive tasks. Predictive dynamics has provided a systemic method
for simulating and analyzing these tasks before the task is designed to assess its
feasibility.

10.2.2 Simulating an injury or a disability
Changing lower or upper joint limit constraints in conjunction with strength constraints at a single joint can simulate a disability and will cause the model to
respond differently.
Exoskeletons and wearable devices to enhance human power or simply to aid
in a disability are expected to make a significant impact on our society. Whether

10.2 Applications

it is assisting the older population with daily activities such as walking, or using
exoskeletons to replace a particular function for people with disabilities, these
devices are expected to provide ample help. Design and testing of these devices
requires a fundamental understanding of their effect on a human’s biomechanics.

10.2.3 Sports biomechanics and kinesiology
Predictive dynamics can also be used to obtain a greater understanding of the performance of athletes. Whether the task is a golf swing or a baseball pitch, PD can
be used to quickly model it, accurately analyze it, and, most importantly, simulate
the various conditions under which it is executed. Imagine the scenario of changing an individual’s swing angle and foot location and then executing the simulation to see which scenario yields better results for that individual. Having the
capability to simulate a sports activity to optimize for the performance has significant implications on how athletes train.

10.2.4 Human performance
Predictive dynamics can be used to simulate and analyze human performance.
Consider a task where a soldier has to climb up a set of stairs to accomplish a
mission while carrying a heavy load. These heavy loads continue to increase,
whether it is backpack contents or tools that are being added onto the soldier.
Bulk added onto the soldier, reductions in flexibility or range of motion, and additional weight being carried are some of the factors that are readily considered in
the PD formulation. This helps the designer of new equipment to assess and better
understand the influence of such changes on the soldier’s performance.
Predictive dynamics has also been implemented to address performance issues
in assembly line workers in manufacturing plants or construction workers. It can
be used in any situation where simulation is needed prior to subjecting a human
being to unknown conditions.

10.2.5 Testing equipment, digital prototyping, human systems
integration
Dynamic tasks that humans perform on a daily basis can be tested and analyzed
using PD. These tasks vary in complexity and in their need for accuracy.
Digital prototyping is now used consistently by the majority of large companies all over the world. Instead of physical prototyping, computational power is
used to run virtual experiments in the digital world. It is used to assess many
aspects of engineering, including aerodynamics, thermodynamics, mechanical
stresses, and many others. Digital prototyping has saved companies time and
resources, and PD allows humans to be involved in the digital prototyping
process.
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Here are some examples of cases where PD has been effectively used to predict cause and effect and to provide valuable insight into the design and performance of equipment.
•

•

•

Design of a new steering wheel for a vehicle. The torque needed to
accomplish a specific performance response is specified, and the PD
formulation can be used to simulate how various humans will perform the
turn. Furthermore, specific avatars can be chosen to emulate a specific
targeted population in terms of anthropometry and strength.
Design of new levers in construction equipment. Predictive dynamics is used
to simulate force reactions at both hands and postural motion as the operator
attempts to exert a certain force on the joystick control.
Simulation of stability while a person is wearing loads. Predictive dynamics
can be used to test the design of equipment that may restrict a person’s range
of motion or may add a balanced or unbalanced load, changing their stability.
In PD, the notion of stability was effectively assessed using the ZMP approach
and was then dynamically adapted.

10.2.6 Egress/ingress
Entering and exiting a vehicle, a building, or any other constrained space has
been a challenge to analyze for many years. Consider, for example, a new vehicle
that has its interior ergonomically designed for maximum comfort, but may be
difficult to ingress. The door opens, but the constrained access requires the occupant to assume quite uncomfortable postures, particularly in a dynamic manner,
where the body weight is sustained by the arms holding onto the vehicle’s structure. This swing motion needed to enter the vehicle will result in significant stress
on some joints. This is particularly true in large equipment used for farming, military operations, construction, etc.
Predictive dynamics allows for simulating these conditions and trying various
body sizes, weights, and strength capabilities while considering the geometric
design of the vehicle. Several simulations can be done to assess the various difficulties, change the design, and rerun the simulation until a set of solutions is
deemed acceptable.

10.2.7 Unsafe situations
In many situations, humans are sent into harm’s way to test a prototype. PD can
be used to mitigate the risk of testing unsafe designs or situations. Consider an
amusement park ride that requires occupants of various anthropometries, weights,
ages, and strengths to be subjected to strenuous dynamics. The prototypes of these
rides typically take several iterations with complete fabrication, using significant
time and resources. They are typically tested with dummies representing humans
until the ride is deemed safe for a first human attempt. There are many other
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unsafe conditions that require human action and are characterized by human
dynamics. In these cases, it is always safer, more effective, and less costly to
send the virtual human into the virtual world. Predictive dynamics can be used to
significantly reduce the costs of design, prototyping, and time to market.

10.3 Future research
The authors believe that the field of digital human modeling is only at its beginning stages of maturity. While we have presented a rigorous method for predicting human motion, we believe that many disciplines are needed to make up a
digital human model. As each of these disciplines matures, it will significantly
contribute to this science.

10.3.1 Soft-tissue dynamics
Predictive dynamics has been introduced in this book as a method that uses rigidbody dynamics to simulate the motion of the human body. It is understood that
the body has significant soft tissue that allows for a gentler and softer impact
with the ground, for example. Modeling soft tissue is the subject of many research
efforts, whether it is muscle flexibility, wrapping, and sliding, or skin deformation
under motion that affects the range of motion. Predictive dynamics does allow for
the expansion of the theory to include soft-tissue deformation.
Meshless methods for finite element analysis and non-uniform rational
B-splines (NURBS) superimposed by constitutive equations have led to significant recent advances in addressing soft-tissue mechanics. Our team (Lu, 2011),
for example, has made significant advances in the study of clothing deformation,
which is characterized by highly nonlinear behavior. These investigations, we
believe, will lead to a far better understanding of soft-tissue mechanics and interactions with the human body.

10.3.2 Intelligence
The PD model uses cost functions to drive the motion and, as a result, induces
behavior. This behavior has been shown to vary depending on the task, the situation, and the physical and environmental conditions. One goal of future research
is to better understand which functions are cognitively selected. The introduction
of intelligence into the PD model would add a significant component in terms of
behavior and realism.

10.3.3 Psychological and physiological factors
Execution of tasks under the PD formulation does not take into account any of
the psychological or physiological factors. To illustrate the need for such
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modeling, consider a soldier performing a task that requires significant strength
and courage. The psychological status of this soldier at the time of execution will
have a significant effect on the task performance.
Moreover, while PD accounts for varying strength capabilities, the internal
physiological state of a person must also be modeled. This includes the person’s
medical condition, energy capability such as VO2 max, cardiovascular condition,
thermal condition, respiratory condition, etc.
Coupling of the psychological and physiological models with PD to create a
more comprehensive human simulator will be a necessary step for future advancement of human simulation.

10.3.4 Modeling with a high level of fidelity
The modeling method presented in this book uses the DH parameterization
method, recursive dynamics, and the PD approach to predict cause and effect.
The equations of motion in this formulation were accurately represented, albeit
some terms were also removed from the computational implementation. Here are
some areas to work on in order to improve or increase the level of fidelity for the
PD results.
a. Increase the number of DOF representing each joint.
b. Increase the degree of coupling between joints that are coupled.
c. Incorporate a more accurate biomechanical model at each joint. For example,
rather than modeling the knee joint as one DOF with a specific ROM, it is
possible to investigate a more accurate kinematic model in which ligaments
are represented and the resulting motion is correspondingly specified.
d. A more detailed model of the musculoskeletal system. While the PD approach
employs a joint-space representation of the skeletal system whereby muscle
action is represented by a resultant torque, muscle interaction and recruitment
are not modeled.

10.3.5 Real-time simulation
The goal of creating a human simulator that can respond to real and active forces
and moments, that can interact with researchers, and that has biomechanics that
can be monitored is close and within reach. While PD offers a broad underlying
formulation for achieving this goal, there are still several obstacles. One obstacle
is the inability to execute PD in real time because it is so computationally intensive. Both the equations of motion and the optimization process are numerically
costly. Over the years, PD has been expedited by changing the algorithm to a faster code, by advancing the computational platforms, and by parallelizing some of
the code structure. Even though simulation of some of the tasks has been reduced
to a few minutes on a fast CPU, the main obstacle is in further parallelizing the
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optimization code, as it has to be sequentially executed. Further research in this
area, more efficient solvers, less complicated formulations, and other aspects will
be considered to enhance its computational efficiency.
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Preface
Realistic human motion simulation is a challenging problem from both the
computational as well as formulation points of view. Realistic formulation
requires large degree-of-freedom mechanical and biomedical models. Usually,
the models are highly redundant, posing challenges for computational schemes to
produce realistic human motion. In the past, practical applications of human simulation have been formulated as statics problem (posture prediction) or simply as
animated figures that provide a schematic representation of the motion, but significantly lack the physics of the motion. The need for a deep understanding of the
physics of the motion on the one hand, and more importantly, the ability to obtain
a cause and effect on the other hand, are critical aspects and are the subject of
this book.
Indeed, the dynamics of the system must be considered in the formulation
if realistic forces and torques at various joints are desired, and furthermore, to
develop a strategy that leads to a true predictive formulation. We shall define the
idea of “predictive dynamics” in this book as a methodology and accompanying
formulation for the prediction of a physics-based motion that responds to various
parameters affecting the human body.
Interaction of the human body with the external environment presents another
challenge in the formulation of the problem.
The purpose of this book is to present a new approach for human motion simulation, which we call predictive dynamics. It is an optimization-based approach
in which at least one or several human performance measures are optimized subject
to constraints on the physics of the problem. The constraints include strength limits,
joint ranges of motion, laws of physics, contact conditions with the environment,
and constraints for the specific task at hand. Constraints can be as many as necessary and can include task-specific constraints. The equations of motion are treated
as equality constraints in the formulation thus avoiding the cumbersome process of
integrating them with some side constraints on the variables. The mere fact of not
requiring the integration of the equations of motion is itself a significant advantage
and has been shown to have a significant impact on this field.
Chapter 1 introduces the basic concept of predictive dynamics and explains
limitations of the data-driven approaches for human motion simulation. Chapter 2
focuses on the kinematics of the human body. Various degrees of freedom (DOF)
of the human body are explained and a skeletal model of the body is described.
The Denavit Hartenberg transformation approach is described as a systematic
method to formulate the kinematics of the human body. Chapter 3 introduces basic
concepts related to the optimization approach. The posture prediction problem is
formulated as an optimization problem that is illustrated with examples.
Chapter 4 describes a formulation for the dynamics of the problem using the
recursive Lagrangian approach. The kinematics and dynamics sensitivity analysis
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needed in the optimization approach is described. Forward recursive kinematics
and backward recursive dynamics approaches are illustrated with examples.
Chapter 5 contains details of the predictive dynamics approach. Dynamic stability
constraint is explained. Performance measures are described. Time-dependent and
time-independent constraints are explained. Discretization of the problem for
numerical calculations is explained. Simple examples are included to illustrate the
concepts and methods. Chapter 6 focuses on the strength and fatigue issues related
to modeling of human activities. How the strength is measured and transcribed into
the form that is usable in simulation of the human motion is explained.
Chapter 7 illustrates the predictive dynamics approach for the human walking
problem. Formulation of the problem is described in detail and various variations
of the problem (asymmetric walk, sideways walk, backward walk) are discussed.
Chapter 8 describes the human lifting problem. Predictive dynamics formulation
is illustrated as a multi-objective optimization problem. Chapter 9 focuses on the
process of validating predictive dynamics models. The data collection and data
analysis approaches are described. The determinants for a task to be validated are
discussed. The validation procedure is illustrated for the human walking and
lifting tasks. Finally, Chapter 10 presents some concluding remarks on benefits of
the predictive dynamics approach, applications of the methodology, and thoughts
on future research directions.

The first author dedicates this book to his parents Josette and Tony,
his wife Mary, and his children Ella, Tony, and Sam
The second author dedicates the book to his wife Rita and
his daughter Ruhee, and to the memory of his parents
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