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A B S T R A C T   

The present study is devoted to investigate the comprehensive study of vibration control of multi-layer sandwich 
micro beam made of piezoelectric materials. The analysis considers the influences of all parameters, such as 
strain gradient theories and surface effects. To assess the efficacy of control measures for the multi-layer sand-
wich composite piezoelectric micro-beam and to obtain the corresponding mechanical properties, the Hamil-
tonian approach and the generalized differential quadrature (GDQ) method were employed in the discretized 
solution. The governing partial differential equation (PDE) of motion is converted into a set of ordinary differ-
ential equations (ODE) employing the GDQ method. Additionally, the researchers design different controllers to 
investigate the tracking performance and vibration suppression of the system. The results indicate that the 
electrical voltage of the piezoelectric layer plays a key role in designing a controller for multi-layer sandwich 
composite piezoelectric micro-beams. The findings of this study suggest that the Linear Quadratic Integral (LQI) 
control scheme is much more effective in terms of vibration control and tracking characteristics, as well as 
feedback damping factors, within the allowable voltage of the piezoelectric actuator.   

1. Introduction 

Nowadays, nano and microstructures integrated with “Smart” ma-
terials play an outstanding role in the engineering area. Many micro and 
nano systems cannot be properly evaluated without analyzing their 
structure. In addition to studies dealing with nanosystem designations, 
there are many studies investigating the vibrational behavior of micro 
and nanosystems [1–5]. With the emergence of recent breakthroughs in 
the field of micro/nano-fabrication, there has been a significant surge in 
interest surrounding micro- or nano-sized structures and their potential 
applications in the development of micro/nano-electromechanical sys-
tems (MEMS/NEMS) [4,6–8]. Notably, carbon nanotubes, micro actua-
tors, microfilms, nanowires, atomic force microscope, 
nano-wire-fabricated nano-tweezers and nano-switches have garnered 
considerable attention as highly promising miniature systems that hold 
great potential within the realms of bio-engineering, medicine, elec-
tronics, nanoscale fabrications, sensing, mass-detecting, and other 
related fields [1,9–13]. Nano and microtechnology, promises new 

possibilities for developing stiffer, lighter, and smarter structures [14, 
15]. It also, can be improved the properties of piezoelectric materials 
[16–18]. The author considers sandwich structures integrated with 
smart piezoelectric material and exposed to multiple fields loads to be a 
new and attractive analysis of fine structures. These structures can be 
used as actuators and sensors and for micro-technical issues. A 
comprehensive literature search can be guaranteed the necessity of the 
present research [2,19,20]. In addition, Korayam et al. analyzed 
nonlinear frequency behavior, in separate research [21]. Khaniki and 
Hashemi studied the dynamic behavior of a multi-layered viscoelastic 
nanobeam system embedded in a viscoelastic medium with a moving 
nanoparticle [22]. The researchers utilized the Winkler elastic founda-
tion beam technique in order to effectively represent the interlayer 
coupling and small-scale effects, while simultaneously incorporating the 
modified couple stress theory. Through the implementation of Hamil-
ton’s principle, the equations of motion were simulated and subse-
quently solved to determine the solution process. Hashemi et al. [23] 
investigated the dynamic behavior of multi-layered viscoelastic 
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nanobeams resting on a viscoelastic medium with a moving nano-
particle. They used Eringens nonlocal theory is used to model the 
small-scale effects. Their study examines the effects of various factors 
such as the nonlocal parameter, stiffness and damping parameter of the 
medium, internal damping parameter, and the number of layers on the 
trajectory of the nanoparticle passing through. 

Arshid et al. [24] investigated vibrational behavior of a functionally 
graded graphene nanoplatelets-reinforced porous nanocomposite (FG 
GNPs-RPN) annular microplate with piezoelectric coverings. They 
concluded that incorporating GNPs into the system results in a notable 
increase in frequencies, with an enhancement of approximately 
20–28%. Conversely, elevating the porosity levels to a maximum of 
seventy percent yields a reduction in frequencies, with a decrease of 
about 8–15%. Soleimani-Javid et al. [24] presented the free vibrational 
behaviors of functionally graded saturated porous micro cylindrical 
shells with two nanocomposite skis. Arshid et al. [25] developed 
vibrational behavior of the three-layered sandwich microplate con-
taining functionally graded (FG) porous materials as core and piezo-
electric nanocomposite materials as face sheets subjected to electric field 
resting on Pasternak foundation. 

Kabir et al. [26] employed piezoelectric micro-electromechanical 
systems (MEMS) acoustic emission sensors design to discover elastic 
waves. Wang et al. [27] developed the vibration properties of multilayer 
plates by taking the influence of surface energy into account. In their 
study, a nonlinear model was used to investigate the consequences of 
large amplitude oscillations. Also, a high-amplitude free-oscillating 
electrically driven nanobeam was presented by Wang et al. [28]. 

Chaudhari and Lal investigated the nonlinear free vibration behavior 
of elastically supported carbon nanotube reinforced composite beam 
subjected to thermal loading. They employed higher order shear 
deformation theory with von-Karman nonlinear kinematics model the 
through Hamilton principle to establish the integral form of the equation 
of motion of the beam [29–31]. Zheng et al. used Reddy’s third-order 
shear deformation theory and nonlocal elasticity theory, to present a 
nonlinear bending model of the nonlocal three-layer magneto--
electro-elastic laminated nanobeam resting on elastic foundation. Their 
results discussed the effects of foundation parameters, nonlocal 
parameter, external electric voltage and external magnetic potential on 
bending behaviors model [32]. 

It will become even more complicated matters by using the experi-
mental strategies for assessing the mechanical behavior of MEMS and 
NEMS are normally very time-ingesting and costly. Hence, numerical 
simulations, primarily based entirely on the mathematical theory of 
continuum elasticity, have been significantly completed to manage 
MEMS / NEMS and analyze mechanical behavior [21,33,34]. In addition 
to many studies for calculating the mechanical properties of these MEMS 
/ NEMS systems, there are other studies focused primarily on deter-
mining stability, vibration, and volume expansion conditions [35,36]. 
Meanwhile, many researchers are suggesting various methods to solve 
engineering problems. However, without paying too much attention to 
the MEMS/NEMS control, the results are scattered, insufficient to 
determine a unique set of material parameters [37,38]. The free and 
forced vibrations of a three-dimensional nonplanar nanobeam with 
initial geometric imperfection using nonlocal strain gradient theory, 
presented by Wu et al. [39]. They employed Hamilton’s principle and 
GDQM to derive and discretize the equations, respectively. A robust 
optimization approach for controlling and suppressing nonlinear beam 
oscillations has been extended by Moradi et al. [40]. They used Ham-
ilton’s principle to derive a non-linear differential equation for beam 
motion and utilized fuzzy controller circuits to reduce forced vibration. 
Numerical simulation to explain the effect of adaptive boundary control 
was Nojoumian et al. [41]. They studied vibration control and reim-
bursement of the system parametric uncertainties for a micro cantilever 
beam based on strain gradient theory (SGT). Quang et al. [42] to 
investigate the active vibration control of functionally graded material 
(FGM) plates integrated with piezoelectric layers. Moreover, 

Ghorbanpour Arani et al. [43] proposed vibration control subjected the 
multi-physical loads based on higher-order shear deformation theory for 
essentially backed boundary conditions. In their work, the utilization of 
generalized differential quadrature method (GDQM) has been effec-
tively detailed for vibration control investigations of the magnetostric-
tive plate. Akhavan Alavi et al. [44] focused on numerical study of active 
control for functionally graded nanocomposite micro Reddy beam. A 
LQR controller was utilized to calculate beam demonstration with 
optimal tuning parameters. Vatankhah and Asemani conducted an 
assessment of the efficacy of output feedback control in relation to the 
piezoelectric actuation of a non-classical micro beam. This evaluation 
was achieved through the utilization of a Takagi-Sugeno fuzzy system. 
[45]. They employed SGT to drive the governing partial differential 
equation. A quadratic remarks controller to reduce the vibration of 
micro-scale systems primarily based on multi-moment matching criteria 
became designed through Vakilzadeh et al. [46]. The finite element 
method (FEM) was applied to model the micro-cantilever beam. 

In addition, the simulation effects of making utilize of the proposed 
adaptation had been taken into thought as an objective of Khaje khabaz 
et al. [47]. They analyzed optimal control of a micro-beam included 
with piezoelectric layers with considering the modified couple stress 
theory (MCST). Their utilized linear quadratic regulator (LQR) 
controller to reduce the vibration amplitude of model [48]. 

Wang et al. investigated the kriging-based decoupled non- 
probability reliability-based design optimization scheme for piezoelec-
tric PID control systems. They presented a new adaptive learning 
strategy which involves two stages of enrichment to improve the accu-
racy of the surrogate model in the region of interest [49]. 

The researchers have focused on the use of micro and nanostructures 
including the mechanical and size-dependent behavior of smart mate-
rials using higher-order elasticity theories. On the alternative hand, 
because of the problems in growing and fixing equations of movement to 
are expecting the correct conduct of complicated micro and nano-
structures, little interest has been paid to vibration control. According to 
an analysis of earlier studies, many academics have thought about using 
post-processing techniques like Galerkin and GDQM to discretize the 
partial equation of motion. However, the majority of research in this 
sector focuses on simulation modeling approaches for problems because 
it is difficult to conduct practical tests at the micro and nano scales. 
Furthermore, to the authors’ best knowledge there is far little attention 
has been paid to the vibration control simulations based on multi-layer 
sandwich composite piezoelectric micro beam using higher-order elas-
ticity theory and surface energy. In addition, the main purpose of this 
study is to improve the concept of optimum design of the controller, and 
compare the controller parameters, which to the best knowledge of the 
authors, few analyses have examined the influence of the effective pa-
rameters of the design based on mathematical simulation. Therefore, the 
best technique was determined by computing metrics like LQI and LQR. 

The novelty of this article is the fact that vibration control by using 
different methods and the comparison of the dynamic response based on 
different higher-order theories and surface effects has been considered 
simultaneously. Moreover, deriving and solving the governing equation 
of multi-layer sandwich composite piezoelectric micro beam using 
higher-order elasticity theory and surface effects is presented for the first 
time. In addition, no reference has been made so far in the literature on 
the vibration control approach of this model. 

The present study is focused on the comprehensive vibration evalu-
ation and control of multilayer composite piezoelectric microbeams 
using the SGT and surface effects. Hamilton’s approach and GDQ 
method have been used to derive and solve the governing equations of 
motion. The various controller such as LQR and linear quadratic integral 
(LQI) control are investigated. The results control can be used for MEMS 
and NEMS to prevent resonance phenomena. 
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2. Methodology 

In the present study, the front panel of the multilayer microbeam is 
made of a silicon material with a PZT4 piezoelectric layer acting as a 
distributed sensor and actuator [50,51]. In the event of mechanical or 
thermal vibration of the structure, the deformation of the model can be 
obtained by measuring the charge induced in the sensor layer. This can 
be controlled by a control algorithm that uses the strain or tension of the 
application [52,53]. The displacement fields of the structure are 
Euler-Bernoulli beam which can be defined as below: 

U1(x, y, z) = − Z
∂w(X, t)

∂X  

U2(x, y, z) = 0  

U3(x, y, z) = w(X, t) (1)  

where U and w are the displacement components along different di-
rections and transverse displacement, respectively. 

2.1. constitutive equations of model 

The potential strain energy without surface effect is extracted as [54, 
55]: 

U =

∫ .

Ω
(σijεij+Piγi+τ(1)ijk ƞ(1)

ijk + mijxij − DiEi)dV (2)  

Where σij, εij, γi, mij ƞ(1)
ijk , Ei and xij denote Cauchy stress tensor, strain 

tensor, dilation gradient tensor, deviatoric part of couple stress tensor, 
the symmetric rotation gradient tensor, the electric field and the 
deviatoric stretch gradient tensor, respectively [56,57]. In addition, pi 

and τ(1)ijk are higher order stresses. The strain–displacement relations of 
the structure are considered: 

ε11 = − Z
∂2w
∂x2 (3) 

The stress–strain relations of the bulk and piezoelectric layers can be 
derived as: 

σB
11 = − EZ

∂2w
∂x2 (4)  

σP
11 = CP

11ε11 − e31EP
3 (5) 

In which CP
ij, eij and E (i, j = 1, 2,3) denote the piezoelectric elastic 

moduli, piezoelectric coefficients and Young’s modulus, respectively. 
The constitutive relation of the piezoelectric are calculated by [58]: 

D3 = e31ε11 + ϵ33EP
3 (6) 

In which Di and ϵij (i, j = 1,2, 3) are electrical displacement and the 
dielectric permittivity constant, respectively. The electric potential for 
top and bottom layers of piezoelectric materials are defined as [59]: 

Ф(a)(x, z, t) = − cos(βz)ϕ(a)(x, t) +
2zV0

h(a) (7)  

Ф(s)(x, z, t) = − cos(βz)ϕ(s)(x, t) (8) 

β = π/h(p) and V0 is the external voltage, which is subjected to the 
actuator layer. It is worth mentioning that the piezoelectric layers sen-
sors and actuators are indicated by the superscript letter’s "s", "a". In 
addition, “B” and “P” symbols show the bulk and piezoelectric layer 
related equations [60]: 

E(a)
3 =

∂Ф(a)

∂z
= βsin(βz)ϕ(a)(x, t) −

2V0

h(a) (9)  

E(s)
3 =

∂Ф(s)

∂z
= βsin(βz)ϕ(s)(x, t)

In addition, according to the SGT which is introduced in Appendix A, 
the three-size dependent material length scales are obtained as: 

χ12 = χ21 = −
1
2

∂2w
∂x2 (10)  

γ1 = ε11,1 = − Z
∂3w
∂x3 (11)  

γ3 = ε11,3 = −
∂2w
∂x2  

ƞ(1)
113 = ƞ(1)

131 = ƞ(1)
311 = −

4
15

∂2w
∂x2 (12)  

ƞ(1)
111 = −

2
5

Z
∂3w
∂x3  

ƞ(1)
333 =

1
5

∂2w
∂x2  

ƞ(1)
223 = ƞ(1)

232 = ƞ(1)
322 =

1
15

∂2w
∂x2  

ƞ(1)
122 = ƞ(1)

212 = ƞ(1)
221 = ƞ(1)

133 = ƞ(1)
331 = ƞ(1)

313 =
1
5

Z
∂3w
∂x3 

The higher-order stresses defined as [60]: 

mB
12 = mB

21 = − μl2
2
∂2w
∂x2 (13)  

mP
12 = mP

21 = − μl2
2
∂2w
∂x2  

pB
1 = − 2μl2

0Z
∂3w
∂x3 (14)  

pB
3 = − 2μl2

0
∂2w
∂x2  

pP
1 = − 2μl2

0Z
∂3w
∂x3 (15)  

pP
3 = − 2μl2

0
∂2w
∂x2  

τB(1)
113 = τB(1)

131 = τB(1)
311 = −

8
15

μl2
1
∂2w
∂x2  

τB(1)
111 = −

4
5

μl2
1Z

∂3w
∂x3  

τB(1)
333 =

2
5

μl2
1
∂2w
∂x2  

τB(1)
223 = τB(1)

232 = τB(1)
322 =

2
15

μl2
1
∂2w
∂x2  

τB(1)
122 = τB(1)

212 = τB(1)
221 = τB(1)

133 = τB(1)
331 = τB(1)

313 =
2
5

μl2
1Z

∂3w
∂x3 (16)  

τP(1)
122 = τP(1)

212 = τP(1)
221 = τP(1)

133 = τP(1)
331 = τP(1)

313 =
2
5

μl2
1Z

∂3w
∂x3  

τP(1)
223 = τP(1)

232 = τP(1)
322 =

2
15

μl2
1
∂2w
∂x2 
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τP(1)
333 =

2
5

μl2
1
∂2w
∂x2  

τP(1)
113 = τP(1)

131 = τP(1)
311 = −

8
15

μl2
1
∂2w
∂x2  

τP(1)
111 = −

4
5

μl2
1Z

∂3w
∂x3 (17)  

2.2. Fundamental relation of surface layers 

The potential strain energy in the structure without surface effect is 
extracted as follows [61]: 

Us =
1
2

∫ L

0

∮.

∂A

(τijεs
ij + τniun,i) (18)  

in which τs is residual stress and the residual surface stresses are 
expressed in Appendix B described as: 

τs(B)
11 = τs(B) +Es(B)εs

11 (19)  

τs(b)
31 =

∂w(x)
∂x

(20)  

τs(P)
11 = τs(P) +Es(P)εs

11 − es(P)
31 E3 (21)  

τs(P)
31 =

∂w(x)
∂x

(22)  

εs
11 = ε11 (23) 

The comprehensive measure of potential energy within the model 
can be explicated: 

ΠTotal strain energy = UBulk +UActuator +USensor (24)  

Where strain energy included as surface layer and stress components 
using SGT UBulk = U(B) + U(B)

s , UActuator = U(A) + U(A)
s andUSensor = U(S) +

U(S)
s . 

In addition, Kinetic energy of the system can be evaluated [62]: 

T (B) =
1
2

∫ L

0

{

I(B)0

(
∂w
∂t

)2

+ I(B)2

(
∂2w
∂x∂t

)2 }

dx (25)  

T (P) =
1
2

∫ L

0

{

I(P)0

(
∂w
∂t

)2

+ I(p)2

(
∂2w
∂x∂t

)2 }

dx  

in which, 

I(B)0 =

∫ .

A(B)
ρBdA(B), I(B)2 =

∫ .

A(B)
ρBZ2dA(B) (26)  

IP
0 =

∫ .

A(P)
ρPdA(P), I(P)2 =

∫ .

A(P)
ρPZ2dA(P)

ρB and ρP are the densities of the model. The total Kinetic energy can 
be simplified as: 

ΠTotal strain energy = TBulk +TActuator + TSensor (27)  

Where Kinetic energy included as surface layer and stress components 
based on SGT TBulk = T(B) + T(B)

s , TActuator = T(A) +T(A)
s and TSensor =

T(S) + T(S)
s . 

By utilizing Hamilton’s principle and the variation method, it is 
possible to derive the governing equations of motion.: 

δ
∫ t2

t1

(
ΠTotal strain energy − ΠTotal kinetic energy )

dt = 0 (28) 

The final equations of motion can be obtained by arranging the 
variables yields as follows [60]: 

δw :
1
2
bEb

[
h3

0

12

]

+
1
2
C(a)

11 b

⎡

⎢
⎢
⎢
⎣

(
h0

2
+ h(a)

)3

3
−

(
h0

2

)3

3

⎤

⎥
⎥
⎥
⎦

+
1
2

C(s)
11 b

⎡

⎢
⎢
⎢
⎣

(

−
h0

2

)3

3
−

(

−
h0

2
− h(s)

)3

3

⎤

⎥
⎥
⎥
⎦
+ μ(s)l2

2A(s) + μ(a)l2
2A(a)

+μ(b)l2
2A(b) + 2μ(b)l2

0A(b)

+2μ(a)l2
0A(a) + 2μ(s)l2

0A(s) +
8
15

μ(b)l2
1A(b) +

8
15

μ(a)l2
1A(a) +

8
15

μ(s)l2
1A(s)

+Es(a)h2

4
b+ 2

(

−
h3

0

24
+

h3

24

)

Es(a) +Es(a)h
2
0

4
b+Es(b)b

h2
0

2

+Es(b)h
3
0

6
+ Es(s)h2

4
b+ 2

(

−
h3

24
+

h3
0

24

)

Es(s) +Es(s)h
2
0

4
b
(

∂4w
∂x4

)

(

− 2μ(a)l2
0I(a) − 2μ(s)l2

0I(s) − 2μ(b)l2
0I(b) −

4
5
μ(b)l2

1I(b) −
4
5
μ(a)l2

1I(a)

−
4
5

μ(s)l2
1I(s)

)(
∂6w
∂x6

)

+

(
1
2
e31b

[
1
β

((

cos
(

β
(

h0

2
+ h(a)

))

− cos
(

β
h0

2

)))

+

(
h0

2
+ h(a)

)(

sin
(

β
(

h0

2
+ h(a)

)))

−

(
h0

2

)

sin
(

β
h0

2

)]

+
1
2
es(a)

31 bβ
(

−
h
2

)

cos
(

−
h
2

β
)

+es(a)
31

[
1
β

cos
(

−
h0

2
β
)

−
h0

2
sin

(

− β
h0

2

)

−
1
β

cos
(

−
h
2

β
)

+
h
2

sin
(

− β
h
2

)]

+
1
2
es(a)

31 (b)
(

−
h0

2

)

βcos
(

−
h0

2
β
))(

∂2ϕ(a)

∂x2

)

+

(
1
2

e31b
[

1
β

(

cos
(

− β
h0

2

)

− cos
(

β
(

−
h0

2
− h(s)

)))

−

(
h0

2

)

sin
(

− β
h0

2

)

+

(
h0

2
+ h(s)

)(

sin
(

β
(

−
h0

2
− h(s)

)))]

+
1
2
es(s)

31 bβ
(

h
2

)

cos
(

h
2

β
)

+es(s)
31

[
1
β

cos
(

h
2

β
)

+
h
2

sin
(

β
h
2

)

−
1
β

cos
(

h0

2
β
)

−
h0

2
sin

(

β
h0

2

)]

+
1
2

es(s)
31 b

(
h0

2

)

βcos
(

h0

2
β
))(

∂2ϕ(S)

∂x2

)

+
(
− ρ(a)I(a) − ρ(S)I(S) − ρ(b)I(b)

)
(

∂4w
∂x2∂t2

)

+
(
ρ(a)A(a) + ρ(s)A(s) + ρ(b)A(b) )

(
∂2w
∂t2

)

= 0
(29)  

δϕ(a) :

(
1
2
e31bh(a) + es(a)

31

[
1
β

cos
(

−
h0

2
β
)

−
h0

2
sin

(

− β
h0

2

)

−
1
β

cos
(

−
h
2

β
)

+
h
2

sin
(

− β
h
2

)]

+
1
2
es(a)

31 (b)
(

−
h0

2

)

βcos
(

−
h0

2
β
)

+
1
2

es(a)
31 bβ

(

−
h
2

)

cos( −
h
2

β)
)(

∂2w
∂x2

)

−
1
2

ϵ33βb
[

cos
(

β
(

h0

2
+ h(a)

))

− cos
(

β
h0

2

)]
(
ϕ(a)) = 0  

δϕ(s) :

(
1
2
e31bh(s) +

1
2
es(s)

31 b
(

h0

2

)

βcos
(

h0

2
β
)

+
1
2

es(s)
31 bβ

(
h
2

)

cos
(

h
2

β
)

+es(s)
31

[
1
β

cos
(

h
2

β
)

+
h
2

sin
(

β
h
2

)

−
1
β

cos
(

h0

2
β
)

−
h0

2
sin

(

β
h0

2

)](
∂2w
∂x2

))

−
1
2
ϵ33βb

[

cos
(

− β
h0

2

)

− cos
(

β
(

−
h0

2
− h(S)

))]
(
ϕ(s)) = 0 
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3. Solution Methodology 

This section explores procedure to vibration and control of micro 
sandwich multilayer beam model based on SGT and surface theory. The 
boundary cantilever micro-beam conditions of the structure and higher 
order are expressed as [20,63]: 

w(0) = 0 (30)  

∂w(0)
∂x

= 0  

∂2w(L)
∂x2 = 0  

∂3w(L)
∂x3 = 0  

(
μ(b) + μ(a) + μ(s))( I(b) + I(a) + I(s)

)
(

2l2
0 +

4
5

l2
1

)
∂3w(0)

∂x3

=
(
μ(b) + μ(a) + μ(s))( I(b) + I(a) + I(s)

)
(

2l2
0 +

4
5
l2
1

)
∂3w(L)

∂x3 = 0(31)

−

⎛

⎜
⎝

(
E(b) + E(a) + E(s) )( I(b) + I(a) + I(s)

)
+
(
μ(b) + μ(a) + μ(s) )( A(b)

+A(a) + A(s) )

(

2l2
0

+
8
15

l2
1 + l2

2

)

⎞

⎟
⎠

∂3w(L)
∂x3 +

(
μ(b) + μ(a) + μ(s) )( I(b) + I(a) + I(s)

)
(

2l2
0 +

4
5
l2
1

)
∂5w(L)

∂x5 = 0  

⎛

⎜
⎝

(
E(b) + E(a) + E(s) )( I(b) + I(a) + I(s)

)

+
(
μ(b) + μ(a) + μ(s) )( A(b) + A(a) + A(s) )

(

2l2
0 +

8
15

l2
1 + l2

2

)

⎞

⎟
⎠

∂2w(L)
∂x2 −

(
μ(b) + μ(a) + μ(s) )( I(b) + I(a) + I(s)

)
(

2l2
0 +

4
5
l2
1

)
∂4w(L)

∂x4 = 0 

This study uses DQM to study the control and dynamic behavior of 
structures. In this numerical solution, the corresponding differential 
equation of construction is transformed into a series of linear algebraic 
equations using weighting factors [3,64–66]. The weighted linear sum 
of the function values in this coordinate direction is used as the grid 
points’ derivative of the function. The development of the partial de-
rivatives of a function and the Lagrange interpolation basis functions can 
be achieved [67,68]: 

f (r)(xi) =
∑N

i=1
C(n)

ij f (xi), i = 1, 2,…,N (32)  

C(1)
ij =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∏N

k=1,k∕=i

(xi − xk)
/ ∏N

k=1,k∕=i

(
xj − xk

)
(i ∕= j)

∑N

k=1,k∕=i

1
(xi − xk)

(i = j)

(33)  

A(2)
ij =

∑N

K=1
A(1)

ik A(1)
kj  

A(3)
ij =

∑N

K=1
A(1)

ik A(2)
kj =

∑N

K=1
A(2)

ik A(1)
kj  

A(4)
ij =

∑N

K=1
A(1)

ik A(3)
kj =

∑N

K=1
A(3)

ik A(1)
kj  

A(5)
ij =

∑N

K=1
A(1)

ik A(4)
kj =

∑N

K=1
A(4)

ik A(1)
kj  

A(6)
ij =

∑N

K=1
A(1)

ik A(5)
kj =

∑N

K=1
A(5)

ik A(1)
kj  

where C(n)
ij , (N) and (r) indicate the weighting coefficients, number of 

grid points and the order of derivation, respectively. The selection of 
grid points and weighting coefficients played a pivotal role in ensuring 
the precision of the outcomes [69,70]. The grid factors are taken into 
consideration through Chebyshev–Gauss–Lobatto relation as [71,72]: 

xi =
1
2

[

1 − cos
(
(i − 1)π
N − 1

)]

i = 1, 2,…N (34) 

The discretized equations can be expressed as: 

δw :
(
A1 + A2 + A3 + A12 +A13 +A14 +A15 +A16 +A17

+A18 +A19 +A20 +BS
1 +BS

4 +BS
6 +BS

8 +BS
10 +BS

14 +BS
15

)∑N

1
A(4)

ik wk  

+(A21 +A22 +A23 +A24 +A25 +A26)
∑N

1
A(6)

ik wk  

+
(
A4 +BS

2 +BS
5 +BS

7

)∑N

1
A(2)

ik ϕ(a)
k  

+
(
A5 +BS

11 +BS
13 +BS

16

)∑N

1
A(2)

ik ϕ(s)
k  

+(A6)
∑N

1
A(2)

ik wk

(
∂2w
∂t2

)

+(A7)

(
∂2w
∂t2

)

= 0  

δϕ(a) : (A8 +BS
5 +BS

7 +BS
2)
∑N

1
A(2)

ik wk +(A9)
(
ϕ(a)) = 0  

δϕ(s) = (A10 +BS
16 +BS

11 +BS
13)

∑N

1
A(2)

ik wk +(A11)
(
ϕ(s)) = 0 (35) 

The coefficient of the above-discretized equations is explained in 
Appendix C. 

The discretized Eq. (35) and the related boundary conditions can be 
presented into matrices using stiffness matrices [K] and mass matrices 
[M] and Rayleigh damping matrix [C], respectively [18,73–75]: 
(
[M]

{
X
⃛ }

+ [C]
{

Ẋ
}
+ [K]{X}

)
= {F}
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[C] = α1 [M] + α2 [K]

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎡

⎢
⎢
⎣

Mww 0 0

0 0 0

0 0 0

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

Ẅ

Φ̈(a)

Φ̈(s)

⎫
⎪⎪⎬

⎪⎪⎭

+

⎡

⎢
⎢
⎣

Cww CwΦ(a) CwΦ(s)

CΦ(a)w CΦ(a)Φ(a) CΦ(a)Φ(s)

CΦ(s)w CΦ(s)Φ(a) CΦ(s)Φ(s)

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

Ẇ
˙Φ(a)

˙Φ(s)

⎫
⎪⎪⎬

⎪⎪⎭

+

⎡

⎢
⎢
⎣

Kww KwΦ(a) KwΦ(s)

KΦ(a)w KΦ(a)Φ(a) 0

KΦ(s)w 0 KΦ(s)Φ(s)

⎤

⎥
⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

W

Φ(a)

Φ(s)

⎫
⎪⎪⎬

⎪⎪⎭

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎨

⎩

P
F(a)
0

⎫
⎬

⎭

(36) 

The relevant equations for a cantilever sandwich micro piezoelectric 
beam by using strain gradient theory and surface energy are expressed in 
a compact matrix, where α1,α2 and [Kww], [KwΦ]

(
= [KwΦ]

T ) and [KΦΦ]

are Rayleigh coefficients and mechanical stiffness matrix, electrical 
mechanical coupling stiffness matrix and piezoelectric permittivity 
matrix respectively [50,76,77]. 

[Mww]
{

Ẅ
}
+
[
[Kww] − [KwΦ(s) ][KΦ(s)Φ(s) ]

− 1
[KΦ(s)w]

]
{W}

= {P} − [KwΦ(a) ]
{

Φ(a)
}

(37)  

{
Φ(s)

}
= [ − KΦ(s)Φ(s) ]

− 1
[KΦ(s)w]{w}

In this study design of LQR and LQI controller with the help of 
MATLAB software have been completed. With assuming full state 
feedback as Eq. (38), the control law is stated by [48,78–80]: 

{ż} = [A]{z}+ [B]
{

Φ(a)
}

(38)  

[y] = [C0]{z}

X = [ z ż ]T  

[A] =
[

[I] [0]
− [M]

− 1
[C] − [M]

− 1
[K]

]

[B] =
[

0
− [M]

− 1
[ψ ]T [KwΦ(a) ]

]

[B̂] =
[

[0]
[ψ ]T{F}

]

[A], [B] and [B̂] are the system, control and disturbance matrices and 
[C0] is output matrix, respectively. To control the deflection behavior 
and vibration oscillation of the system, a linear quadratic regulator 
(LQR) optimal control and linear quadratic integral (LQI) controller are 
utilized [81,82]. Feedback control systems are outlined to acquire 
indicated necessities for transient response, steadiness limits, or pole 
positions in a closed control circle. The criterion function of LQR control 
is [8,83]: 

J =

∫ ∞

0

(
{y}T

[Q]{y}+{Va}
T
[R]{Va}

)
dt (39)  

{Va} = − [Gc]{z} = − [R]− 1
[B]T [P̂]{z} (40)  

where [Q] and [R] are a symmetric matrix for the control performance 
and control cost. The R = rI and [Q] is presented as: 

Q = q
[
[ψ ]T [K][ψ ] 0

0 [ψ ]T [M][ψ]

]

(41)  

where [Gc] is the control gain matrix and [P̂] is the positive definite 
Riccati matrix of the truncated system[5]. It good to mention that the 
LQR controller aims to minimize a cost function that represents the 
trade-off between control effort and system performance[34]. The Ric-
cati matrix defined as: 

[A]T [P̂] + [P̂][A]T − [P̂][B][R]− 1
[P̂] + [C0]

T
[Q][C0] = 0 (42) 

The Riccati equation provides a connection between the state and 
input matrices of the system and the optimal control law. Once the 
Riccati matrix P is computed, the optimal control law can be derived by 
solving for the control input u as: 

LQI control systems are widely used such as dynamic positioning of 
floating maritime platforms, electromechanical suspension control, 
depth and course control of unmanned underwater vehicles, attitude / 
position control of unmanned aerial vehicles [84]. The LQI scheme is 
given in Fig. 1. 

Plant applied to step state and output disturbances for LQI is 
considered as [85]: 

ż = As(t)+Bs(t)V∗
fb  

y∗s = CsZ +DsV∗
fb (43)  

Where y∗s =
∑− 1

s UT
s Q1/2y, As(t) = A(t), Bs(t) = B(t)R− 1/2Vs, Cs =

∑− 1
s UT

s Q1/2 and Ds = 0. 
Define the integration of tracking errors under the step reference [52, 

86,87]. 

e(t) =
∫t

0

(r − y(t) )dt (44)  

ė(t) = r − dy − Cx(t)

Fig. 1. The LQI control scheme.  

Table 1 
Materials and geometric properties of SGT microbeams integrated with piezo-
electric layers.  

Parameters Bulk Piezoelectric 
layer 

Thickness H (µm) 3 3 
Length L (µm) 450 450 
Width b (µm) 50 50 
Young’s modulus E (GPa) 210 64 
Mass density ρ(kg/m3) 2331 7500 
Poisson’s ratio ʋ 0.24 0.27 
piezoelectric coefficients e31(C/m2) - -10 
Dielectric permittivity 

constant 
∈33 

(C2/m2N)

- 1.0275 × 10− 8 

Higher order parameters l(μm) 17.6 17.6 
Surface piezoelectric 

coefficients 
es

31(C/m2) - -3 × 10− 8 

Lame coefficients of surface 
layer 

λs(C/m2) 4.488 -4.488 

Lame coefficients of surface 
layer 

µs(C/m2) 2.774 -2.774 

residual stress τs(N/m) 0.605 0.605 
Density of surface layer ρs(kg/m2) 3.17 × 10− 7 3.17 × 10− 7  
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With considering the above equations as a result, the system is 
expanded [85]. 
[

ẋ(t)
ė(t)

]

=

[
As 0
− Cs 0

][
x(t)
e(t)

]

+

[
Bs
0

]

u(t)+
[

dx
r − dy

]

(45) 

To solve the LQI design problem, we define an extended state vector 
containing the integral of the meaningful output over time y∗

s 

x =

⎡

⎢
⎣

∫t

0

y∗s dt′

z

⎤

⎥
⎦

minJ+ =
1
2

∫∞

t0

[

xtQx+
(

V∗
fb

)T
+V∗

fb

]

dt (46)  

4. Results and discussion 

In this section, the impact of controller simulation on SGT micro- 
beam, in conjunction with a piezoelectric layer, is presented. The 
vibrational behavior and suppression of SGT microbeams, which are 
embedded in piezoelectric layers, are analyzed using LQR and LQI 
controllers. For this task, the controller was numerically tested and 
tracked using a MATLAB software application. The material and 
geometrical properties are given in Table 1 [47,50]. 

4.1. Validation 

Before investigation the controller design simulation for micro 
sandwich beam model based on higher order theory, the equation of 
motion should be verified; therefore, this section compares the results 
obtained with other work by Kong. et al. [88] considering some quali-
fications. In addition, the results of MCST model are presented in a 
previous study by the Khaje Khabaz et al. [50]. In Fig. 2, comparison of 
the vibrational behavior of present simulation is displayed. Based on the 
comparison with the analytical solution presented in reference [88] a 
remarkable level of concurrence has been achieved between the current 
findings and the aforementioned analytical results. This figure depicts 
the accuracy of the GDQM for the first two vibrational modes of the 
cantilever micro-beam integrated with piezoelectric layers, according to 
the classical continuum theory. It is discernible that the precision of the 
vibrational modes intensifies with an increase in the number of grid 
points. Furthermore, the vibration mode shapes of the model are 
demonstrated to be in favorable agreement with the associated 

boundary conditions. This result is consistent with previous observation, 
where the higher order theories were found to elevate the natural fre-
quency. Incorporation of these theories lead to an augmented assess-
ment of the system’s stiffness. 

4.2. LQR controller design 

Table 2 presents a comparative analysis of the numerical dynamic 
response outcomes of the root mean square amplitude (RMS) of a micro 
beam integrated with piezoelectric layers utilizing different higher order 
theories. The comparative results were obtained by implementing initial 
tip displacements of magnitudes 5% and 12% of the beam length. The 
results compared with previous study presented by Khaje Khabaz et al. 
[50] and as it clear by employing the SGT, leads to reduction, in the 
maximum amplitude deflections parameter of the microbeam with 
comparing by other theories. The aforementioned outcome can be 
substantiated by the augmentation of the micro-beam stiffness matrix in 
the SGT model. 

To evaluate the efficiency of the proposed LQR controller, various 
weighting matrices R are used. Fig. 3 shows the effect of various velocity 
feedback gains on the tip deflection of SGT micro sandwich beam model. 
The results are obtained by subjecting 1 N impulse at the tip of the 
model and then the controller tuned. It can be found that with the aid of 
using growing weighting matrix R, the end deflection of the reaction 
system is decreased. It can be obtained that with considering the lower 
weighting R matric, the dynamic deflection of generation of an active 
damp structure is higher. From this data, one may deduce that an in-
crease in micro-beam length results in a decrease in natural frequency 
sensitivity. 

Fig. 4 illustrates the impact of utilizing the optimal control voltage 
on the stabilization duration of the SGT micro sandwich beam model. 
Using feedback gain results in transient suppression and model ampli-
tude suppression. As illustrated, with increasing the weighting matrix R 
the settling time of model and control voltage of actuator will be 
decreased. Comparison results of present study and the last study given 
by Khaje khabaz et al. [50] show that maximum control voltage related 
to SGT model has higher magnitude. Also, better call for control enters 
voltage and the voltage control cause lowering the dynamic reaction 

Fig. 2. Comparison of the vibrational behavior of present simulation and Kong et al. [88].  

Table 2 
Comparison of RMS based on different theories.  

SGT MCST CT Parameters Initial condition 

1.0106e-5 1.0113e-5 1.1490e-5 RMS 0.05 ×L 
2.423e-5 2.446e-5 2.757e-5 RMS 0.12 ×L  
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Fig. 3. Effect of various velocity feedback gains on tip deflection of the SGT micro sandwich beam model.  

Fig. 4. Maximum actuator voltage r parameter variation of the of SGT micro sandwich model.  

Fig. 5. Effect of various r parameter on energy control time response of the SGT micro sandwich model.  
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velocities. To achieve rapid attenuation of vibration within a limited 
time frame, it is advisable to reduce the weighting matrices R. 
Conversely, increasing the weighting matrix R will result in a heightened 
feedback voltage signal on account of the peak value of the model 
displacement. 

Fig. 5 displays the time–history responses of the energy control 
voltages in various conditions of r parameter of LQR actuator. From this 
figure, can be found that decreasing the r values of actuator can improve 
the vibration control effect apparently and increase the control voltage 
of system. However, due to the energy limitation and the structural 
condition, the energy of actuator cannot be increased infinitely. The 
results lead to the conclusion that the material length scale parameters 
hold considerable impact on the dynamic frequency and response of the 
model in small scale. This occurrence can be attributed to the increase in 
stiffness matrix of strain gradient and surface effects, which leads to a 
growth in the model’s bending rigidity. Consequently, the amplitudes 
shift towards lower magnitudes and a significant increase in frequency is 
observed, in comparison to the MCST and classical theories. 

For the purpose of conducting a comparative analysis, this study 
investigates the impact of maximum voltage on the settling time with 
respect to the CT, MCST, and SGT excitation theories as depicted in  
Fig. 6. The maximum vibration damping associated with the SGT micro 
sandwich beam model is also presented in this figure. These observed 
phenomena can be rationalized by the higher stiffness of the SGT model 

in comparison to that of the MCST and CT models. In other words, an 
increase in the stiffness of the model corresponds to a heightened 
requirement for voltage, while simultaneously reducing the stabilization 
time. It ought to be noted that, by taking into account the structural 
damping coefficient, the maximum control voltage increases when uti-
lizing the SGT. As is evident, the total stiffness of the model becomes 
larger than that of its classical model. Therefore, the augmentation of 
model stiffness should contribute to an enhanced frequency and greater 
stability. Moreover, the velocities of dynamic response and settling time 
are significantly reduced in the model based on MCST. This increase in 
the maximum control voltage is attributed to the augmentation of the 
stiffness matrix, which is due to the increase in the length scale 
parameter effect. Furthermore, it can be inferred that the effect of the 
length scale parameter is also amplified. It is noteworthy to mention that 

Fig. 6. Effect of CT, MCST and SGT theories on the variation of maximum voltage versus stabilization time.  

Fig. 7. Effect of the LQI tuning on the tip deflection of the SGT micro sandwich model.  

Table 3 
Various values of R, Q and I parameter of SGT micro sandwich beam model.   

R Q I 

Sys.1  1 5 × 103  6 
Sys. 2  1 1 × 103  6 
Sys.3  0.1 10  6 
Sys.4  5 10  6 
Sys.5  10 10  6  
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Fig. 8. Step and impulse respond for different LQI tuning.  

Fig. 9. The influence of different tuning of LQI controller on bode diagram of SGT micro sandwich beam model.  

Fig. 10. LQR tuning time response of the micro sandwich beam model for CT, MCST and SGT theories.  
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the dynamic response of the system and the settling time are signifi-
cantly reduced in the SGT model. 

4.3. LQI controller Design 

The present study demonstrates the variation of the control voltage 
in response to different weighting matrices R for a micro-beam equipped 
with piezoelectric actuator and sensor layers, situated on the top and 
bottom surfaces, respectively. This behavior is analyzed using the SGT 
under transient excitation. Controlled responses of the LQI tuning on the 
tip deflection of the SGT micro sandwich model shown in Fig. 7. As it can 
be concluded, the LQI tuning has a significant effect on the dynamic 
response of the micro-beam. In this case, LQI indicates a bit higher 
settling time in evaluation to LQR. It can be visible that with a lower in r 
ratio of the controller, the shape turns softer and the dynamic deflection 
of the device increases. In addition, with tuning the LQI to middle 
thickness ratio of the sandwich shape, the dynamic amplitude may be 
decreased. Additionally, it is observed that the input voltage is a func-
tion of the piezoelectric actuator layer. Our investigation shows that the 
LQI control approach is an effective method for controlling the vibra-
tion, as the optimal gain is obtained by minimizing the cost function. 

Table 3 was used to evaluate the effect of the R, Q, and I parameter 
values on the SGT micro sandwich model. Fig. 8 shows the results of 
various adjustments to the LQI for the step and pulse diagrams of 
different cases of sandwich micro beam model. It is evident that an in-
crease in the cost and quality factor matrixes leads to an elevation in the 
natural frequencies of the structure. This phenomenon can be attributed 
to the enhancement of mechanical properties of the piezoelectric ma-
terial through the incorporation of microbeam, consequently augment-
ing the stiffness of the structure. In addition, Fig. 9 shows the effect of 
various adjustments of the LQI controller on the Bode plot of the SGT 
micro sandwich beam model. As can be seen from the improved per-
formance and cost matrix, the mechanical properties of the piezoelectric 
material are improved, the rigidity of the structure is increased, and the 
natural frequency of the structure is increased. 

Fig. 10 illustrates the effect of the LQI controller on the dynamic 
deflection of a micro sandwich beam with a CT, MCST, SGT piezoelectric 
actuator and sensor layer. All the results presented consider the LQR 
controller parameters R= 1 and Q= 5 × 103. As can be seen, considering 
the controller, the dynamic deflection of the CT micro-beam model is 
higher than when size-dependent theories such as MCST and SGT are 
used. In other words, using SGT reduces the dynamic displacement of 
the micro- sandwich beam model by about 29%. This is due to the in-
crease in the stiffness matrix of increasing the periodic scale parameters 
related to the higher order theory. In addition, the SGT model requires 

significant reductions in dynamic reaction speed and settling time. 
The amplitude of the excitation deflection is changed in the LQI 

controller to obtain different oscillatory displacements at the model with 
negative amplitude. The corresponding processes and results of the vi-
bration suppression of LQI controller model by using on higher-order 
elasticity and surface theories are presented in Fig. 11. It can be ob-
tained as the length scale material weight of the SGT decreases to the 
model the maximum of dynamic amplitude factor occurs in lower values 
of the deflection. It also can be concluded that the comparing control 
voltage in present study which predicted by the strain gradient elastic 
beam theory, is more than those of MCST and CT model that given by 
Khaje khabaz et al. [50]. Therefore, the LQI controller can effectively 
suppress the vibration and minimize tracking errors and controller effort 
of micro sandwich model. 

Furthermore, as the length ratio is augmented, it results in note-
worthy attenuation in dynamic systems and vibration suppression. This 
decline is associated with the stiffness matrix of the model. The impact 
of material length scale parameters l2can be attributed to SGT.The 
aforementioned figure demonstrates that when the strain gradient the-
ory is taken into account, the stiffness of the model is enhanced and the 
amplitudes are displaced towards smaller magnitudes. 

5. Conclusion 

The current investigation was focused on the modeling and dynamic 
regulation of a multi-layer sandwich composite piezoelectric micro 
beam utilizing the higher-order elasticity theory and surface energy. In 
addition, present study demonstrates that the cantilever microbeam 
model has a stabilizing effect based on the comparison of results. Within 
this inquiry, the ensuing noteworthy observations were garnered from 
the research:  

• From this work, we can conclude that the dynamic deflection of the 
micro-beam model in CT is higher than when using size-dependent 
theories such as MCST and SGT, taking the controller into account. 
In other words, using SGT reduces the dynamic deflection of the 
micro-beam integrated with the piezo layer by about 29%.  

• Utilizing the LQR and LQI method, dynamic vibration control can be 
strikingly effective in vibration decrease. In addition, LQL can 
satisfactorily satisfy the tracking issue  

• The dynamic deflection for LQI simulation is lower and faster than 
LQR model.  

• The dynamic response speed and settling time of the SGT model are 
greatly reduced by increasing the stiffness matrix. 

Fig. 11. LQI tuning time response of the micro sandwich beam model for CT, MCST and SGT theories.  
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• The comparing of control voltage shows that this parameters in 
sandwich sensor and actuator piezoelectric micro system based on 
strain gradient elastic beam theory, is more than those of model of 
MCST and CT.  

• By considering SGT model the settling time of the system increase 
because the stiffness of model increase. Also, by increasing the 
stiffness, the settling time of the system decrease. Subsequently the 
maximum voltage increases in SGT, therefore the vibration of the 
structure is damped faster. It is important to note that the maximum 
control voltage increases when the structural damping coefficient is 
taken into consideration and the SGT is employed. This increase in 
the maximum control voltage can be attributed to the effect of the 
length scale parameter, which increases the stiffness matrix. 

• Both the SGT and MCST incorporate material length scale parame-
ters associated with symmetric rotation gradients subjected to clas-
sical stiffness. Consequently, the total stiffness of the model becomes 
larger than that of its classical counterpart, resulting in improved 
frequency and enhanced stability. Moreover, the model based on 
SGT exhibits significantly reduced dynamic response velocities and 
settling time. 
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Appendix A 

The relation of SGT can be defined as: 

σij = λδijεmm + 2μεij − enijEn (A-1)  

εij =
1
2
(
ui.j + uj.i

)
(A-2)  

mij = 2μl2
2χij (A-3)  

χij =
1
2
(
θi,j + θj.i

)
(A-4)  

Di = eimnεmm + ϵimEm (A-5)  

Ei = − Ф,i (A-6)  

pi = 2μl2
0γi (A-7)  

γi = εmm.i (A-8)  

ƞ(1)
ijk =

1
3
(
εjk.i + εki.j + εij.k

)
−

1
15

δij(εmm.k + 2εmk.m) −
1
15

δjk(εmm.i + 2εmi.m)+ δkj
(
εmm.j + 2εmj.m

)
(A-9)  

τ(1)ijk = 2μl2
1ηijk (A-10)  

θi =
1
2
(
curl

(
ui.j

) )

i (A-11)  

λ =
Eʋ

(1 + ʋ)(1 − 2ʋ)
(A-12)  

μ =
E

2(1 + ʋ)
(A-13)  

Appendix B 

The surface Gurtin–Murdoch continuum theory can be expressed [89] as: 

ταβ = μs( uα,β + uβ,α
)
+(λs + τs)uk,kδαβ + τs(δαβ − uβ,α) (B-1)  

τnα = τs(un,α) (B-2) 

Which τsis residual stress, Es is surface elastic and υS is surface Poisson’s ratio. λs and μs are given by: 

λs =
EsυS

(1 + υS )(1 − 2υS )
(B-3)  

μs =
Es

2(1 + υS )
(B-4)  
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Appendix C 

A1 =
1
2
bEb

[
h3

0

12

]

A2 =
1
2
C(a)

11 b

⎡

⎢
⎢
⎢
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(
h0
2 + h(a)

)3

3
−

(
h0
2

)3

3

⎤
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⎥
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1
2
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11 b
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⎢
⎢
⎣
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2
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3
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(
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3

⎤
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⎥
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1
2
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[
1
β

((

cos
(

β
(

h0

2
+ h(a)

))

− cos
(

β
h0

2

)))

+

(
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2
+ h(a)

)(

sin
(

β
(

h0

2
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)))

−

(
h0

2

)

sin
(

β
h0

2

)]

A5 =
1
2
e31b

[
1
β

(

cos
(

− β
h0

2

)

− cos
(

β
(

−
h0

2
− h(s)

)))

−

(
h0

2

)

sin
(

− β
h0

2

)
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(
h0

2
+ h(s)

)(

sin
(

β
(

−
h0

2
− h(s)

)))]

A6 =
(
− ρ(a)I(a) − ρ(S)I(S) − ρ(b)I(b)

)

A7 =
(
ρ(a)A(a) + ρ(s)A(s) + ρ(b)A(b) )

A8 =
1
2
e31bh(a)

A9 = −
1
2
ϵ33βb

[

cos
(

β
(

h0

2
+ h(a)
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(

β
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2
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A10 =
1
2
e31bh(s)

A11 = −
1
2
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[

cos
(

− β
h0

2

)

− cos
(

β
(

−
h0

2
− h(S)

))]

A12 = μ(s)l2
2A(s)

A13 = μ(a)l2
2A(a)

A14 = μ(b)l2
2A(b)

A15 = 2μ(b)l2
0A(b)

A16 = 2μ(a)l2
0A(a)

A17 = 2μ(s)l2
0A(s)

A18 =
8
15

μ(b)l2
1A(b)

A19 =
8
15

μ(a)l2
1A(a)

A20 =
8
15

μ(s)l2
1A(s)

A21 = − 2μ(b)l2
0I(b)
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A22 = − 2μ(a)l2
0I(a)
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