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A B S T R A C T   

The energy states of an electron in the presence of impurity ion in center of A: CdSe/ZnS/CdSe and B: ZnS/CdSe/ 
ZnS quantum dots were investigated by the numerical method in the framework of the effective mass approxi-
mation. The electronic properties of A and B quantum dots including the binding energy and the radial proba-
bility distribution have been calculated as a function of core radius while the outer radius of quantum dots was 
fixed. It was expected that the arrangement of materials with different energy gaps in the two structures would 
affect the electronic properties. The numerical results have presented that the geometry of these two quantum 
dots as well as the effect of the quantum confinement which occurs mainly in the core of structure A and in the 
shell of structure B, has a significant effect on the electronic properties of quantum dots.   

1. Introduction 

In recent years, with the improvement of nanotechnology, quantum 
dots (QDs) are widely used in a variety of electronic devices and ap-
plications such as quantum-dots light-emitting diodes [1–3], quantum 
dot solar cells [4–6], quantum dot lasers [7–9], single-electron transis-
tors [10–12], quantum computing [13–15], single-photon sources 
[16–18], Second-Harmonic Generation [19–21] and medical imaging 
[22–24]. It is obvious that the determination of the physical properties 
of the quantum dots is also necessary due to the widespread use in these 
various electronic device applications. Because of the great importance 
of quantum dots as a class of quantum confined structures with excellent 
optical and electronic properties, several theoretical studies were per-
formed to better understand the electronic structure and the photo 
physical processes, which occur in these structures. These studies have 
covered research in the QDs field and many have focused on various 
aspects of the effect of the QD size [25], the applied potential [26], the 
impurity [27–29] and the external electromagnetic fields [30] on 
discrete energy states of an electron. 

Many studies about energy states have been studied and proposed. 
Boze et al., have calculated the energy levels of an electron confined in 
the spherical GaAs/AlxGa1-xAs/AlAs quantum dot with the impurity 
located at the center of the quantum dot [31]. They also have reported 
the binding energy and the radial probability distribution function of an 

electron in the 1s, 2s and 2d states for this QD. This study has established 
that shell thickness (AlxGa1-xAs layer) in the spherical dot dramatically 
affects the characteristics of the binding energy and radial probability 
density. Aydin et al., have investigated the electronic properties of a 
double electron in the CdSe/ZnS/CdSe/ZnS quantum dot for cases with 
and without an on-center donor impurity [32]. They have examined the 
binding energies of negatively charged donor impurity (D-) for different 
core radii, shell thicknesses, and well widths by solving the Poisson- 
Schrodinger equations in the frame of the single band effective mass 
approximation and Hartree treatment. Kasapoglu et al., have investi-
gated the binding energies of the s-symmetric ground and first excited 
shallow donor impurity states in “12–6” tuned GaAs/GaAlAs double 
quantum well as a function of the size of the structure, the impurity 
position and the electric and magnetic field intensities [33]. The ob-
tained results indicate that the electronic properties of this structure well 
can be adjustable by an appropriate choice of the sample geometry and 
applied external fields. Rahou et al., have described the electronic fea-
tures of InSb spherical quantum dots by a pseudopotential approach as a 
function of their radius [34]. 

Single semiconductor QDs such as CdSe and ZnS have been exten-
sively considered and used for different electronic and biological device 
applications [35]. However, Reports show that applications of these 
single material QDs are limited by the stability and low quantum per-
formance as a result of surface defects which provide nonradiative 
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processes due to trapping the charge carriers [36]. To avoid of these 
defects, core–shell type-I QDs such as CdSe/ZnS have been introduced 
where high band gap material is used as shell to firmly confine the ex-
citons. The significance of growing a shell over the surface of core QDs is 
making the QDs less sensitive to environmental changes and photo- 
oxidation and another advantage is the enhancement of quantum 
yield by elimination of nonradiative trap-related charge-carrier recom-
bination in surface. Despite these features, the inhomogeneous broad-
ening in the optical spectra is often difficult to control in type-I QDs. It is 
established that line narrowing in the optical spectra is an important 
issue for optoelectronics device applications. On the other hand, inverse 
type-I QDs such as ZnS/CdSe where wide band gap core is enclosed in 
the narrow band gap shell can act as a color filter, which results in a 
narrowing of the optical spectra. However, the luminescence quantum 
yield of inverse type-1 QDs is poor, compared to type-1 QDs, might be 
due to charge transfer quenching in surface states which limits their use 
in high-performance optoelectronic and luminescent biological devices. 

In yet another technique, core–shell-shell structures can offer new 
outlook for increasing quantum yield and tuning the optical properties 
in QDs by regulating the thickness of sandwiched and outer shells. For 
example, CdSe/ZnS/CdSe and ZnS/CdSe/ZnS QDs illustrate narrow 
mono-color [37] and multi-color emission with high quantum efficiency 
[38] by coupling and decoupling between charge carriers of their core 
and outer shells. Therefore, investigating energy states of these QDs and 
determining their electronic properties have a fundamental importance 
from theoretical and application point of view. 

In this paper we study two core/shell/shell spherical quantum dot 
heterostructures of A: CdSe/ZnS/CdSe and B: ZnS/CdSe/ZnS for cases 
with and without a center impurity. In the structure of A, the band gap of 
the core is smaller than the band gap of the shell. While, the core 

encapsulated with a shell that has a larger band gap in the structure of B. 
We compare the energy levels of these two structures and report the 
detailed calculation of their binding energies and probability densities. 
Since the ZnS band gap as core (shell) is much larger than that of CdSe as 
shell (core), it is expected that electronics properties of these two 
structures be different. 

2. Theory and calculation 

We consider two spherical core/shell/shell quantum dots in the 
structures of A: CdSe/ZnS/CdSe and B: ZnS/CdSe/ZnS. We assumed that 
the structure of A is composed of CdSe core and ZnS and CdSe shells. 
While the core of the structure of B is ZnS that is enveloped by the CdSe 
and ZnS shells. However, both the A and B structures have core with 
inner radius R1 and shells with R2 and R3 radii, as showed in Fig. 1. It is 
seen that these structures are defined as the one-step infinity quantum 
dots. 

We use the numerical method in the framework of the effective mass 
approximation to model the A and B QDs, which are assumed to have 
perfect spherical symmetry. 

The Hamiltonian of an electron confined in each of A and B QDs in 
the presence of on-center hydrogenic impurity can be described as: 

Fig. 1. Schematic illustration of spherical core/shell/shell quantum dot (a) 
(CdSe/ZnS/CdSe) and (b) (ZnS/CdSe/ZnS) and their potential profile. The radii 
of core, shell1 and shell2 are R1, R2 and R3, respectively. 

Table 1 
Structural parameters, effective masses and the confinement potential for both 
of A and B quantum dots.  

Structures Radius Effective 
Massm*

i  

Spherically Symmetric 
Potential V0(r) 

A: CdSe/ZnS/ 
CdSe 

r ≤ R1 m*
1 = m*

CdSe  0 

R1 < r ≤
R2 

m*
2 = m*

ZnS  Vc 

r ≥ R2 m*
3 = m*

CdSe  ∞ 

B: ZnS/CdSe/ 
ZnS 

r ≤ R1 m*
1 = m*

ZnS  Vc 

R1 < r ≤
R2 

m*
2 = m*

CdSe  0 

r ≥ R2 m*
3 = m*

ZnS  ∞  

Fig. 2. Energy levels of (a) the spherical CdSe/ZnS/CdSe quantum dot and (b) 
the spherical ZnS/CdSe/ZnS quantum dot with the impurity as functions of the 
core radius for constant R2. 
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Fig. 3. Variation of binding energies of (a) the spherical CdSe/ZnS/CdSe quantum dot and (b) the spherical ZnS/CdSe/ZnS quantum dot as functions of the core 
radius for the various energy and constant R2. 
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H = H0 +U(r) (1)  

where H0 and U(r) denote the Hamiltonian of an electron and the 
Coulomb interaction of the electron with the impurity in a nonuniform 
dielectric medium, respectively. The expression of H0 is written as: 

H0 = −
ℏ2

2m*
i
∇2 +V0(r) (2)  

where the first term is the Hermitian kinetic energy operator for an 
effective mass m*

i of a localized electron in the ith region, and V0 (r) is the 
confinement potential with spherically symmetry. These terms are listed 
in Table 1 for both of A and B quantum dots. 

It is assumed that the potential in the core and shell material as the 
zero reference energy for A and B QDs, respectively. Since the band gap 
of ZnS is wider than that of CdSe for both of QDs, thus the value of Vc as 
the potential energy jump at the boundary of the core and the shell is 
larger than zero (Vc > 0). In Eq. (1), the electron-impurity interaction is 
described with the term U(r) as the potential energy of an electron in 
both structures. This parameter is achieved by solving the Poisson 
equation in the considered spherical quantum dots, and using the 
boundary conditions [39]. 

U(r) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− e2

ε1r
+

e2

ε1R1

(

1 −
ε1

ε2

)

+
e2

ε2R2

(

1 −
ε2

ε3

)

, r ≤ R1

− e2

ε2r
+

e2

ε2R2

(

1 −
ε2

ε3

)

,R1 < r < R2

− e2

ε3r
, r ≥ R2

(3)  

here ε1, ε2 and ε3 are the dielectric constants of the core, the first shell 
and the last shell respectively, for the both of QDs. 

The Schrödinger equation is used to find the eigenfunctions (Ψn,l,m) 
of the Hamiltonian in Eq. (1) and their corresponding energies E, so that 
it can be written as: 
(

−
ℏ2

2m*
i
∇2 +V(r)+U(r)

)

Ψn,l,m = EΨn,l,m (4)  

here, the subscript n is the principal quantum number and the subscripts 
l and m are the angular momentum quantum numbers with and (l < m <
+ l). 

Due to spherical symmetry of QDs, the eigenfunction may be given 
by Ψn,l,m = Rn,l (r) Yl,m (θ,φ) where Rn,l (r) is the radial part and Yl,m (θ,φ) 
is the spherical harmonics of the wave function. The energy states and 
wave function are obtained from the solution of the radial Schrödinger 
equation, written as: 
{

−
ℏ2

2m*
i

[
d2

dr2 +
2
r

d
dr

−
l(l + 1)

r2

]

+V(r)+U(r)
}

Rn,l = En,lRn,l (5) 

In order to achieve reasonable expressions of the eigenenergies and 
their corresponding wave functions, the continuity conditions at all 
boundaries of the studied A and B QDs must be satisfied as follows: 
⎧
⎪⎪⎨

⎪⎪⎩

Rn,l(ri) = Rn,l(ri+1)
⃒
⃒

r=ri

1
m*

i

dRn,l(ri)

dr
=

1
m*

i+1

dRn,l(ri+1)

dr

⃒
⃒
⃒
⃒

r=ri

(6) 

The solution procedure of Eq. (5) is realized on the basis of numerical 
calculations. In order to exploit the accurate solution of the numerical 

Fig. 4. Probability distribution of 1s, 2s, 1d and 2d states in the spherical A-QD (CdSe/ZnS/CdSe) for four different values of R1 radius.  
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method, the step-by-step integration process is checked by error 
accuracy. 

3. Numerical results 

In our calculations, the following parameters are use: m*
CdSe =

0.13m0, m*
ZnS = 0.28m0, EgCdSe = 1.84eV, EgZnS = 3.54eV, εCdSe =

9.56eV, εZnS = 3.54eV and Vc = 900eV [39,40]. 
Considering the impurity at center of each of A and B spherical QDs, 

the single electron eigenenergies has been calculated for the s, p, d and f 
states. We have explored the electronic properties of the spherical CdSe/ 
ZnS/CdSe and ZnS/CdSe/ZnS quantum dots in the case of the last shell 
radius R2 depicted in Fig. 1 is constant while the radius of the core 
sphere is varied. 

Remarkably, the energy levels of the electron for A and B QDs in this 
case are given as a function of the core radius R1 increases to 80 A◦ , 
where R2 = 150 A◦ is a fixed parameter in Fig. 2a and b. It is found that 
in the case of A QD, for the first (1s, 1p, 1d and 1f) state energies, the 
eigenenergies are completely reduced as the size of the core increased 
for both 1s and 1p, indicating that electron confined in the core and the 
effect of quantum confinement befalls on the electron. While for 1d and 
1f states, there is a steady trend first and then decreases. In fact, the 
electron confinement has not occurred for the small core radii and en-
ergies are almost constant up to R1 = 25 A0 and R1 = 30 A0 for 1d and 1f 
states, respectively. But when the core radius (R1) increases, the electron 
confinement is relieved. On the other hand, the second (2s, 2p, 2d and 

2f) state energies have a second flattening which indicates that the 
probability distribution will have two peaks. When the energies are on 
the second flattening, the second peak is outside the core, and this is 
because the size of the core is still insufficient to confine the second 
peak. However, it can be seen that this second peak penetrates into the 
core as the energy decreases uniformly. 

Fig. 2b shows that there is a sharp difference between the trends of 
energy changes in terms of R1 for B-QD compared to A-QD. For B-QD, it 
is obvious that the eigenenergies have an increasing trend for all the first 
(1s-1f) and second (2s-2f) levels. However, the energy of the first states 
essentially are lower than those of the second states. The obvious reason 
for this increasing is that in the B-QD, the electron confined within the 
inner shell (CdSe) and can’t penetrate into the inner dot duo to potential 
barrier applied by ZnS core layer. 

We determined the variation of the binding energies with the 
increasing inner dot sphere radius for A and B QDs, exhibited in Fig. 3a 
and b, respectively. In the A-QD, the binding energies of the first (1s-1f) 
levels appear with a different behavior compared to those for second (2s- 
2f) levels. In fact, the binding energy of the first (1s-1f) levels contain a 
maximum which follows by the smoothly decreasing trend while there 
are two maxima for the binding energy of the second (2s-2f) states in the 
range of R1. For first (1s-1f) states, it can be inferred that the decrease in 
the binding energy is attributed to the weakening Coulomb interaction 
between the impurity located at r = 0 and electron. This result can be 
confirmed by examining the probability distribution function in Fig. 4a- 
d where the 1s, 1d, 2s and 2d states are chosen as the representatives. 

Fig. 5. Probability distribution of 1s, 2s, 1d and 2d states in the spherical B-QD (ZnS/CdSe/ZnS) for four different values of R1 radius.  
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As can be seen from Fig. 4a-d, the probability distributions of the first 
states (1s and 1d) include a peak. According to Fig. 4a, for 1s state, the 
intensity of peak with a maximum of around R1 = 15 A0 is higher than 
other first states. This indicates that the electron is strongly confined in 
the core layer and consequently delivers the maximum binding energy. 
After that, the intensity of the probability distribution peak as the 
binding energy decreases with the increasing radius of the inner core as 
in Fig. 4b-d and 3. On the other hand, for the other first state (1d), the 
probability distribution initially has a maximum inside the shell layer, 
which corresponds to the maximum binding energy of this state and then 
the binding energy decreases as the distance between the electron and 
the impurity increases with the increasing radius of the core and 
consequently the probability distribution penetrates into the inner core 
as in Fig. 4b-d. 

For the second states (2s and 2d), the probability distribution has two 
peaks corresponding to the maxima of binding energy as in Fig. 4a-d. For 
the 2s state, the first maximum is near the core and the other is far from 
the core for R = 20 A0. The electron–impurity interaction is not yet 
strong and the second peak of the probability distribution is within the 
shell which can be observed in Fig. 4a. As the radius increases to R = 40 
A0, the electron becomes strongly confined in the core and the second 
peak penetrates into the inner core, and this trend continues as the 
radius of core increases further as presented in Fig. 4b and d. The other 
second state (2d) behave as 2s state, except that the maximum binding 
energy is about R1 = 50 A0, and the second peak of the probability 
distribution penetrates into the inner core in R1 = 60 A0. 

Finally, we discuss the binding energy and the probability distribu-
tion of B-QD which is described above as ZnS and CdSe were introduced 
as the core and first shell, respectively. Fig. 3 shows the variation in 
binding energy of B-QD for different thickness of core layer (R1). It can 
be seen that the binding energy of B-QD decreases when R1 radius varies 
from 20 A0 to 80 A0 and this is while the energies of the second states 
(2s-2f) fall in higher binding energies than the first states (1s-1f). Since 
the impurity is located in the center of the core and the ZnS core acts like 
a potential well, there is always a potential barrier between the electron 
and the impurity ion. As the diameter of the core increases, the distance 
between the electron and the impurity increases, and consequently the 
Coulomb interaction between them weakens, and therefore the binding 
energy decreases. 

Accordingly, when examining the electron probability distribution 
function in terms of the radius R1 shown in Fig. 5a-d, it is found that all 
the peaks of the probability distribution are located in the CdSe shell and 
approach each other as the radius R1 increases and do not penetrate into 
the inner core. This result agrees with the behavior of the binding energy 
of B-QD. 

4. Conclusion 

We investigated the electronic properties of two quantum dots with 
structures of A: CdSe/ZnS/CdSe and B: ZnS/CdSe/ZnS by using a nu-
merical modeling. The calculations were performed while the total 
radius of the quantum dot remained constant and the radius of the core 
(R1) increased. It was found that the changes in core layer thickness can 
affect the radial distribution functions and binding energies of the A and 
B QDs. For the A-QD, the behavior of the binding energy of the first (1s, 
1p, 1d, 1f) states is different from that of second (2s, 2p, 2d, 2f) states, 
which can be explained based on the effect of quantum confinement and 
the probability distribution of these states. However, the binding energy 
of all the first and second states of B-QD decrease with the increase of the 
core radius. Also, the probability distribution of B-QD indicates that all 
the peaks are located in the CdSe shell layer and do not penetrate into 
the core. Numerical modeling results established that the binding energy 
and the probability distribution are the important factors to design and 
fabricate quantum dots with optimal electronic properties in laboratory 
processes. 
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