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Freight rail transport is already among the safest and sustainable modes to transport goods,
however the rail portion of the overall freight transport market as compared with road transport
is small. The utilization of rail-car fleet under limited yard capacity to transport goods is a
complex managerial problem in the freight rail network. Rail-car fleet is one of the main capital
resources in the railroad industry. Hence, rail operators focus to minimize the size of rail-car fleet.
We propose a novel approximation queuing model for the non-myopic dynamic rail-car fleet
sizing problem with the objective of maximizing social welfare that improves the utilization of
rail freight cars. A Markov decision process (MDP) is proposed to determine an optimal trade-off
between the number of rail freight cars and the costs of empty rail-car allocation. A connection
between an equilibrium-joining threshold and dynamic pricing policy is also studied where
effective customers will join the queue based on their willingness to pay. Our simulation results
show that the proposed non-myopic rail-car feet sizing policy improves the average social welfare
by 27% compared to the myopic case.

1. Introduction and motivation
The transport of goods has a substantial impact on economic growth and job creation. In recent years, freight transport volumes in
the EU have stabilized at around 2300 billion ton-km per year, while road transport accounted for approximately 75% of the total
freight transport (European Court of Auditors, 2016). However, the transportation segment has a negative impact on the environment
and causes CO2 emissions. The freight rail transport is a sustainable transport method that reduces the amount of highway congestion,
and emissions (Liotta et al., 2015). Based on the European Environment Agency, CO2 emissions from rail transport sector are
considerably 3.5 times lower per ton-km than those from road transport sector (European Court of Auditors, 2016). Additionally, rail is
the most energy efficient mode of goods transport where the EU’s policy makers assigned 28 billion euros to support rail projects for
shifting goods from road to rail sector (European Court of Auditors, 2016).
Freight rail transport can also save energy about four times more than trucks on the roadway (Association of American Railroads,
2015). The future demand for freight rail has increased because of the growing economy and the increased awareness of environmental
issues that causes by other freight transportation modes. For instance, among 1980 and 2007, total U.S. rail freight ton-miles were
doubled and total ton-miles per mile of track (density) tripled (Jin and Clarke, 2016; Zeybek, 2018). However, freight rail transport
provides several concerns due to high operational costs and inefficiencies in customer satisfaction and reliability of on-time delivery.
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Fig. 1. The proposed model for non-myopic dynamic rail car fleet sizing.

The rail-car fleet sizing problem is especially challenging given the limitations imposed with high operational costs under un
certainty of demands. The distribution of rail cars among nodes is regularly imbalanced, and the issue indicates a dynamic allocation of
rail freight cars among nodes is needed. Loading and unloading of rail freight cars, locomotives, and services for refueling are operated
in yard stations (Javadian et al., 2011; Vaezi and Verma, 2017). The capacity of rail freight network is based on the rail-car fleet size
and the distribution of rail freight cars among rail yard operations. Thus, the proposed model considers the interaction between the
optimal number of fleet size and the distribution of empty and loaded freight cars with elastic demand where the empty rail-cars can be
used to improve the level of service to the customers.
Three types of models can be proposed for the distribution of cars in the rail freight network: 1) static model (Yaghini and
Khandaghabadi, 2012), 2) stochastic model with no look-ahead component (Beaujon and Turnquist, 1991; Sayarshad and
Tavakkoli-Moghaddam, 2010; Milenkovic et al., 2015), and 3) dynamic model under a look-ahead strategy that considers the de
pendency of future states which is determined by the current state (Powell and Bouzaiene-Ayari, 2006). A classification of the static
and dynamic models for rail-car fleet management is given in Milenkovic and Bojovic (2019). In this paper, we propose an approximate
dynamic programming (ADP) method that considers future states (called as non-myopic policy) where customers’ demands arrive, and
the operational center dynamically allocates freight cars to stations.
Based on the model presented in Fig. 1, a new online coordinated rail-car fleet sizing mechanism is proposed which lists several
functions needed to create a smart solution for the distribution of freight cars. As shown in this model, we use optimization modeling as
proposed in the previous works, although the system cost and user cost (customer delay) are calculated under a look-ahead policy in
the value function. Then, as shown in the shaded-gray boxes, a simulation model is provided using the dynamic programming
formulation by considering a reward function, operator cost and customer delay. We also introduce a new dynamic price structure
which accounts for extra customer waiting time by anticipating the value of having the new demand at the node.
The proposed method is addressed in two phases in Fig. 1, the first of which is a new type of non-myopic dynamic rail-car fleet
sizing based on the queuing system. The second phase which is more challenging is shown in the gray-shaded boxes and it is to improve
opportunity cost on future benefits that would be realized by serving more customers. The proposed dynamic approach is capable of
making the decisions regarding the optimal number of fleet size under limited yard capacity, customer delay, operator cost, and the
number of empty along with loaded freight cars dispatched between stations. Currently, the novelty of this formulation is that it
considers both dynamic rail-car fleet sizing and dynamic pricing as a social optimization criterion.
The next section shows an explanation of current rail-car distribution models in the existing literature. Section 3 provides a formal
problem definition. Section 4 presents the proposed dynamic rail-car fleet sizing model. The numerical example is investigated in
Section 5, and Section 6 reviews the main finding and discusses possible directions for future studies.
2. Literature review
Fleet sizing is a significant challenge for transport agencies. Countless problems for vehicle fleet planning have been studied to
distribute vehicles for a variety of application areas. For example, Vogel et al. (2017) and Sayarshad et al. (2012) studied distributing
and rebalancing models for bike-sharing services. Wang et al. (2017a) proposed a multiple-depot vehicle routing problem with
multiple distribution centers that investigates operational cost and improved Shapley value model to distribute the profits. Fleet sizing
problems can be related to carsharing services (e.g., Oliveira et al., 2014; Boyacı et al., 2017; George and Xia, 2011), airline fleet
planning (Barnhart and Schneur, 1966; Repko and Santos; 2017) and truck service (e.g., Sayarshad and Mahmoodian, 2020; Hall and
Racer, 1995; Du and Hall, 1997; Ozdamar and Yazgac, 1999; Wang et al., 2017b; Wang et al., 2020). Likewise, Xinlian et al. (2000)
formulated a fleet of ships to serve all requests that minimize the operational cost. Fleet sizing is also important in material handling
equipment (MHE) used for operational procedures in the manufacturing systems (e.g., Beamon and Deshpande, 1998; Sayarshad,
2010; Turnquist and Jordan, 1986).
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Fig. 2. Example of MDP to dynamic rail-car fleet sizing problem.

In the static rail freight transport models, the input parameters in the current time are deterministic and are monitored and
recorded in a centralized information mechanism. Numerous models for rail-car fleet management have been assumed that parameters
are deterministic. Javadian et al. (2011) introduced a static optimization problem to consider the capacity of rail-yard stations
regarding the optimal number of shunting yard nodes and re-classification rail freight cars operation. However, stochastic rail-car
allocation problems are fundamentally different from deterministic problems.
The stochastic models arise whenever some parameters of the models are random (e.g. stochastic demands and/or stochastic travel
times) where customer requests are unknown or each customer has a probability of being present. It is not even possible to determine in
advance a feasible solution since we do not know what the actual demand will be. It is reasonable to optimize the expected value of the
system subject to constraints representing the expected value of customer demands (Beaujon and Turnquist, 1991). Hence, we need to
fit random distribution for estimating the exogenous information such as customer demands or travel times. For example, Crainic et al.
(1993) investigated a stochastic optimization problem for single and multicommodity problems for the allocation of empty containers
from depot to demand nodes. Sherali and Lunday (2011) proposed a game model for shipping cars from origin to destination using a
rail-car fleet in order to determine fleet size for individual shippers. Bachkar et al. (2017) determined the optimal quantity of rail-cars
available to transport of the amount of ethanol under uncertainty demands. A two-stage stochastic optimization is proposed by Cheung
and Chen (1998) to allocate empty containers with a re-positioning strategy. Bojovi (2002) formulated a stochastic approach for
determining rail-car fleet sizing with stochastic demand process. Milenkovic’ and Bojovic (2013) extended a fuzzy random approach to
predict demands for the allocation of rail freight cars. Khoo and Teoh (2013) formulated a probabilistic stochastic model using Monte
3
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Fig. 3. Flowchart of the proposed method.

Carlo simulation for aircraft fleet management under stochastic demand. However, an environment is changing more quickly than
before, and it requires a repeated re-optimization. Dynamic models whose structure changes over time are needed to look at future
states which are in turn dependent on current states and decisions.
Due to the complexity of dynamic models, the necessity of approximation methods is inevitable. The expectation approximation
methods have been used comprehensively for solving a wide variety of continuous and discrete optimization problems (Zamani et al.,
2019; Taghian et al., 2018; Zamani et al., 2016a,b; Taghian and Nadimi-Shahraki, 2019a, 2019b).
Literature relating to rail freight car planning has not specifically addressed non-myopic rail-car fleet sizing models. Problems in
freight rail operations are often modeled over space-time networks under static models or dynamic models without a look-ahead policy
(Powell and Bouzaiene-Ayari, 2006). Kochel et al. (2003) introduced a queuing method for the distribution of loaded and empty
vehicles problem with the interactions of vehicle and customer locations. Parikh (1977) proposed a multi-server queue for modeling
vehicle rental systems with back orders to calculate the optimal fleet size. Our proposed model makes the following contributions to
the literature of dynamic rail-car fleet sizing problem:
• We propose an online coordinated mechanism with the objective of maximizing social welfare for the distribution of rail freight
cars that considers the customer delay and operator cost to satisfy customer demands.
• An optimal trade-off between the number of rail freight cars and the costs of empty and loaded rail-car allocation are proposed.
• We create an optimization-simulation model in an MDP framework under the infinite horizon look-ahead policy. It offers a natural
way of decomposing a large and single optimization problem under uncertainty.
• We introduce a dynamic pricing policy instead of a fixed price that reflects the number of customers joining the queue, customer
arrival rate, and service capacity.
4
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Fig. 4. Service rate with different shape parameters k.

3. Problem definition
In this study, we propose a value function Vt,i based on the Bellman equation where the network effects accounts with component i
and the total number of links component ζ for each decision xt . The steady state average delay cost under infinite horizon look-ahead is
approximated by the customer delay (during the future state St+1 and the current state St ) derived from a queuing system. Ct is the
immediate payoff from decision. The whole Ω expression is divided into operator costs (in terms of rail-car movement and holding
costs) and customer delay in terms of unmet demands (Powell, 2011; Sayarshad et al., 2020a).
( (
)
(
(
)
(
)
(
)
(
)
))
Vt,i (St ) = Max Ct St , xt,i + Ω Vt,1 St , xt,i , …, Vt,i− 1 St , xt,i , Vt,i+1 St , xt,i , …, Vt,ζ St , xt,i , E[Vt+1 (St+1 )|St ] ,
(1)
xt,i

Unfortunately, given the large scale of actions, exact calculation of (1) is extremely hard or impossible. However, an approximation
approach by examining the tradeoff between “exploitation” and “exploration” policies will be considered in future research (Nadi
mi-Shahraki et al. 2020a, 2020b; Sayarshad et al., 2020b). We propose an approximation queuing model using the Markov decision
process (MDP) to obtain sequences of smaller optimization problem instead of solving a large and single optimization rail-car dis
tribution problem. Fig. 2 gives an example of an MDP to dynamic rail-car allocation strategy. Upon arrival of a new customer and place
an order for any specific demand from origin nodes to destionation nodes, the operational center solves an optimization model to
obtain the potential allocation of freight cars. By evaluating the value function, the operational center makes optimal decisions
dynamically on the optimal number of fleet size and the optimal number of empty and loaded cars dispached between stations.
4. The proposed dynamic rail-car fleet sizing problem
Consider the flowchart illustrated in Fig. 3, where a new approximation queuing model for dynamic rail-car fleet sizing under
elastic demand is proposed. The proposed optimization-simulation model based on an MDP framework is proposed to create a strategy
that looks like simulation using iterative learning. The optimization function which is based on Sayarshad and Ghoseiri (2009), at
tempts to find the potential allocation of rail freight cars that optimizes total fleet size. We approximate the value function to consider
the impact of decisions in the future states. The simulation function uses the approximated queue model to capture user delay and
operational cost. In this research, social welfare is defined as the revenue minus the operator and customer costs in order to find an
optimal fleet sizing and pricing scheme. The target setting is reasonable for the freight car allocation problem because freight car
inventory and delivery costs could be sufficiently large, and a great profit could be earned by a more flexible level of service. The
precise rail-car fleet sizing problem that we are solving for is described below.
• We assume that requests are followed as a Poisson process by a mean λ.
• The service rate μ is assumed to distribute based on a member of the k-Erlang family with the shape parameter k in the range of 6
similar to Parikh (1977). Fig. 4 shows the k-Erlang family of distributions with the shape parameter k. The rate λ/μ denoted by ρ, is
often referred to as the load where it is a portion of the demand placed on the given queuing system.
• Different locomotive assignment problems may be possible where the distribution of freight cars may be sensitive to them. In this
study, the rail freight car is assumed to be independent on the type of locomotives, but the relation between rail-car fleet sizing as
well as locomotive assignment problems will be considered in the future study (Mu and Dessouky, 2011; Kuo and Miller-Hooks,
2015; Caprara., A., 2015).

5
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4.1. Non-myopic dynamic rail-car fleet sizing problem
We approximate a social welfare function for the dynamic assignment of rail freight cars based on a M/Ek /1 queue system. The
social welfare involves a reward function, operator cost and the expected value of customer delay during current state and future state.
4.1.1. Reward function and dynamic pricing policy
The reward function is focused on a one-to-one connection between price and effective arrival rate. The expected number of
customers in the M/Ek /1 queue is defined as (Gross and Harris, 1998)
(
)
ρ2 c2k + 1 2 1
L=ρ+
(2)
, c = , ρ = λ/
μ
2(1 − ρ) k k
Parikh (1977) showed that the service times could be reasonably well represented by a member of the k-Erlang family of distri
butions with the shape parameter k in the range of 6–12. If we make the same M/Ek /1 approximation as Gross and Harris (1998) from
Little’s formula, then the average customer delay is shown by
()
12 − 5 μλ
W=
,
(3)
12(μ − λ)
where the shape parameter k is equal to 6. Based on Mendelson and Whang (1990), the corresponding socially optimal toll p* is
calculated by taking the derivative of W with respect to λ
dW
7
=
dλ 12(μ − λ)2
(
p*n = ψ λ*n

(

(4.a)
)

7

(4.b)

)2
12 μ − λ*n

We calculate the queue-joining threshold k(p* ), i.e. if customers want to join the queue by the optimal price p* (Naor, 1969;
Sayarshad and Gao, 2017):
(5)

k(p* ) = (R − p* )̂
μ+1

The demand function is determined by the probability that customer wants to join the queue and ultimately obtains a reward of R.
The probability is calculated by (Naor, 1969)
Pr(p* ) =

*

1 − ρk(p )
λn
, ρ=
̂
μ
1 − ρk(p* )+1

(6)

Therefore, the demand function is determined by
Dn (p* ) = λn

*

1 − ρk(pn )
*
1 − ρk(pn )+1

(7)

To calculate the optimal arrival rates λ*n , we take the derivative of Dn (p* ) with a simple one-dimensional (line) search over λn and set
it to zero ∂Dn (p* )/∂λn = 0. Thus, RD(p) is also the reward function.
4.1.2. Customer delay and system cost
We solve Problem 1 to find potential allocation of freight cars ζn for customer n. Let u(ζn ) denote the sum of unmet demands. s(ζn )
is the system cost that is estimated by the holding cost of freight cars at each node and the number of empty and loaded freight cars
delivered between nodes. The relative value of state in an M/Ek /1 queue system is given by
⎛
⎞
⎡
)
( * )2 ⎤
λn*
λn
λu(ζn )2 ⎢ ( ̂μ − 5 ̂μ ⎥
⎜∑
(
) ⎦u(ζn ) + E[Vϰ ]⎟
C(ζn ) = θs(ζn ) + (1 − θ)⎝ Yi (ζn ) +
(8)
− ⎣12
⎠,
*
2
12 1 − λn
i
̂μ
The first term of Eq (8) is the total operational cost. The second term of Eq (8) is total user delay during the current state and future
n
∑
state. Let Yi (ζn ) denote the total (residual) unmet demand of user i in the system. The next terms of user delay denote the extra cost
i

less the mean cost (Hyytiä et al., 2012; Sayarshad and Mahmoodian, 2020).
At time d, the initial n users have responded and the number of users in the system is ϰ. Hence, E[Vϰ ] is the expected value of user
delay that considers future states. We calculate the expected customer delay Vϰ in state i. Utilizing the memoryless property of the
Poisson process, the expected user delay during the time interval (d, ∞) is given by (Hyytiä et al., 2012; Sayarshad and Mahmoodian,
2020)
6
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∞
∑
E[Vϰ ] =
P{ϰ = i}Vi
(
( )) i=0
(
( ))
n i 12 − 5 λ
ϰ(ϰ + 1) 12 − 5 λ
∑
̂μ
̂μ
=
=
+ V0
12(̂
24(̂
μ − λ)
μ − λ)
i=1
(
( ))⎛
(
)2 ⎞
u(ζ)
( u(ζ) ) λ2 s(ζ)+u(ζ)
12 − 5 λ
̂μ
⎜
⎟
+
=
⎝λ
⎠ + V0
24(̂
s(ζ) + u(ζ)
μ − λ)
2

(9)

(
)
n)
where E[ϰ] = λ s(ζnu(ζ
)+u(ζn ) is determined by the average number of customer arrivals λd in a Poisson process and V0 is a constant value.
4.1.3. Social optimum policy
As shown in Eq (10.2), the social welfare function is formulated by an aggregate demand function, operator cost in terms of rail-car
movement and holding costs, and the expected value of user delay in terms of unmet demand. Our proposed strategy is to allocate
empty and loaded freight cars to respond customer demands that maximizes the social welfare. A weight that differentiates the ob
jectives is represented by θ, 0 ≤ θ ≤ 1, and β is the policy parameter that differentiate between myopic and non-myopic policies. We
want to solve
maxSW(pn * , ζn , n) − SW (pn−
′

1

*

(10.1)

, ζn− 1 , n − 1),

where SW indicates the social welfare:

SW(pn * , ζn , n) = ΛR

1−
1−

⎛
⎜
− ⎝12

(λ* )k(pn * )
n
(
)
s(ζn ) − pn *
̂
μ
−
θ
*
s(ζn )
(λ* )k(pn )+1
n

⎛

⎞⎡

(
)2
n
/
λ*
u(ζn )
⎜
⎟⎢ ∑
Yi (ζn ) u(ζn ) + n
− ⎝(1 − θ)⎠⎣
2 s(ζn ) + u(ζn )
i

̂
μ

(
)2 ⎞⎤
(λ* )2 ⎞
(λ* )⎞⎛
⎤
⎡⎛(
u(ζn )
2
n
(
(
)
) λ*n
12 − 5 n
u(ζn )
u(ζn )
s(ζn ) + u(ζn ) ⎟⎥
̂
̂
μ ⎟
μ ⎠⎜ *
⎢⎝ (
*⎥
) ⎝λn
+ β⎣
+
⎠⎦ + pn ⎦
⎠
(
s(ζn ) + u(ζn )
s(ζn ) + u(ζn )
2
12 ̂
λ* )
μ − λ*n
12 1 − n
̂
μ
(10.2)

λ*n
( ̂μ

)

− 5

(
)
k(pn * ) ≤ ̂
μ R − p*n

(10.3)

0 < λ*n ≤ Λ

(10.4)

Algorithm 1.

The proposed dynamic rail-car fleet sizing model

Inputs: Define parameters and status of demands between origin and destinations.
Output: Report the optimal rail-car fleet size, dynamic price, the number of empty and loaded freight cars delivered between
nodes, unmet demands, and inventory of rail-cars at each node.
Upon joining of a new customer n,
1. Update the coordinated system such as demands between O-D nodes, and statuses of the distribution of cars from the time of arrival
of the prior demand.
2. For each order n,
a. Solve a rail-car fleet sizing problem (Problem 1) to obtain potential allocation of rail-cars ζn for the customer demand n.
a.1. Calculate customer delay u(ζn ) by the unmet demand uijt * .
a.2. Find system cost s(ζn ) by Lijt * , Ejit * , vit * , κjt * .
a.3. Determine the effective arrival rates λ*n
a.4. Calculate the optimal price pn *
3. Determine the SW(pn * , ζn , n).
4. By considering all possible subproblem solutions for rail-car assignment problem, choose the solution that maximizes Eq (10.1).
Update ζn as the new rail-car assignment for that customer order, while keeping the other rail-car assignment the same as before.
Problem 1. re-optimization-based rail-car fleet sizing
Sayarshad and Ghoseiri (2009) suggested an optimization formulation for the allocation of rail freight cars that considers the
operational cost and the number unmet demand. We apply the model with the proposed dynamic approach to obtain potential
7
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allocation solutions in responding demands. However, other work by Yaghini and Khandaghabadi (2012) can also be used where each
node can depart and receive both empty and loaded freight cars.
Parameters:
N: the set of nodes in system.
NO : origin nodes.
Nd : destination nodes.
rij : revenue per loaded car moved from node i to node j.
lij : the moving cost of a full car from node i to node j.
eji : the moving cost of an empty car from node j to node i.
q: the cost of ownership or leases a car.
hi : the holding cost of a car at node. isj : the holding cost of a car at node j.
σij : the penalty cost per car from node i to node j.
αijτt : the percentage of full cars dispatched from node i to node j in time τ ∈ T which arrive in time t ∈ T.
γjiτt : the percentage of empty cars dispatched from node j to node i in time τ ∈ T which arrive in time t ∈ T.
dij,t : the number of orders per rail-car for transportation service between node i and node j in time. t ∈ TSYit : the capacity of yard
station at node i at the end of time t ∈ T.
SYjt : the capacity of yard station at node j at the end of time t ∈ T.
Decision Variables:
Lijt : the number of loaded cars dispatched from node i to node j in time t ∈ T.
Ejit : the number of empty cars dispatched from node j to node i in time t ∈ T.
vit : the number of rail freight cars presents at node i in time t ∈ T.
κjt : the number of rail freight cars presents at node j in time t ∈ T.
uijt : unmet demand from node i to node j in time t ∈ T.
∑∑∑
max Z =
rij Lijt
i

−

j

t

∑∑∑[
]
lij Lijt + eji Ejit
i

j

t

i

j

t

i

t

{[
] [
]}
∑∑∑
∑
∑
Lijτ
−
(t − τ)qαijτt + Ejiτ
(t − τ)qβjiτt
−

τ<t

∑∑
∑∑
∑∑
hi vit −
sj κjt −
σij uij
j

t

i

(11.1)

τ<t

j

Subject to:
∑
Lijτ αijτt ∀i, j, t

uij,t = uij,t− 1 + dij,t −

(11.2)

τ<t

vit = vi,t− 1 +

∑∑
∑
γjiτt Ejiτ −
Lij,τ− 1 ∀i, t
τ<t

j

∑∑

αijτt Lijτ −

κjt = kj,t− 1 +
τ<t

i

(11.3)

j

∑
Eji,τ− 1 ∀j, t

(11.4)

j

∑
Lijt ≤ vit ∀i, t

(11.5)

j

∑
Ejit ≤ κjt ∀j, t

(11.6)

i

∑∑
∑
γjiτt Ejiτ +
Lij,t ≤ SYit ∀i, t
j

τ<t

∑∑

αijτt Lijτ +

i

τ<t

(11.7)

j

∑
Eji,t ≤ SYjt ∀j, t

(11.8)

j

(11.9)

Lijt ≥ 0, Ejit ≥ 0, vit ≥ 0, κjt ≥ 0, uij ≥ 0, Integer ∀i, j, t

The objective given in (11.1) maximizes the profit that calculates the revenue of loaded rail-cars minus operational costs (in terms
of leasing cost, holding cost, and unmet demand penalty). Constraint (11.2) is the number of unmet demands at time t that determines
by unmet demand at the previous time period, new request, and the number of loaded of rail-cars. Constraints (11.3) and (11.4) show
the flow conservation of rail-cars at each node. Constraints (11.5) and (11.6) represent rail-car balancing at each node. Constraints
(11.7) and (11.8) determine the capacity of yard stations. Constraint (11.9) guarantees the decision variables are nonnegative and
8

Journal of Rail Transport Planning & Management 17 (2021) 100231

H.K. Zahrani et al.

Table 1
Input parameters.
σij

rij

lij

eji

dij,t

σ(0,0) = 1

r(0,0) = 109

l(0,0) = 10

e(0,0) = 5

d(0,1,0) = 17

d(1,3,6) = 30

σ(0,1) = 1

r(0,1) = 117

l(0,1) = 12

e(0,1) = 5

d(2,1,0) = 35

d(4,4,6) = 30

σ(0,2) = 3

r(0,2) = 116

l(0,2) = 13

e(0,2) = 6

d(1,4,0) = 28

d(0,1,7) = 30

σ(0,3) = 2

r(0,3) = 107

l(0,3) = 14

e(0,3) = 5

d(4,0,0) = 27

d(1,2,7) = 30

σ(0,4) = 3

r(0,4) = 100

l(0,4) = 15

e(0,4) = 5

d(1,4,1) = 26

d(2,3,7) = 30

σ(1,0) = 1

r(1,0) = 117

l(1,0) = 10

e(1,0) = 4

d(2,2,1) = 15

d(3,4,7) = 30

σ(1,1) = 3

r(1,1) = 113

l(1,1) = 12

e(1,1) = 4

d(0,3,1) = 39

d(4,4,8) = 30

σ(1,2) = 2

r(1,2) = 108

l(1,2) = 13

e(1,2) = 6

d(3,2,1) = 24

d(0,0,8) = 30

σ(1,3) = 1

r(1,3) = 104

l(1,3) = 14

e(1,3) = 6

d(4,4,1) = 32

d(2,2,8) = 30

σ(1,4) = 3

r(1,4) = 116

l(1,4) = 15

e(1,4) = 4

d(1,1,2) = 28

d(1,1,8) = 30

σ(2,0) = 3

r(2,0) = 107

l(2,0) = 10

e(2,0) = 4

d(0,4,2) = 35

d(0,2,8) = 30

σ(2,1) = 3

r(2,1) = 114

l(2,1) = 12

e(2,1) = 4

d(2,4,2) = 33

d(1,3,8) = 30

σ(2,2) = 1

r(2,2) = 115

l(2,2) = 13

e(2,2) = 4

d(3,2,2) = 30

d(2,4,8) = 30

σ(2,3) = 3

r(2,3) = 111

l(2,3) = 14

e(2,3) = 5

d(0,4,3) = 30

d(4,0,10) = 30

σ(2,4) = 1

r(2,4) = 116

l(2,4) = 15

e(2,4) = 5

d(1,3,3) = 30

d(3,1,10) = 30

σ(3,0) = 2

r(3,0) = 104

l(3,0) = 10

e(3,0) = 5

d(2,0,3) = 30

d(2,2,10) = 30

σ(3,1) = 1

r(3,1) = 116

l(3,1) = 12

e(3,1) = 6

d(1,1,3) = 30

d(4,3,11) = 30

σ(3,2) = 2

r(3,2) = 112

l(3,2) = 12

e(3,2) = 6

d(1,4, 4) = 30

d(3,4,11) = 30

σ(3,3) = 2

r(3,3) = 107

l(3,3) = 14

e(3,3) = 4

d(3,4, 4) = 30

σ(3,4) = 3

r(3,4) = 102

l(3,4) = 15

e(3,4) = 4

d(4,0,4) = 30

σ(4,0) = 2

r(4,0) = 101

l(4,0) = 10

e(4,0) = 4

d(1,2,4) = 30

σ(4,1) = 3

r(4,1) = 112

l(4,1) = 12

e(4,1) = 5

d(2,2, 5) = 30

σ(4,2) = 3

r(4,2) = 118

l(4,2) = 13

e(4,2) = 6

d(0,4,5) = 30

σ(4,3) = 2

r(4,3) = 118

l(4,3) = 14

e(4,3) = 4

d(2,3,6) = 30

σ(4,4) = 3

r(4,4) = 109

l(4,4) = 15

e(4,4) = 4

d(4,2, 6) = 30

Λ = 5, R = $40, ̂
μ ̃Elr  (k = 6, a = 3),  ψ = 0.33, θ = 0.5, q = $10, sj = hi = $5∀i, SYit = 100 rail-cars, SYjt = 100 rail-cars, and 12 customer
arrivals.

Fig. 5. Customer arrival rate and service rate.

integer variables. Note that since each variable is updated at each time interval during our simulation, the t is dropped for convenience.
5. Experimental results
Numerical computations were investigated to validate the efficiency of the proposed rail-car fleet sizing problem. We verify that the
proposed non-myopic allocation of rail-cars can improve the social welfare compared to the myopic policy. Our algorithms have been
developed using Visual Studio 2012 (C#), Microsoft SQL Server 2016, Matlab R2015b, and CPLEX software on an Intel Core i79
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Fig. 6. Simulated results for rail-car allocation-relocation problem using two policies.

2670QM CPU with 2.2 GHz and 8 GB RAM, running on a 64-bit Windows 10 operating system.
5.1. The numerical example
We evaluate two policies for our numerical example: rail-car fleet sizing under β = 1 (non-myopic) and rail-car fleet sizing under
β = 0 (myopic) and marginal price pm . The standard monopoly price (called marginal price) ignores the customer user delay and the
customer have to pay the price pm that maximizes the expected revenue function (Sayarshad and Gao, 2018):
)]
[ (
1 − ρk(p)
{pm }∗ = argmax pΛ
(12)
1 − ρk(p)+1
Our numerical example includes five origins and five destinations on a multi-period rolling horizon. The values of αijτt and γjiτt are
10
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Table 2
Decision results with/without look-ahead policy.
Myopic policy

Non-myopic policy

Lijt

Ejit

Lijt

Ejit

p*n ($)

L(0,3,0) = 36
L(1,4,0) = 54
L(2,1,0) = 35
L(3,2,0) = 24
L(4,0,0) = 27
L(4,4,0) = 32
L(1,1,1) = 4
L(0,3,2) = 3
L(0,4,2) = 65
L(1,1,2) = 54
L(2,0,2) = 30
L(3,2,2) = 30
L(1,4,3) = 6
L(3,4,3) = 24
L(0,4,4) = 30
L(1,2,4) = 30
L(1,3,4) = 26
L(1,4,4) = 24
L(2,2,4) = 6
L(3,4,4) = 6
L(4,0,4) = 30
L(2,3,5) = 30
L(4,2,5) = 30
L(0,1,6) = 26
L(1,2,6) = 30
L(2,3,6) = 30
L(3,4,6) = 30
L(4,4,6) = 30
L(2,2,6) = 6
L(1,1,7) = 30
L(4,4,7) = 30
L(0,1,8) = 21
L(0,2,8) = 30
L(2,4,8) = 2
L(1,3,8) = 37
L(2,2,8) = 62
L(3,1,9) = 30
L(4,0,9) = 30
L(2,2,10) = 31
L(2,4,10) = 61
L(3,4,10) = 30
L(4,3,10) = 30
L(0,0,11) = 30
L(1,3,11) = 27

E(0,1,1) = 21
E(0,2,1) = 6
E(1,1,1) = 35
E(2,2,1) = 24
E(3,3,1) = 12
E(4,0,1) = 68
E(4,3,1) = 18
E(1,1,2) = 4
E(3,3,2) = 24
E(0,1,3) = 26
E(0,2,3) = 4
E(1,1,3) = 54
E(2,2,3) = 30
E(3,2,3) = 2
E(3,3,3) = 1
E(4,0,3) = 30
E(4,3,3) = 5
E(4,4,3) = 30
E(4,4,4) = 30
E(0,1,5) = 30
E(2,2,5) = 36
E(3,3,5) = 26
E(4,0,5) = 26
E(4,3,5) = 4
E(4,4,5) = 30
E(2,1,6) = 30
E(3,4,6) = 30
E(1,1,7) = 26
E(2,2,7) = 36
E(3,0,7) = 2
E(3,2,7) = 28
E(4,0,7) = 49
E(4,1,7) = 11
E(1,4,8) = 30
E(4,3,8) = 30
E(1,4,9) = 21
E(2,2,9) = 92
E(3,3,9) = 28
E(3,4,9) = 9
E(4,3,9) = 2
E(0,1,10) = 27
E(1,0,10) = 30

L(0,3,0) = 26
L(1,4,0) = 54
L(2,1,0) = 35
L(3,2,0) = 24
L(4,0,0) = 27
L(4,4,0) = 32
L(0,3,2) = 13
L(0,4,2) = 65
L(1,1,2) = 58
L(2,0,2) = 30
L(3,2,2) = 30
L(3,4,3) = 2
L(0,1,4) = 5
L(0,4,4) = 30
L(1,2,4) = 30
L(1,4,4) = 30
L(2,2,4) = 42
L(3,4,4) = 28
L(4,0,4) = 30
L(2,3,5) = 1
L(4,4,5) = 2
L(0,1,6) = 12
L(1,3,6) = 60
L(2,2,6) = 3
L(2,3,6) = 29
L(2,4,6) = 33
L(4,2,6) = 30
L(4,4,6) = 28
L(0,1,7) = 30
L(1,2,7) = 30
L(2,3,7) = 30
L(3,4,7) = 30
L(1,1,8) = 30
L(2,2,8) = 15
L(4,4,8) = 15
L(0,0,9) = 15
L(0,2,9) = 30
L(1,3,9) = 30
L(2,4,9) = 30
L(4,4,9) = 15
L(0,0,10) = 15
L(2,2,10) = 15
L(4,0,10) = 30
L(2,2,11) = 30
L(3,1,11) = 30
L(3,4,11) = 30
L(4,3,11) = 30
SW = 111.02
Fleet size = 198

E(0,1,1) = 23
E(0,2,1) = 4
E(1,1,1) = 35
E(2,2,1) = 24
E(3,3,1) = 26
E(4,0,1) = 78
E(4,2,1) = 2
E(4,3,1) = 4
E(4,3,2) = 2
E(0,1,3) = 2
E(0,2,3) = 13
E(0,3,3) = 15
E(1,1,3) = 58
E(2,2,3) = 30
E(3,3,3) = 13
E(4,0,3) = 35
E(4,4,3) = 30
E(4,4,4) = 2
E(0,1,5) = 30
E(1,1,5) = 5
E(2,1,5) = 7
E(2,2,5) = 65
E(4,0,5) = 12
E(4,1,5) = 18
E(4,4,5) = 58
E(1,1,8) = 30
E(2,2,8) = 30
E(3,0,8) = 15
E(3,4,8) = 15
E(4,0,8) = 30
E(1,0,9) = 15
E(1,4,9) = 15
E(2,2,9) = 15
E(4,4,9) = 15
E(0,4,10) = 15
E(2,2,10) = 30
E(3,3,10) = 15
E(3,4,10) = 15
E(4,3,10) = 45

40
22.57
22.35
40
22.26
40
22.94
22.22
40
40
40
22.1

SW = 82.49
Fleet size = 212
Price = $40

determined by taking travel time between origin and destination that defines by a range between zero and one (no delay between
origins and destinations is assumed), for the sake of simplicity, they are set to either one or zero. The number of orders is defined by
random which can be the average number of demands for each OD pair per unit time. The input parameters employed in our simulated
runs are given in Table 1.
Fig. 5 denotes the mean arrival rate and service rate. The arrival rates are assumed to follow the Poisson process. Note that the
optimal customer arrival rates are calculated by the model where a queue-joining threshold is considered to determine an effective
customer arrival who will join the queue. The service rate is denoted by a member of k-Erlang family of distributions with the shape
parameter 6 and scale parameter 3 (Parikh, 1977).
Fig. 6 shows the simulation results under myopic and non-myopic policies. The results of the rail-car fleet sizing without a lookahead policy are summarized graphically in Fig. 6a. The simulated result for the proposed approach with look-ahead policy is pre
sented in Fig. 6b. As it is observed in Fig. 6, the optimal fleet size of rail freight cars is equal to rail-car fleet stock in various nodes at the
start or at the end of each optimal rail-car allocation solution ζ* . Our results demonstrate that the fleet size for the proposed nonmyopic policy is calculated by max(198, 180) = 198 based on the optimal allocation sets ζ*
11

(1)

and ζ*

(2)

, while it is 212 under the
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Fig. 7. A comparison of non-myopic and myopic rail-car fleet sizing policies.
Table 3
The simulation results for different nodes and arrival rates.
Prob.
1
2
3
4
5

NO

2
5
10
12
14

ND

2
5
10
12
14

Λ

4
5
7
7
8

Non-myopic policy

Myopic policy

Relative difference (SW)

SW

FS

SW

FS

107.56
111.02
132.60
157.8347
196.7244

37
198
231
262
348

81.78
82.34
102.92
123.3707
144.1051

31
212
202
305
365

24%
25.83%
23%
22%
27%

*FS: Fleet Size; SW: Social Welfare.

myopic case. However, we find an optimal point between system costs (in terms of the rail-car loaded/unloaded cost and holding cost)
and customer delay that maximizes social welfare. Using the proposed rail-car allocation policy, the average social welfare is 111.02,
while it is 82.349 for myopic rail-car allocation policy. Therefore, the proposed policy improves the social welfare by 25.83%
compared to the myopic policy. This relatively high price (marginal) in the policy reflects the supply falls short of potential demands.
The values of decision variables Lijt , Ejit , and the optimal price pn are shown in Table 2.
5.2. Model evaluation and discussion
In recent years, the rail freight transport sector has faced significant demand growth that leads to increased competition in freight
transport market. This research is focused on the implications on social welfare, system performance and customer delay that increase
the capacity of railways to deliver goods. We compare the average social welfare of the proposed dynamic rail-car fleet sizing policy
with a look-ahead policy against a myopic rail-car fleet sizing policy over the 30 runs. We define two scenarios for our simulation tests:
rail-car fleet sizing under β = 0 (myopic) and marginal price pm , rail-car fleet sizing under β = 1 (non-myopic). We determine the
marginal price using the revenue-maximizing price that does not account for customer delay. The results of that evaluation are shown
in Fig. 7. We prove that non-myopic fleet sizing problem can have a significant result: The minimum, average, and maximum values of
the average welfare based on the proposed dynamic rail-car fleet sizing (non-myopic) are 89.580, 111.026, and 133.519, respectively,
whereas for the myopic case they are 82.027, 82.342, and 82.623. The performance of the proposed rail-cars allocation policy in terms
of the average social welfare was better than that of the myopic case by 8.43% (Min), 25.83% (Ave), and 38.11% (Max) under the 30
simulated runs.
Table 3 presents the average of social welfare under different aggregate arrival rate and the number of origins and destinations in
our experiments. Especially, the total fleet size under the non-myopic policy goes up in the Problems 1 and 3 in compared to myopic
policy. The myopic policy ignores future demands and the expected value of customer is increased in comparison with non-myopic
12
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Table 4
Summary of sensitivity tests of the degree of
look-ahead (β).
β

Social Welfare (SW)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

103.0429
133.5412
133.4745
133.4078
133.3411
133.2744
133.2077
133.1411
133.0744
133.0077
132.941

Table 5
A comparison of non-myopic pricing policy and marginal pricing.
Customers

Marginal pricing policy ($)

Non-myopic pricing policy ($)

1
2
3
4
5
6
7
8
9
10
11
12

40
40
40
40
40
40
40
40
40
40
40
40

40
40
40
40
40
40
40
22.544
40
40
22.037
22.196

policy. However, it indicates that total fleet size under non-myopic policy is 1076 rail freight cars, while it is 1115 for myopic policy.
Finally, the social welfare is significantly increased by up to 27% under non-myopic freight car allocation policy compared to the
myopic case.
Rail-cars distribution models are usually based on objectives such as profit maximization and cost minimization. In this study, a
dynamic rail-cars allocation model is developed to determine how the rail freight cars should be assigned among the different op
erators such that the total social welfare can be maximized. Using the same parameters and the railway network with ten origins and
ten destinations, we observe that the proposed dynamic model with a non-zero value of β for the distribution of rail freight cars can
provide better results compared to myopic policy. Table 4 shows that β = 0.1 makes the best results, where the social welfare under
long-term horizon look-ahead is 133.5412.
The proposed non-myopic policy is based on a socially efficient rate that allows railways to offer lower prices to customers in order
to make railways more competitive than other modes of freight transport and earn sufficient profits. As shown in Table 5, we compare
prices under two different policies for the same network: non-myopic pricing policy and marginal pricing policy. The average prices for
12 customers under non-myopic and marginal pricing are $40, and $35.564, respectively. Thus, the average price under the proposed
policy decreases by 11% compared to the marginal price.
6. Conclusion
We proposed a new approximation queuing model for the dynamic rail-car fleet sizing model. We detect the proposed rail-car fleet
sizing under a look-ahead policy can efficiently increase the system performance where the average social welfare improves by up to
27%. The proposed dynamic approach provides an online coordinated rail-car fleet sizing problem that considers operator cost,
customer delay, and the distribution of rail freight cars under limited yard capacity. We considered a dynamic pricing policy that gives
priority to customers depending on their willingness to pay in order to achieve a social optimum.
One direction of future research will be studied a socially efficient level for other forms of queuing models, such as multi-server
queuing model or bulking level queuing model. When assigning locomotives to trains, the first question that has to be answered is
how much power is needed to pull the train. The second challenge is inclusion of the locomotive assignment approach and train
routing/scheduling problem in the proposed framework (Powell and Bouzaiene-Ayari, 2006; Piu et al., 2015). A case study using the
actual rail freight dataset on a real freight rail transport network with performance validation would be extremely valuable. Lastly, the
proposed dynamic rail-car fleet planning problem could also be used as a general framework to consider a multimodal freight transport
system which is an interesting research direction (Moccia et al., 2010).
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