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• Develop LBM performance to simulate the heat flux of heat source.
• Natural convection and mixed convection of inclined driven cavity by LBM.
• Modify collision operator and macroscopic velocities equations in LBM.

a r t i c l e i n f o

Article history:

Received 18 February 2018

Received in revised form 23 April 2018

Available online xxxx

Keywords:

Lattice Boltzmann method

Heat flux boundary condition

Heat source

a b s t r a c t

Nano scale method of lattice Boltzmann is developed to predict the fluid flow and heat
transfer of air through the inclined lid driven 2-D cavity while a large heat source is
considered inside it. Two case studies are supposed: first one is a pure natural convection at
Grashof number from 400 to 4000000 and second one is a mixed convection at Richardson
number from 0.1 to 10 at various cavity inclination angles. Using LBM to simulate the
constant heat flux boundary condition along the obstacle, is presented for the first time
while the buoyancy forces affect the velocity components at each inclination angle; hence
the collision operator of LBM and also a way to estimate the macroscopic velocities should
be modified. Results are shown in the terms of streamlines and isotherms, beside the
profiles of velocity, temperature and Nusselt number. It is observed that the present model
of LBM is appropriately able to simulate the supposed domain. Moreover, the effects of
inclination angle are more important at higher values of Richardson number.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Various particle base methods like lattice Boltzmann method (LBM) have been introduced by now to simulate the fluid
flow. In general, all particle base methods like molecular dynamic (MD), direct simulation of Monte Carlo (DSMC) or LBM
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Nomenclature

e Internal energy

f Hydrodynamic distribution function

g Thermal distribution function

g Vector of gravity

Gr Grashof number

H Cavity height

L Cavity length

Nu Nusselt number

q Heat flux

Re Reynolds number

Ri Richardson number

Tc Cold wall temperature

u Vector of macroscopic velocity

U0 Upper wall velocity

(U, V ) Velocities in dimensionless forms

(X, Y ) Coordinates in dimensionless forms

Greek symbols

ρ Density

γ Cavity inclination angle

υ Kinematic viscosity

θ Dimensionless temperature

can be implied at different flow regimes including MEMS and NEMS; however using MD and DSMC would be much time
consuming at macro or even at micro scales. As a result, LBM usage has increased in recent decade; and a great number of
works can be addressed to improve LBM ability at macro, micro or nanoscales [1–15].

In addition, LBM is based on first-order PDE Boltzmann equation, which makes its discretization and coding easier than
using the well-known Naiver–Stokes approach. Moreover, the pressure field is directly achieved by LBMwith no more need
to other equations. It means LBM would be more useful to simulate the more complex or multi-phase flows in comparison
with SIMPLE algorithm approach [16–33].

LBMworks based on the collision and streaming between the virtual particles located on the nodes of a lattice at each time
step. To do this, the Boltzmann equation is defined according to the microscopic density–momentum distribution function
of ‘‘f ’’ so that all other macroscopic variables can be achieved simply through it [34–56].

Various models of LBM have been developed to simulate the thermal domains. Among them, double population
distribution functions model, showedmore desired performance in both aspects of accuracy and convergence. In this way, a
separate distribution function of ‘‘g ’’, called internal energy distribution function, was introduced for the temperature field,
which was defined according to density–momentum distribution function of ‘‘f ’’ [57–71]. However, there are still several
drawbacks in different presented models of LBM such as weak convergence procedure or undesired accuracy at different
boundary condition models in the form of LBM approach. In addition, LBM is a compressible way for the ideal gases, which
means the incompressible flows can be modeled by this way at near incompressible limit (low values of Mach number).
Therefore, LBMwould be encounter to compressibility error at higher values of Mach number. Thesementioned facts beside
some other minor ones, have made researchers to work on LBM and improve its performance in different aspects as like
developing the better boundary condition models or using a suitable collision operator like BGK model or even introducing
appropriate models of relaxation times to increase convergence. The last object leads to apply LBM for the fluids with higher
Prandtl number as like the nanofluids [72–89].

2. Problem statement and present work novelty

Fluid flow and heat transfer of air (Pr = υ/α = 0.7) through the inclined lid driven 2-D cavity is studied by the
nano scale method of LBM while a large heat source is considered inside it (Fig. 1). Upper and lower walls of the obstacle
are imposed by a constant heat flux of q′′0 . Moreover the aspect ratio of cavity equals to L/H = 3 and its sidewalls are
adiabatic.
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Fig. 1. The schematic view of the cavity with heat source inside.

Fig. 2. Lattice of D2Q 9 .

Two case studies are assumed: first one is a pure natural convection at Grashof number chosen as Gr = gβq′′0H
4/

(Kυ2)=400, Gr = 40 000 and Gr = 4000 000 while the cold upper and lower walls are fixed with no motion; and the
second case is a mixed convection at Richardson number changes as Ri = Gr/Re2 = 0.1, Ri = 1 and Ri = 10 for the fixed
value of Reynolds number (Re = U0H/υ = 200) while the cold upper wall moves with constant velocity of U0. Cavity
inclination angle corresponds from horizontal to vertical positions as γ = 0◦, γ = 30◦, γ = 60◦ and γ = 90◦ through all
states of the second case.

As a result, present work aims to develop LBM performance to simulate the fluid flow and heat transfer in such supposed
physical configuration. Using LBM to simulate the constant heat flux boundary condition along the obstacle, is presented
for the first time while the buoyancy forces affect the velocity components at each inclination angle; hence the collision
operator of LBM and also a way to estimate the macroscopic velocities should be modified.
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Fig. 3. Profiles of velocity and temperature versus Iwatsu et al. [3].

3. Equations

3.1. Lattice Boltzmann Method

Hydrodynamic and thermal Boltzmann equations are written as follows using D2Q9 lattice (Fig. 2),

∂ fi

∂t
+ ciα

∂ fi

∂xα

= −
fi − f ei

τf
(1)

∂gi

∂t
+ ciα

∂gi

∂xα

= −
gi − ge

i

τg
− fiZi (2)
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Fig. 4. The comparison of dimensionless temperature against Habchi & Acharya [4].

Fig. 5. Pure natural convection streamlines and isotherms of horizontal cavity at Gr = 400.

c i=0 = (0, 0) , c i=1,2,3,4 =
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∂uα

∂xα
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Fig. 6. Pure natural convection streamlines and isotherms of horizontal cavity at Gr = 40 000.

where c shows the microscopic velocity. i and α also represent the lattice velocity directions and Cartesian geometry
components, respectively. Moreover τf and τg imply the hydrodynamic and thermal relaxation times. The equilibrium
distribution functions:

f ei=0,1,...,8 = ωiρ

[
1+

3c i · u
c2

+
9(c i · u)2

2c4
−

3u2

2c2

]
, ω0 = 4/9, ω1,2,3,4 = 1/9, ω5,6,7,8 = 1/36 (5)

ge
0 = −

2

3
ρe

[
u2

c2

]
, ge

1,2,3,4 =
1

9
ρe

[
1.5+ 1.5

c1,2,3,4 · u
c2

+ 4.5
(c1,2,3,4 · u)2

c4
− 1.5

u2

c2

]

ge
5,6,7,8 =

1

36
ρe

[
3+ 6

c5,6,7,8 · u
c2

+ 4.5
(c5,6,7,8 · u)2

c4
− 1.5

u2

c2

] (6)

Now discretized figure of Boltzmann equation:

fi(x+ c i∆t, t +∆t)− fi(x, t) = −
∆t

τf
(fi(x, t)− f ei (x, t)) (7)

in which υ = τf RT , leads to:

−
fi(x, t)− f ei (x, t)

τf
= −

∆t

2τf

[
fi(x+ c i∆t, t +∆t)− f ei (x+ c i∆t, t +∆t)

]
−

∆t

2τf

[
fi(x, t)− f ei (x, t)

]
(8)

fi(x+ c i∆t, t +∆t)− fi(x, t) = −
∆t

2τf

[
fi(x+ c i∆t, t +∆t)− f ei (x+ c i∆t, t +∆t)

]
−

∆t

2τf

[
fi(x, t)− f ei (x, t)

]
(9)

and through the same procedure for the thermal equation, using α = 2τgRT :

−
gi(x, t)− ge

i (x, t)

τg
− fi(x, t)Zi(x, t) = −

∆t

2τg

[
gi(x+ c i∆t, t +∆t)− ge

i (x+ c i∆t, t +∆t)
]

−
∆t

2
fi(x+ c i∆t, t +∆t)Zi(x+ c i∆t, t +∆t)−

∆t

2τg

[
gi(x, t)− ge

i (x, t)
]
−

∆t

2
fi(x, t)Zi(x, t)

(10)

gi(x+ c i∆t, t +∆t)− gi(x, t) = −
∆t

2τg

[
gi(x+ c i∆t, t +∆t)− ge

i (x+ c i∆t, t +∆t)
]

−
∆t

2
fi(x+ c i∆t, t +∆t)Zi(x+ c i∆t, t +∆t)−

∆t

2τg

[
gi(x, t)− ge

i (x, t)
]
−

∆t

2
fi(x, t)Zi(x, t)

(11)
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Fig. 7. Dimensionless vertical velocity and temperature profiles along the horizontal centerline of cavity in pure natural convection state.

Two distribution functions of f̃i and g̃i are used to overcome the difficulty of the implicitness of two last equations.

f̃i = fi +
∆t

2τf
(fi − f ei )−

∆t

2
F and g̃i = gi +

∆t

2τg
(gi − ge

i )+
∆t

2
fiZi (12)

Collision and streaming steps:

f̃i(x+ c i∆t, t +∆t)− f̃i(x, t) = −
∆t

τf + 0.5∆t

[̃
fi(x, t)− f ei (x, t)

]
(13)

g̃i(x+ c i∆t, t +∆t)− g̃i(x, t) = −
∆t

τg + 0.5∆t

[
g̃i(x, t)− ge

i (x, t)
]
−

τg∆t

τg + 0.5∆t
fiZi (14)

Finally determine the macroscopic variables as follows,

ρ =
∑

i

f̃i, ρe = ρRT =
∑

i

g̃i −
∆t

2

∑

i

fiZi, ρu =
∑

i

c ĩfi (15)

q =
(∑

i c ĩgi − ρeu− 0.5∆t
∑

i c ifiZi
)
τg

τg + 0.5∆t
(16)
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Fig. 8. Streamlines at Ri = 0.1 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

3.2. Gravity

Buoyancy force is introduced as G = βg(T − T ) and F = G.(c− u)f e/RT applying the Boussinesq approximation,

∂t f + (c.∇)f = −
f − f e

τf
+ F (17)

and the equations discretized forms, considering the gravity effects:

∂t fi + (c i.∇)fi = −
fi − f ei

τf
+

G.(c i − u)

RT
f ei (18)
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Fig. 9. Isotherms at Ri = 0.1 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

f̃i(x+ c i∆t, t +∆t)− f̃i(x, t) = −
∆t

τf + 0.5∆t

[̃
fi − f ei

]

+
(

∆tτf

τf + 0.5∆t

3G(cix − u)

c2
f ei

)
sin γ +

(
∆tτf

τf + 0.5∆t

3G(ciy − v)

c2
f ei

)
cos γ

(19)

f̃i = fi +
∆t

2τf
(fi − f ei )−

∆t

2
F ⇒ fi =

τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t
F (20)
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Fig. 10. Streamlines at Ri = 1 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

fi =
τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t

G.(ci − u)

RT
f ei (21)

Through a simple math procedure on Eq. (21):

fi =
τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+
(

0.5∆tτf

τf + 0.5∆t

G(cix − u)

RT
f ei

)
sin γ +

(
0.5∆tτf

τf + 0.5∆t

G(ciy − v)

RT
f ei

)
cos γ (22)
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Fig. 11. Isotherms at Ri = 1 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

Finally the macroscopic variables, including the influences of gravity and inclination angle,

ρ =
∑

i

f̃i and u = (1/ρ)
∑

i

f̃icix +
∆t

2
G sin γ and v = (1/ρ)

∑

i

f̃iciy +
∆t

2
G cos γ (23)

3.3. Hydrodynamic boundary conditions

No-slip boundary condition is simulated using the non-equilibrium bounce back model of LBM.
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Fig. 12. Streamlines at Ri = 10 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

For example for the west wall:

ρ =
∑

i

f̃i ⇒ f̃1 + f̃5 + f̃8 = ρw − (̃f0 + f̃2 + f̃3 + f̃4 + f̃6 + f̃7) (24)

u = (1/ρ)
∑

i

f̃icix +
∆t

2
G sin γ ⇒ f̃1 + f̃5 + f̃8 = ρwUw + (̃f3 + f̃6 + f̃7)−∆t/2ρwG sin γ (25)



222 M. Goodarzi et al. / Physica A 509 (2018) 210–233

Fig. 13. Isotherms at Ri = 10 for γ = 0 (top), γ = 30, γ = 60 and γ = 90◦ (bottom).

v = (1/ρ)
∑

i

f̃iciy +
∆t

2
G cos γ ⇒ f̃5 − f̃8 = ρwVw + (−̃f2 + f̃4 − f̃6 + f̃7)−∆t/2ρwG cos γ (26)

f̃1 − f̃ e1 = f̃3 − f̃ e3 ⇒ f̃1 = f̃3 +
2

3
ρwUw. (27)



M. Goodarzi et al. / Physica A 509 (2018) 210–233 223

Fig. 14. Dimensionless horizontal velocity profiles at vertical centerline of cavity.

Applying Eq. (27) in Eqs. (25) and (26),

f̃8 = f̃6 −
f̃4 − f̃2

2
+

1

6
ρwUw −

1

2
ρwVw +

∆t

4
ρwG(cos γ − sin γ )

f̃5 = f̃7 +
f̃4 − f̃2

2
+

1

6
ρwUw +

1

2
ρwVw −

∆t

4
ρwG(cos γ + sin γ )

(28)

3.4. Thermal boundary conditions

GPTBC model of D’Orazio, according to non-equilibrium bounce back model, is used to represent the cold wall tempera-
ture. For example, for the cavity top moving lid [20,21]:

g̃4,7,8 = ρ
(
e+ e′

)
×

(
ge
4,7,8/ρe

)
and ρe′ = 2ρe+ 1.5∆t

∑

i

fiZi − 3K (29)

g̃7 = (3ρe+ 1.5∆t
∑

i

fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[3.0− 6U0 + 3.0U2
0 ]

1

36

g̃4 = (3ρe+ 1.5∆t
∑

i

fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[1.5− 1.5U2
0 ]

1

9

g̃8 = (3ρe+ 1.5∆t
∑

i

fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[3.0− 6U0 + 3.0U2
0 ]

1

36

(30)
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Fig. 15. Dimensionless horizontal velocity profiles along the vertical centerline of cavity at various Ri.

GPTBC model can also be used for the adiabatic sidewalls. For example for the cavity west wall, including qx = 0 in
Eq. (15):

∑

i

cix̃gi = 0.5∆t
∑

i

cixfiZi (31)

ρe′ = 3(̃g6 + g̃3 + g̃7)+ 1.5∆t
∑

i

cix

c
fiZi − ρe (32)

The hydrodynamic and thermal boundary conditions of the obstacle in the LBM form, can be written through the same
way. Moreover the following equations are used in order to present the results in dimensionless forms,

X = x/H, Y = y/H, θ = (T − Tc)/∆T , Nux =
H

∆T

∂T

∂y
, ∆T = q′′0H/K

Natural convection: U = u/

√
H2βgq′′0/K , V = v/

√
H2βgq′′0/K

Mixed convection: U = u/U0, V = v/U0

(33)

In the case of pure natural convection, the first pair of U & V in the above equation is used; Obviously for the state of
mixed convection, the velocities would be presented in dimensionless forms based on the last objects of Eq. (33).
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Fig. 16. Dimensionless temperature profiles at vertical centerline of cavity.

Table 1

Grid independency study for γ = 0, Ri = 0.1 at X = 1.5 and Y = 0.9.

Mesh

Parameters 180× 60 210× 70 240× 80

U 0.366 0.372 0.375

θ 0.0728 0.0735 0.0739

4. Results and discussion

4.1. Grid study and validation

Table 1 shows the grid independency study for the state of γ = 0 and Ri = 0.1 at the point of X = 1.5 and Y = 0.9. It is
observed that the differences between the results corresponded to 210× 70 and 240× 80 are negligible so that the lattice
nodes of 210× 70 are found suitable for the following computations.

The first validation is presented in Fig. 3 with those of Iwatsu et al. [3] concerned an enclosure which is heated from
upper lid and cooled from the lower wall while its adiabatic sidewalls are kept adiabatic at Gr = 102 and Re = 400. The
second case study for the validation is chosen in a way to investigate the simulation of obstacle existence through the fluid
flow as well as a work reported by Habchi & Acharya [4] involved mixed convection in a vertical channel (x-direction) with
a attached hot block to its right wall. Fig. 4 illustrates the comparison of dimensionless temperature from present work by
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Fig. 17. Dimensionless temperature profiles along the vertical centerline of cavity at various Ri.

LBM versus Ref. [4] along the channel cross-section of x/L = 0.77 at Ra = 105 for Ri = 0.1 and Ri = 5. The good agreements
are seen in both figures of 3 and 4.

4.2. Pure natural convection

Figs. 5 and 6 represent the pure natural convection streamlines and isotherms of horizontal cavity at Gr = 400 and
Gr = 40 000, respectively. Two strong cells around the cavity heat source and their corresponded symmetric isotherms
can be seen in these figures. Perpendicular isotherms to the adiabatic walls and completely symmetric position of them,
than to the vertical cavity centerline, are other visual achievements. Moreover isotherms are dense and compact around the
horizontal walls of obstacle due to imposing heat flux at these areas.

Dimensionless vertical velocity (V ) and temperature profiles (θ ) along the horizontal centerline of cavity in pure natural
convection state are presented in Fig. 7. More Gr corresponds to more V which means generating two stronger rotational
cells at higher values of Grashof number in the left and right hand sides of the heat source.

4.3. Mixed convection

Figs. 8, 9, 10, 11, 12 and 13 show the streamlines and isotherms for γ = 0, γ = 30, γ = 60 and γ = 90◦ at Ri = 0.1,
Ri = 1 and Ri = 10 respectively; while the cavity upper lid moves with constant velocity of U0 which represent the mixed
convection state. A large and long cell dominates the whole domain of cavity which no changes are seen through it at higher
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Fig. 18. Dimensionless temperature profiles at horizontal centerline of cavity.

inclination angle (γ ) at Ri = 0.1 (which implies the force convection domination state). However it will change and divide
to several smaller cells at higher γ at Ri = 10. In the all states, the center of the main cell is seen in the right hand side of
obstacle. Moreover dense isotherms are generated adjacent to the heat source upper wall and less dense ones can be seen
around the obstacle lower wall. Isotherms are normal to the cavity and heat source adiabatic sidewalls. More γ corresponds
to more change in isotherms at Ri = 10 which represents the free convection domination.

Dimensionless horizontal velocity profiles (U) along the vertical centerline of cavity are presented in Fig. 14 for Ri = 1
(mixed convection domination state) and Ri = 10. It is observed that U = 0 at Y = 0, Y = 1 (cavity upper and lower
walls) and at Y = 1/3 , Y = 2/3 (heat source upper and lower walls) according to no-slip boundary condition. At the state
of Ri = 1, the flow direction is in the opposite of X inside the bottom domain of obstacle while the flow direction is in the
same way with cavity upper lid (the same direction with X) inside the top domain of obstacle. At the state of Ri = 10, more
changes in U profiles are seen with γ so that the absolute value of U equals to 0.74 at Y = 0.1 which is significantly higher
than that of Ri = 1. These trends can also be seen in Fig. 15 which represents the effects of Richardson number on U profiles
at both horizontal and vertical positions of cavity.

In the following, dimensionless temperature profiles (θ ) at vertical centerline of cavity are presented in Fig. 16. At the
state of Ri = 1, it is seen that θ = 0 on both cavity cold walls and θ = 0.18 on heat source lower wall and θ = 0.31 at
heat source upper wall which they both illustrate the domain under the constant heat flux. At Ri = 10, the temperature on
the heat source lower wall increases with γ while the temperature of heat source upper wall decreases with γ . These facts
can also be traced in Figs. 17 and 18 concerned θ profiles along the vertical and horizontal centerlines of cavity at various
amounts of Ri, respectively.

More focus on heat transfer rate, Figs. 19, 20 and 21 present the local Nusselt number along the cavity upper and lower
walls at various inclination angles and Richardson number. More severed oscillations are observed through those of along
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Fig. 19. Local Nusselt number at various cavity inclination angles.

the cavity upper wall; Moreover NuX values are in general greater along that wall rather than the cavity lower wall. To have
a better vision, Fig. 22 illustrates the averaged Nusselt number (Num) along the cavity horizontal walls. It is seen that Num

is significantly higher on cavity upper wall in comparison with its amount along the cavity lower wall, which implies the
main heart transfer rate is achieved along the top lid. At Ri = 0.1 and Ri = 1, Nusselt number does not change significantly
with γ however this event is completely different from the state of Ri = 10; so that more γ corresponds to larger Num on
the cavity lower wall. It should be mentioned that fact occurs in inverse on the cavity upper wall.

5. Conclusion

Fluid flow and heat transfer of air in the inclined lid driven cavity was studied by the nano scale method of lattice
Boltzmann while a large heat source was considered inside it. Upper and lower walls of the obstacle were imposed by a
constant heat flux of q′′0 . Two case studies were assumed: first one was a pure natural convection and the second case was a
mixed convection at Richardson number changes as Ri = 0.1, Ri = 1 and Ri = 10.

Present work developed LBM performance to simulate the fluid flow and heat transfer in such supposed physical
configuration. Using LBM to simulate the constant heat flux boundary condition along the obstacle, was presented for the
first time while the buoyancy forces affected the velocity components at each inclination angle; hence the collision operator
of LBM and also a way to estimate the macroscopic velocities were modified.
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Fig. 20. Local Nusselt number at various Ri for γ = 0.

Moreover the following physical points can be addressed in brief:

Pure natural convection state: Two strong cells around the heat source and their corresponded symmetric isotherms can
be seen. Perpendicular isotherms to the adiabatic walls and completely symmetric position of them, than to the vertical
cavity centerline, are other visual achievements. Moreover isotherms are dense and compact around the horizontal walls of
obstacle due to imposing heat flux at these areas. Higher Gr corresponds to larger V , which means generating two stronger
cells at higher values of Grashof number in the left and right hand sides of obstacle.

Mixed convection state: A large and long cell dominates the whole domain of cavity which no changes are seen through
it at higher inclination angle at Ri = 0.1. However it will change and divide to several smaller cells at higher γ at Ri = 10. In
the all states, the center of the main cell is seen in the right hand side of obstacle. Moreover dense isotherms are generated
adjacent to the heat source upper wall and less dense ones can be seen around the obstacle lower wall. Isotherms are normal
to the cavity and heat source adiabatic sidewalls. More γ corresponds to more change in isotherms at Ri = 10. Num is
significantly higher on cavity upper wall in comparison with its amount along the cavity lower wall, which implies the main
heart transfer rate is achieved along the top lid. At Ri = 0.1 and Ri = 1, Nusselt number does not change significantly with γ

however this event is completely different from the state of Ri = 10; so that more γ corresponds to larger Num on the cavity
lower wall. It should be mentioned that fact occurs in inverse on the cavity upper wall.
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Fig. 21. Local Nusselt number at various Ri for γ = 90.

Fig. 22. Averaged Nusselt number along the cavity horizontal walls.
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