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a b s t r a c t

This paper aims to study the gravity effects on the mixed convection heat transfer in a microchannel
using lattice Boltzmann method. To include these effects, hydrodynamic boundary condition equations
are modified. In this problem, cold fluid enters the microchannel and leaves it after cooling the hot walls.
For a wide range of inlet Knudsen number (Kn), computations are performed, and for validation,
appropriate comparisons between present and previous available results are made.

As the results, stream lines, longitudinal variations of friction coefficient, Nusselt number, slip velocity
and temperature jump, and velocity and temperature profiles in different cross sections are presented.
The results show that lattice Boltzmann method can be used to simulate mixed convection in a micro-
channel, and the effects of buoyancy forces are important for Kn < 0.05, specially for hydrodynamic
properties, and thus should be included. For Kn > 0.05, these effects can be ignored. In addition, it is
observed that buoyancy forces generate a rotational cell in the microchannel flow, leading to the negative
slip velocity at Kn ¼ 0.005.

� 2011 Elsevier Masson SAS. All rights reserved.
1. Introduction

Nowadays, because of wide applications of MEMS and NEMS
(Micro and Nano Electro Mechanical Systems) such as the micro-
sensors, microvalves and micropumps, investigations of flow and
heat transfer in microdevices has attracted many researchers. The
simulation procedure of themicroscopic flows is different from that
of macroscopic flows. Microflows are classified according to the
Knudsen number defined as Kn ¼ l/DH in which DH is the hydraulic
diameter (characteristic length) and l is the molecular mean free
path. In microchannel flows, lmay be the same order of magnitude
of DH, thus contradicting the assumption of continuum, which the
basic governing equations such as continuity and NaviereStokes
equations are based on. When Kn < 0.001, fluid is continuum and
fluid motion is governed by NaviereStokes equations. But, when
Kn > 10, 0.1 < Kn < 10 and 0.001 < Kn <0.1, fluid motion is treated
as a free molecular, transient and slip flow, respectively [1e6];
These flow regimes may occur in MEMS and should be simulated
using particle-based methods, including molecular dynamics (MD)
(A. Karimipour), Nezhadd@
zio@uniroma1.it (A. D’Orazio),
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and direct simulation of Monte Carlo (DSMC) methods. The
expensive computation cost and complex mathematical equations
used in MD and DSMC have recently caused the researchers to seek
more-suitable ways like lattice Boltzmann method (LBM) to
simulate macro and microflows [7e12].

To simulate the flow and heat transfer of a slip flow, in addition
to particle-based methods, the classic NaviereStokes equations can
be used as governing equations, but slip velocity and temperature
jump are used as boundary conditions for velocity and temperature
on the walls, respectively [13,14].

LBM is a relatively new model to simulate fluid flow. Over
a lattice points, the fluid system consists of fictive particles which
perform propagation and collision steps. Some of the advantages of
LBM over the classic CFD methods are indicated as appropriate
dealing with complex boundaries, being able to describe micro-
scopic characteristics and to use parallel algorithms [15e18].

A complementary numerical method to simulate the viscous
compressible subsonic flows is LBM BGK; which simulates the flow
accurately in different regimes and conditions [19]. Thermal lattice
Boltzmann using internal energy distribution function, provides
more numerical stability and includes the viscous heat dissipation
and pressure work. In this method because of living both of the
hydrodynamic and thermal populations on the same lattice, the
boundary conditions are simulated easily [20e26].
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Nomenclature

AR ¼ L/H ¼ 30 aspect ratio
c ¼ (cx, cy) microscopic velocity vector
cs lattice sound speed
Cf friction coefficient
DH ¼ 2 H hydraulic diameter, m
f, g distribution functions for density-momentum and

internal energy
~f i; ~gi modified discrete distribution functions
g ¼ (0, �g) gravitational acceleration vector, ms�2

G ¼ (0, G) buoyancy force per unit mass
Gr ¼ bgDTDH

3/y2 Grashof number
H, L height and length of the microchannel, m
Kn ¼ l/DH Knudsen number
Ma ¼ uin/cs Mach number
Nu Nusselt number
Pr ¼ y/a Prandtl number
Re ¼ rin uin DH/m Reynolds number
t time, s
T temperature, k

u ¼ (u, v) macroscopic flow velocity vector, ms�1

(U,V) ¼ (u/uin,v/uin) dimensionless flow velocity in x-y direction
Us ¼ Uj ¼ 1,Ny�Uw slip velocity
x, y dimensional Cartesian coordinates, m
(X,Y) ¼ (X/H,Y/H) dimensionless x-y coordinate
Z, Zi continuous and discrete heat dissipation term

Greek symbols
l molecular mean free path
q ¼ T/Tin dimensionless temperature
qs ¼ qw�qj ¼ 1,Ny temperature jump
r fluid density, kg m�3

sf, sg relaxation times for density and internal energy

Super- and sub-scripts
e equilibrium
i lattice link number
in inlet flow
out outlet flow
w wall

bottom plate, Tw

top plate, Tw
uin

Tin

H

L

xy

g

Fig. 1. Microchannel configuration.
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LBMhas been used to simulate microchannel fluid flow by
some researchers. Among them, Lim et al. [27] applied this
method to simulate the two-dimensional isothermal pressure
driven microchannel flow and concluded that this method is an
efficient approach. For simulation of microflows, Niu et al. [28,29]
and Shu et al. [30] defined the relaxation time in terms of the
Knudsen number and derived the diffuse-scattering boundary
condition (DSBC) for the slip velocity. In addition to DSBC, other
models have been proposed to simulate slip velocity in micro-
flows [31,32].

Hung and Ru [33] used thermal LBM to study the effects of
Knudsen number on the heat transfer and flow behavior in
a microchannel. They studied the slip velocity and temperature
jump in different Knudsen numbers and presented the temperature
distribution in the microchannel flow.

Tian et al. [34] simulated the gaseous flow and heat transfer in
microchannels, using thermal LB model with viscous heat dissi-
pation. They proposed a new boundary treatment based on macro
variables for the slip velocity and temperature jump, and showed
that this model and boundary treatment describe well a thermal
microflow with viscous heat effect.

Investigations to find the ways to increase the accuracy of LBM
for simulating microflows have led to proposing models such as
Multiple-Relaxation time lattice Boltzmann (MRT-LBM) [35] or
LBM with D2Q16 scheme [36]. These investigations are still being
continued [37e41].

In the previous studies, the effects of gravity in microflows have
been ignored, thus decreasing the accuracy of the results. However,
in this paper, considering these effects, mixed convection of a flow
in a microchannel is investigated numerically using LBM.

2. Problem statement

Flow and mixed convection heat transfer of air in a two-
dimensional microchannel, as shown in Fig. 1, are studied numer-
ically, using double population lattice Boltzmann method and
employing BGK and thermal energy distribution models for the
cases Kn ¼ 0.005, 0.01, 0.05 and 0.1. Reynolds number at the inlet is
usually small in the microchannel, so it is assumed that Re ¼ rin uin
DH/m ¼ 1 and Pr ¼ y/a ¼ 0.7. In this method, hydrodynamic and
thermal parameters of fluid flow are estimated using density-
momentum distribution function, f, and internal energy density
distribution function, g, respectively.

Wall temperature is assumed twice as much as the inlet fluid
temperature, Tw ¼ 2 Tin, and the ratio of microchannel length, L, to
its width, H, is assumed as 30; thus after entrance length, fully
developed condition for velocity and temperature is being satisfied.

Two cases are studied. In the first case (A) the effects of gravity
are ignored, and in the second case (B), Gr ¼ bgDTDH

3/y2, involving
gravity, is employed to study these effects. b is the volumetric
expansion coefficient, DT ¼ Tw�Tin and y is the kinematic viscosity.
The results are obtained for different Kn’s and compared with one
another.

Gravity acceleration causes vertical component of velocity to be
affected by buoyancy force. To include this effect, the hydrody-
namic boundary condition equations aremodified. For awide range
of inlet Knudsen number, computations are performed, and for
validation, appropriate comparisons between present and previous
available results are made.
3. Mathematical formulation

3.1. Lattice Boltzmann method

The Boltzmann equation of single-particle distribution function
is written as follows [20]:

vt f þ ðc$VÞf ¼ Uðf Þ (1)

where U is the collision term. Eq. (1) and thermal energy distri-
bution model are used to simulate flow and heat transfer, respec-
tively. In this method internal energy distribution function is
defined as:
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g ¼ 0:5ðc � uÞ2f (2)

Lattice Boltzmann equation based on internal energy distribu-
tion function is defined as:

vtg þ ðc$VÞg ¼ UðgÞ (3)

Collision term of Boltzmann equation in BGKmodel is written as
follow [19,20]:

Uðf Þ ¼ �f � f e

sf
(4)

UðgÞ ¼ �g � ge

sg
� fZ ¼ 0:5ðc � uÞ2Uðf Þ � fZ (5)

where f Z is the heat dissipation term and can be defined as:

fZ ¼ f ðc � uÞ$½vtuþ ðc$VÞu� (6)

sf and sg are the relaxation times. To solve the difficulty of the
implicitness of the scheme, two new distribution functions ~f i and ~gi
are defined as follows:

~f i ¼ fi þ
dt
2sf

�
fi � f ei

�
(7)

~gi ¼ gi þ
dt
2sg

�
gi � gei

� þ dt
2
fiZi (8)

where fi
e and gi

e are discretized MaxwelleBoltzmann equilibrium
distribution functions for density and internal energy. The subscript
i denotes the number of the link in the D2Q9 lattice shown in Fig. 2
[42] and used in the present work, and Zi is defined as:

Zi ¼ ðci � uÞ$Diu and Di ¼ vt þ ci$V (9)

ci ¼
�
cos

i� 1
2

p; sin
i� 1
2

p

�
c; i ¼ 1;2;3;4

ci ¼
ffiffiffi
2

p �
cos
�ði� 5Þ

2
pþ p

4

�
; sin

�ði� 5Þ
2

pþ p

4

��
c; i ¼ 5;6;7;8

c0 ¼ ð0;0Þ (10)

ci is the discrete particle lattice velocity. Using equilibrium distri-
bution functions fe and ge the collision and propagation stages are
stated as:
Fig. 2. D2Q9 lattice.
~f iðxþ cidt; t þ dtÞ � ~f iðx; tÞ ¼ � dt
sf þ 0:5dt

h
~f i � f ei

i
(11)

~giðxþ cidt; t þ dtÞ � ~giðx; tÞ ¼ � dt
sg þ 0:5dt

h
~gi � gei

i

� sgdt
sg þ 0:5dt

fiZi (12)

f ei ¼ uir

"
1þ 3ci$u

c2
þ 9ðci$uÞ2

2c4
� 3
�
u2 þ v2

�
2c2

#
(13)

ge0 ¼ �u0

�
3re
2

u2 þ v2

c2

�

ge1;2;3;4 ¼ u1re

"
1:5þ 1:5

ci$u
c2

þ 4:5
ðci$uÞ2

c4
� 1:5

u2 þ v2

c2

#

ge5;6;7;8 ¼ u2re

"
3þ 6

ci$u
c2

þ 4:5
ðci$uÞ2

c4
� 1:5

u2 þ v2

c2

# (14)

where in a two-dimensional lattice, c2 ¼ 3RT ¼ 1, re ¼ r RT and the
weights of the functions are as u0 ¼ 4/9 and ui ¼ 1/9, i ¼ 1, 2, 3, 4
and ui ¼ 1/36, i ¼ 5, 6, 7, 8. Finally the hydrodynamic and thermal
variables are calculated as follows [22,23]:

r ¼ P
i

~f i

ru ¼ P
i
ci~f i

re ¼ P
i

~gi �
dt
2

X
i

fiZi

(15)

The Knudsen number according to the kinetic theory can be
stated as:

Kn ¼
ffiffiffiffiffiffi
pk
2

r
Ma
Re

(16)

where k, heat capacity ratio of gas, is 7/5 for diatomic ideal gas.
Using definition of Re,Ma ¼ uin/cs, s ¼ m/P, P ¼ rcs

2 and lattice sound
speed cs ¼ 1/30.5, we can write [28e30]:

sf ¼
ffiffiffiffiffiffi
6
pk

r
DH$Kn (17)

sg ¼ sf
Pr

(18)

3.2. Boundary conditions

Non-equilibrium bounce back model, normal to the boundary is
used for the inlet and outlet hydrodynamic boundary conditions
[43,44]:

~f 1 ¼ ~f 3 þ
2
3
rinuin

~f 5 ¼ ~f 7 þ
1
2

	
~f 4 � ~f 2



þ 1
6
rinuin

~f 8 ¼ ~f 6 �
1
2

	
~f 4 � ~f 2



þ 1
6
rinuin

(19)



Table 1
Grid dependence study for the case A at Re ¼ 1, Pr ¼ 0.7 and Kn ¼ 0.01.

1050 � 35 1200 � 40 1350 � 45

Nu 7.54 7.60 7.62
CfRe 22.29 22.36 22.39
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~f 3 ¼ ~f 1 �
2
3
routuout

~f 7 ¼ ~f 5 �
1
2

	
~f 4 � ~f 2



� 1
6
routuout �

1
2
routvout

~f 6 ¼ ~f 8 þ
1
2
ðf 4 � f 2Þ � 1

6
routuout þ

1
2
routvout

(20)

Using the same method, at the inlet of the microchannel,
having known temperature profile, the unknown distribution
functions are calculated using relations stated in Eq. (21), and at
the outlet, thermal boundary condition is defined as the relations
of Eq. (22) [23]:

~g5 ¼
6reþ 3dt

P
i
fiZi � 6

	
~g0 þ ~g2 þ ~g3 þ ~g4 þ ~g6 þ ~g7



2þ 3uin þ 3u2in

��3:0þ 6uin þ 3:0u2in
� 1
36

~g1 ¼
6reþ 3dt

P
i
fiZi � 6

	
~g0 þ ~g2 þ ~g3 þ ~g4 þ ~g6 þ ~g7



2þ 3uin þ 3u2in

��1:5þ 1:5uin þ 3:0u2in
� 1
9

~g8 ¼
6reþ 3dt

P
i
fiZi � 6

	
~g0 þ ~g2 þ ~g3 þ ~g4 þ ~g6 þ ~g7



2þ 3uin þ 3u2in

��3:0þ 6uin þ 3:0u2in
� 1
36

ð21Þ

~g6 ¼
6
	
~g1 þ ~g5 þ ~g8



� 3dt

P
i

	cix
c



Zifi � 6reuout

2� 3uout þ 3u2out
��3:0� 6:0uout þ 6:0vout þ 3:0u2out þ 3:0v2out � 9:0uoutvout

� 1
36

~g3 ¼
6
	
~g1 þ ~g5 þ ~g8



� 3dt

P
i

	cix
c



Zifi � 6reuout

2� 3uout þ 3u2out
��1:5� 1:5uout þ 3:0u2out � 1:50v2out

�1
9

~g7 ¼
6
	
~g1 þ ~g5 þ ~g8



� 3dt

P
i

	cix
c



Zifi � 6reuout

2� 3uout þ 3u2out
��3:0� 6:0uout � 6:0vout þ 3:0u2out þ 3:0v2out þ 9:0uoutvout

� 1
36

(22)
Table 2
Comparison of natural convection cavity flow results obtained from the present work w
velocity at y/H ¼ 0.5, umax/V* is maximum horizontal velocity at x/L ¼ 0.5, and their loca

Ra Umax (y/H) Vmax (x/L)

Present Davis [47] Error% Present

104 15.951 (0.817) 16.178 (0.823) �1.403 (�0.729) 19.338 (0.123)
105 34.239 (0.851) 34.730 (0.855) �1.414 (�0.468) 67.501 (0.067)
106 64.088 (0.846) 64.630 (0.850) �0.839 (�0.470) 214.35 (0.033)
Using specular reflective bounce back and diffuse-scattering
boundary condition (DSBC), the slip velocity and temperature jump
are calculated on the walls [37,28].

The specular bounce back is the combination of bounce back
and specular boundary condition. In the DSBC, the particles
colliding with the solid wall forget their information and they are
reflected consistently with the Maxwellian distribution function.

To determine slip velocity on the microchannel bottomwall, the
unknown distribution functions are written as:

~f 2 ¼ ~f 4 (23-1)

~f 5;6 ¼ r~f 7;8 þ ð1� rÞ~f 8;7 (23-2)

To obtain more accurate results, the value of accommodation
coefficient, r, is chosen appropriately in the range of r < 1
[15,45,46].

The slip velocity on the top wall is calculated similarly. The
temperature jump on the bottom wall of the microchannel is
calculated using Eq. (24).

~g2;5;6 ¼ 3
rwe

ge2;5;6ðrw;uw; ewÞ
	
~g4 þ ~g7 þ ~g8



(24)

where rw and uw are density and velocity on the wall, respectively.
Temperature jump on the top wall is calculated similarly.
3.3. Effects of gravity

In the previous equations, forced heat transfer has been
discussed and the effects of gravity on the flow and heat
transfer have been ignored. However, in this paper, the effects
of mixed convection in a microchannel are investigated. To
incorporate the effects of free convection into the LBM equa-
tions, Boussinesq approximation is used. In this approximation
buoyancy forces is defined as G ¼ bgðT � TÞ in which T is
average temperature.

According to the definitions of Gr, Kn, Re and Ma and using Eq.
(16), the dependence of the Kn on Gr is observed. So, in this work
for air, Kn ¼ 0.005 and Gr ¼ 1328 are used. For the other cases,
having known Kn, the corresponding value of Gr is calculated and
used in the solution of the problem. For all the cases, physical
properties of air in the real conditions are used, so that Boussinesq
approximation conditions including the permissible limit of
temperature difference is satisfied, and the problem is solved with
physical assumptions.

Considering the effect of external force, F, the Boltzmann
equation is written as the following [20].

vt f þ ðc$VÞf ¼ �f � f e

sf
þ F (25)

where buoyancy force can be state as F ¼ ðG$ðc � uÞ=RTÞf e.
In the following, a second-order strategy is employed to inte-

grate the Boltzmann Eq. (25).
ith those of Davis [47] at Pr ¼ 0.7 and different Ra’s: vmax/V* is maximum vertical
tions are stated in parentheses.

Num

Davis [47] Error% Present Davis [47] Error%

19.617 (0.119) �1.422 (3.361) 2.210 2.243 �1.471
68.590 (0.066) �1.588 (1.515) 4.456 4.519 �1.394

219.360 (0.0379) �2.284 (�12.929) 8.756 8.800 �0.500



θ

0.00 0.25 0.50 0.75 1.00

y/L

0.00

0.25

0.50

0.75

present work, Gr/Re2 = 5

present work, Gr/Re2 = 0.1

Habchi et al. [48], Gr/Re2 = 0.1

Habchi et al. [48], Gr/Re2 = 5

Fig. 3. Comparison of the variations of q at the channel cross section x/L ¼ 0.77 ob-
tained from the present work with those of Habchi et al. [48] for the case Pr ¼ 0.7 and
Ra ¼ 105.
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f ðxþ cdt; c; t þ dtÞ � f ðx; c; tÞ ¼ � dt
2sf

½f ðxþ cdt; c; t þ dtÞ

�f eðxþ cdt; c; t þ dtÞ�
� dt
2sf

½f ðx; c; tÞ � f eðx; c; tÞ� þ dt
2
Fðxþ cdt; c; t þ dtÞ þ dt

2
Fðx; c; tÞ

(26)

Using ~f i ¼ fi þ 0:5dt=sf ðfi � f ei Þ � 0:5dtF , the Eq. (26) is written
as follows.

~f ðxþ cdt; c; t þ dtÞ � ~f ðx; c; tÞ ¼ � dt
sf þ 0:5dt

h
~f ðx; c; tÞ

� f eðx; c; tÞ
i

þ sf Fdt
sf þ 0:5dt

(27)

Discretization of the above equation leads to

~f iðxþ cidt; t þ dtÞ � ~f iðx; tÞ ¼ � dt
sf þ 0:5dt

h
~f i � f ei

i

þ
 

dtsf
sf þ 0:5dt

3G
�
ciy � v

�
c2

f ei

!

(28)

fi ¼
sf~f i þ 0:5dtf ei
sf þ 0:5dt

þ
 

0:5dtsf
sf þ 0:5dt

3G
�
ciy � v

�
c2

f ei

!
(29)

Now the macroscopic variables can be calculated using the
following relations [20].

r ¼
X
i

~f i (30-1)

u ¼ ð1=rÞ
X
i

~f icix (30-2)

v ¼ ð1=rÞ
X
i

~f iciy þ
dt
2
G (30-3)

Inlet hydrodynamic boundary conditions are affected by gravity,
and by using Eqs. (30-1), (30-2) and (30-3), the following relations
are obtained.

~f 1 þ ~f 5 þ ~f 8 ¼ rin �
	
~f 0 þ ~f 2 þ ~f 3 þ ~f 4 þ ~f 6 þ ~f 7



(31-1)

~f 1 þ ~f 5 þ ~f 8 ¼ rinuin þ
	
~f 3 þ ~f 6 þ ~f 7



(31-2)

~f 5 � ~f 8 ¼ rinvin þ
	
� ~f 2 þ ~f 4 � ~f 6 þ ~f 7



� dt

2
rinG (31-3)

From these relations, rin, by a simple mathematical procedure, is
obtained as

rin ¼
~f 0 þ ~f 2 þ ~f 4 þ 2

	
~f 3 þ ~f 6 þ ~f 7



1� uin

(32)

Non-equilibrium bounce back boundary condition normal to the
boundary is calculated as

~f 1 � ~f
e
1 ¼ ~f 3 � ~f

e
30

~f 1 ¼ ~f 3 � ~f
e
3 þ ~f

e
1 (33)

Using Eq. (13)
~f 1 ¼ ~f 3 þ
2
3
rinuin (34)
Using Eqs. (31-2), (31-3) and (34),

~f 8 ¼ ~f 6 �
~f 4 � ~f 2

2
þ 1
6
rinuw � 1

2
rinvin þ

dt
4
rinG

~f 5 ¼ ~f 7 þ
~f 4 � ~f 2

2
þ 1
6
rinuin þ

1
2
rinvin �

dt
4
rinG

(35)

Similarly, outlet hydrodynamic boundary conditions are written
as follows.

~f 3 ¼ ~f 1 �
2
3
routuout

~f 7 ¼ ~f 5 �
1
2

	
~f 4 � ~f 2



� 1
6
routuout �

1
2
routvout þ

1
4
dtroutG

~f 6 ¼ ~f 8 þ
1
2
ðf 4 � f 2Þ � 1

6
routuout þ

1
2
routvout �

1
4
dtroutG

(36)

In order to include the buoyancy force effects, the slip velocity,
Eq. (23), must satisfy the constraint (30-3). As an example, for the
bottom wall, the unknown distribution functions are ~f 2;~f 5;~f 6 and
the mentioned constraint is written as

~f 2 þ ~f 5 þ ~f 6 ¼ rwvw þ
	
~f 4 þ ~f 7 þ ~f 8



� dt

2
rwG (37)

To satisfy the above equation and include buoyancy force effect,
the slip velocity is written as follows.

~f 2 ¼ ~f 4 �
1
2
dtrG

~f 5 ¼ r~f 7 þ
	
1� r



~f 8

~f 6 ¼ r~f 8 þ
	
1� r



~f 7

(38)

Nu and Cf along the microchannel wall are calculated as



Y

0.25

0.50

0.75

1.00

x = 0.02L

x = 0.04L

x = 0.08L

case A

Table 3
Comparison of Nu and CfRe defined on the walls at the outlet of michrochannel for
the case A at Re ¼ 0.01 and two different Kn’s.

CfRe
[13]

CfRe
[28]

CfRe
[present work]

Nu
[13]

Nu
[28]

Nu
[present work]

Kn ¼ 0.015 21.80 21.49 21.10 7.38 7.42 7.23
Kn ¼ 0.046 18.45 18.20 18.01 6.58 6.60 6.63

U

0.0 0.5 1.0 1.5

Y

0.00

0.25

0.50

0.75

1.00

present work, Kn = 0.05

present work, Kn = 0.1

Zhang et al. [32], Kn = 0.05

Zhang et al. [32], Kn = 0.1

Fig. 4. Validation of fully developed dimensionless velocity profile, U, with those of
Zhang et al. [32] for the cases Kn ¼ 0.05, 0.1.
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Nu ¼ DHðvT=vyÞw
Tw � Tbalk

(39)

Cf ¼ 2mðvu=vyÞw
ru2balk

(40)
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Fig. 5. Validation of q in different cross sections of a microchannel for Re ¼ 0.01,
Twall ¼ 10, Tinlet ¼ 1, Pr ¼ 0.7 and Knin ¼ 0.01 with those of Kavehpour et al. [13].
4. Grid independency and numerical validation

A computer code in FORTRAN language was developed to
investigate flow and mixed convection in a two-dimensional
microchannel. Having studied grid independency shown in
Table 1, a lattice with 1200 � 40 nodes is selected as an appropriate
one for the next studies.
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Fig. 6. Profiles of horizontal component of velocity, U, in different cross sections at
Kn ¼ 0.005 for the cases A and B.
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Because the mixed convection in a microchannel, according to
the author’s knowledge, is a novel problem, no data are found to
validate the present problem. Instead, the validation is performed
in two parts. In part one, the computer code based on LBM, is used
to simulate natural convection in a cavity and mixed convection in
a channel, and then the results are compared with the previous
available ones. In the second part, fluid flow and forced heat
transfer in a microchannel is validated.

For the first validation of part 1, the benchmarck numerical
solution in a square cavity with height of H and horizontal adiabatic
walls is considered. The vertical walls are at different temperatures.
For different Rayleigh numbers (Ra ¼ bgDTH3/ya) at Pr ¼ 0.7 the
natural convention is simulated utilizing LBM and the results are
compared with those of Davis [47] with classic Navier Stokes
method in Table 2. In this table Num is the average Nusselt number,
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Fig. 7. Profiles of U in different cross sections at Kn ¼ 0.01 for the cases A and B.
umax/V* at x/L ¼ 0.5 and vmax/V* at y/H ¼ 0.5 are maximum hori-
zontal and vertical velocities, respectively; V* ¼ y/PrH is a diffusion
velocity. The comparison shows good agreement between present
results with those of Ref. [47].

For the second validation of this part, mixed convection in
a vertical channel is selected. The inlet cold temperature is
assumed as T0, left wall is assumed adiabatic, and the hot right
wall (y ¼ 0) temperature is assumed as Th while a hot block is
attached to. Temperature profile q¼(T�T0)/(Th�T0) for Gr/
Re2 ¼ 0.1, 5 and Ra¼ 105 and Pr¼ 0.7, in horizontal cross section of
channel at x/L ¼ 0.77 are compared in Fig. 3 with those of Habchi
et al. [48].

For the validation of part 2, the fully developed dimensionless
velocity profiles, U ¼ u/uin, for Kn ¼ 0.05, 0.1 at the cross sections of
the microchannel are compared with those of Zhang et al. [32] in
Fig. 4. Moreover, dimensionless temperature profiles, q ¼ T/Tin, at
cross sections x* ¼ 0.864, 0.0127 along the microchannel are
compared with those of Kavehpour et al. [13] in Fig. 5 for Re ¼ 0.01,
Twall¼ 10, Tinlet¼ 1, Pr¼ 0.7 and Knin¼ 0.01. In both of these figures,
good agreements are observed. In another validation, a micro-
channel with geometry, flow and thermal boundary conditions
similar to the one studied in Refs. [13,28] is selected, in which cold
flow enters with Re ¼ 0.01, and leaves after cooling the hot walls.
Table 3 shows good agreement between the results of present work
and the corresponding ones of those references.
5. Results and discussions

Using lattice Boltzmann BGK method, the flow and mixed
convection in a two-dimensional microchannel is studied numer-
ically. As stated before, in the following, studies are performed for
the cases A and B. Fig. 6 (for Kn ¼ 0.005) and Fig. 7 (for Kn ¼ 0.01)
show profiles of horizontal component of velocity, U ¼ u/uin, in
different cross sections. Fig. 6 shows that in the case A, flow after
traveling a short distance from the inlet, called entrance length,
reaches to the fully developed state. In the entrance region, varia-
tion of velocity near the wall along vertical direction is large.
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Fig. 8. Profiles of U in the cross section, x¼ 0.8L, for different Kn’s for the cases A and B.



Fig. 11. Streamlines at Kn ¼ 0.1 for the cases A and B.
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Fig. 9. Profiles of q in different cross sections at Kn ¼ 0.005, 0.01 for the cases A and B.
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The velocity along the microchannel approaches its maximum
on the horizontal centerline; however, the slip velocity continues
decreasing after reaching the fully developed condition, and then
approaches a constant value.
Fig. 10. Streamlines at Kn ¼ 0.005 for the cases A and B.
In the case B, the variation of velocity profiles in the entrance
region increases. In addition, a back flow in the top half of the
microchannel occurs at Y > 0.6 and x ¼ 0.04L. This backflow makes
a counterclockwise rotational cell, which shows the importance of
buoyancy forces in this regime. The buoyancy forces decreases with
x, making gradually the velocity profile symmetrical. The high
temperature difference between the fluid andwalls, in the entrance
region, generates powerful buoyancy forces. Fig. 6 illustrates the
negative slip velocity for the case B, on the top wall (Y ¼ 1) due to
the backflow of the rotational cell. This new physical phenomenon,
resulting from gravity effects, has not been observed in previous
works.

Fig. 7 shows that velocity profiles in the cases A and B become
more similar at Kn¼ 0.01. Case B of this figure shows that fluid flow
is pushed downward because of gravity effects in the entrance
region, thus Umax at x ¼ 0.02L occurs at around Y ¼ 0.25. Figs. 6 and
7 show a higher value of Kn corresponds to a higher slip velocity
(Us). More studies show that as Kn increases, the corresponding
velocity profiles for these cases approaches each other and at last
approximately coincide.

Fig. 8 shows profile of horizontal component of velocity, U, for
the cases A and B in the cross section far from the inlet, x¼ 0.8 L, for
different values of Kn. It is observed that there is a slight difference
between the profiles of cases A and B. So, the effects of gravity in the
entrance region are more significant than fully developed region.
X
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Fig. 12. Variations of CfRe along the microchannel walls for the case A at different Kn’s.
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Fig. 9 shows profiles of dimensionless temperature, q ¼ T/Tin, in
different cross sections, for the cases A and B, at Kn ¼ 0.005 and
Kn ¼ 0.01, respectively.

It is observed that the fluid temperature increases because of
heat exchange with hot walls. The fluid temperature at x ¼ 0.16L
approaches the walls temperature. After this point, there will be no
significant mixed convection heat transfer, and the fluid flow will
be completely isothermal. This flow behavior results form the
strong effects of buoyancy forces in the entrance region. Compar-
ison between the plots for Kn ¼ 0.005 and Kn ¼ 0.01 in this figure
shows a higher value of Kn corresponds to a higher temperature
jump. In addition, it is observed that the temperature profiles of the
cases A and B become more similar at larger Kn, so that they
coincide at Kn ¼ 0.05 and Kn ¼ 0.1.
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Fig. 13. Variations of CfRe along the top and bottom walls for the case B at different
Kn’s.
Figs. 10 and 11 show streamlines at Kn ¼ 0.005 and 0.1 for the
cases A and B respectively. In Fig. 10 (case A) flow enters the
microchannel from the left side and leaves it from the right side. In
this mode, streamlines are completely symmetric along the hori-
zontal central line of microchannel, and the variations in the fluid
flow properties are seen only in the little space of the entrance
region. Case B in this figure shows clearly the effect of gravity
acceleration in generating buoyancy motions in the entrance
length. After flow entering the microchannel, its streamlines move
downward due to the effect of gravity and then move upward
because of being heated. This causes the rotational cell to be
generated in this area, as it was explained before. Fig. 11 shows that
with the increase of Kn, the strength of the cell is reduced, so that at
Kn ¼ 0.1, streamlines become parallel, without any rotational cell,
and independent of buoyancy motions.
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Fig. 14. Variations of Nu and Us along the walls of the microchannel at different Kn’s
for the case A.
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Figs. 12 and 13 show variation of CfRe along the walls of the
microchannel for the cases A and B, for different Kn’s. Fig. 12 shows
for Kn ¼ 0.005, CfRe has larger value and starts from its maximum
at the inlet and decreases asymptotically along the microchannel
and approaches a constant value at the outlet. It is observed that
slip velocity increases with Kn, meaning that the velocity gradients
between the fluid particles on the wall and their neighbors, and as
a result the value of Cf, will decrease.

Fig. 13 shows the value of CfRe for the top and bottomwalls are
different at Kn¼ 0.005 and Kn¼ 0.01. Its large variations on the top
wall for Kn¼ 0.005 is related to the beginning and end points of the
rotational cell. The related results for the cases A and B on the top
and bottomwalls approach each other at larger values of Kn as 0.05
and 0.1.
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Fig. 15. Variations of Us along the top and bottom walls of the microchannel at
different Kn’s for the case B.
Fig.14 shows variation of Nu and slip velocity, Us, along thewalls
of the microchannel at different Kn’s for the case A. It is observed
that Nu and Us start from their maximum at the inlet and decreases
asymptotically along the microchannel and approaches a constant
value at the outlet. Also, it is observed that the increase of Kn leads
to the decrease of Nu and increase of Us. It is observed that at larger
Kn’s, temperature gradient between the fluid particles on the wall
and their neighbors, and as a result Nu, decreases.

Moreover, in the case B the buoyancy force, does not have
significant effect on Nu and the results will be very similar to those
of Fig. 14.

Fig. 15 shows variation of slip velocity, Us, along the walls of the
microchannel at different Kn’s for the case B, respectively. It is seen
the variations of Us along the top and bottomwalls are the same for
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Fig. 16. Variations of temperature jump, qs, along the top wall of the microchannel at
different Kn’s for the cases A and B.
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Kn ¼ 0.05, 0.1. But at smaller Kn’s,gravity effects are increased,
leading to the increase of the difference between the results. For
Kn¼ 0.005 the slip velocity profiles along the top and bottomwalls
are completely different with each other and with the corre-
sponding values in the case A. However, at the distance far from the
entrance region the results of Figs. 15 and 14 becomes similar. In
addition, the negative slip velocity is observed on the top wall of
the microchannel at Kn ¼ 0.005 for x < 2, confirming the existence
of the counterclockwise cell in this region.

Fig. 16 shows the variation of temperature jump, qs, along the
top wall of the microchannel at different Kn’s for the cases A and B,
respectively. It is observed that temperature jump increases with
inlet Kn; however, it decreases along the microchanel.
6. Conclusion

The effects of gravity on the flow and mixed convection heat
transfer inside a two-dimensional microchannel for a wide range of
Kn were investigated using LBM-BGK. To include the effect of
gravity, in addition to the force convection flow, the hydrodynamic
boundary condition equations were modified.

It was observed that with the increase of Kn, the slip velocity
and temperature jump are increased, and Nu and Cf are reduced.
The maximum value of theses parameters occurs at the inlet, and
they approach asymptotically to the corresponding constant value
along the microchannel.

The effects of gravity generate buoyancy motions, particularly in
the entrance region that has the largest temperature gradient
between the fluid and the walls, and thus increase the entrance
length. Mixed convection motions cause large variations in the
hydrodynamics of flow such as the slip velocity and friction coef-
ficient and generate a counterclockwise cell. The negative slip
velocity, which was revealed for the first time in this work, results
from this cell and covers almost large fraction of the entrance
region.

Increase of Kn led to decrease the buoyancy motions and
dominant mechanism of heat transfer tended to forced convection.
Lattice Boltzmann method with proposed modifications, could be
used to simulate the effects of gravity and mixed convection in
a microchannel flow and heat transfer. It is recommended that for
Kn < 0.05 the effects of gravity are important, specially for hydro-
dynamic properties, and should be included. For Kn > 0.05, these
effects can be ignored.
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