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a b s t r a c t

Forced convection of non-Newtonian nanofluid, aqueous solution of carboxymethyl cellulose (CMC)–
Aluminum oxide through a microtube is studied numerically. The length and diameter of tube are
L = 5 mm and D = 0.2 mm, respectively which means the length is long enough compared to the
diameter. The effects of different values of nanoparticles volume fraction, slip coefficient and Reynolds
number are investigated on the slip velocity and temperature jump boundary conditions. Moreover the
suitable validations are presented to confirm the achieved results accuracy. The results are shown as
the dimensionless velocity and temperature profiles; however the profiles of local and averaged Nusselt
number are also provided. It is seen that more volume fraction and slip coefficient correspond to higher
Nusselt number especially at larger amounts of Re.

© 2016 Elsevier Masson SAS. All rights reserved.
1. Introduction

Heat transfer plays a significant role in various applications.
Technological advances have made high-efficiency heat trans-
fer methods a requirement for research projects and industries.
For example, cooling and heating, thermal sources and man-
ufacturing processes such as foodstuff pasteurization, automo-
bile manufacturing, pharmacy, transportation and development of
microelectromechanical and nanoelectromechanical systems. In
recent years, producing tools and devices in smaller dimensions
has been targeted to improve their efficiency [1–4].

Improving efficiency is achieved through alteration of physical
properties of agent fluids, changes in boundary conditions and the
geometry of the flow.With technological advances and subsequent
smaller electronic devices, research in fluid flow and heat
transfer on microscale has attracted various practitioners. Recent
breakthroughs in production of nanoparticles could be considered
a change in improving heat transfer methods as smaller particles
and decreased volume fraction solve the issues such as pressure
drop. Furthermore, bigger surface area enhances the stability of
the particles, resolves their settlement considerably and lowers
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themaintenance and transference costs of the fluids. Theoretically,
the finer the particles, the bigger the surface area for transferring
the heat which subsequently enhances the heat-efficiency of
suspensionparticles as a function of heat exchange surfaces [5–15].
Choi et al. [16] conducted a numerical investigation of forced
convection in a nanofluid, water–aluminum oxide, and laminar
flow in a 90° bent tube.

In contrast to Newtonian fluids, the relation between shear
stress and shear rate in non-Newtonian fluids is not linear. One
of the common models from the numerous models which could
express this behavior is the power-law model [17]. The forced
convection of non-Newtonian nanofluids in a microtube under
the constant temperature boundary condition was presented by
Hojati et al. [18]. The results revealed higher heat exchange
coefficient of nanofluids and Nusselt number compared to the
basic fluid. Nusselt number of non-Newtonian nanofluid proved
to be a function of Reynolds and Prandtl numbers. Shojaeian
et al. [19] studied the convective heat transfer of non-Newtonian
fluid flow with variable thermo-physical properties in the circular
channels. Their results showed that neglecting the property
variation significantly affected the heat transfer characteristics and
entropy generation. Capobianchi et al. [20] investigated the heat
transfer in laminar flows of extended modified power law fluids
in the rectangular ducts. Etemad et al. [21] experimentally studied
the viscous non-Newtonian forced convection heat transfer in the
semi-circular and equilateral triangular ducts.
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Nomenclature

cp Specific heat (J kg−1 K−1)
dp Diameter of nanoparticles (=25 nm)
D The diameter of microtube (m)
Kn Knudsen number
k Thermal conductivity (W m−1 K−1)
l The length of microtube (m)
L Dimensionless length of microtube in Eq. (5) (L =

l/D)
Nu Nusselt number
p Pressure (Pa)
P Pressure in non-dimensional form
Pr Prandtl number
Re Reynolds number
r Radial direction (m)
R Radial direction in non-dimensional form
T Temperature (K)
u Axial velocity (m s−1)
ui Inlet velocity (m s−1)
U Axial velocity in non-dimensional form
us Slip velocity (m s−1)
Us Slip velocity in non-dimensional form
v Radial velocity (m s−1)
V Radial velocity in non-dimensional form
x Axial direction (m)
X Axial direction in non-dimensional form

Greek symbols

α Thermal diffusivity (m2 s−1)
β Slip coefficient (m)
β∗ Slip coefficient in non-dimensional form (=β/D)
γ Shear rate (s−1), γ =

cp
cv

for Eq. (16)
ϕ Volume fraction of nanoparticles
η Dynamic viscosity (Ns m−2)
θ Temperature in non-dimensional form
θs Temperature jump in non-dimensional form
ρ Density (kg m−3)

Subscripts

eff Effective
f Fluid
m Averaged
nf Nanofluid
i Inlet condition
s Solid nanoparticles
w Wall

Numerous studies have been carried out to study the behavior
of flow and heat transfer in the channels and microchannels. Most
of these studies have been focused on the impact of Reynolds num-
ber, layout of channels cross-sections and geometric properties
[22–30]. Akbarinia et al. [31] studied the forced convection of the
nanofluid water–aluminum oxide in a rectangular microchannel
under the slip and no-slip flow regimes. They claimed that viscos-
ity was increased by higher volume fraction. Barkhordari et al. [32]
studied the forced convection of non-Newtonian nanofluid in ami-
crochannel under the fixed temperature and heat flux boundary
conditions. They demonstrated that while Nusselt number rose,
higher slip of particles slowed the convection in the tube. They also
showed the effects of slip coefficient under the fixed heat flux was
more significant than the fixed temperature boundary condition.
Ding et al. [33] investigated the effects of Reynolds number and
Fig. 1. Physical domain of the microtube.

Table 1
Thermo-physical properties of CMC-Al2O3 nanofluid.

ϕ = 0.005 ϕ = 0.015

cp (J/kg K) 4121 4012
k (W/mK) 0.6262 0.66
ρ (kg/m3) 1013.5 1045.5
n (dimensionless) 0.48 0.51
K (Pa sn) 0.22 0.24

volume fraction on carbon nanotube forced convection under the
no-slip boundary condition. They demonstrated that higher geo-
metric ratio of the microtubes improved the heat exchange rate.

Numerical investigation of laminar flow in a microchannel
under the slip and no-slip boundary conditions of nanofluid was
presented by Raisi et al. [34]; they looked at the effects of Reynolds
number, volume fraction and slip velocity on heat transfer rate
of forced convection flow. More works can be referred in this
way [35–40].

Present study attempts to study the forced convection of
non-Newtonian nanofluid laminar flow, Carboxymethyl cellu-
lose–Aluminum oxide, in the slip flow regime through amicrotube
for the first time (To the author’s best knowledge). The results are
presented as the velocity and temperature profiles beside the av-
eraged and local Nusselt number values.

2. Mathematical formulation

2.1. Problem statement

Fig. 1 shows the geometry of a microtube. The length and
diameter of the tube are L = 5 mm and D = 0.2 mm, respectively.
The length is long compared to the diameter. The cold Non-
Newtonian nanofluid, Carboxylmethyl cellulose–aluminum oxide,
streams along the microtube at a fixed velocity of Ui imposed to its
hot wall at TW = 308 K.

The diameter of the nanoparticles is 25 nm. Nanoparticles of
aluminum are uniform and spherical. The flow in the microtube
is laminar, non-Newtonian (pseudo-thinning plastic), incompress-
ible and slip velocity and temperature jump boundary conditions
are also considered along the microtube wall which are under the
constant temperature. The radiation effects are negligible. The per-
centage weight of the aqueous solution of carboxy methyl cellu-
lose–aluminum oxide is 0.5%.

The thermo-physical properties of the non-Newtonian is a
pseudo-thinning plastic nanofluid at 298 K are shown in Table 1.
Values of n and K (flow consistency index and index of power law)
are given at 298 K for the using non-Newtonian nanofluid [41].

This research studies the fluid properties and exchange rate
with Reynolds numbers at Re = 1, Re = 10 and Re = 20,
volume fractions equal to 1.5% and 0.5%. In addition, slip velocity
and temperature jump boundary conditions are considered along
the microtube wall for different values of slip coefficient as β∗

=

0.0, β∗
= 0.01 and β∗

= 0.1. As seen, index of power law of
n, for the basic fluid is less than 1 which indicates that the non-
Newtonian is a pseudo-thinning plastic. At present article and for
the range of 0.001 < β∗ < 0.1 the fluid flow is considered in slip
flow regime which illustrates a microflow.
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2.2. Governing equations

Non-dimensional equations include continuity, momentum
and energy which are formulated for steady, laminar and non-
Newtonian nanofluid are as follows:

Non-dimensional continuity equation:

∂U
∂X

+
∂V
∂R

= 0. (1)

Non-dimensional momentum equation along the X-direction:

U
∂U
∂X

+ V
∂U
∂R

= −
∂P
∂X

+
1

Renf

×


∂

∂X


∂U
∂X

n

+
∂

∂R


∂U
∂R

n

. (2)

Non-dimensional momentum equation along the R-direction:

U
∂V
∂X

+ V
∂V
∂R

= −
∂P
∂R

+
1

Renf
×


∂

∂X


∂V
∂X

n

+
1
R

∂

∂R
R


∂V
∂R

n

−
V 2

R
. (3)

Non-dimensional energy equation:

U
∂θ

∂X
+ V

∂θ

∂R
=

1
Renf Prnf

×


∂

∂X


∂θ

∂X

n

+
1
R

∂

∂R
R


∂θ

∂R

n

. (4)

The following non-dimensional parameters have been used in
Eqs. (1)–(4):

P =
p

ρnf u2
i

V =
v

ui
X =

x
D

θ =
T − Ti
Tw − Ti

U =
u
ui

R =
r
D

L =
l
D

. (5)

Reynolds number and Prandtl number are calculated by the
following formulas [42].

Renf =
ρnf u2−n

i Dn

K
Prnf =

Cp
 ui
D

n−1 K
knf

. (6)

Density and heat capacity of the nanofluid can be estimated
by Eqs. (7) and (8) using nanoparticles volume fraction; while the
subscripts f , s and nf represent the base fluid, solid nanoparticles
and nanofluid, respectively [31,43]:

ρnf = ϕρs + (1 − ϕ)ρf (7)
ρcp


nf = (1 − ϕ)


ρcp


f + ϕ


ρcp


s . (8)

Nanofluid thermal conductivity can be achieved from Chon
et al. formula [44] (applicable for particles of 11–150 nm) which
is able to consider the nanoparticles diameter and their Brownian
motions as follows:

keff
kf

= 1 + 64.7ϕ0.7476

df
ds

 
ks
kf

0.7476

× Pr0.9955 Re1.2321. (9)

The power law model is used to calculate the viscosity of the
nanofluid [45]:

ηnf = K (γ .)n−1 (10)

where here γ . is the shear rate.
Nanofluid thermal diffusion coefficient is demonstrated as
below [46]:

αnf =
keff

ρcp

nf

. (11)

In the recent equation keff is the thermal conductivity coeffi-
cient.
Local Nusselt is presented as [47]:

Nux =
q′′
wD

keff (Tw − Tb)
(12)

where q′′
w is the wall heat flux, Tb is the bulk temperature and Tw is

the wall temperature.
For the averaged Nusselt, the following equation is used [47]:

Num =
1
L

 L

0
Nux dx. (13)

2.3. Boundary conditions

No slip boundary condition and lack of temperature jump may
not be suitable for microscales flows. At slip flow regimes, there
is a region in which fluid molecules oscillate. This region whose
thickness is in proportion to molecular mean free path is called
Knudsen layer. The effects of Knudsen layer are negligible but
must be considered in slip regimes as the slip boundary condition
between fluid and the solid boundary may reflect the impact
of activities and levels of molecular particles. Slip velocity and
temperature jump are quantified via relations [48,49].

Slip velocity values can be determined along the walls by:

us = −
2 − Fm
Fm

β


∂u
∂r


r=r0

. (14)

β , us and Fm are slip velocity coefficient, slip velocity and adap-
tation coefficient, respectively. Adaptation coefficient is chosen as
1. The non-dimensional slip velocity is achieved as:

Us = −β∗


∂U
∂R


R=R0

. (15)

R0 is the dimensionless microtube radius and β∗ represents the
non-dimensional slip velocity coefficient which is defined as β∗

=
β

D . Moreover, the temperature jump values can be determined
along the microtube wall [50,51]:

Ts − Tw = −
2 − Ft
Ft

2γ
γ + 1

β

Pr


∂T
∂r


r=r0

(16)

where for the temperature boundary condition, γ =
cp
cv
, Ts, Tw

and Ft are special heat, temperature jump, wall temperature and
thermal adaptation coefficient (=1), respectively.

The non-dimensional formof temperature jump is presented by
Eq. (17)

θs − θw = −
β∗

Pr


∂θ

∂R


R=R0

. (17)

3. Numerical procedure, grid independency and validation

The numerical finite volumemethod (FVM) on the non-uniform
staggered mesh according to the SIMPLE algorithm is used to
couple the velocity–pressure correction equations. Moreover the
second order upwind scheme is applied to discretize the diffusion
and convective terms. The time division multiple access method
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Table 2
Grid independency study for the values of U and θ at X = L/2 and R = 0 at
ϕ = 0.005, Re = 1 and β = 0.0 for CMC-Al2O3 nanofluid.

750 × 30 1000 × 40 1250 × 50

U 1.6458 1.6464 1.6468
θ 0.8905 0.8906 0.8906

Fig. 2. Dimensionless fully developed axial velocity profiles from the present work
versus Akbari et al. [52] (Symbols: Akbari et al., Lines: Present work).

Fig. 3. Effects of particles volume fraction on heat transfer coefficient at Re = 1550
with Keshavarz et al. [17] (Symbols: Keshavarz et al., Lines: Present work).

(TDMA) is used to solve the implicit system of equations for any of
the unknown variables.

The values of U and θ at X = L/2 and R = 0 for ϕ = 0.005,
Re = 1, and β∗

= 0.0 and for CMC-Al2O3 nanofluid at different
grid nodes are presented in Table 2. Difference between the results
of 1000 × 40 and 1250 × 50 are found negligible; so the grid of
1000 × 40 is chosen for the next calculations.

For validation, developed velocity profiles of water–aluminum
oxide inside a tube with Gr = 5 × 105 and ϕ = 2% values are
compared with those of Akbari et al. [52] in Fig. 2.

More validation which concerns the heat transfer rate of
xanthan–aluminum oxide (a non-Newtonian nanofluid) inside a
tube with a volume fraction of 4% and Re = 1510 are compared
with those of Keshavarz et al. [17] in Fig. 3.

At last, the fully developed velocity profiles ofwater–aluminum
oxide inside a microchannel with Re = 50 and ϕ = 3% in the slip
flow regime, are presented versus Raisi et al. [34] in Fig. 4. Suitable
agreements are observed in all of these figures.
Fig. 4. Effects of slip velocity coefficient on the outlet velocity profile at Re = 50
and ϕ = 3% with Raisi et al. [34] (Symbols: Raisi et al., Lines: Present work).

4. Results and discussion

This study investigates the forced convection of heat of a
nanofluid inside a horizontal microtube with Re = 1, Re = 10 and
Re = 20 and volume fractions equal to 1.5% and 0.5%. In addition,
slip velocity and temperature jump boundary conditions are con-
sidered along the microtube wall for different values of slip coeffi-
cient as β∗

= 0.0, β∗
= 0.01 and β∗

= 0.1. To solve the governing
Navier–Stokes equations and discretization of the solution domain,
the numerical method of finite volume and SIMPLE algorithm are
employed according to the second order upwind scheme.

As Fig. 1 shows, the hot wall of the tube is exposed to
TW = 308 K. The cold Non-Newtonian nanofluid Carboxyl methyl
cellulose–aluminum oxide is injected into the microtube at the
temperature 298 K and fixed velocity of ui and exits at the other
end of the tube. Slip velocity and temperature jump boundary
conditions are considered along the walls.

Fig. 5 shows the fully developed horizontal velocity profiles of
U for CMC-Al2O3 nanofluid at ϕ = 0.015, Re = 10 for differ-
ent values of β∗. Slip coefficient β∗ has the significant effects on
U profiles from β∗

= 0.0 to β∗
= 0.1. It is seen that more β∗ cor-

responds to more velocity at R = 0 and R = 1 and less Umax at
R = 0.0. In this diagram, nanofluid flow is developed in form of
parabolic profiles and gains velocity on the wall because of occur-
rence of slip boundary condition. For the non-Newtonian laminar
flow, higher slip coefficient results into increased non-Newtonian
nanofluid velocity along thewall.With regard to Fig. 5 and for each
slip coefficients, start point of the diagram is difference between
the parabolic velocity profiles which is indicated with an arrow
in this figure. For these low values of concentration and Reynolds
number (ϕ = 0.015 and Re = 10), it is worth noting that the
velocity profile represents the typical of non-Newtonian laminar
flow for the state of β∗

= 0 (nonslip boundary condition) so that
the effect of nanofluid as a non-Newtonian agent can be clearly ob-
served; However the velocity profile again becomes parabolic at
higher slip coefficient due to existence the slip velocity on the wall
which is the typical of Newtonian laminar flow.

Temperature profiles of θ along the vertical centerline of
microtube (X = L/2) at ϕ = 0.015, Re = 10 for different values
of β∗ are shown in Fig. 6. Due to occurrence of the temperature
jump on the wall, nanofluid temperature on the wall of the tube is
not equal with the wall temperature. The effects of temperature
jump can be ignored due to being far away from the microtube
entrance. Nanofluid temperature tends to the wall’s one along the
tube which means low values of temperature jump are achieved
with X. Moreover higher amounts of slip coefficient leads to
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Fig. 5. Fully developed horizontal velocity profiles along the microtube vertical
centerline for CMC-Al2O3 nanofluid at ϕ = 0.015 and Re = 10 for different values
of β∗ .

Fig. 6. Temperature profiles of θ at microtube vertical centerline for CMC-Al2O3
nanofluid at ϕ = 0.015 and Re = 10 for different values of β∗ .

more temperature of nanofluid imposed to the hot wall. This
phenomenon implies larger heat transfer rate from the solid wall
to the inside fluid due to existence the slip velocity along the wall.

Temperature profiles of θ at different cross sections of
microchannel for CMC-Al2O3 nanofluid at ϕ = 0.015, Re = 10,
for β∗

= 0.1 are observed in Fig. 7. This figure indicates that, as
expected, higher X leads to higher non-dimensional temperature
in the centerline of the microtube. The inlet nanofluid is heated
by the heat exchange with the hot microtube wall through the
microtube so that at X = 0.9L the nanofluid temperature would
be almost equal to the wall temperature.

Fig. 8 shows the impacts of the Reynolds number on temper-
ature profile (θ ) at (X = L/2), ϕ = 0.015 and β∗

= 0.1. There
is less time at higher Re for heat exchange between the wall and
the nanofluid. As Reynolds number increases, the velocity profiles
undergo change significantly. Moreover existence the temperature
jump along the wall means the nanofluid temperature on the wall
is not equal with the wall temperature and leads to achieve more
temperature at the middle of the tube for higher values of slip co-
efficient which means the length of the thermal developing re-
gion (entrance length) increases with volume fraction, Reynolds
number and slip coefficient, respectively. It is well known that the
length of the thermal developing region increases with Reynolds
number. By using nanoparticles suspended in the basic fluid and
higher volume fraction of them, the non-dimensional temperature
Fig. 7. Temperature profiles of θ at different cross sections of microtube for
CMC-Al2O3 nanofluid at ϕ = 0.015 and Re = 10 for β∗

= 0.1.

Fig. 8. Temperature profiles of θ at microtube vertical centerline for CMC-Al2O3
nanofluid at ϕ = 0.015 and β∗

= 0.1 for different values of Re.

of the nanofluid raises due to increased heat conduction coeffi-
cient; However the thermal entrance length can be determined
by Lt = CtD Re Pr which Ct is the thermal entrance length coef-
ficient [53,54]. It is seen that higher volume fraction results into
more Prandtl number; then higher Prandtl number leads to longer
thermal entrance length. This fact can be seen at present paper as
follows:
For the state of Re = 10, ϕ = 0.5% ⇒ Pr = 33.33 ⇒ Lt =

2.2 mm.
For the state of Re = 10, ϕ = 1.5% ⇒ Pr = 39.38 ⇒ Lt =

2.6 mm.
Moreover existence the temperature jumpmeans the nanofluid

temperature on the wall is not equal with the wall one and leads
to achieve more temperature at the middle of the tube for higher
values of slip coefficient. This means the length of the thermal
developing region (entrance length) increases with all volume
fraction, Reynolds number and slip coefficient.

One of the most noticeable properties of the supposed flow
is existence the slip velocity which leads the fluid on the wall
slip along it with different velocity. This phenomenon can be
observed in Fig. 9 which concerns the slip velocity profiles along
themicrotubewall for different values ofβ∗ atϕ = 0.015 andRe =

10. The profile begins from its greatest amount at inlet and then
it reduces along the microtube wall so that tends to the specified
value. This figure implies the significant effects of β∗ on Us. The
diagram holds that the slip velocity of the wall is at maximum
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Fig. 9. Slip velocity profiles for CMC-Al2O3 nanofluid along the microtube wall at
ϕ = 0.015 and Re = 10 for different values of β∗ .

Fig. 10. Temperature jump for CMC-Al2O3 nanofluid along the microtube wall at
ϕ = 0.015 and Re = 10 for different values of β∗ .

at the entrance point of the tube. Slip coefficient significantly
affects the slip velocity of the nanofluid, so that as slip coefficient
increases, the flow tends to the slip regime and enhances the slip
velocity along the wall (slip velocity is zero at β∗

= 0.0).
Temperature jump variations along the microtube wall are

presented in Fig. 10 for CMC-Al2O3 nanofluid at ϕ = 0.015, Re =

10 and different values of β∗. The effects of temperature jump are
ignored in the most previous articles; however this figure implies
that its values are sensible at entrance region where involves the
most heat exchange with the wall. The diagram shows that higher
slip coefficient raises the temperature jump. However, the rate is
diminished along the tube. Nanofluid temperature is the same of
the temperature of the wall at β∗

= 0.0.
Nusselt numbers of the nanofluid on the walls for different slip

coefficients are presented in Fig. 11. This figure displays the effect
of different β∗ on NuX along the wall at Re = 1, 10, 20 and φ =

1.5%. The tube Nusselt number has been calculated as Nu = 3.657
under the constant temperature boundary condition in a fully
developed laminar flow; but due to existence the nanoparticles,
slip coefficient and non-Newtonian nature of the fluid, Nusselt
number would not equal to 3.657 any longer.

Moreover local Nusselt number for CMC-Al2O3 nanofluid along
the microtube wall at different values of Re for ϕ = 0.015, β∗

=

0.1 are shown in Fig. 12. The results indicate that higher Reynolds
number results in higher Nusselt number as it is well known.

To better explain the heat transfer rate from the wall, the
averaged Nusselt number of the nanofluid is given in Fig. 13 for
Fig. 11. NuX along the microtube wall at different values of β∗ and Re for ϕ =

0.015.

different slip coefficients and different volume fractions. Higher
slip coefficient leads to higher Nusselt number especially at more
Re which means averaged Nusselt number increases due to slip
flow regime. The results also indicate that larger Reynolds number
leads to larger averaged Nusselt number.

5. Conclusions

This study attempted to study the forced convection of the non-
Newtonian nanofluid CMC–aluminum oxide under the slip flow
regime. The effects of nanoparticle concentrations, slip coefficient
were investigated on the flow field and heat transfer. Maximum
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Fig. 12. NuX along the microtube wall at different values of Re for ϕ = 0.015 and
β∗

= 0.1.

Fig. 13. Num on the microtube wall for different values of Re and β∗ at ϕ = 0.015
and ϕ = 0.005.

Nusselt number occurred at the entrance region of the microtube
and approached to the fixed value along the tube asymptotically in
a descending trend. Slip coefficient significantly affected the slip
velocity and temperature jump of the nanofluid. More slip coeffi-
cient β∗ corresponded to larger Num. The Temperature jump ef-
fects should be involved at microtube entrance area where the
most heat exchange with the wall happened. Larger β∗ corre-
sponded to larger θs. The tube Nusselt number has been calcu-
lated as Nu = 3.657 under the constant temperature boundary
condition in a fully developed laminar flow; but due to existence
the nanoparticles, slip coefficient andnon-Newtonian nature of the
fluid, Nusselt number would not equal to 3.657 any longer. More-
over higher slip coefficient led to higher Nusselt number especially
at more Re which meant averaged Nusselt number increased due
to slip flow regime.
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