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a b s t r a c t

Mix convection resulting from simultaneous natural and forced heat transfer in the air
inside an inclined square lid-driven cavity containing an endothermic obstacle was in-
vestigated and numerically simulated. In this method, macroscopic parameters such as
velocity and temperature are calculated by averaging microscopic parameters. Moreover,
the impact of inclination on parameters such as velocity, temperature, Nusselt number and
heat transfer were addressed in this study. The simulations were carried out using lattice
Boltzmann method by assuming five different Richardson numbers and three different
cavity inclination angles. Overall, the flow and heat transfer characteristics were analyzed
in certain Richardson number and Grashof number ranges. It was concluded that for
horizontal cavity, Num was maximized at Ri = 50 compared to other Richardson numbers
at the same angle. Therefore, it is safe to say that forced convection leads to maximum
heat transfer rate from the cavity at various inclinations while increasing γ promotes free
convection to the point where at γ = 30 free convection becomes the dominant heat
transfer mechanism and the maximum Num is obtained at Ri = 50 and γ = 60. The
Simulation approach of endothermic obstacle inside the cavity by applying nano scale
method of lattice Boltzmann is presented at this work.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The lattice Boltzmannmodel is based on a square lattice in which nodes are occupied by a fluid. In this method, instead of
amolecule of a fluid, a group ofmolecules are treated as a single particle which is to be studied. The particles are free tomove
in any direction in the space. The motion of these particles (their collision and relationship) is formulated by the Boltzmann
equation [1–5]. Recently, this method has been extensively used by the name of lattice Boltzmann equation. Although this
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Nomenclature

H = h/h, L = l/h Dimensionless height and length
AR = L/H Cavity aspect ratio
cs Lattice speed of sound
D The number of dimensions
e = DRT/2 Internal energy
f Density–momentum distribution function
f e Equilibrium density–momentum distribution function
f̃ Modified density–momentum distribution function
g Gravitational acceleration vector
g Distribution function for internal energy
ge Thermal equilibrium distribution function
Gr = gβH3 (Th − Tc)/υ2 Grashof Number
Nu Nusselt number
Pr = υ/α Prandtl number
Re = U0H/υ Reynolds number
Ri = Gr/Re2 Richardson number
Tc Cold wall temperature
Th Hot wall temperature
U Dimensionless horizontal flow velocity
u Macroscopic flow velocity vector
U0 (m/s) Dimensionless velocity of the moving lid
V Dimensionless vertical flow velocity

Greek symbols

γ Inclination angle of the cavity
υ Kinematic viscosity
θ Temperature in non-dimensional form
ρ Density
α Thermal diffusivity

method is in the early stages of development, it is capable of modeling hydrodynamic systems, magnetic–hydrodynamic
systems, multi-phase fluids, chemically reacting flows and multicomponent flows through porous media. Aside from the
aforementioned applications, being compatible with powerful processors, this method has become an efficient numerical
method for solving the complex flows [6–9].

The lattice Boltzmann method (LBM) is in fact a computational method based on kinetic energy theory to simulate the
fluid flow. As a matter of fact, various versions of this method are inspired by the lattice gas method. The key idea in the
lattice gas method is that different definitions at microscopic scale can be used at the macroscopic scale too [10–16]. Using a
simple cellular model that only abides the conservation of mass and momentum and integrating it into a convenient lattice,
the Navier–Stokes equations corresponding to a fluid with low compressibility can be obtained using Chapman–Enskog
theory. Generally speaking, LBM is associated with features that distinguish it from classic numerical methods for flow field
solution. Some of the characteristics are as follows [17–23]:

1. LBM features a linear displacement term which is different from that in Navier–Stokes equations.
2. The pressure is obtained by the equation of state in LBM while it is obtained by transforming the continuity equation

into a relationship for correcting pressure and requires iterative algorithms and under-relaxation factors to be used.
3. Compared to methods such as Direct Simulation Monte Carlo (DSMC), the LBM utilizes more limited directions which

reduce coding and computational costs.

Despite its many advantages, the LBM has a few drawbacks including the following [24–30]:

1. It is weak in modeling multi-phase gas-liquid flows that feature a large difference in the density or the viscosity of the
phases.

2. It is weak in modeling high Mach number flows.
3. It is weak in modeling geometries with curved boundaries.

However, considerable progress has been made recently in overcoming these limitations. In fact, the problem of flow in
square lid-driven cavity is one of the best problems for validating numerical codes since numerous papers have been
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Fig. 1. D2Q9 Lattice.

published on this subject [31–38]. In present paper, a very accurate and high-quality code has been presented that can
be adopted in many numerical operations and be further developed. This program has been prepared with utmost accuracy
and meets high-level standards.

Adopting the continuous approach, the partial and ordinary differential equations are obtained by energy, mass, and
momentum conservation equations for an infinitesimal control volume. Given the fact that the accurate solution of the
obtained governing differential equations is difficult due to many reasons (including being non-linear, complex boundary
conditions, and complex geometry), finite difference, finite volume and finite element methods are used to transform the
differential equations under known initial and boundary conditions to a system of algebraic equations. These algebraic
equations can be iteratively solved until convergence.

In the other method, the medium is assumed to be composed of small particles (atoms, molecules) that collide
together [39–46]. This is known as themicroscopic scale. Therefore, it is essential to determine interparticle (intermolecular)
forces and to solve the ordinary differential equations extracted from Newton’s second law of motion (conservation of
momentum). Particle velocity and position are to be known at every time step, in other words, the trajectory of the particle
is to be known. At this scale, no definition can be given for temperature, pressure, and thermos-physical properties such as
viscosity, thermal conductivity, and heat capacity. For instance, pressure and temperature depend on the kinetic energy of
the particles (mass and velocity) and the frequency of their collision with the walls [47–57].

There is also a third method that falls between the aforementioned microscopic and macroscopic methods and is known
as the Lattice Boltzmann Method (LBM). The key idea in this method is to establish a relationship between the microscopic
and the macroscopic scales without considering the behavior of every single particle. Here, a batch of particles is assumed
to be integrated into a single group. The properties of this batch of particles are expressed by distribution functions. The
distribution function acts as an example of the particles. This is known as the mesoscale and the method is called the lattice
Boltzmann method (LBM) [58–65].

As discussed previously, the lattice gas is an iterative process that models fluid motion in time. The process is iterated
until the system is close enough to a state of equilibrium, or in other words until the macroscopic properties of the system
converge to a constant value [15,66–70]. According to what has been said, the lattice Boltzmann was a branch of the lattice
gas at first. Unlike, lattice gas, the lattice Boltzmann does not allocate 1s and 0s to the particles. Instead, this model utilizes
probability density functions that are continuous. The density distribution expresses the probability of finding a particle in
a certain direction on a node. Under dimensionless conditions, these functions assume a value between 0 and 1. Using such
functions, macroscopic values are uniformwithout averaging. Similar to lattice gas, distribution functions act locally too and
propagate to the adjacent node after each collision. Another advantage of this method is its simplified collision term. The
Boltzmann equation shows the motion and the collisions of fluid particles based on lattice Boltzmann using a distribution
function [71–74].

Fig. 1 illustrates a commonmodel in lattice Boltzmann [16–18]. The velocity of the particles before and after the collision
is assumed to be independent. Given the difficulty of an accurate solution of the Boltzmann equation, it has been attempted
to provide an approximate solution for it. In this regard, the collision integral is to be replaced with a simple model. In
addition, themodelmust satisfy conservation equations. If the density distribution function slightly deviates fromMaxwell’s
equilibrium function (close to equilibrium states) it is deduced that the distribution functions get closer to equilibrium after
each collision (according to H theory). Using this approximation and avoiding the integral collision operator, the Boltzmann
equation is simplified to a simpler equation and will be solved easily. It is safe to say that BGK tends to the Maxwell
distribution under equilibrium conditions [13,14].
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Fig. 2. Schematic view of the discussed problem (Th > Tc).

2. Mathematical formulation

2.1. Problem statement

This problem concerned the mixed convection induced by simultaneous natural and forced convection of air in an
endothermic cavity (Fig. 2) which was addressed using nano particle base method of LBM. The length of the cavity was
3 (L = 3) while the width was 1 (H = 1) and the heat source was a square of length of L/3 and width of H/3. The inclined
square cavity containing air was studied at three angles (γ = 0, 30, 60◦). The hot lid of the cavity traveled at a constant speed
(U0). The lateral walls of the cavity were assumed to be insulated and the hot wall in the bottom was considered stationary.
The impact of changing the Richardson number (Ri = Gr/Re2) was investigated in three different cases: first Ri = 0.1
(forced convection is dominant), then Ri = 10 (natural convection is dominant), and finally Ri = 1 (mixed of natural and
forced convection). In each case, the impact of different values on dynamic and thermal properties of the enclosed gas was
investigated. The Reynolds number of the working fluid was assumed fixed at Re = 100.

In this method, macroscopic quantities such as velocity and temperature can be calculated by properly averaging the
microscopic parameters. It should bementioned that this is the first time that the problem of the cavitywith an endothermic
obstacle is numerically studied by using LBM. The effect of gravity has also been considered in the solution and has been
studied with respect to various inclinations while Pr = 0.7; Hence present article is able to develop the LBM ability in such
mentioned geometries and conditions.

2.2. Governing equations

Hydrodynamic and thermal Boltzmann equations based on the LBM-BGK approach [19,28–31]:
∂ fi
∂t

+ ciα
∂ fi
∂xα

= Ω(f ) = −
1
τf

(fi − f ei ) (1)

∂gi
∂t

+ ciα
∂gi
∂xα

= Ω(gi) − fiZi = 0.5 |c − u|
2 Ω(fi) − fiZi = −

gi − ge
i

τg
− fiZi. (2)

τf and τg show the hydrodynamic and thermal relaxation times. Microscopic velocities using D2Q9 lattice [20]:

ci = (cos
i − 1
2

π, sin
i − 1
2

π ), i = 1, 2, 3, 4

ci =
√
2
(
cos

[
(i − 5)

2
π +

π

4

]
, sin

[
(i − 5)

2
π +

π

4

])
(3)

c0 = (0, 0)
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Heat dissipation and equilibrium distribution functions:

Zi = (ciα − uα)
[

∂uα

∂t
+ ciα

∂uα

∂xα

]
(4)

f ei = ωiρ

[
1 + 3(ci.u) +

9(ci.u)2

2
−

3u2

2

]
, i = 0, 1, . . . , 8

ω0 = 4/9, ω1,2,3,4 = 1/9, ω5,6,7,8 = 1/36
(5)

ge
0 = −

2
3
ρeu2

ge
1,2,3,4 =

1
9
ρe [1.5 + 1.5(c1,2,3,4.u) + 4.5(c1,2,3,4.u)2 − 1.5 u2] (6)

ge
5,6,7,8 =

1
36

ρe [3 + 6(c5,6,7,8.u) + 4.5(c5,6,7,8.u)2 − 1.5 u2] .
Discretized forms of hydrodynamic and thermal Boltzmann equations:

fi (x + ci∆t, t + ∆t) − fi (x, t) =

−
∆t
2τf

[
fi (x + ci∆t, t + ∆t) − f ei (x + ci∆t, t + ∆t)

]
−

∆t
2τf

[
fi (x, t) − f ei (x, t)

] (7)

gi (x + ci∆t, t + ∆t) − gi (x, t) = −
∆t
2τg

[
gi (x + ci∆t, t + ∆t) − ge

i (x + ci∆t, t + ∆t)
]

−
∆t
2

fi (x + ci∆t, t + ∆t) Zi (x + ci∆t, t + ∆t)

−
∆t
2τg

[
gi (x, t) − ge

i (x, t)
]

−
∆t
2

fi (x, t) Zi (x, t) .

(8)

The new distribution functions [21,22]:

f̃i = fi +
∆t
2τf

(
fi − f ei

)
(9)

g̃i = gi +
∆t
2τg

(
gi − ge

i

)
+

∆t
2

fiZi (10)

Collision and streaming processes:

f̃i (x + ci∆t, t + ∆t) − f̃i (x, t) = −
∆t

τf + 0.5∆t

[
f̃i (x, t) − f̃ ei (x, t)

]
(11)

g̃i (x + ci∆t, t + ∆t) − g̃i (x, t) = −
∆t

τg + 0.5∆t

[
g̃i (x, t) − g̃e

i (x, t)
]
−

τg∆t
τg + 0.5∆t

fiZi. (12)

Determine the Kinematics viscosity and thermal diffusivity as follows [21]:

υ = τf RT , α = 2τgRT . (13)

2.3. Impact of gravity

Lattice Boltzmann equation involved buoyancy force and using Boussinesq approximation [21,22]:
∂ fi
∂t

+ ciα
∂ fi
∂xα

= −
1
τf

(
fi − f ei

)
+ F = −

1
τf

(
fi − f ei

)
+

G.(c − u)
RT

f ei (14)

f̃i (x + ci∆t, t + ∆t) − f̃i (x, t) = −
∆t

τf + 0.5∆t

[
f̃i − f̃ ei

]
+

(
∆tτf

τf + 0.5∆t
3G (cix − u)

c2
f ei

)
sin γ +

(
∆tτf

τf + 0.5∆t
3G (cix − u)

c2
f ei

)
cos γ

(15)
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f̃i = fi +
∆t
2τf

(
fi − f ei

)
−

∆t
2

F ⇒ fi =
τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t
F (16)

fi =
τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t
G.(ci − u)

RT
f ei

=
τf f̃i + 0.5∆tf ei
τf + 0.5∆t

+

(
0.5∆tτf

τf + 0.5∆t
G.(cix − u)

RT
f ei

)
sin γ +

(
0.5∆tτf

τf + 0.5∆t
G.(cix − u)

RT
f ei

)
cos γ

(17)

Macroscopic parameters including gravity and cavity inclination angle:

ρ =

∑
i

f̃i

u = (1/ρ)
∑

i

f̃icix +
∆t
2

G sin γ

υ = (1/ρ)
∑

i

f̃iciy +
∆t
2

G cos γ

ρe = ρRT =

∑
i

g̃i −
∆t
2

∑
i

fiZi.

(18)

2.4. Hydrodynamic boundary conditions

No-slip boundary condition on the west wall in the form of LBM and based on the non-equilibrium bounce back
model [23]:

f̃1 = f̃3 +
2
3
ρwUw

f̃8 = f̃6 −
f̃4 − f̃2

2
+

1
6
ρwUw −

1
2
ρwVw +

∆t
4

ρwG(cos γ − sin γ ) (19)

f̃5 = f̃7 +
f̃4 − f̃2

2
+

1
6
ρwUw +

1
2
ρwVw −

∆t
4

ρwG(cos γ + sin γ )

Corresponded boundary conditions for the other walls are obtained similarly.

2.5. Thermal boundary conditions

General purpose thermal boundary condition (GPTBC) is used for the hot wall as well as:

g̃7 =

(
3ρe + 1.5∆t

∑
i

fiZi − 3(g̃0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6)

) [
3.0 − 6U0 + 3.0U2

0

] 1
36

g̃4 =

(
3ρe + 1.5∆t

∑
i

fiZi − 3(g̃0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6)

) [
1.5 − 1.5U2

0

] 1
9

(20)

g̃8 =

(
3ρe + 1.5∆t

∑
i

fiZi − 3(g̃0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6)

) [
3.0 − 6U0 + 3.0U2

0

] 1
36

Moreover GPTBC model at the adiabatic west cavity side:

g̃5 =
1
12

[
1.5∆t

8∑
i=1

cixfiZi + 3(g̃3 + g̃6 + g̃7)

]

g̃1 =
1
6

[
1.5∆t

8∑
i=1

cixfiZi + 3(g̃3 + g̃6 + g̃7)

]
(21)

g̃8 =
1
12

[
1.5∆t

8∑
i=1

cixfiZi + 3(g̃3 + g̃6 + g̃7)

]
.



A. Ahmadi Balootaki et al. / Physica A 508 (2018) 681–701 687

Fig. 3. Comparing velocity and temperature changes in a cavity versus those of Osborn [26].

Nusselt numbers along the constant temperature walls [37]:

Nux = −

(
∂θ

∂Y

)
Y=0,Y=1

Num =
1
AR

∫ AR

0
NuxdX (22)

3. Grid study and validation

In order to investigate the grid independence study, calculations were carried out for three different grids of 300 × 100,
450×150 and 600 × 200; the results of 450 × 150 and 600 × 200 were the same since the grid of 450 × 150 was chosen for
further computations.

For validation purposes, the results were compared with those reported by Osborn [26]. Osborn evaluated the horizontal
velocity and cavity temperature at the centerline of the cavity (Y = 0.5) for Ri = 0.001 and Ha = 0 (Fig. 3). The
results showed good agreement. Moreover, Fig. 4 was also presented comparing the dimensionless velocity profiles and
dimensionless temperature profiles versus those of Kefayati et al. [27].

4. Results and discussion

In the present work, an inclined lid-driven cavity with insulated sidewalls is considered. The effect of gravity and cavity
inclination are investigated in every case of mixed convection for different values of γ . Based on themacroscopic simulation
of the flow inside the cavity, it is deduced that the LBM offers an excellent capacity for simulating mixed convection.
However, in order to enhance the accuracy of the results, the effect of buoyancy forces must be also considered in the
collision of particles and boundary conditions. The proposed models for different boundary conditions, including constant
temperature or constant heat flux must be modified. It should be mentioned that the inclined cavity with endothermic
obstacle is numerically simulated using lattice Boltzmann in this study for the first time.

It is evident from Fig. 5 that for Ri = 0.01, two vortices are formed near the left and right vertical insulated walls with
the one on the right being the larger. The shear stress applied on the flow from the top is the cause of these vortices which
encompass a portion of the flow too. The density of streamlines is more around the lid. Streamlines are parallel at all three
angles and become more organized at steeper angles. It is also evident that the density of lines near the lid is increased at
higher angles, thus, implying that a more favorable flow is obtained at higher cavity inclinations.

Next, we address Fig. 6 to investigate the effect of Ri, and consequently the dominance of natural convection, in order to
find the optimal angle and Ri for attaining a favorable heat transfer. Isothermal lines are almost identical for all three angles.
The parallel lines are closer at the top and the bottom of the cavity, showing better heat transfer at the top and bottom. The
density of streamlines around the top lid and the bottom wall is consistent with the fact that these walls are not insulated
and also that the top lid is in motion.

Vigorous vortices are seen in Fig. 6. The vortices grow when the angle is raised from 0 to 30◦ and become inclined to the
right for γ = 30, γ = 60 where they tend to the left and proliferate despite becoming smaller. This shows the enhancement
of the flow by increasing the inclination. In order to complete the results and guarantee their validity, the experiments were
repeated at Ri = 50 which, again, showed better net transport and stronger flow. The shear stress applied to the fluid layer
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Fig. 4. Dimensionless velocity and temperature profiles versus those of Kefayati [27].

adjacent to themoving lid induce flow.When themoving fluid layers come in contact with the right wall, the flow is directed
to the bottom, thusmaking a strong clockwise vortex on the right side of the cavity. This flow transports hot fluid to the lower
parts of the cavity and creates a favorable temperature gradient for buoyancy convectionwhich transports the hot fluid from
the bottom to the top in the middle and left parts of the cavity. Consequently, mixed forced and natural convection creates
a large clockwise cell inside the cavity. For γ = 0, a strong cell affects the upper half of the cavity while a weaker cell affects
the lower half. The cells are combined as γ is increased. Ultimately, at γ = 60, two large strong and symmetrical cells cover
the whole cavity. Isothermal lines at the lower half are straight and normal to the lateral faces indicating conductive heat
transfer in this region from the top to the bottom; the curvature of the isothermal lines increases with γ , promoting heat
transfer by convection. In this case, most of the cavity is affected by a large clockwise cell with dense streamlines near the lid
and centered close to the right wall. The strength and density of the cell are lower on the left and lower parts of the cavity.
Increasing γ , the rotation of the cell in the central parts is slightly increased with no other sensible effects on the behavior
of the fluid.

Comparing U and θ along the central vertical axis at three angles is shown in Fig. 7. It is deduced that at Ri = 0.01 no
major changes are found in these parameters and the three diagrams overlap. From the V diagram (which is also associated
with negligible changes) at Ri = 0.01, changing the angle does not affect U and θ along the central vertical axis and V along
the central horizontal axis.

This independence can be also observed in Figs. 8–10 for other Ri values. U is maximized for Y > 0.2 and then reduces
until fixed at the obstacle. After the obstacle, it is slightly increased again and then gradually decreases down to U = 1 at the
highest point. Moreover, up to Y = 1, the temperature diagram shows an increasing trend in the upper part of the cavity;
however, in the lower parts of the cavity, the temperature is constant at first then shows a decreasing trend (until Y = 0.4).

Similar to Fig. 7, no significant changes are found in Fig. 8 except for the V diagram which features very small changes
(around 2% at the left half of the cavity). U and θ diagrams feature no changes along the central vertical axis of the cavity at
the three angles for Ri = 0.1 and the diagrams overlap.

Fig. 10 features considerable changes in U and θ at Ri = 10. It is evident from the diagrams that, again, U increases with
inclination along the central vertical axis (changes are around 64% for the lower half and for the upper and lower halves).
However, the enhancement of U is much more than in Fig. 8 and is in direct correlation with Ri. The relationship is inverse
for V (changes less than 13% in the left half and around 2% in the right half of the cavity). Themost important point here is the
negligible variations of the temperature in comparison with previous figures. The Temperature is in direct correlation with
inclination at the upper half of the cavity and in inverse correlation at the lower half. It is concluded by far that U increases
with Ri and inclination along the central vertical axis. Temperature changes are the same for the three angles along the
vertical axis since temperature does not depend on the inclination of the cavity. Fig. 11 confirms the conclusion that was
made using Fig. 10.

In the following, we address the impact of Ri at five different cases with different angles in Figs. 12–14. As evident in
Fig. 11 (similar to Fig. 10), U diagrams almost overlap at 0.01, 0.1 and 1. However, U drastically increases as Ri is increased
up to 10 and 50. Moreover, there is an inverse correlation between temperature and Ri in the upper half while in the lower
half, the diagrams for Ri = 10 and 50 overlap until the obstacle and show an inverse correlation afterward. It is evident in
Fig. 12 that U diagrams at Ri = 0.01 and 0.1 almost overlap. However, U drastically increases as Ri is increased to 10 and 50
which is attributed to the obstacle. In the lower half, the U value corresponding to the maximum Ri is 75% higher than that
corresponding to the minimum Ri. Moreover, in the left half of the cavity, the V corresponding to the maximum Ri is twice
that corresponding to the minimum Ri.
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Fig. 5. Streamlines (left) and isothermal lines (right) at Ri = 0.1 and various γ .

Meanwhile, in the right half of the cavity, the velocity at maximum Ri is 2.3 times that at minimum Ri. An inverse
correlation is found between temperature and Ri in the upper half while in the lower half, the diagrams at Ri = 50 and
0.01 overlap until the obstacle and then show an inverse correlation. Similar to Fig. 12, U diagrams at Ri = 0.01, 0.1 and 1
almost overlap in Fig. 13. Further increasing Ri to 10 and 50 results in a drastic increase in U . This also holds for V on the
right side of the cavity. In the upper half, there is an inverse correlation between temperature and Ri but in the lower half,
the diagrams for Ri = 50 and 10 overlap until the obstacle and show an inverse correlation afterward.

Similar to Fig. 13, U diagrams at Ri = 0.01, 0.1 and 1 almost overlap in Fig. 14. Further increasing Ri to 10 and 50 results
in a drastic increase in U . This also holds for V in the right side of the cavity. In the upper half, there is an inverse correlation
between temperature and Ri but in the lower half, the diagram for Ri = 50 shows an increasing trend until the obstacle and
show an inverse correlation afterward. The variations of Nu at the top hot lid is plotted in Fig. 15 for Ri = 0.01, 0.1, 1, 10, 50
at three angles of γ = 0, 30◦, 60◦.
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Fig. 6. Streamlines (left) and isothermal lines (right) at Ri = 10 and various γ .

Fig. 15 illustrates the effects of γ and Ri on the net heat transfer rate of the cavity. Increasing γ and Num are gradually
increased under forced convection conditions. The low sensitivity of flow parameters to the inclination of the cavity had
been observed and discussed at Ri = 0.01. Num increases with γ more intensely at Ri > 1; for instance, at Ri = 10, Num is
more than doubled as γ is increased from 0 to 60. At Ri = 50, the largest Num corresponds to γ = 0 (fully horizontal cavity)
among the three studied angles. Therefore, it is safe to say that forced convection results in maximum heat transfer rate
from the cavity with various inclination while natural convection is promoted as γ is increased. At γ = 30 thermal energy
is predominantly transferred by natural convection and themaximum Num being attained at Ri = 50 and γ = 60. The figure
also shows that heat transfer is almost identical for Ri = 0.01 and 0.1. Heat transfer is small for Ri = 1, 10 and 50 at first
and increases with the inclination of the cavity to the point where maximum heat transfer is attained at Ri = 50. Generally
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Fig. 7. Variations of U and θ along the vertical axis and the variations of V along the central horizontal axis at Ri = 0.01, Gr = 103 and various γ .

speaking, higher Ri values are associated with enhanced heat transfer (except for Ri = 1 and 10 when the inclination is
below 30). The variations of Num with Ri are presented in Table 1 for five Ri values (=0.1, 0.01, 1, 10, 50) each at three angles.



692 A. Ahmadi Balootaki et al. / Physica A 508 (2018) 681–701

Fig. 8. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at Ri = 0.1, Gr = 103 and various γ .

5. Conclusion

In the present work, an inclined lid-driven cavity with insulated side walls was considered and the impacts of gravity
and inclination of the cavity onmixed convection were investigated for various cavity inclination angles. Air was used as the
fluid.
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Fig. 9. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at Ri = 1, Gr = 104 and various γ .

At different inclination angles, the buoyancy force resulting from gravity affected the components of flow velocity;
hence, the relationships used for calculating macroscopic parameters were modified to take these changes into account too.
Constant flux boundary conditions were modeled on the moving lid and the effect of gravity and inclination was applied to
the hydrodynamic LBM boundary conditions.
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Fig. 10. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at Ri = 10, Gr = 105 and various γ .

The shear stress applied by the moving lid to its adjacent layers of the hot fluid induced forced convection and moved
the fluid toward the right wall and then to the lower parts, ultimately creating a clockwise-rotating cell in the cavity.
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Fig. 11. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at Ri = 50, Gr = 5 × 105 and various γ .

Transporting hot fluid to the lower parts, the cell establishes a favorable temperature gradient for natural convection that
led to mixed convection. Num assumed a larger value compared to Ri = 1 and 10.

Under mixed convection conditions (Ri = 1) and for γ = 0 a strong cell was formed in the upper half of the cavity
while a weak rotational flow was formed in the lower half. Increasing γ further strengthened the cell in the upper half and
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Fig. 12. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at γ = 0 and various Ri.

weakened the cell in the lower half. Under these conditions, increasing the inclination (above 30) increased the magnitude
of U especially in the lower parts of the cavity. Increasing Ri and promoting buoyancy convection against forced convection
(Ri = 10), the inclination of the cavity became considerably effective on the flow and heat transfer.

Based on the simulation of the flow inside the cavity at themicroscopic scale, it was safe to say that the lattice Boltzmann
method was capable of simulating mixed convection. However, in order to enhance the accuracy of the results, the effect of
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Fig. 13. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at γ = 30 and various Ri.

buoyancy forces on the collision of the particles with solid boundary conditions was to be taken into account and themodels
proposed for various boundary conditions (including constant temperature or constant heat flux) had to be modified. It
should be mentioned that the numerical simulation of the inclined cavity with endothermic obstacle using the nano scale
method of lattice Boltzmann has been addressed for the first time in present study.
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Fig. 14. Variations of U and θ along the central vertical axis and variations of V along the central horizontal axis at γ = 60 and various Ri.

Table 1
Averaged Nusselt number for various Ri and inclination angles.
Ri Num

γ = 0 γ = 30 γ = 60

0.01 2.1382 2.1397 2.1420
0.1 2.0996 2.1159 2.1394
0 1.6761 1.9339 2.1618
10 1.5273 2.0696 2.7128
50 2.2323 3.0816 4.5530
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Fig. 15. Nusselt number at the top hot lid for different values of Ri and γ .
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