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Numerical simulation of heat transfer
and turbulent flow of water nanofluids
copper oxide in rectangular
microchannel with semi-attached rib

Omid Ali Akbari1, Davood Toghraie1 and Arash Karimipour2

Abstract
In this research, the effect of utilizing semi-attached rib on heat transfer and liquid turbulent flow of nanofluid water–
copper oxide in three-dimensional rectangular microchannel has been investigated. The results of numerical examination
of this study in comparison to those of smooth channel have also been evaluated. The range of Reynolds numbers is
between 10,000 and 60,000 and the volume fraction of copper oxide nanoparticle in 0%, 2%, and 4% was examined. In
this numerical simulation, the effects of the changes in parameters such as dimensions of semi-attached rib, volume frac-
tion of the nanoparticle, and Reynolds number were considered. The results of this study showed that utilizing semi-
attached rib in microchannel with a ratio of 0 \ R/W � 0.325 in producing stronger vortices, which causes better mix-
ture in fluid layers, is weaker than that with tooth mode of R/W = 0 ratio. However, the main advantage of using tooth
with a ratio of 0 \ R/W � 0.325 in comparison to ordinary tooth is the increase in heat transfer and reduction in coef-
ficient friction and pumping power.

Keywords
Microchannel, semi-attached rib, nanofluid, heat transfer, coefficient friction

Date received: 6 December 2015; accepted: 1 March 2016

Academic Editor: Jose Ramon Serrano

Introduction

Nowadays, because of utilizing small-scale tools in
industries such as electronic industries, aviation indus-
tries, medical industries, and laboratories, we need to
apply a new and productive procedure in heat transfer
of these tools. Creating new procedures and correcting
the already existing ones to increase heat transfer in
tools and industrial technologies is one of the active
research areas. Because of low efficiency in heat trans-
fer, previous procedures of heat transference are not
responding anymore today. Using metal nanoparticle
powder to increase the thermal conductivity of the
cooling fluid, non-circular ducts to increase the surface-
to-volume ratio, and rough surfaces to gain better tur-
bulence of fluid flow and microchannels are new and

productive ways in controlling heat transfer. Besides
direct use of the newly defined methods, their heat con-
ductivity can be increased by employing methods such
as changing parameter dimensions and kind of teeth. In
the last decades, many studies have been conducted on
new methods of heat transfer and nanofluid flow in
channels, microchannels, microchannel heat chambers,
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and motion transducers.1–12 Peyghambarzadeh et al.13

carried out an empirical investigation on calm flow of
nanofluid water–carbon oxide and water–aluminum
oxide in microchannel heat chambers. They found that
using nanofluid as a cooling fluid has more pressure
reduction compared to pure water. Manca et al.14 inves-
tigated the compulsory heat transfer of water–oxide
aluminum nanofluid in tooth channels. They found that
nanofluid density increase does not have a major effect
on transfer. Having investigated the reaction of manda-
tory heat transfer in tooth channels with semi-attached
rib, Liu and Wang15 found out that designing different
teeth would increase heat transfer and decrease pressure
and coefficient of friction. The problem of pressure
decrease and friction and creation of some parts with
low heat transfer behind tooth is solved to some extent
by designing semi-attached rib. Chai et al.16 studied the
optimizing behavior of heat transfer of calm water fluid
flow in microchannel heat chambers with interrupted
rectangular tooth. They found out that separation of
vortices’ creation flow and failure of boundary layers
had a salient effect on flow in these kinds of microchan-
nels. Raisi et al.17 examined the compulsory heat trans-
fer of nanofluid water–oxide copper in rectangular
microchannel with slip and non-slip boundary condi-
tions. They understood that heat transfer is outstanding
in higher Reynolds. Heidary and Kermani18 studied the
use of nanofluid in channels with wavy walls, conclud-
ing that heat transfer is increased about 50% using
nanofluid and channel with wavy walls. Jung et al.19

examined the heat transfer and coefficient of friction of
nanofluid water–oxide aluminum in microchannel.
Their study showed that with 1.8% increase in volume
fraction of aluminum oxide nanoparticle, heat transfer
will increase by about 32%.

By reviewing the presented articles, we understand
the importance of applying microchannels to cool
industrial tools in recent years; however, more research
is needed on nanofluids.20,21 In addition, more atten-
tion is needed to investigate the heat operation of nano-
fluids inside tools with micro- and nano-dimensions.22

In this article, the numerical study of the effect of the
T-shaped semi-attached rib on turbulent heat flow and
transfer parameters of fluid water–oxide copper with
different nanoparticle volume fractions in a three-
dimensional rectangular microchannel was carried out.

The obtained results were compared with the exist-
ing results of the previous studies in order to validate
the research. This discussion applies to industrial and
condensed cooling instruments such as microelectronics
to cool integrated circuits with large dimensions (very-
large-scale integrated (VLSI)) and micro-electro-
mechanical industries.23–26 This article was a numerical
study of turbulent flow of water–oxide copper in three-
dimensional rectangular microchannels with semi-
attached rib. Using inner ordinary tooth in

microchannels and channels causes an increase in heat
transfer coefficient. On the other hand, ordinary inter-
nal tooth causes some disadvantages such as increased
pressure loss of friction coefficient and pumping power
in heat transfer devices. Utilizing semi-attached rib
design, one can enjoy the benefits of enhanced heat
transfer with internal tooth. On the other hand, this
tooth design minimizes the disadvantages of complete
tooth design.

Statement of the problem

The analysis is made on a three-dimensional rectangu-
lar microchannel. In this research, the fluid flow and
heat transfer of nanofluid water–oxide copper in a
tooth microchannel with semi-attached rib at lower and
upper walls of the microchannel are examined. There
are two rectangular holes in tooth’s corner so that part
of the cooling fluid can cross them. The characteristics
of heat transfer and computational fluid dynamics for
four different arrangements of teeth with tooth hole
width ratio to channel width (R/W) for 0, 0.125, 0.25,
and 0.325 R/Ws are examined. The range of Reynolds
numbers in this research is 10,000\Re\ 16,000. In
this examination, the nanofluid water–oxide copper
with volume fraction of 0%, 2%, and 4% copper oxide
nanoparticle is used. Figure 1 displays the schematic
channel of teeth kinds and dimensions. The sizes and
dimensions of the examined microchannels are pre-
sented in Table 1.

Basic equations governing the threedimensional
turbulent flow

Basic equations governing heat transfer and fluid flow
include continuity momentum equations and conserva-
tion of energy.14 The assumptions utilized to solve gov-
erning equations in heat transfer process in numerical
analysis are as follows:

Newtonian fluid is incompressible. The property of
the fluid is assumed fixed with the temperature. The
flow is turbulent and hydro-dynamically developed.
The condition of non-slip in walls is assumed. The fluid
enters the microchannel input areas with a monotonous
velocity. The shape of the nanoparticle is assumed to
be monotonous and spherical. Constant heat flux is
applied to walls. The second discretization is used for
all parameters. The turbulent model of k–v shear stress
transport (sst) is used to model the turbulent flow. The
simulation space is three dimensional.

Continuity equation

∂

∂Xi

(rui)= 0 ð1Þ

The momentum vector equations
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The energy equation

∂

∂Xi

ui(Er+P)ð Þ= ∂

∂Xj

l+
Cpmt

Prt

� �
∂T

∂Xj

+ ui(tij)eff
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In the above equation, E is the total energy of deviato-
ric stress tensor (tij)eff which is defined as

E =CpT � P

r

� �
+

u2

2

� �
ð4Þ

(tij)eff = meff
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∂ui

∂Xj

dij

� �
ð5Þ

The transfer equation for the shear stress transfer
model k–v is as follows27

Figure 1. Schematic channel of teeth kinds and dimension of this study.

Table 1. Introducing the parameters and dimensions of the examined problem.

Length of
microchannel,
L (mm)

Input length of
microchannel,
L1 (mm)

Output length of
microchannel,
L2 (mm)

Microchannel
width,
W (mm)

Tooth pitch in
microchannel,
P (mm)

Microchannel
altitude, h (mm)

Tooth hole width,
R (mm)

12.5 5 4.5 1 1 1 Depending on R/W

Akbari et al. 3

 by guest on April 14, 2016ade.sagepub.comDownloaded from 

http://ade.sagepub.com/


∂

∂Xi

(rkui)=
∂

∂Xj

Gk

∂k

∂Xj

� �
+ ~Gk � Yk + Sk ð6Þ

∂
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� �
+G

v
� Yv +Dv + Sv ð7Þ

In the above equations, Gk is the turbulent kinetics
energy from the medium velocity gradients and the Gv

sentence states the production of this sentence from v

~Gk = min (Gk , 10b�kv) ð8Þ

Gk = � ru=iu=j

∂uj

∂Xi

� �
ð9Þ

In the above equation, nt is the turbulent viscosity, b* is
the fixed model, and the amount of a is calculated from
the following equation

a=a‘

(a�0 +Ret=Rv)

(1+Ret=Rv)
ð10Þ

The amount of Rv=2.59 and the a statement is
stated as follows

a‘ =F1a‘, 1 +(1� F1)a‘, 2 ð11Þ

a‘, 1 =
bi, 1

b�‘
� k2

sv, 1

ffiffiffiffiffiffiffiffi
b�‘

p ð12Þ

a‘, 2 =
bi, 2

b�‘
� k2

sv, 2

ffiffiffiffiffiffiffiffi
b�‘

p ð13Þ

k= 0:41, bi = 0:072, and a=a‘ = 1:0.
In the above equation, k=0.41 and bi=0.072. In

the above Reynolds numbers, a=a}=1. And in
equations (6) and (7), the Gv and Gk statements are the
effective diffusions of k and v and are stated as follows

Gk =m+
mt

sk

ð14Þ

Gv =m+
mt

sv

ð15Þ

The expressions sv and sk state the turbulent portal
numbers in k–v model, which are stated as follows

sv =
1

F1=sv, 1 +(1� F1)=sv, 2
ð16Þ

sk =
1

F1=sk, 1 +(1� F1)=sk, 2
ð17Þ

mt is the turbulent viscosity and is stated as follows

mt =a�
rk

v
ð18Þ

And it is stated with the following equation

a�=a�‘
(a�0 +Ret=Rk)

(1+Ret=Rk)
ð19Þ

a�=a�‘ = 1:0, Ret = kr=vm, Rk = 6, a�0 =bi=3,
and bi = 0:072.

The F1 mixing equation equals

F1 = tan (F4
1) ð20Þ

F1 = min max

ffiffiffi
k
p

0:09vy
,

500m

ry2v

 !
,

4rk

sv, 2D+
v y2

" #
ð21Þ

D+
v = max 2r

1

sv, 2

1

v

∂k

∂Xj

∂v

∂Xj

, 10�10

� �
ð22Þ

In equation (21), y is the distance to the next level of
fluid and D+

v is the positive part of the diffusion sen-
tence in the cross section. Yk and Yv show k and v

losses, respectively, and considering the turbulence, it is
defined as follows

Yk = rb�kv ð23Þ

Yv = rbv2, b� and b are constants ð24Þ

bi =F1bi, 1 +(1� F1)bi, 2 ð25Þ

Dv reflects the influence in cross section, whereas Sk

and Sv are the possible conditions of the source.
Specifically, Dv equals

Dv = 2(1� F1)rsv, 2
1

v

∂k

∂Xj

∂v

∂Xj

ð26Þ

The model constants14 are summarized in Table 2.

Governing relationships to calculate properties of
nanofluid and parameters

In this section, the governing relationships on nano-
fluid properties are introduced. The following equation
is used to calculate the density of the nanofluid28,29

rnf =(1� u)rf +urs ð27Þ

Thermal diffusivity of the nanofluid is calculated via
the following equation30

Table 2. Constant shear stress transport turbulence model of k–v.

sk,1 = 1.176 sk,2 = 1 sv,1 = 2 sv,2 = 1.168 a1 = 0.31 bi,1 = 0.075
bi,2 = 0.0828 a*} = 1 a} = 0.52 b*} = 0.09 bi = 0.072 a0 = 1.9
Rb = 8 Rk = 6 Rv = 2.95 z* = 1.5 sk = 2 sv = 2
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anf =
keff

(rCp)nf

ð28Þ

The specific heat capacity of the nanofluid is calcu-
lated with the following equation31

(rCp)nf =(1� u)(rCp)f +u(rCp)s ð29Þ

To calculate dynamic viscosity of the nanofluid in a
turbulent flow, the following equation32,33 is used

mnf =mf (123u2 + 7:3u+ 1) ð30Þ

Patel et al.’s34 equation is used to calculate the effec-
tive thermal conductivity of nanofluid for suspensions
with spherical particles

keff = kf 1+
ksAs

kf Af

+ cksPe
As

kf Af

� �
ð31Þ

In equation (31), the empirical constant is c=36,000

As

Af

=
df

ds

u
1� u

ð32Þ

Pe=
usds

af

ð33Þ

In equations (32) and (33), the water molecule diameter
is df=2Å and the nanoparticle molecule diameter is
ds=100nm; the amount of us is the velocity of
Brownian motion nanoparticles and is calculated by
the following equation

us =
2kbT

pmf ds
2

ð34Þ

In equation (34), the amount of kb = 1:3807 3

10�23 J=K is the Boltzmann constant.
The nanofluid used in this suspension simulation is

from copper oxide nanoparticles in basic fluid of water
with volume fraction of 0%, 2%, and 4% of the nano-
particle. The thermophysical properties of base fluid
and copper oxide nanoparticle powder are displayed in
Table 3.

The molecular diameter of solid nanoparticles and
base fluid is presented in Table 4.

The properties of the utilized nanofluid for the vol-
ume fractions of 0%, 2%, and 4% of solid nanoparticle

are presented in Table 5. Equations (27)–(34) are used
to calculate these properties.

The input velocity values for the nanofluid and base
fluid in Reynolds numbers and different volume frac-
tions of nanoparticles are calculated in Table 6.

The average velocity values for the nanofluid and
base fluid in Reynolds numbers and volume fractions
of different nanoparticles are calculated in Table 7
according to equation (37).

In this section, the equations to calculate the desired
parameters in simulation results are introduced. The
pumping power (Pp) is one of the parameters of deter-
mination of microchannel operation and is the needed
power to pump fluid into the channel, and the relation-
ship between this parameter and pressure decrease DP
in microchannel length is obtained by the following
equation15,35–38

Table 5. Thermophysical properties of base fluid and copper
oxide solid nanoparticle.

u r (kg/m3) Cp (J/kg K) K (W/m K) m (Pa s)

1% 1076.5 3864.2 0.6806 0.000967
2% 1155.8 3592.5 0.7496 0.0011
3% 1235.2 3355.8 0.8199 0.0012
4% 1314.5 3147.7 0.8918 0.0013

Table 6. Input velocity value for nanofluid and base fluid.

Re Water Water–Cu (2%) Water–Cu (4%)

10,000 7.685 8.185 8.506
12,000 9.222 9.822 10.206
14,000 10.760 11.460 11.910
16,000 12.300 13.100 13.610

Table 7. Average velocity value for the nanofluid and base fluid.

Re Water Water–Cu (2%) Water–Cu (4%)

10,000 8.935 9.517 9.890
12,000 10.723 11.420 11.868
14,000 12.51 13.324 13.845
16,000 14.301 15.231 15.824

Table 3. Thermophysical properties of base fluid and solid
nanoparticle.

Material r (kg/m3) Cp (J/kg K) K (W/m K)

Pure water 997.1 4179 0.613
Copper oxide17 8933 385 401

Table 4. Molecule diameter of used base fluid and nanoparticle
powder in the examined problem.

Material Molecule diameter (nm)

Pure water 0.2
CuO17 100

Akbari et al. 5
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PP = uinAcDP ð35Þ

In the above equation, uin is the input velocity and Ac

is the cross-sectional area. Hydraulic diameter of the
microchannel is also one of the physical properties of
the microchannel, which is defined as follows39,40

Dh =
4Ac

p
ð36Þ

In equation (36), Ac is the cross-sectional area of micro-
channel and p is the wet environment of the microchan-
nel. Reynolds number in this problem is calculated by
the following equation14

Re=
uaveDh

v
ð37Þ

The following equation is used41 to calculate the
average coefficient of fraction

f = 2DP
Dh

L

1

ruin
2

ð38Þ

The average Nusselt number is obtained with the fol-
lowing equation42

Nuave =
q00Dh

kf (Tw � Tm)
ð39Þ

In the above equation, Tw is the temperature of micro-
channel wall and Tm is the average bulk temperature.
To evaluate the thermal and fluid function of three-
dimensional tooth microchannel, the parameter perfor-
mance evaluation criterion (PEC) as the thermal
efficiency is defined as follows43

PEC =

Nuave

Nuave, s

� �
f

fs

� �(1=3)
ð40Þ

The Poiseuille number is calculated as follows44,45

Cf = f Re ð41Þ

In turbulent flow analysis section, empirical relation-
ships were used for validation and comparison of the
results. The Dittus–Boelter relationship and Petukhov
relationship are used to calculate the Nusselt number in
smooth channel. Considering the parameters, the range
of validity of results is as follows:

The Dittus–Boelter relationship14

Nus = 0:023Re0:8Pr0:4

0:5\Pr\120, 6:0 3 103\Re\1:0 3 107;
L

d

� �
.60

ð42Þ

Petukhov relationship14

Nus =
RePr f

8

� �
1:07+ 12:7 f

8

� �1=2
(Pr2=3 � 1)

0:5\Pr\200, 1:0 3 104\Re\5:0 3 106

ð43Þ

The Petukhov and McAdams relationships are used
to calculate coefficient of friction in smooth channel
and validation with empirical relations, defined as
follows:

Petukhov relationship14

fs =(1:84 log10Re� 1:64)�2

0:5\Pr\200, 1:0 3 104\Re\5:0 3 106
ð44Þ

McAdams relationship14

fs= 0:184Re�0:2

2:0 3 104\Re\3:0 3 105
ð45Þ

Boundary conditions for the governing equations

The boundary conditions are as follows:
In input

V =Vin, T =Tin ð46Þ

The input velocity is presented according to Table 6.
The fluid temperature in the input equals 293K.

In output

P=Pout ð47Þ

In microchannel walls

U =V =W = 0, q=== � kf

∂Ts

∂n

� �
ð48Þ

It is worth mentioning that the fluid temperature
in the input equals 293K, constant heat flux is applied
to all microchannel walls, and the amount of
applied heat flux to microchannel walls equals
q//=20,000W/m2.

Numerical solving procedure

The control volume method is used46,47 to solve the
governing Navier–Stokes equations on turbulent flow
in this problem. In the controlled volume method, con-
servation equations are integrated on cell and they are
established for all computational domains. This prop-
erty is true for different numbers of nodes, even if there
are few nodes.48–50 The second-order upwind method is
used to discretize all the equation terms, and SIMPLE
algorithm is used to couple pressure–velocity.51,52
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When the residuals of all parameters are less than 1026,
the problem solving becomes convergent and the calcu-
lations reach a result.

Grid independency

The number of grid cells in R/W=0 mode and
Reynolds number of 16,000 and for the pure water
fluid were examined to numerically simulate this prob-
lem. The number of grid points change between
350,000 and 750,000, and the effect of these changes on
the average Nusselt parameters and coefficient of fric-
tion was investigated. The result of this investigation is
shown in Table 8.

As it was obvious, after the increase in cell numbers
to a specific number, there was not any outstanding
change in the average Nusselt and coefficient friction.
Therefore, the optimum number of cells is chosen,
which is 550,000 in this research. The calculation error
in the number of cells is less than 1%. Therefore, the
numerical simulation in this research is done with this
number of cells.

Discussion and conclusion

The results presented in this section are related to the
examination of the effect of tooth hole width ratio to
microchannel width (R/W). The presented results
include the average Nusselt, the convection heat trans-
fer coefficient, the PEC, the pumping power, the coeffi-
cient of friction, and the Poiseuille number. These
results are for 0, 0.125, 0.250, and 0.325 R/Ws. The cal-
culated amounts are measured for each fluid and heat
transfer parameter of turbulent flow in each R/W mode
to similar parameters in smooth microchannel (without
tooth).

According to the above point, both smooth and
tooth microchannels simulated with similar geometry
and boundary conditions. The cooling fluid of pure
water with empirical relationships of turbulent flow has
been used to smooth microchannel. The results of this
research are calculated for the Reynolds number of
10,000–16,000 and volume fractions of 0%, 2%, and
4% copper oxide nanoparticle.

Validation

In this section, the results of Manca et al.14 and Salman
et al.53 are used for validation. Figure 2(a) and (b)
shows the amounts of the average Nusselt number and
coefficient of friction in smooth microchannel with the
cooling fluid of pure water, respectively, and Figure 3
shows the validation with the research by Salman
et al.53 As it is obvious in the figures, the results of this
study are in line with those of Manca et al.14 and Liu
and Wang15 and have adequate precision.

Figure 4 displays the average Nusselt number for
the smooth and tooth microchannels with ratio of R/
W=0 and R/W=0.25 for the pure water in Reynolds
number range of 10,000–16,000. We can understand
from the results obtained in Figure 4(a) that the aver-
age Nusselt number for R/W=0 mode increases
between 42% and 65%, and for R/W=0.25 mode, it
increases between 34% and 37% compared to smooth
channel, and that is because of the vortices formed
because of the obstacles. Figure 4(b) and (c) shows the
average Nusselt number for the smooth and tooth
microchannel with R/W=0.25 and R/W=0 in

Figure 2. Comparition between present work and Manca et
al.14: (a) average Nusselt number and (b) friction factor versus
Reynolds number.

Table 8. Suitable grid number to solve this problem.

Grids Num F

350,000 141 0.05798
450,000 144.4 0.05802
550,000 145.8 0.05810
650,000 146 0.05811
750,000 146.05 0.05811

Akbari et al. 7
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volume fractions of 0%, 2%, and 4% nanoparticle. It
is obvious from the obtained results that in the volume
fraction of 2% of nanoparticle in R/W=0 mode, the
average Nusselt number increases between 16% and
17%, and in the R/W=0.25, the average Nusselt num-
ber increases between 14.5% and 15%. In the volume
fraction of 4% in R/W=0 mode, the average Nusselt
number increases between 31% and 32%, and for the
R/W=0.25 mode, the average Nusselt number
increases between 28% and 29%, and the evaluation for
the channel with similar R/W and pure water fluid is
performed. The reason for the increase in Nusselt num-
ber in higher nanoparticle volume fractions compared to
pure water fluid is the existence of nanoparticle in the
working fluid, which increases the thermal conductivity
and enhances the heat transfer mechanisms.

Figure 5 displays the average coefficient of friction
for the tooth microchannel with R/W=0.25 and R/
W=0 and smooth microchannel for pure water fluid
in Reynolds number range of 10,000–16,000. From the
results obtained in Figure 5(a), the average coefficient
of friction for R/W=0 is between 2.16 and 2.50 times
the smooth channel, and for R/W=0.25, the coeffi-
cient friction increase is about 1.9–1.96 times smooth
channel. The reason for this is the existence of tooth on
fluid path. The reasons for higher coefficient of friction
in R/W=0 compared to R/W=0.25 are the flow of
fluid from holes of teeth edges and the reduction in
path blocking of fluid flow by tooth in R/W=0.25.
Figure 5(b) and (c) displays the average coefficient of
friction in volume fractions of 2% and 4% nanoparti-
cle. According to Figure 5(b), in volume fraction of 2%
nanoparticle in R/W=0, the average coefficient of
friction has increased between 15.8% and 16%

compared to pure water fluid in tooth R/W=0 mode.
At R/W=0.25, the average coefficient of friction has
increased about 14.6% and 15.9% compared to pure
water fluid in R/W=0.25 tooth mode. In Figure 5(c),
in fraction volume of 4% nanoparticle in tooth modes
of R/W=0.25 and R/W=0, the average coefficient of
friction increases about 30.6%–31.9% and 32%–
32.1%, respectively, compared to similar R/W mode
pure water fluid. The reason is an increase in the nano-
particle volume fraction, which leads to increased shear
stress in wall and viscosity increase. The average coeffi-
cient of friction in R/W=0 is higher compared to that
in R/W=0.25, and the reason is the lower pressure
drop in R/W=0.25.

Figure 6 displays the average values of convection
heat transfer coefficient for the microchannel with dif-
ferent R/W tooth in volume fractions of 0%, 2%, and
4% nanoparticle and Reynolds number range of
10,000–16,000. It can be concluded from the obtained
results that with an increase in Reynolds numbers and
volume fraction of solid nanoparticle, the average value
of convection heat transfer coefficient increases. In R/
W=0, the value of this coefficient is the highest value
between different volume fractions of nanoparticle, and
different Reynolds numbers are similar to other R/W
modes. The reason is the better distribution of tempera-
ture between layers of fluid close to microchannel sur-
face and creation of stronger vortices than other R/Ws.
Among the examined modes, R/W=0.325, compared
to R/W=0.25 and R/W=0.125, has higher average
values of convection heat transfer coefficient, and the
better access of fluid to back of the tooth, correction,
and reduction in areas with lower heat transfer behind
the tooth are the reasons for this issue.

Figure 7 shows the ratio of pumping power in tooth
microchannel compared to smooth microchannel in dif-
ferent Reynolds and different solid nanoparticle volume
fractions. In the above figures, with a reduction in R/W
ratio, the pumping power decreases. In the displayed
modes, the slope of diagram R/W=0 compared to
other R/W diagrams has the highest value, and the rea-
son is the obstruction of moving path of fluid and fur-
ther increase in pressure drop compared to other R/W
modes. With an increase in volume percentage of solid
nanoparticle, the ratio of pumping power increases and
the increase in fluid viscosity is the reason. The more
the viscosity of the fluid, the more power is needed to
move in the microchannel. According to Figure 7(a), it
is obvious that the pumping power in a tooth micro-
channel with R/W=0 mode and highest viscosity can
increase to 6.5 times a smooth channel. With an
increase in Reynolds number, the pumping power also
increases. The reason is the velocity increase in higher
Reynolds. Velocity increase causes volumetric flow
rate, which itself causes the increase in pumping power.

Figure 3. Validation of this study with the research by Salman
et al.53
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Figure 8 demonstrates the Poiseuille values for the
microchannel with different R/W tooth ratios in differ-
ent volume fractions of 0%, 2%, and 4% nanoparticle
and Reynolds number range of 10,000–16,000. In all
R/W modes, with an increase in Reynolds number and
nanoparticle volume fraction, the Poiseuille value
increases. The reason for this phenomenon is the
increase in volumetric percentage of nanoparticle that
increases the shear rate in microchannel walls and
increases the pressure drop and coefficient of friction
that finally lead to an increase in Poiseuille number. It
is seen that among the investigated R/Ws, with an
increase in R/W ratio, the Poiseuille number decreases.

Among the investigated R/Ws, the change slope of
Poiseuille number in R/W=0 mode for all nanoparti-
cle volume fractions and Reynolds numbers is higher
compared to other R/W modes. The reason is more
obstruction of microchannel because of the existence of
fully attached rib on fluid path, which leads to more
increase in pressure drop and coefficient of friction that
finally increases the Poiseuille number more compared
to other modes.

Among other modes of R/W, tooth with R/
W=0.325 ratio has the lowest Poiseuille. The reason is
the flow of part of fluid from wider edges of teeth com-
pared to other R/W modes, and that this kind of teeth

Figure 4. Ratio amounts of the average Nusselt number based on Reynolds number in smooth and tooth microchannels with
different nanoparticle volume fractions.
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has less resistance against fluid flow, which consider-
ably affects the reduction in Poiseuille value in this
tooth mode.

Figure 9 shows the average convection heat transfer
coefficient in different R/W modes in various
Reynolds. According to Figure 9(a)–(d), with an
increase in Reynolds number in all R/W modes, the
average convection heat transfer coefficient increases
substantially, which is because of an increase in fluid
velocity parameter. In all Reynolds numbers and exam-
ined R/W modes, R/W=0 has a better trend in
increase in the average convection heat transfer coeffi-
cient. There is less difference in the average convection

heat transfer coefficient for all R/W ratios to R/W=0
mode in Reynolds number of 16,000. On the other
hand, with an increase in solid nanoparticle volume
fraction in working fluid, because of strengthening the
guidance mechanisms and other micrometer heat trans-
fer mechanisms, the average convection heat transfer
coefficient increases. In all Reynolds numbers, it can be
observed that nanofluid with the highest nanoparticle
volume fraction has the highest heat transfer
coefficient.

Figure 10(a)–(d) shows the average Nusselt values
for smooth microchannel compared to tooth micro-
channel with different tooth R/W ratios in different

Figure 5. Average coefficient of friction based on Reynolds numbers in smooth and tooth microchannels with different
nanoparticle volume frictions.
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volume fractions of 0%, 2%, and 4% nanoparticle and
Reynolds number range of 10,000–16,000. It can be
observed that the average Nusselt ratio in 10,000
Reynolds number has increased outstandingly com-
pared to other Reynolds numbers. The reason is the
effect of creation of vortices and the effects of turbu-
lence made by flow turbulence in lower Reynolds com-
pared to higher Reynolds numbers. The comparison of
average Nusselt value in R/W=0 mode with other R/
W modes in each Reynolds number shows the superior-
ity of Nusselt number in R/W=0 over other modes.
The reason is the creation of stronger vortices by com-
pletely sticky tooth (R/W=0) on microchannel

surface, which itself causes better flow mixture in differ-
ent layers of fluid and improves the Reynolds number.
Among other examined modes of R/W, it is seen that in
R/W=0.325 mode, the average Nusselt ratio in com-
parison to R/W=0.25 and R/W=0.125 ratio in all
Reynolds numbers is high. The reason is the improve-
ment and reduction in areas with low heat transfer and
better distribution of heat transfer in areas at the back
of the tooth and the junction of the tooth and micro-
channel surface. For all R/W modes, with an increase
in Reynolds number, the value of Nusselt decreases,
and in higher Reynolds numbers, it is expected that the
effects of rise in fluid momentum of created vortices by

Figure 6. Average values of convection heat transfer coefficient based on Reynolds numbers in microchannel with R/W ratios and
different nanoparticle volume fractions.
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roughness and obstacles in the fluid damp the cooler.
The creation of these vortices rises the heat transfer and
damping of the vortices because of momentum increase
in the cooling fluid in higher Reynolds numbers and
closes the tooth microchannel behavior to smooth
microchannel. According to the results presented in dia-
grams of Figure 10, it can be concluded that this unsui-
table behavior can be improved, to some extent, using
the tooth with more R/W.

Figure 11(a)–(d) displays the coefficient of friction
value for smooth microchannel in comparison to tooth
microchannel with different tooth R/W ratios in differ-
ent volume frictions of 0%, 2%, and 4% nanoparticle

and Reynolds range of 10,000–16,000. It is obvious
from the figure that in all R/W modes and all examined
Reynolds values, the coefficient of friction increases
with the increase in volume fraction of solid nanoparti-
cle and the decrease in R/W ratio. The reason is the
increase in viscosity with an increase in solid nanopar-
ticle volume fraction in the cooling fluid that is accom-
panied by an increase in shear stress of microchannel
walls. On the other hand, the existence of tooth with
less R/W causes more pressure drop in fluid path,
which itself has a significant impact on the increase in
the coefficient of friction. In general, by moving cool-
ant fluid between teeth, due to collision of the fluid

Figure 7. Diagram of pumping power ratio based on Reynolds number in tooth microchannel with different tooth R/W ratios and
different volume fractions of solid nanoparticle.
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with the teeth, the fluid velocity drops strongly. This
deceleration increases the pressure drop in the fluid
flow direction, which finally leads to an increase in
coefficient of friction. The pressure drop in the toothed
regions strongly depends on the ratio of R/W. By
increasing the ratio of R/W, the cross-sectional surface
of flow that passes through the bottom corners of the
teeth increases and the fluid flow with lower resistance
passes this path. If the fluid flow passes in the toothed
regions with lower resistance, this results in a decrease
in momentum fluid, and finally a decrease in the pres-
sure drop and coefficient of friction will be followed. It
also increases the volume fraction of the solid particles

and increases the number of solid particle collisions
with the surfaces of channels, thus increasing the fric-
tion coefficient. Due to above reasons, in all diagrams
lowest coefficient of friction related to pure water, and
the highest ratio of R/W is. In all R/W ratios and solid
nanoparticle volume fractions, with an increase in
Reynolds number, the coefficient of friction decreases;
that is, with an increase in Reynolds number, the
momentum fluid increases and the fluid tends to feel
less resistance of the tooth existence on its path. It is
observed that the impact of an increase in more R/W
in lower Reynolds compared to higher ones has more
effects on the reduction in coefficient of friction, and

Figure 8. Poiseuille number values based on Reynolds numbers in microchannel with different nanoparticle R/W ratios and volume
fractions.

Akbari et al. 13

 by guest on April 14, 2016ade.sagepub.comDownloaded from 

http://ade.sagepub.com/


the reason is the fluid crossing the edge of tooth in
lower Reynolds numbers. In general, by moving the
coolant fluid between teeth, due to collision of the fluid
with the teeth, the fluid velocity drops strongly. This
deceleration causes an increase in the pressure drop in
the fluid flow direction, which finally leads to an
increase in coefficient of friction. The pressure drop in
the toothed regions strongly depends on ratio of R/W.
By increasing the ratio R/W, the cross-sectional surface
of flow that passes through the bottom corners of the
teeth increases and the fluid flow with lower resistance
passes this path. If the fluid flow passes in the toothed

regions with lower resistance, this results in a decrease
in the momentum fluid, and finally a decrease in the
pressure drop and coefficient of friction will be fol-
lowed. It also increases the volume fraction of the solid
particles and the number of solid particle collisions
with the surfaces of channels, thus increasing the fric-
tion coefficient. For these reasons, in all diagrams low-
est coefficient of friction related to pure water, and the
highest ratio of R/W is.

Figure 12(a)–(d) shows the pressure drop values for
tooth microchannel with different R/W tooth ratios
compared to smooth microchannel in different volume

Figure 9. Diagram of the average convection heat transfer coefficient based on R/W ratio in Reynolds numbers and different
nanoparticle volume fractions.
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fractions of 0%, 2%, and 4% nanoparticle and
Reynolds number range of 10,000–16,000. In all exam-
ined R/Ws and Reynolds numbers in this research, it is
observed that with an increase in solid nanoparticle
volume fractions and R/W ratio reduction, the pressure
drop in tooth channel increases compared to that of
smooth channel. It can be observed that in all R/W
tooth modes and solid nanoparticle volume fractions,
the ratio of pressure drop decreases with an increase in
Reynolds number. On the other hand, the existence of
solid nanoparticle in the cooling fluid causes a signifi-
cant rise in the pressure drop because of the movement
of more viscous fluid compared to less viscous fluid.

In Figure 12(a), in lower Reynolds numbers, pres-
sure drop in a tooth microchannel with R/W=0 can
increase 3.8 times a smooth channel. In the lowest
mode, the R/W ratio increases about 3.2 times a
smooth channel because of the easy movement of the
fluid in microchannel ducts, meaning that using tooth
with highest R/W, not only do we use the advantages
of a tooth microchannel over those of R/W=0 but
also there will be less pressure drop compared to R/
W=0. To summarize, it can be said that the pressure
drop in this problem increases by increasing the
Reynolds number. But because the results are com-
pared with toothless and smooth microchannels, at

Figure 10. Average Nusselt values based on Reynolds numbers in tooth microchannel with R/W ratios and different nanoparticle
volume fractions.
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high Reynolds numbers, the effect of the indentation
by the fluid flow is less. At higher Reynolds numbers,
the fluid flow easily passes on the ribs and hydrody-
namic behavior of the microchannel closer to the
smooth microchannel hydrodynamic behavior. Overall,
this figure explains the pressure drop in a ribbed micro-
channel compared to a smooth channel. Increasing the
ratio of R/W increases the passing width cross section
of the channel, and in the ribbed areas this factor
reduces the pressure drop as well.

Figure 13(a)–(d) displays the Poiseuille changes in
different R/W modes in different nanoparticle volume

fractions in different Reynolds. In all the above dia-
grams, the amount of Poiseuille in all R/W modes
increases with a rise in Reynolds number and nanopar-
ticle volume fraction. The reason is an increase in visc-
osity and velocity of fluid. In different modes of R/W,
in all Reynolds, with an increase in R/W ratio, the
Poiseuille decreases. The reason is the fluid moving in
the created areas at the tooth edges, and it is seen that
in R/W=0.325, because of narrowness of the path,
the fluid flow has less obstruction in tooth edges among
all R/W modes. Because of many obstructions in fluid
flow path, the R/W=0 ratio causes increased contact

Figure 11. Average coefficient of friction values based on R/W ratios in tooth microchannel in Reynolds numbers and different
nanoparticle volume fractions.
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of fluid with the surface, which itself has a great impact
in Poiseuille value rise.

In Figure 14(a)–(d), the pumping power in a tooth
channel with different R/Ws in a tooth channel com-
pared to a smooth one in different volume fractions
and Reynolds was evaluated. For all R/W ratios and
all Reynolds numbers, it is seen that with a decrease in
R/W ratio and an increase in solid nanoparticle frac-
tion, the amount of pumping power increases. The
reason is the existence of the nanoparticles in the cool-
ing fluid that increases the viscosity and density of the

cooler to a great extent, and the fluid with higher den-
sity and viscosity needs more pumping power in order
to move along the channel. In addition, the existence
of teeth with lower R/W shows more resistance
against fluid moving. On the other hand, with an
increase in Reynolds in all R/W modes, the pumping
power increases. The reason is the necessity of higher
pumping power in higher Reynolds to assure the cool-
ing fluid velocity. The PEC is an important parameter
in examining the Nusselt number and coefficient of
friction compared to a smooth microchannel.

Figure 12. Pressure drop ratio based on R/W ratios in tooth microchannel in Reynolds numbers and different nanoparticle volume
fractions.
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By investigating this parameter, we can find out that
the impact of using teeth and roughness is the increase
in heat transfer or increase in coefficient of friction.
According to the parameter of PEC, we can determine
the governing impact of heat transfer or coefficient of
friction in nanofluid flow of computational dynamic
fluid.

Figure 15(a)–(d) evaluates the amount of PEC in
tooth microchannel with different tooth R/W ratios in
different volume fractions of 0%, 2%, and 4% nano-
particle and Reynolds number range of 10,000–16,000.
It can be concluded from the findings that in lower

Reynolds, the existence of a tooth with R/W=0 has
the highest thermal-fluid efficiency, which decreases
with an increase in Reynolds number. The reason is the
importance of creation of more confusion and stronger
vortices by tooth in R/W=0 mode in lower Reynolds.
The creation of more confusion in higher Reynolds
numbers by tooth with R/W=0 ratio has lower impact
than lower Reynolds because the flow in higher
Reynolds ejects most of the vortices because of more
momentum that causes the reduction in thermal-
fluid performance in this ratio of tooth in higher
Reynolds.

Figure 13. Poiseuille diagram in tooth microchannel based on R/W tooth ratio in Reynolds numbers and different tooth volume
fractions.
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On the other hand, the existence of tooth with
higher R/W ratio in higher Reynolds has higher PEC
compared to lower Reynolds because of correction
with lower heat transfer at the back of the tooth, and
because of better access of fluid to all areas behind the
tooth. In addition, besides the mentioned issues for the
tooth with R/W. 0 with an increase in this ratio in all
Reynolds numbers, and considering the described dia-
grams, the pressure drop decreases, which has a great
impact on increasing the thermal-fluid efficiency.
According to Figure 15(d), in higher Reynolds, using
tooth with R/W=0.325 and volume fraction of 4%
nanoparticle, the PEC of about PEC=1.2 and tooth

mode of R/W=0 can be obtained. It means that the
existence of tooth with higher R/W and higher volume
fraction of the solid nanoparticle in 16,000 Reynolds
number in this research increases the PEC of tooth
channel with pressure drop in pumping power and
lower coefficient of fraction compared to microchannel
with tooth ratio of R/W=0. This is one of the main
advantages of utilizing and examining the semi-
attached rib in this study. Use of tooth to increase heat
transfer has a great impact on heat transfer perfor-
mance in channels and microchannels. Using full or
completely adherent tooth to surface increases the coef-
ficient of friction because of more obstruction of the

Figure 14. Diagram of pumping power ratio based on R/W ratios in Reynolds numbers and different nanoparticle volume fractions.
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channel by tooth, and because of an increase in hot
areas or areas with lower heat transfer (lower heat
transfer areas (LHTAs)). In order to improve the men-
tioned flaws, half-adherent tooth design can be used
instead of completely adherent tooth.

Figures 16 and 17 display the hot areas created in
edges and at the back and junctions of tooth to surface
for the Reynolds number of 10,000 and volume frac-
tion of 4% nanoparticle.

Figure 18 displays the static pressure contours in the
length of the microchannel (in cross section of micro-
channel and the middle of the tooth). Due to the fluid
impact on the tooth, the fluid velocity declined and the
pressure increased. After the passage of fluid from the
edges of the teeth, because of the decrease in the micro-
channel cross section of the tooth, the fluid velocity
increases. The amount of fluid pressure in collisions with
teeth, with a reduction in the ratio of R/W, increases; it

Figure 15. Diagram of performance evaluation criterion based on R/W ratios in tooth microchannel and different nanoparticle
volume fractions and Reynolds numbers.
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is due to the increased impact on the surface fluid with
the tooth, in the case of the smaller R/W.

Conclusion

In this study, the forced convection heat transfer of
copper oxide-water nanofluid in a rectangular three-
dimensional microchannel under a constant heat flux
was examined using a numerical method. The impact of
volume percentage of solid nanoparticle on Reynolds
numbers, R/W tooth ratio on flow field, temperature,
and heat transfer rate was investigated. In this research,
it can be concluded that using tooth with higher R/W in
higher Reynolds in average Nusselt ratios and average

heat transfer coefficient has better performance than a
full tooth. The impact of using tooth with R/W=0 in
lower Reynolds is more obvious. Utilizing tooth with
R/W=0 compared to other tooth has higher coeffi-
cient of friction, pressure drop, and pumping power,
and creation of areas with lower heat transfer at the
back of tooth and tooth junctions to the surface is the
flaw of using this kind of tooth. Using tooth with
0\R/W � 0.325 in this research shows that in produc-
ing stronger vortices that cause better turbulence of
fluid layers, these teeth perform weaker than tooth in
R/W=0 ratio. However, the major advantage of using
tooth with 0\R/W � 0.325 is a substantial increase in
heat transfer. In other words, in these teeth ratio, the

Figure 16. Average Nusselt number diagram for the Reynolds number of 10,000 and volume fraction of 4% solid nanoparticle:
(a) R/W = 0 and (b) R/W = 0.125.
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hot areas with lower heat transfer at the back of tooth
are corrected or removed to some extent. In addition,
with an increase in R/W ratio in these teeth, the pump-
ing power, coefficient of friction, and pressure drop are
largely reduced, causing higher fluid performance in
tooth heat transfer. Considering the above PEC

diagrams in higher Reynolds, it can be stated that tooth
with R/W=0.325 ratio not only has lower pumping
power, coefficient of friction, and pressure drop but
also has equal thermal PEC with R/W=0. This mode
of tooth in this research can be called the optimum
mode of tooth.

Figure 17. Average Nusselt number diagram for the Reynolds number of 10,000 and volume fraction of 4% solid nanoparticle:
(a) R/W = 0.25 and (b) R/W = 0.325.
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Appendix 1

Notation

A area, m2

Cf Poiseuille number
Cp special heat, J/kgK
D solid particle molecule diameter, nm
Dh hydraulic diameter, m
f coefficient of friction
h conductive heat transfer coefficient, W/

m2K
H microchannel height, nm
k thermal conductivity, W/mK
L microchannel length, mm
L1 microchannel input length, mm
L2 microchannel output length, mm
Nu Nusselt number
p perimeter, m
P pressure, Pa
Pp pumping power, W
Pr Prandtl number
q// heat flux, W/m2

R rib hole width, mm
Re Reynolds number

T temperature, K
U velocity component in direction of x, m/s
V velocity component in direction of y, m/s
W microchannel width, mm
W velocity component in direction of z, m/s

Greek symbols

a thermal diffusion, m2/s
b volumetric expansion coefficient, k21

m viscosity, Pa s
r density, kg/m3

u volume fraction

Subscript

Ave average
f fluid
M average
Nf nanofluid
P solid particles
S smooth
W wall
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