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1 Introduction and preliminaries
Let A be a class of analytic functions in the open unit disk D := {z € C: || < 1} of the form

f(2) :Z+Za,,z”, zeD, (1.1)

n=2

and let S be the class of functions f € A which are univalent in ID. For « € [0, 1), we denote
by &*(«) the subclass of A consisting of all functions f € A for which f is a starlike function
of order o in D, that is,

zf'(z)
f(2)

Re >a, zel.

Note that S*(0) =: S* represents the class of starlike functions in D. A function f € A is
said to be starlike of reciprocal order o € [0, 1) (see [19, p. 2734]), denoted by f € S (), if

f(@)
zf'(2)

Re >a, zeD.

It is well known that every starlike function of reciprocal order 0 is starlike. In particular,

every starlike function of reciprocal order « € [0, 1) is starlike, and hence univalent in D
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(see [22]). Moreover, for a function f € A and 0 < « < 1, the following equivalence holds:

1
<—, zeD.
20

zf'(z) 1

feSia) <= 0 "

Various authors have studied many problems for the classes S’ («) and one may see, for
example, the works [8, 19, 22].

If is well known that if F and G are two analytic functions in D, then F is said to be
subordinated to G, denoted by F(z) < G(z), if there exists an analytic function w in D,
with w(0) = 0 and |w(z)| < 1, z € D, such that F(z) = G(w(z)) for all z € D. It follows from
the Schwarz lemma that F(z) < G(z) implies F(D) C G(D), while if G is univalent in D then

F(z) <G(z) <= F0)=G(0) and F(D)c G(D).
In [6] the authors introduced the class Sy, of functions f € A such that

zf'(2) 52 2%
e <1+ 3 + i Que(2).

A function f € S}, maps the open unit disk I onto a domain that consists in a four-leaf-
shaped region.

In [12] (see also [26]), by using the polynomial function ®(z) := 1 + /2z + %, the cor-
responding class S; of functions f € A such that

zf'(z)
f(2)

< (Dg(Z)

was widely investigated. Note that every function in S} is univalent in D and maps the
open unit disk onto the domain bounded by the limacon curve

(4% +4v* —8u—5)" + 8(du + 47— 12u-3) =0, z=u+iv.

The logarithmic coefficients y, of a function f € S are defined with the aid of the follow-
ing power series expansion:

o0
Fr(2) := log'@ =2 Z vu(f)z", ze€D, wherelogl=0. (1.2)
n=1
These coefficients play an important role in different estimates in the theory of univalent
functions, and note that we will use the notation y, instead of y,(f); in this regard see [16,
Chap. 2] and [17, 18].
The logarithmic coefficients y, of an arbitrary function f € S (see [11, Theorem 4])
satisfy the inequality

o 2

g T
E [Vl =<
n=1

and the equality is obtained for the Koebe function. For f € §*, the inequality |y,| < 1/n
holds but it is not true for the whole class S (see [10, Theorem 8.4]). However, the problem

Page2of 11



Analouei Adegani et al. Journal of Inequalities and Applications (2023) 2023:143 Page3of 11

of the best upper bounds for the logarithmic coefficients of univalent functions for n > 3
is presumably still open.

Because of the major importance of the study of the logarithmic coefficients, in recent
years several authors have recently investigated the issues regarding the logarithmic coeffi-
cients and various related problems for some subclasses of analytic functions (for example,
see [1=5, 9, 1315, 20, 21, 24, 25]).

In [2] the authors obtained bounds for the logarithmic coefficients y,, n € N, of the

general class

5%(g) = {fe A7 w(Z)},

f(2)

with the given bounds generalizing many of the earlier obtained results.

Theorem A ([2, Theorem 1(i)]) Letf € S*(¢).Ifp(z) =1+ Biz+---+B,z"+--- ,z € D, with
B; #0, is convex (univalent), then the logarithmic coefficients of f satisfy the inequalities:

|B1|
Iynlf—zn, neN:={1,2,3,...}, (1.3)
and
o0 [o¢]
1 |Bu?
PR P (1.4)
n=1 4'1'1:1 n

All the inequalities in (1.3) and (1.4) are sharp, so that for any n € N there is a function f,
given by zf(2)/f,(2) = (") and a function f given by zf'(2)/f (z) = ¢(z), respectively.

In [6] the authors found upper bounds for the logarithmic coefficients y, forn =1,2,3,4
as follows:

Theorem B ([6, Theorem 6]) Let fbe the series as in (1.1) and suppose f € Sf,. Then

i< <, k<, <
=iy M=y sz MISiee
These bounds are sharp.

The next lemma will be used to obtain our first main result.

Lemma 1.1 ([23, Theorem I1(i)], [10, Theorem 6.3, p. 192]) Letf(z) = Y oo, a,z" and g(z) =
> > buz" be analytic in D, and suppose that f(z) < g(z) where g is univalent in D. Then

n n

dolal <) bkl neN.
k=1

k=1

To prove our second result that gives sharp estimates for the logarithmic coefficients y,,,
n € N, for functions belonging to the class S},, we will use a different method given by the
following lemma.
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Lemma 1.2 ([23, Theorem VI(i)]) Let f(z) = Y 1o, axz* and F(z) = Y oo, AxzX, z € D, be
analytic functions in D such that f(z) < F(z). If A1 > 0 and there is a function

1 o0
Fi(z) = EAI +Asz+ -+ A" Z B2l zeD, (1.5)

k=n+1

which is regular in D and satisfies Re F1(z) > 0, z € D, then
|a}’l| = Al; ne N'

Equality is possible only if either f (z) = F(ez"), |¢| = 1, or if Ax are of the form
n-1
A=) pe® V%, >0, k=1,2,...,n.
j=1

In [7] the author defined the class S(4, B, p, B) of functions f(z) =2 + Y o, arz" analytic

in D which satisfy
zf'(z) 1+Az B
e <@—ﬁHﬁBZ+ﬁﬂw@L (1.6)

with -1 <B<A <1and 0 < B <p, p e N. Theorem 3 of [7] gives upper bounds for the
coefficients a,, of functions belonging to this class S(4, B, p, B).

We emphasize that, if we assume also that -1 <A <B <1 instead of -1 <B<A <1,
the conclusion of Theorem 3 in [7] holds. We will use the following lemma to determine
upper bounds for the coefficients of functions in the class S;(«).

Lemma 1.3 ([7, Theorem 3]) Iff(z) =2 + > 1o, arz" € S(A, B, p, B), then

n—(p+1)
@< ] |(B—A)(p—B) + Bk|
k=0

k+1

, n=2p+1,

and these bounds are sharp for all -1 < A <B <1 and foreachn>p + 1.

The main purpose of this paper is to get sharp bounds for some relations associated with
logarithmic coefficients of functions belonging to the well-known classes S} (@), S}, and
S; . Moreover, we find sharp bounds for the coefficients of functions in S;(a).

2 Main results
The first result of this section deals with the logarithmic coefficients of the class S («).

Theorem 2.1 Letf € S)(a).
1. Then, the logarithmic coefficients of f satisfy the following inequalities:

l-«
|W|§—;—, neN, (2.1)

_2q 2(n-1) .
i e )2y Y2, ifa e [0,1)\ {172},
n=1 T ! l:fa = 1/2;

4’

(2.2)
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and

inzly o< (@ =123 (1-20)%"Y,  ifae[0,1)\ {1/2},
AR P ifa=1/2.

4’

(2.3)

2. The first inequality is sharp (the best possible) because for an arbitrary ny € N, for the
function

2(a—1)

_ 101 no(1-2a) ;
(@) = fou(2) = Z[{:ﬂ(l 2a)z"] , ifael0,1)\{1/2},
ze "0, ifa=1/2,

we obtain equality in (2.1).

3. The second and third inequalities are sharp because for the function

2(a-1) .
k) = fi(2) = zZ[1+ (1 - 2a)z] T2« , zfot €[0,1)\ {1/2}, 2.4)
ze %, ifa=1/2,

we obtain equalities in (2.2) and (2.3).

Proof 1. To prove the first part of our result, suppose that f € S)(«). Then

fz) 1+(1-20)z
zf'(2) = 1-z

and, according to the definition of subordination, this is equivalent to

zf'(z) 1-z
f(z) = 1+(1-2a)z

=: ¢(2)

14 22D 5 (D11 - 20002, ife € [0,1)\ {1/2},
1-2z, ifa=1/2,

where ¢(z) =1+ Bz +---,z €D, with B; =2(x — 1) #0 for « € [0,1). Now, we will show
that ¢ is convex (univalent) in ID. Since ¢'(0) = B; # 0 and

Re<1 . qu”(z)) _Re iz 20z o b,
¢'(2) 1+(1-2a)z

forall o € [0, 1), it follows that ¢ is convex (univalent) in ID. Since all conditions of Theorem
A are satisfied, from (1.3) and (1.4) it follows that the first two inequalities of our theorem
hold.

Now we will prove the last inequality of our theorem. Thus, given f € S}(«) and using

the power series expansion formula (1.2), we get

o = 23 (107 @) - L@ 1-z _ _
;27[)/”2 —Zd—Z(IOgT)— f(z) —1<m—1—¢)(2)—1—.1/f(2’).
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We already proved that the function ¢ is univalent in D, hence ¥ will be such too, and it

has the form

2(a—1) o0 —1)"*-1(1 — 2¢)" noif 0,1 1/2},
b2 | A TR a0y, e 0,0\ (172
2z ifa =1/2.

According to Lemma 1.1, the above subordination leads to

p P ~_1)2(1 _ 2(n-1) 3
Z4ﬂ2|)/n|2 - 43" (o —1)*(1-2a) , ifael0,1)\{1/2},
n=1 11 lfOl = 1/2,

and, letting p — +00, the last assertion is proved.
2. For the proof of the sharpness of (2.1), if « € [0,1) \ {1/2}, we have « € A, and since

zk' () 1-z"% 1-z
= < 5
k(z) 1+(Q1-2a)z0 1+(1-2a)z

it follows that « € S§;(«). Also,

1 k(z) 1 2a-1) o
ilogT = 5 m 10g[1+(1—2a)2 ]

a-1 2 (=D = 1)1 - 2% !
el o CVT DU 207y
IZ0) Py }’Zok
-1 1-
Thus v, = O‘n—o and hence |y,,| = n—:.
For o = %, it follows that ¥ € A and
zK'(2) o 1-2z" 1-2z
= —-Z = 1 < 1 ’
k(z) 1+(1-2-5)z0 1+(1-2-3)z

which implies k € §¥(1/2). Since

1 K (2) Z"
—log—=—-——,
2 z 2ngy

it follows that y,,, = —ﬁ and hence |y, | = ﬁ = 1;—0‘" fora = 1.
3. To prove the sharpness of (2.2) and (2.3), for @ € [0,1) \ {1/2}, like in the above proof,

by replacing 1y := 1, we get k € S*(«), and

1. kz) (D)o -1)1 -2a)!
— 10g — = Z Zk, zeD.
2 z o k
Hence, y, = w, n € N and thus
-1 2 1-2 2(n-1)
|yul? = - D1 -207"7 N, (2.5)

72
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Therefore we have

o0 oo

(1 -2a)2-D
Yl =@y
n=1

n=1
For o = %, similarly to the above proof, we get k € §*(1/2) and
1
n=; and =0, k=>2, (2.6)

which implies

0 , 1
21 val®= 2

Similarly, if @ € [0,1) \ {1/2}, from (2.5) we get
2 ynl? = (@ - 1)%(1 - 22)*" Y, neN.

Hence

(1 _ 20[)2(71—1),

M2

o0
> Pyl = (@ - 1)
n=1

I
—

n

and, for o = 1/2, according to (2.6) it follows that

oo
1
27l =1
n=1
Therefore the proof of the theorem is completed. O

Remark2.1 The power series on the right-hand side of (2.3) converges only for |1-2«| < 1,
which is equivalent to « € (0,1). If & = 0, then

o0 o0
Z(l —20)% D = Z 1=+09,
n=1 n=1

hence this series is divergent. Consequently, for « = 0 the third inequality is not useful

from the point of view that for Y >, n?|y,|* the upper bound given by (2.3) is not finite.

The following result provides the best possible upper bounds for the logarithmic coef-
ficients of the functions belonging to Sj, and it is an extension of Theorem B.

Theorem 2.2 Iff € S}, then

5
[yl < o’ neN. (2.7)

This inequality is sharp for each n € N.
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Proof If f € S, then from the definition of S}, it follows that

dz

z

d f@\ 7f(2) 52 z°
(lOg ) @ e

and using the logarithmic coefficients y, of f given by (1.2), we get

5

> 52 =z
Z2nynz” < — + — =:F(2). (2.8)
— 6 6

Now, consider in Lemma 1.2 the sequence

5 1
Ar=g,  A=As=A4=0, As= (2.9)

A, =0forall n> 6, and By = 0 for all kK > 7. Then the function F; given by (1.5) becomes

5 z
F(2)=— +=.
1(2) o + 6
Since A; = 5/6 > 0, the analytic function F; in D satisfies Re Fi(z) > 1/4 > 0, z € D. Hence
all the assumptions of Lemma 1.2 are satisfied. Therefore, according to this lemma, the

subordination (2.8) implies that

5
2|yl <A = % nel,

which yields our inequality.
The sharpness of the inequality (2.7) could be proved much easier, and without using

Lemma 1.2, as follows. For every n € N, define the function

z ") -1 5
f,,(z)::zexp(/ Mdt):z+—z””+m, zeD.
0 t 12}’1

It is easy to check that f;, € A and

! 52" 5n 5 5
zfn(z): +i+z—<1+—z+z—,
ful2) 6 6 6 6

o
hence f, € S},. Since

logf"

(Z)=2i (f)zk:iz”+~- zeD
Z k=1yk n 121 ’ ’

it follows that the upper bound of the inequality (2.7) is sharp for each n € Nif f = £, that
is, [yul = 2, meN. O

Sharp bounds of the logarithmic coefficients y,, for the functions of the class S; are
obtained in the next result.
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Theorem 2.3 Iff € S}, then

1
[yul < E; neN. (2.10)

This inequality is sharp for each n € N.

Proof Supposing that f € S/, by the definition of S it follows that

d(  f2\_ 2 Z
Z&(IOgT)—f(Z) —1<\/§Z+E,

which, with regard to the logarithmic coefficients y, of f given by (1.2), leads to

o 2
ZZnynz" <2z + % =: F(z). (2.11)

n=1

If we consider in Lemma 1.2 the sequence A; = V2, Ay =1/2, A, =0 for all n > 3, and
By =0 for all k > 4, then the function F; given by (1.5) becomes

1
Filz)=—+ z,

2

Since A1 = +/2 > 0, the analytic function F; in D satisfies Re F;(z) > (W2-1)/250,zeD.
Hence all the assumptions of Lemma 1.2 are satisfied. Therefore, from the subordination
(2.11) we get

21|y, <A1 =2, neN,

and the inequality (2.10) is proved.
Moreover, for every n € N, define the function

“ @) -1 ) 1
1(2) :=zex —dt =Z+—ZyhL +oey, ZGD'
S p(/o : N

Since f, € A and

, 2n 2
M:l+«/§zn+z—<1+ﬂz+2_’
5@ 2 2

it follows that f, € S;. Also, a simple computation shows that

Ja(2)

z

log 7

[o¢]
1
=2 wnlf)d =—2"+--, zeD.
k=1 n
Thus, the upper bound of (2.10) is the best possible for each n € N whenever f =f,. O

For the coefficients a,, of the functions f € S;(«) of the form (1.1), we find the following
sharp upper bounds.
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Theorem 2.4 Iff € S} (), then

foo P 20l ey e [0, 1)\ {1/2),

ﬁy lfol=l/2.

lan| <

This inequality is sharp for the function k given by (2.4).
Proof Supposing that f € S} («), it follows that

fz) 1+(1-2a)z
zf'(2) = 1-z

and, according to the definition of subordination, the above is equivalent to

zf'(2) 1-z
@) 1+(-2a)

If we take in the definition (1.6) the values p:=1, A := -1, B:= 1 -2, and 8 := 0, from this
relation, using Lemma 1.3 for the above values, it follows that f € S} (), « € [0,1), and

hence

21201 —a) + (1 - 20)k|

k+1

|an| S ’
k=0

In the third part of the proof of Theorem 2.1, we showed that the function k € (). For
a € [0,1) \ {1/2}, the sharpness of the result follows from the extremal function given in

[7, p. 741] or could be proved directly, while for & = 1/2 the sharpness is obvious. d

3 Conclusion

In the current paper, due to the major importance of the study of the logarithmic coef-
ficients y, of the function f € S, we obtained sharp upper bounds for some expressions
associated with the logarithmic coefficients y,, of the functions that belong to the well-
known classes like S;(«), Sf,, and S}, and an upper bound for the functions in the class
S (). All results are the best possible (sharp, i.e., cannot be improved), while the second

one extended an earlier estimate obtained by the authors.
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