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a b s t r a c t

This paper aims to simulate the interactionbetween thermal surface radiation andnanofluid
free convection in a two dimensional shallow cavity by lattice Boltzmann method. The
supposed nanofluid is generated by a homogeneous mixture of water and nanoparticles of
Al2O3. The upper and lower walls of cavity are maintained at cold and hot temperature,
respectively; while the side walls are kept thermally insulated. The cavity aspect ratio is
chosen as 5 which indicates a shallow one. The cavity all inner surfaces are considered as
the gray diffuse emitters and reflectors of radiation. The computations are performed for
the wide range of parameters as Ra = 104 and Ra = 105; ε = 0.5 and ε = 0.9 while
nanoparticles volume fraction changes between 0.0≤ϕ≤0.04 at each case. As a result, the
effects of emissivity and Rayleigh number are studied on the total heat transfer of radiation
and free convection of nanofluid. The suitable validations are examined beside the useful
grid study procedure. The results are presented as the profiles of velocity and temperature
and also the streamlines and isotherms. Moreover the local and averaged Nusselt numbers
are provided for the coupled and uncoupled states of radiation and free convection heat
transfer mechanisms. It is seen that Num of total free convection and radiation would be
more at higher Ra and ε; which indicates that radiation heat transfer coupled with free
convection might affect the flow field and improve the Nusselt number.
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Nomenclature

AR Cavity aspect ratio (=L/H)
Bc Boltzmann constant (=1.3807×10−23 J K−1)
cp Specific heat (J/kg K)
df Molecular diameter of the base fluid (nm)
dp Nanoparticles diameter (=10 nm)
E Emissive power (Wm−2)
f Hydrodynamic distribution function of LBM
F Configuration factor
g Thermal distribution function of LBM
H Cavity height (m)
k Thermal conductivity (W/m K)
L Cavity length (m)
LBF Mean free path of the base fluid (nm)
Nu Nusselt number
Pr Prandtl number
q Heat flux (Wm−2)
Ra Rayleigh number
T Temperature (K)
u Horizontal velocity (ms−1)
U Dimensionless horizontal velocity
v Vertical velocity (ms−1)
V Dimensionless vertical velocity
x Horizontal Cartesian coordinate (m)
X Dimensionless horizontal Cartesian coordinate
y Vertical Cartesian coordinate (m)
Y Dimensionless vertical Cartesian coordinate

Greek symbols

α Thermal diffusivity (m2 s−1)
ε Emissivity
σ Stefan Boltzmann constant (=5.67×10−8 Wm−2 K−4)
ϕ Volume fraction of nanoparticles
µ Dynamic viscosity (N s m−2)
θ Dimensionless temperature
ρ Density (kg m−3)
υ Kinematic viscosity (m2 s−1)

Subscripts

con Convection
f Fluid
j jth element
k kth element
m Averaged
nf Nanofluid
out Outgoing
rad Radiation
s Solid
x Local value in X-direction

1. Introduction

Fluid flow and heat transfer in cavities play important roles in several applications such as solar collectors which
attract many researchers. Therefore many works can be addressed for the convection heat transfer in enclosures at various
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Table 1
Thermo-physical properties of Al2O3 and water [25].

cp (J/Kg K) ρ (Kg/m3) K (W/m K) µ (Pa s)

Water 4179 997 0.6 8.91 × 10−4

Al2O3 765 3970 40 –

geometries and orientations [1–5]. Sharif [6] studied the laminar mixed convection in shallow inclined driven cavity with
hot moving lid on top and cooled from bottom at different inclination angles. Oztop and Dagtekin [7] investigated the
mixed convection in two-sided lid-driven differentially heated square cavity at three different cases; so that the effects
of Richardson number were reported at free, force and mixed convection domination.

In addition to classic Navier–Stokes equations, the particle based methods like DSMC, MD and LBM are used to simulate
the flow field in ducts and cavities at different length scales [8–12]. Karimipour et al. [13,14] showed the effects of inclination
angle and Prandtl number on the mixed convection in the inclined lid driven cavity and also the gravity influences on the
flow domain in a microchannel by lattice Boltzmann method. They proved the suitable performance of LBM in comparison
with the classic CFD methods at macro and micro scales level.

The small thermal conductivity of fluids such as water and oils is the main problem to achieve more heat transfer
rate. Hence applying nanofluid is an innovative approach to increase Nusselt number which makes it a favorite topic for
researchers in this field. Nanofluid is a mixture of liquid as a base fluid which contains dispersed solid nanoparticles; so that
large thermal conductivity of nanoparticles corresponds to higher thermal conductivity of the mixture. Choi in 1995 [15]
enhanced the thermal conductivity of fluid with nanoparticles for the first time. Khanafer et al. [16] reported the buoyancy-
driven heat transfer enhancement in a two-dimensional enclosure filled by a nanofluid. Tiwari and Das [17] presented the
nanofluid heat transfer augmentation in a two-sided lid-driven differentially heated square cavity. Karimipour et al. [18,19]
studied the mixed convection of copper–water nanofluid in a shallow inclined lid driven cavity and also in a microchannel
in slip flow regime. The results of other several numerical simulations of free, force and mixed convection of nanofluid in
cavities and tubes imply its positive effects on Nusselt number. As a result more works, concerned the nanofluid flow and
heat transfer in this way, might be referred [20–25].

The coupled free convection with radiation heat transfer was the next subject which led to achieve more accurate results
versus experimental ones and several papers reported the effect of surface radiation on free convection. Chang et al. [26]
assumed equal finite thickness placed at the centers of the ceiling and floor of an enclosure and showed that radiation
increased the bulk temperature of gas filled in cavity for the empty ones. Ramesh and Venkateshan [27] experimentally
studied the effect of surface radiation together free convection with highly emissive walls. The interaction between free
convection and surface thermal radiation in tilted slender cavity was presented by Alvarado et al. [28]. In their study, the
interaction between two mechanisms of free convection and thermal radiation in a cavity heated from bottom and cooled
from top walls was numerically investigated while the sidewalls were insulated; Total heat transfer increased with cavity
inclination angle and it decreased with the cavity aspect ratio. Moreover a comprehensive correlation for Nusselt number
was provided in their work. Ridouane et al. [29,30] investigated the influence of radiation on free convection in a heated
cavity. It was observed that radiation affected the heat transfer rate from the horizontal sides. Moreover the heat transfer
through the cavity depended on themagnitude ofwalls emissivity at fixed Ra. They also investigated the unsteady conditions
for two amounts of emissivity for the active and insulated surfaces.

It is seen that the contribution of surface thermal radiation on free convection of a nanofluid is ignored in the majority of
previous articles which might cause some detours in results [31–48]. Hence the interaction between radiation and water–
Al2O3 nanofluid free convection in a shallow cavity, at two states of coupled and uncoupled, is presented for the first time
at present work by LBM.

2. Problem statement

The interaction between thermal surface radiation and nanofluid free convection in a two dimensional shallow cavity is
studied numerically by using lattice Boltzmannmethod for the first time. The supposedNewtonian incompressible nanofluid
is generated by a homogeneous mixture of water and spherical nanoparticles of Al2O3 and the fluid flow is laminar. It is
assumed that the nanoparticles diameters are 10 nm and base fluid and nanoparticles are at thermal equilibrium and move
with the same velocitywhich leads to a homogeneousmixture. Thermo-physical properties of Al2O3 andwater are presented
in Table 1.

The upper and lower walls of cavity are maintained at cold (TC) and hot (TH) temperature, respectively; while the side
walls are kept thermally insulated. The cavity length is L and its height is H so that aspect ratio is chosen as AR=L/H=5 which
indicates a shallow one (see Fig. 1). The cavity all inner surfaces are considered as the gray diffuse emitters and reflectors
of radiation which correspond to a typical solar collector. Boussinesq approximation is used to include the gravitational
acceleration in the opposite direction of y as shown in Fig. 1. The computations are performed for the wide range of
parameters as Ra=104 and Ra=105; ε = 0.5 and ε = 0.9 while nanoparticles volume fraction changes between 0.0≤ϕ≤0.04
at each case. As a result, the effects of emissivity and Rayleigh number are studied on the total heat transfer of radiation and
free convection of nanofluid.
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Fig. 1. The schematic configuration of the shallow cavity.

Fig. 2. U and T profiles along the vertical centerline of cavity for Gr=102 and Re=400 versus Iwatsu et al. [5].
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Fig. 3a. Pure water U profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5.

Fig. 3b. Pure water θ profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5.

3. Equations

3.1. Nanofluid

The density, viscosity and heat capacity of nanofluid are demonstrated as follows:

ρnf = ϕρs + (1 − ϕ)ρf (1)

µnf = µf/(1 − ϕ)2.5 (2)(
ρcp

)
nf = (1 − ϕ)

(
ρcp

)
f + ϕ

(
ρcp

)
s (3)

Subscript f shows the base fluid, s represents the solid nanoparticles and ϕ demonstrates the nanoparticles volume
fraction, respectively. The following equations are used to estimate the nanofluid thermal conductivity including the
Brownian motions and nanoparticles’ diameter,

knf
kf

= 1 + 64.7 × ϕ0.7460
(

df

dp

)0.3690 (
ks
kf

)0.7476 (
µ

ρfαf

)0.9955 (
ρfBcT

3πµ2lBF

)1.2321

(4)
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Fig. 3c. Pure water V profiles at Y=H/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5.

Fig. 4. NuX of pure water along the lower and upper walls of cavity for Ra=104 and ε = 0.5.



M.R. Safaei et al. / Physica A 509 (2018) 515–535 521

Fig. 5. NuX of pure water along the lower and upper walls of cavity for Ra=105 and ε = 0.5.

dpis the diameter of nano particle which equals to 10 nm in this work. Moreover lBF represents the mean free path of the
base fluid and Bc=1.3807×10−23 J/K is Boltzmann constant where µ can be achieved by:

µ = A × 10
B

T−C , C = 140(K), B = 247(K),A = 2.414 × 10−5(Pa s) (5)

To present the governing equations in dimensionless forms, the following parameters are applied:

Y = y/H,X = x/H,V = vH/υ,U = uH/υ

θ = (T − TC)/(TH − TC),
Pr = υ/α, Gr = gβH3(TH − TC)/υ2

Ra = GrPr = gβH3(TH − TC)/(υα)

(6)

3.2. Lattice Boltzmann Method

Hydrodynamic and thermal lattice Boltzmann equations applying BGK approach:

∂fi
∂t

+ ciα
∂fi
∂xα

= Ω(f) = −
1
τf
(fi − fei ) (7)

∂gi
∂t

+ ciα
∂gi
∂Xα

= Ω(gi) − fiZi = 0.5|c − u|
2Ω(fi) − fiZi = −

gi − gei
τg

− fiZi (8)
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fe and ge represent the equilibrium distribution functions while c and u show the microscopic and macroscopic velocity
vectors. Moreover τf and τg denote the hydrodynamic and thermal relaxation times. Using D2Q9 lattice, leads to achieve the
microscopic velocities:

ci =
(
cos i−1

2 π, sin i−1
2 π

)
, i = 1, 2, 3, 4

ci =
√
2
(
cos

[
(i−5)

2 π +
π
4

]
, sin

[
(i−5)

2 π +
π
4

])
, i = 5, 6, 7, 8

c0 = (0, 0)

(9)

Zi = (ciα − uα)
[

δuα

δt
+ ciα

∂uα

∂xα

]
(10)

fei = ωiρ

[
1 + 3(ci · u) +

9(ci·u)2
2 −

3u2
2

]
, i = 0, 1, . . . , 8

ω0 = 4/9, ω1,2,3,4 = 1/9, ω5,6,7,8 = 1/36
(11)

ge0 = −
2
3ρeu

2

ge1,2,3,4 =
1
9ρe

[
1.5 + 1.5(c1,2,3,4 · u) + 4.5(c1,2,3,4 · u)2 − 1.5u2

]
ge5,6,7,8 =

1
36ρe

[
3 + 6(c5,6,7,8 · u) + 4.5(c5,6,7,8 · u)2 − 1.5u2

] (12)

And finally the discretized forms of Boltzmann equations are presented as follows:

fi(x + ci∆t, t + ∆t) − fi(x, t) = −
∆t
2τf

[
fi(x + ci∆t, t + ∆t) − fei (x + ci∆t, t + ∆t)

]
−

∆t
2τf

[
fi(x, t) − fei (x, t)

] (13)

gi(x + ci∆t, t + ∆t) − gi(x, t) = −
∆t
2τg

[
gi(x + ci∆t, t + ∆t) − gei (x + ci∆t, t + ∆t)

]
−

∆t
2 fi(x + ci∆t, t + ∆t)Zi(x + ci∆t, t + ∆t) −

∆t
2τg

[
gi(x, t) − gei (x, t)

]
−

∆t
2 fi(x, t)Zi(x, t)

(14)

New distribution functions of f̃i and g̃i are introduced to solve the implicit forms of previous equations:

f̃i = fi +
∆t
2τf

(fi − fei ) (15)

g̃i = gi +
∆t
2τg

(gi − gei ) +
∆t
2

fiZi (16)

f̃i(x + ci∆t, t + ∆t) − f̃i(x, t) = −
∆t

τf + 0.5∆t

[̃
fi(x, t) − fei (x, t)

]
(17)

g̃i(x + ci∆t, t + ∆t) − g̃i(x, t) = −
∆t

τg + 0.5∆t

[̃
gi(x, t) − gei (x, t)

]
−

τg∆t
τg + 0.5∆t

fiZi (18)

The hydrodynamic and thermal relaxation times are used to estimate the kinematics viscosity and thermal diffusivity:

υ = τfRT, α = 2τgRT (19)

The characteristic velocity (U*) is assumed to be 0.1 to keep Ma < 1. Moreover RT is supposed as 1/3 in LBM so that
the value of hydrodynamic relaxation time and its corresponded kinematic viscosity is estimated; then thermal diffusivity
is achieved by the definition of Prandtl number as Pr=υ/α. It means the amount of thermal relaxation time can now be
estimated by Eq. (19).

3.3. The influence of gravity

Buoyancy force per unit mass is presented as G = βg(T−T) by applying Boussinesq approximation whichmeans to have
F= G.(c−u)fe/RT for the effect of buoyancy forces:

∂fi
∂t

+ ciα
∂fi
∂xα

= −
1
τf
(fi − fei ) + F = −

1
τf
(fi − fei ) +

G.(ci − u)
RT

fei (20)

in which leads to:

f̃i(x + ci∆t, t + ∆t) − f̃i(x, t) = −
∆t

τf + 0.5∆t

[̃
fi − fei

]
+

(
∆tτf

τf + 0.5∆t
3G(ciy − v)

c2
fei

)
(21)

f̃i = fi +
∆t
2τf

(fi − fei ) −
∆t
2

F ⇒ fi =
τf̃fi + 0.5∆tfei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t
F (22)
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Fig. 6. Streamlines (top) and isotherms (bottom) of pure water at Ra=104 and ε = 0.5.

Fig. 7. Streamlines (top) and isotherms (bottom) of pure water at Ra=105 and ε = 0.5.

Fig. 8a. Nanofluid U profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5 and ϕ = 0.04.

fi =
τf̃fi + 0.5∆tfei
τf + 0.5∆t

+
0.5∆tτf

τf + 0.5∆t
G.(ci − u)

RT
fei =

τf̃fi + 0.5∆tfei
τf + 0.5∆t

+

(
0.5∆tτf

τf + 0.5∆t
G(ciy − v)

RT
fei

)
(23)

At last the macroscopic variables can be achieved including the gravity:

ρ =
∑

i f̃i
u = (1/ρ)

∑
i f̃icix

v = (1/ρ)
∑

i f̃iciy +
∆t
2 G

ρe = ρRT =
∑

i g̃i −
∆t
2

∑
i fiZi

(24)
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Fig. 8b. Nanofluid θ profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5 and ϕ = 0.04.

Fig. 8c. Nanofluid V profiles at Y=H/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.5 and ϕ = 0.04.

It is well-known that the buoyancy forces can only be seen in Y-direction (see Fig. 1). So the term of ‘‘G’’ in Eq. (24), as the
symbol of gravity, will be appeared only in the equation of ‘‘v’’.

3.4. Hydrodynamic and thermal boundary conditions

Non-equilibrium bounce back (GPTBC) model is used to simulate the no-slip boundary condition along the walls [13]:
For example, for the west wall:

f̃1 = f̃3 +
2
3ρwUw

f̃8 = f̃6 −
f̃4−̃f2

2 +
1
6ρwUw −

1
2ρwVw +

∆t
4 ρwG

f̃5 = f̃7 +
f̃4−̃f2

2 +
1
6ρwUw +

1
2ρwVw −

∆t
4 ρwG

(25)

The constant temperature along the cavity horizontal walls are supposed by using the general purpose thermal boundary
condition (GPTBC); for example for the top wall:

g̃7 = (3ρe + 1.5∆t
∑

i fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[3.0] 1
36

g̃4 = (3ρe + 1.5∆t
∑

i fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[1.5] 19
g̃8 = (3ρe + 1.5∆t

∑
i fiZi − 3(̃g0 + g̃1 + g̃2 + g̃3 + g̃5 + g̃6))[3.0] 1

36

(26)
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Fig. 9. NuX of nanofluid along the lower and upper walls of cavity for Ra=104 and ε = 0.5 and ϕ = 0.04.

And also GPTBC model is applied for the adiabatic walls; for example for the west wall:

g̃5 =
1
12 [1.5∆t

∑8
i=1 cixfiZi + 3(̃g3 + g̃6 + g̃7)]

g̃1 =
1
6 [1.5∆t

∑8
i=1 cixfiZi + 3(̃g3 + g̃6 + g̃7)]

g̃8 =
1
12 [1.5∆t

∑8
i=1 cixfiZi + 3(̃g3 + g̃6 + g̃7)]

(27)

Local and averaged Nusselt numbers along the horizontal walls:

NuX =

⏐⏐⏐⏐∂θ

∂Y

⏐⏐⏐⏐ Y=0
Y=1

,Num =
1
AR

∫ AR

0
NuXdX (28)

3.5. Radiation

The surface thermal radiation is considered along the solid boundaries; however that might cause some detour in results.
The supposed cavity shown in Fig. 1, has two constant temperature surfaces which means the emissive power are known
along them as E= σT4(W/m2); moreover there are two other insulated walls which implies zero heat flux of q(W/m2). All
cavity inner surfaces are considered as the gray diffuse emitters and reflectors.

Suppose an enclosure with K discrete internal surfaces involved two types of boundary conditions which exchange
radiation. The configuration factors between the elements (Fk−j)are calculated by Hottel’s crossed-string method. The
following equation implies the outgoing radiation intensity from a surface with specified emissive power (1 ≤ k ≤ K1)
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Fig. 10. NuX of nanofluid along the lower and upper walls of cavity for Ra=105 and ε = 0.5 and ϕ = 0.04.

Fig. 11. Streamlines (top) and isotherms (bottom) of nanofluid at Ra=104 and ε = 0.5 and ϕ = 0.04.

at each time step [49,50]:
K∑

j=1

[
δkj − (1 − εk) Fk−j

]
qo,j = εk Ek (29)
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Fig. 12. Streamlines (top) and isotherms (bottom) of nanofluid at Ra=105 and ε = 0.5 and ϕ = 0.04.

Fig. 13a. Nanofluid U profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.9 and ϕ = 0.04.

Fig. 13b. Nanofluid θ profiles at X=L/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.9 and ϕ = 0.04.

And also for a surface with specified heat flux (K1 + 1 ≤ k ≤ K):

K∑
j=1

(
δkj − Fk−j

)
qo,j=qk (30)
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Fig. 13c. Nanofluid V profiles at Y=H/2 for Ra=104 (line) and Ra=105 (dash) and ε = 0.9 and ϕ = 0.04.

Fig. 14. NuX of radiation along the lower wall of cavity at Ra=104 and Ra=105 for ϕ = 0.0.

where δkj =

{
1 k = j
0 k ̸= j is the Kronecker delta. The outgoing radiation heat flux (qo,k), from the element of k, is achieved

by the two last equations.
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Fig. 15. NuX of radiation along the lower wall of cavity at Ra=104 and Ra=105 for ϕ = 0.04.

Fig. 16. NuX of free convection along the lower wall of cavity at Ra=105 for ε = 0.9.

Now the radiation heat flux on the constant temperature surfaces (qk) is obtained by known values of qo,k for the all
elements,

qk =
εk

1 − εk

(
Ek − qo,k

)
(31)
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Fig. 17. Num of nanofluid at different values of Ra, ε and ϕ on the upper wall.

And the emissive power (Ek)of element k on the constant heat flux surfaces:

Ek =
1 − εk

εk
qk + qo,k (32)

Eqs. (19) and (20) present the unknown temperature or heat flux along the cavity walls at net radiation state.
Eventually the adiabatic boundary condition should be considered as:

−k
∂T
∂x

+ qrad = 0 at x = 0

+k
∂T
∂x

− qrad = 0 at x = L
(33)

The radiation heat flux of qrad in Eq. (33) is the same as its corresponded values of qk in Eqs. (30), (31) and (32). The
total heat transfer along the horizontal wall is measured by the contribution of convection and radiation Nusselt numbers.
Therefore the total convection and radiation averaged Nusselt number is achieved as follows:

Nutotal = Nuconv + Nurad (at y = 0 and y = H)

Nurad =
1
L

∫ L

0

qH
∆Tkdx

Nuconv =
1
L

∫ L

0

H
∆T

∂T
∂ydx

(34)
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Fig. 18. Num of nanofluid at different values of Ra and ε for ϕ = 0.04 on upper wall and lower wall.

Table 2
The values of U and θ at the point of X=L/2 and Y=2H/3 at different grids for
ϕ = 0, Re = 104 and ε = 0.5.

152 × 32 162 × 34 172 × 36

U −1.73 −1.74 −1.74
θ 0.468 0.475 0.479

4. Results and discussion

Free convection of Nanofluid composed of water–Al2O3 inside a shallow cavity is simulated numerically by using LBM
with considering the effects of surface radiation heat transfer mechanism for the first time [51–63]. Fig. 1 shows the
schematic configuration of the supposed cavity. The thermo-physical properties of Al2O3 andwater are presented in Table 1.
It is worth to say that the interaction between radiation and supposed nanofluid free convection is studied for the first time
in present work.

The values of U (dimensionless horizontal velocity) and θ (dimensionless temperature) at the point of X = L/2 and
Y = 2H/3 at different grids for ϕ = 0, Re=104 and ε = 0.5 are provided in Table 2 to achieve a suitable mesh. As a result,
the grid of 162×34 is found appropriate for the next computations.

Fig. 2 illustrates U (horizontal velocity) and T (temperature) profiles along the vertical centerline of cavity for Gr=102 and
Re=400 versus Iwatsu et al. [5]. They studied the mixed convection of air in a square cavity which is heated from the upper
moving side and cooled from the lower fixed side while other walls are insulated. The nice agreements are seen between
the results of present work with those of [5]. Moreover Table 3 compares the averaged Nusselt number on the vertical side
and Umax along the vertical centerline versus Tiwari and Das [17] for Gr=104 at various amounts of Richardson number and
volume fraction which suitable accordances can be observed in.
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Table 3
Averaged Nusselt number along the vertical side and Umax along the vertical centerline versus Tiwari and Das [17] for Gr = 104 at various amounts of
Richardson number and volume fraction.

ϕ = 0.0 ϕ = 0.08
Present work Tiwari and Das [17] Present work Tiwari and Das [17]

Ri = 0.1 Umax 0.51 0.48 0.49 0.46
Num 32.02 31.64 43.97 43.37

Ri = 10 Umax 0.21 0.19 0.20 0.18
Num 1.41 1.38 1.91 1.85

4.1. Effects of Ra

Fig. 3 illustrates the variations of dimensionless horizontal (U) and vertical (V) velocity profiles and dimensionless
temperature (θ ) of pure water along the vertical and horizontal centerlines of cavity at Ra=104 and Ra=105, respectively
for ε = 0.5. Fig. 3a implies more U at higher Ra; however U=0 at Y=H/2=0.5 in both cases. Umax can be achieved at around
Y=0.15 and Y=0.85. The amounts of θ are almost similar for Ra=104 and Ra=105 at 0<Y<0.2; although higher Ra leads to more
θ especially at Y=0.75. The hot and cold temperatures of lower and upper walls can be seen clearly in Fig. 3b. Moreover the
positive effects of Ra on V can be traced in Fig. 3c especially at X=1.8 and X=3.2.

Figs. 4 and 5 present the local Nusselt number (NuX) of purewater for Ra=104 and Ra=105 along the lower and upperwalls.
NuX of radiation has almost constant values along the wall; however NuX of free convection shows several oscillations from
X=0 to X=5 for the case of Ra=104 in Fig. 4. The number of such these oscillations reduce for Ra=105 in Fig. 5. A comparison
between Fig. 4 and Fig. 5, implies the sensible positive effect of Ra on NuX of free convection along the lower and upper walls,
respectively.

Streamlines and isotherms of purewater at Ra=104 and Ra=105 for ε = 0.5 are presented in Figs. 6 and 7. Seven rotational
cells of streamlineswith different powers are observed at Ra=104 in Fig. 6which they can explain the oscillations in V profiles
(at Y=H/2) and NuX profiles (along the lower and upper walls) in previous figures. Higher Ra corresponds to less number of
these cells as shown in Fig. 7 which consists of three stronger ones.

4.2. Effects of ϕ

Fig. 8 illustrates the variations of U, θ and V of nanofluid along the vertical and horizontal centerlines at Ra=104 and
Ra=105 for ε = 0.5 and ϕ = 0.04. From Fig. 8a and Fig. 8c, it is seen that Umax and Vmax havemore values in comparison with
those of Figs. 3a and 3c. However the changes of θ are very low in comparison Fig. 8b with Fig. 3b.

The variations of NuX of nanofluid for Ra=104 and Ra=105 along the lower and upper walls at ε = 0.5 and ϕ = 0.04 are
shown in Fig. 9 and Fig. 10, respectively. These figures also show the several oscillations in free convection profiles due to the
rotational cells existence in Figs. 11 and 12 which represent the Benard cells of free convection movements. Figs. 11 and 12
show the streamlines and isotherms of nanofluid at Ra=104 and Ra=105 for ε=0.5 and ϕ=0.04. It is also seen that the nanofluid
streamlines and isotherms of present section are almost similar to those of Fig. 6 and Fig. 7 which imply the negligible effects
of nanoparticles volume fraction on these parameters.

4.3. Effects of ε

Fig. 13a shows the nanofluid U profiles at X=L/2 for Ra=104 and Ra=105 for ε = 0.9 and ϕ = 0.04. More emissivity (ε)
leads to more Umax compared with those of ε = 0.5 in Fig. 8a. The significant effects of ε on profiles of θ can be seen in
Fig. 13b in comparison with Fig. 8b especially for the case of Ra=105. These mentioned facts are also able to be observed in
the profiles of V in Fig. 13c.

NuX of radiation along the lower wall of cavity at Ra=104 and Ra=105 for ϕ=0.0 and ϕ=0.04 at different values of ε, are
drawn in Figs. 14 and 15, respectively.More ε corresponds to havemoreNuX of radiation; however this event occurs severely
at higher Ra as Ra=105. Moreover it is seen that NuX of radiation in Figs. 14 and 15 are significantly less than NuX of free
convection in previous figures. Fig. 16 also shows NuX of free convection along the lower wall of cavity at Ra=105 for ε=0.9
at different values of ϕ. It should be mentioned that the effects of emissivity on NuX of free convection are negligible; hence
its corresponded figure does not presented here.

To show the results in a better way, the averaged Nusselt number (Num) of nanofluid at different values of Ra, ε and ϕ on
the upper wall is presented in Fig. 17. Num of free convection has less values at Ra=104 than the state of Ra=105. As a result,
Num of total free convection and radiation would be highest in the last case and for ε = 0.9.

Finally the averaged Nusselt number of nanofluid at different values of Ra and ε for ϕ=0.04 on the upper wall and the
lower wall are illustrated in Fig. 18. It is well known that Num on the upper wall must be equal to Num on the lower wall
at each corresponded case due to the law of conservation of energy. That accommodation fact can be observed clearly in
Fig. 18.
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5. Conclusion

Radiation heat transfer mechanism plus free convection of water–Al2O3 nanofluid in a shallow cavity is simulated
numerically for the first time using lattice Boltzmannmethod to the best knowledge of authors [49,50,64–74]; the following
points can be addressed briefly:

Umax and Vmax will increase with nanoparticles volume fraction while this trend can be observed more severely at higher
Ra. In addition, increasing Ra leads to increase in θ especially at Y=0.75 and also in Umax, Vmax and NuX of free convection.

NuX of radiation has almost constant values along the horizontal walls; however NuX of free convection shows some
oscillations with X, generated by several rotational cells inside the cavity. It is also seen that more amount of Ra corresponds
to reduce the number of these cells.

Profiles of θ change significantly with emissivity so that more ε corresponds to have more NuX of radiation especially at
higher Ra. Averaged Nusselt number on the upper wall achieves equal to Num on the lower wall at each corresponded case
which satisfies the law of energy conservation. Num of free convection has less value at Ra=104 than the state of Ra=105; As
a result, Num of total free convection and radiation would be more at higher Ra (Ra=105) and emissivity (ε = 0.9) however
the influence of convection is more sensible. In majority of previous works concern nanofluid, the effect of radiation was
ignored while its effect might be important to support the heat transfer rate according to the results of present research.
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