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1. Introduction 
 

Maximum shear modulus or small-strain (≤10-3%) 

dynamic shear modulus, Gmax, is a key parameter in 

geotechnical design and analysis of geotechnical structures, 

composite materials, soil-structure interaction problems and 

estimation of geotechnical parameters (Bosiljkov et al. 

2005, Cha and Cho 2007, Chang and Cho 2010, Cho et al. 

2018, Clayton 2011, Liang et al. 2018, Oh et al. 2017, Yang 

and Yan 2009). At small shear strain ranges, the behavior of 

soils is mostly elastic. In elastic theory, Gmax 

is commonly obtained by in situ and/or laboratory 

determined shear wave velocity ( 2

max sG .V ). 

Granular soil is defined as a soil containing gravel, sand, 

or silt with little or no clay content. The texture of granular 

soil is mainly coarse particles and has no cohesive strength. 

Coarse granular soils are extensively used in the 

construction of large earth dams and massive fills due to the 

well-recognized mechanical characteristics of these types of 

materials. Recent studies indicated that Gmax or Vs of 

granular soils is a function of grading characteristics, 

effective confining pressure, void ratio, pore structure of 

soil, initial fabric and loading characteristics (Bayat and 

Ghalandarzadeh 2018, 2019, El Mosallamy et al. 2016, 

Goudarzy et al. 2017, Hussien and Karray 2016, Li 2011, 

Ruan et al. 2021, Teachavorasinskun and Pongvithayapanu 

2016, Yu and Richart 1984, Zhou et al. 2018, Zhu et al. 

2014).  
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A variety of advanced laboratory techniques such as the 

bender element (BE), ultrasonic and Resonant Column (RC) 

are nowadays employed to measure small strain stiffness of 

soil specimens (Carette and Staquet 2016, Senetakis and 

Payan 2018, Xiao et al. 2018). A typical piezoceramic BE is 

an electromechanical transducer which can generate or 

receive shear waves in laboratory testing (Shirley 1978). 

The shear strain levels induced by a BE testing are in the 

order of 10-5 (Dyvik and Madshus 1986). The RC apparatus 

is used in research and commercial laboratories to measure 

the dynamic properties of soil across the small to medium 

strain range. Gu and Yang (2011) indicated that the RC 

apparatus is the most reliable laboratory method for 

measurement of small strain shear modulus. Previous 

studies found good agreement between small strain stiffness 

values from BE and RC tests for granular soil (Gu et al. 

2013, Youn et al. 2008). So far, several empirical equations 

have been proposed to predict the Gmax of granular soil. 

Hardin's equation is widely used for estimation of Gmax in 

granular soils which is given below (Hardin and Black 

1967, Hardin and Richart 1963) 

   max

n

mG A F e    (1) 

where 
m  is mean effective confining stress which is 

defined as 1 32

3

   , F(e) is void ratio function describing 

the effects of e on Gmax; A and n are model parameters 

depending on the grain size distribution (Wichtmann et al. 

2015). In the previous studies, stress exponent n varies from 

0.12 to 0.57 (Li 2016) and also, different forms of F(e) were 

proposed. Hence, there is no universal F(e) as a global 

function for the whole types of granular soil under different 

conditions. 
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The recent decade researches indicated that Adaptive 

Neuro Fuzzy Inference System (ANFIS) and artificial 

neural network (ANN) as data-based approaches are useful 

tools for prediction of mechanical, dynamic parameters of 

soils and stabilized soils (Ghorbani and Hasanzadehshooiili 

2018, Mozumder and Laskar 2015, Saadat and Bayat 2022, 

Sihag et al. 2019), geotechnical characteristics of oil 

contaminated sandy soils or sediments (Alidoosti et al. 

2016; Hajian and Ghane 2015), rock engineering 

classification system (Jalalifar et al. 2011), pile bearing 

capacity, settlement and swell (Luat et al. 2020, Pooya 

Nejad et al. 2009, Sivapullaiah et al. 2009) and thermo-

hydro-mechanical coupling behavior (Kwon and Lee 2018). 

Despite the mentioned research efforts, there is a lack of 

comparative studies regarding the use of ANN and ANFIS 

to predict the Gmax of granular material. In the current study, 

both ANN and ANFIS are applied to estimate the Gmax of 

granular soils, in order to compare the results with a 

common classical model-based method a modified 

empirical equation is proposed based on the lab results. 

 

 

2. Materials and experimental methods  
 

In this study, consolidation stress ratio (the ratio of 

horizontal stress to vertical stress), mean effective confining 

stress, void ratio, gravel content and depositional method 

were selected as the controlled variables to design a suitable 

experimental configuration. The summary of the tests, 

performed on reconstituted granular specimens, is listed in 

Table 1. As it is depicted in Fig. 1, the tests were conducted 

by RC and BE devices. The first group of tests was 

conducted to study the effect of mean effective stress, 

gravel content and relative density on the Gmax. In previous 

studies, the resonant column has been used to validate the 

results of bender element tests (Camacho-Tauta et al. 2011, 

Camacho-tauta et al. 2013, Ferreira et al. 2007, Hoyos et al. 

2015, Youn et al. 2008). In this study, the purpose of the 

column tests was to validate the results of the element tests. 

As shown from Table 1, a number of specimens were 

randomly selected to evaluate BE results by comparing 

them to RC results. Groups-2(a) and 2(b) were conducted to 

study the effect stress ratio on the Gmax of specimens 

containing various gravel contents under constant confining 

effective stress ( 3σ 100, 300 or 600 kPa). Group-2(c) was 

conducted to study the effect stress ratio on the Gmax of 

specimens containing various gravel contents under 

constant mean effective stress ( mσ = 300 kPa). Group-3 was 

conducted to study the effect depositional method (WP, AP 

and WT) on the Gmax. It is noteworthy that in this study, all 

specimens were saturated before testing that the initial 

moisture content of the samples did not affect the results. In 

other words, the only effective factor on the results was the 

different fabric created by the sample preparation methods. 

A pair of BEs which was installed on the top cap and base 

pedestal of the triaxial apparatus was used to measure the 

Gmax, totally it was designed so that it could be able to work 

under both isotropic and anisotropic conditions. More 

details about test procedures can be found in Bayat and  

 
Fig. 1 (a) Resonant column device (b) Bender element setup 

used for the current study 

 

 

Ghalandarzadeh (2020). Various interpretation techniques, 

including the start–to-start technique, the peak–to-peak 

technique, the cross correlation and the cross power 

techniques, have been proposed to determine the travel time 

(Gu et al. 2015). Note that in this research, the first arrival 

detection was used to provide the travel time estimations 

(see Fig. 2). Therefore, knowing that the distance of travel 

is the tip-to-tip distance between source and receiver, the 

speed of the shear wave, Vs, can be determined. In the 

current study, a single sinusoidal pulse having a frequency 

of 6-25 kHz was used as the transmitted signal. The results 

of BE tests show that the desired frequencies range 

depended on the gravel content. In general, the desired 

frequencies range increased with the increasing gravel 

content. Outside of these the desired frequencies range, very 

noisy received signals were found to be produced. The 

resonant frequency of the bender element is a very 

important parameter for near-field effect and travel time 

determinations. 

Various interpretation techniques, including the start–to-

start technique, the peak–to-peak technique, the cross 

correlation and the cross power techniques, have been 

proposed to determine the travel time (Gu et al. 2015). Note 

that in this research, the first arrival detection was used to 

provide the travel time estimations (see Fig. 2). Therefore, 

knowing that the distance of travel is the tip-to-tip distance 

between source and receiver, the speed of the shear 

wave, Vs, can be determined. In the current study, a single 

sinusoidal pulse having a frequency of 6-25 kHz was used 

as the transmitted signal. The results of BE tests show that 

the desired frequencies range depended on the gravel 

content. In general, the desired frequencies range increased 

with the increasing gravel content. Outside of these the 

desired frequencies range, very noisy received signals were 

found to be produced. The resonant frequency of the bender 

element is a very important parameter for near-field effect 

and travel time determinations. 

As it is illustrated in Fig. 2, the arrival point of the S-

wave front can be masked by the faster-travelling P-wave 

near-field component which is called the near-field effect. 

In the first arrival, travel time of the signal refers to the time 

between the start of the transmitted wave and the start of the 

receiver wave by ignoring the initial weak signal or near-

field effect. In this study, a free-free RC apparatus was used 

to validate the interpretation methods used for BE testing.  
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As it is shown in Table 1, the RC test was conducted on 

some specimens and the results were compared with those 

of the BE results, which is known as a very accurate 

dynamic test (Gu et al. 2015). Reference to Fig. 3, the Gmax 

values obtained through both techniques (i.e., BE and RC) 

are in acceptable agreement; however, Gmax values obtained 

by BE technique for the specimens containing 75% gravel 

were consistently lower than the corresponding values of 

Gmax obtained by RC. The Gmax of the specimens with gravel 

contents of less than 75% from both methods (BE and RC) 

were in good agreement. This indicates that the BE test 

does not perform well in uniform coarse-grained soils. It 

can be conducted that the particle size of granular soils has 

an important effect on the shape of the received signals. 

In this study, ,the ratio of horizontal stress to vertical 

stress in consolidation stage namely the "consolidation 

stress ratio (Kc)", was used to describe induced anisotropic 

consolidation (Bayat and Ghalandarzadeh 2020). Kc is 

defined as a physical property due exclusively to the strain 

associated with applied stress. In the current study, the 

consolidation stress ratio was used to describe anisotropic 

stress condition as 

 

 

h

v
Kc








  (2) 

where 
h   and 

v   are horizontal and vertical effective 

stress, respectively.  

Cylindrical specimens with a diameter of 100 mm and a 

height of 200 mm were prepared by either wet tamping 

(WT), water pluviation (WP) or air pluviation (AP) 

technique. As depicted in Fig. 4, four gradations of granular 

material were used to study the influence of grading 

characteristics on the Gmax. 

 

 

3. Neural Network (NN) 
 

3.1 Artificial Neural Network (ANN) 
 
ANN is a simplified model of mammal neurons as 

especially the human brain’s neuron-based architecture. The 

main feature of neuron is its ability to learn from data. The 

neurons are connected to other neurons in a network style  

Table 1 Summary of the tests details 

No. of tests 
specimen preparation 

†† technique 
Kc Dr (%) GC (%)  )apK(3σ( Test Group 

 

 

 

120 BE; 31 RC 
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 10 0  

   30  

WT 1 

30 

 

 

60 

50 

75 

 

 

Group-1 

 

 

20 BE 

 

 0.5  0 

300 

 

 0.75  30  

WT 1 60 50 Group-2(a) 

 1.25  75  

 1.5    

 

 

 

24 BE 

 

 0.5   

0 

 

30 

 

50 

 

75 

100 

 

600 

 

    

WT 1 60 Group-2(b) 

    

 1.5   

 

 

5 BE 

 0.5 

0.75 

  

300 

 

    

WT 1 60 0 Group-2(c) 

 1.25 

1.5 

   

    

 WT 
 

1 

10 0 

 

 

50 

100 
 

Group-3 
24 BE AP  300 

 WP 60 600 
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so that the brain has a strong connection of neurons. Each of 

the inputs of a neuron is entering via synapses and takes a 

separate coefficient namely “weight” (Fig. 5(a)). The 

neuron first summing the weighted inputs and then a 

threshold function is activated namely “activation function” 

(Fig. 5(a)) the output of this function is the final output of 

the neuron. Based on this natural behavior of neuron the 

mathematical model of a neuron is as shown in Fig. 5(b). 

Generally, there are two categories of artificial neural 

networks: supervised and up-supervised, the first category 

as its name shows is the neural networks which has a trainer 

and consequently are trained by a set of the experimental  

 

 

 

 

data (or on the other hand known pairs of {inputs, 

outputs}). The second category works without training i.e. 

Hopfield neural networks are unsupervised. As the details 

of this topic are beyond the scope of this article, for more 

details readers can read chapter one in the book written; on 

this topic; by Hajian and Styles (2018). Among various 

kinds of supervised neural networks one of the most 

common used, especially in engineering problems, is MLP. 

MLP includes input layer, hidden/s layer/s and output layer; 

each of the layers has a number of neurons and each neuron 

of a layer is connected directly to all neurons of the next 

layer (unless output layer that has no layer after) with a  

 

Fig. 2  BE input and output signals 

 

Fig. 3 Comparison between BE and RC results 

 

Fig. 4 Grain size distribution curves of the granular soil mixtures. 
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weighted connection(see Fig. 6).Training of an MLP means 

to find the weights which best image known inputs to 

known outputs with minimum error (difference between 

target output and estimated output can be measured by 

statistical error indexes i.e. Absolute error, relative error, 

MSE: Mean Square Error or RMSE: Root Mean Square 

Error, etc.). 

To determine the number of the hidden layers and the 

number of neurons in the hidden layers there is no clear 

formula and they are usually determined through testing 

different values i.e., by trial and error. Although for 

problems with higher degree of complexity and nonlinearity 

(which needs to a large amount of training data) usually two 

hidden layers are tested but for other problems with low or 

medium level of complexity and/or nonlinearity only one 

hidden layer is enough. In this study we found an MLP with 

one hidden layer is enough and the optimum number of 

neurons in the hidden layer was determined by testing from 

initial Nint=1 to final Nfin=10, described with more details in 

the next section. 

 

 

 
 

3.2 Design and test of MLP to estimate Gmax  
 
To find a suitable architecture of Multi-Layer Perceptron 

neural network to estimate Gmax, different MLPs with 
different number of hidden layers and different number of 
neurons in the hidden/s layer were tested (Fig. 8), also for 
each architecture different learning algorithms were tested 
and their RMSE and R2 as indexes of the performance were 
calculated and compared. Finally, the MLP (8,5,1), with 
detailed specifications mentioned in Table 2 and Fig. 7 was 
selected as optimized architecture to estimate Gmax with less 
RMSE and highest R2. 

 

 

4. ANFIS 
 

4.1 Principles of ANFIS  
 
ANFIS approximates the functional relations between 

responses and input variables of the process under study by  

 
Fig. 5 (a) Mathematical model of a ‘neuron’and (b) the weighted sum of the inputs is rescaled by an activation function 

(redrawn after Hajian and Styles 2018) 

 
Fig. 6 Schematic of an MLP with three inputs, 4 and 2 neurons in the first and second hidden layer; respectively and two 

outputs; we show this architecture by MLP (3, 4, 2, 2) 

 

Fig. 7 Architecture of the MLP (8,5,1); found as suitable MLP to estimate Gmax 
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gradually fine-tuning the values of parameters. The ANFIS 

architecture is shown in Fig. 11. The circular nodes are 

fixed whereas the square nodes have parameters to be 

learnt. Two Rules Sugeno ANFIS has rules of the form 

111111 ryqxpfTHENBisyandAisxIf   

222222 ryqxpfTHENBisyandAisxIf   
(3) 

 

 

 

 

For training the network, there is a forward pass which 

propagates the input vector through the network layer by 

layer and in the backward pass, the error is sent back 

through the network in a similar manner to back 

propagation. 

Layer 1: The output of each node is 

Table 2 Specifications of MLP designed to estimate Gmax of granular soil 

Parameter  Value 

Number of inputs Equal to number of selected geotechnical parameters of 

granular soil: 8 

Number of outputs 1 

Number of hidden neurons(M) Calculated adaptively 

Activation function of hidden layer neurons Sigmoid 

Activation function of output layer neurons Sigmoid 

Training Algorithm Levenberg- Marquardt 

Maximum number of hidden neurons to test From 1 to 10 

(Finally we found N=5 is the optimized, see Fig. 8) 

Maximum number of epochs 1000 

 
Fig. 8 Mean Square Error (MSE) versus number of neurons in the hidden layer of (8, M, 1) MLP model, as it can be seen the 

minimum MSE is for M=5 

 

Fig. 9 MLP (8, 5, 1) neural network training performance; MSE of MLP for train, validation and test data 
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2,1)(,1  iforxO
iAi   

4,3)(
2,1 


iforyO

iBi   
(4) 

So, 
1,iQ (x) is essentially the membership grade for x and 

y. The membership functions can be anything but we used 

the bell shaped function given by 

i2b

i

i

A

a

cx
1

1
(x)μ




  
(5) 

where 
iii cba ,, are parameters to be learnt. These are the 

premise parameters. 

Layer 2: Every node in this layer is fixed. This is where 

the t-norm is used to ‘AND’ the membership grades - for 

example the product 

,(y)(x)μμwO BiAiii2,        i= 1,2 (6) 

Layer 3: Layer 3 contains fixed nodes which calculate 

the ratio of the firing strengths of the rules 

 

 

 

21

i
ii3,

ww

w
wO


  (7) 

Layer 4: The nodes in this layer are adaptive and 

perform the consequences of the rules 

)ryqx(pwfwO iiiiiii4,   (8) 

The parameters to be determined in this layer (
i i ip ,q ,r ) 

are referred to as the consequent parameters. 

Layer 5: There is a single node here that computes the 

overall output 




 

i
i

i
ii

i

iii5,
w

fw
fwO  (9) 

This then is typically how the input vector is fed through 

the network layer by layer. There are several approaches for 

training but in this study we used the hybrid learning 

algorithm proposed by Jang et al. (1997) which is a 

combination of Steepest Descent and Least Squares 

Estimation (LSE).   

 

Fig. 10 Gradient, Momentum and validation checks versus epoch number for MLP (8,5,1) training 

  Layer 1 Layer 2 Layer 3 Layer 4 Layer 5 

       

     

        
1w        

1w     
11fw  

  X           
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  Y      
2w      

2w      
22fw  

     

    

  A1 

  A2 

  B1 

  B2 

 

Fig. 11 ANFIS architecture for a two rule Sugeno system 
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4.2 Architecture of ANFIS for estimating Gmax 

 
To design and test of ANFIS for estimating Gmax of the 

granular soil, the steps mentioned below were followed (in 

order of the numbers): 

Step 1: Selecting suitable inputs as shown in Fig. 12. In 

this figure, gravel content (GC), uniformity coefficient (Cu), 

average particle size (D50), coefficient of curvature(Cc), 

void ratio (e), mean effective confining pressure (
m  ), 

anisotropic consolidation ratio (Kc), and specimen 

preparation method (S-P method) were regarded as input 

variables of Artificial Neural Networks and ANFIS. Note 

that S-P method coefficient is dependent on specimen 

preparation method and in the current study, it is considered 

as a constant equal to 1, 1.1 and 1.2 for WP, AP and WT 

methods, respectively. 

 

 

 

 

Step 2. Normalization of experimental data pairs 

(known {inputs, output}) using Eqs. (9) and (10) 

normalized(input)=(input-inputmin)/(inputmax-inputmin) (10) 

normalized(output)=(output-outputmin)/(outputmax-ouputmin) (11) 

Step 3. Division of data into three groups: training data 

(70% of Total number of Experimental Data: TED), testing 

data (15% of TED), checking data (15% of TED) as shown 

in Fig. 13. The role of testing and checking data in training 

process of an ANFIS is as the same as the role of testing and 

validation data in training of an MLP. The ANFIS training 

criteria is stopped when the MSE for checking data is 

increasing while it is decreasing for both testing and 

training data. In this study, as the total number of  

 

Fig. 12 The ANFIS structure of the layers, nodes and connections designed to estimate Gmax 

 

Fig. 13 Division of experimental data into groups of training, testing and checking sets 

 
Fig. 14 Different types of MF’s for inputs of ANFIS; generaly to select the optimized structure of ANFIS (Hajian and Styles 

2018) 
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Table 3 Information of ANFIS models  

Option model#A model#B 

Number of nodes 555 

Number of linear parameters 256 2304 

Number of nonlinear 

parameters 
32 48 

Total number of parameters 288 2352 

Number of training data pairs 131 

Number of testing data pairs 28 

Number of checking data pairs 28 

Number of fuzzy rules 256 

Minimal training RMSE 13.482140 2. 010016 

 

 

experimental data pairs; measured in the lab; were 187 the 

training, testing and validation data sets contains 131, 28, 28 

pairs, respectively. 

Step5: Selecting the optimization method to train 

ANFIS with training data: back propagation or hybrid; in 

this study we found hybrid as more suitable training 

algorithm. 

Step6: selecting number of epochs for training stop 

criteria; in this study we found 40 epochs is enough 

(because after this epoch the value of MSE was fixed). 

Step7: calculating the MSE and R2 and playing with 

number of MF’s, type of MF’s for inputs and type of MF 

for output until getting to desired values of MSE and R2
.
 

As it was described in the steps of designing of ANFIS, 

in order to find a suitable architecture of ANFIS for our 

study, we tested various ANFISs’ with different number and 

type of Membership functions for input and different types 

of MFs’ for output (linear or constant). The results were 

compared by their RMSE and R2 and finally we found that 

the ANFIS model#B with [2 2 2 2 2 2 2 2] triangle 

membership functions reach to minimum RMSE and 

maximum R2 for estimation of Gmax. As some examples the 

RMSE for ANFIS [2 2 2 2 2 2 2 2] with Gaussian (ANFIS 

model#A) and triangle MF’s (ANFIS model#B) is 

illustrated in Figs. 15 and 16, respectively. The information 

of ANFIS model#A, model#B is given in Table 3.  

 

 

5. Results and discussion 

 
The Gmax values were determined from BE testing. 

Based on the results, the void ratio, mean effective 
confining pressure, gravel content, anisotropic 
consolidation and initial fabric anisotropy produced during 
specimen preparation on the Gmax values were assessed.  

 
5.1 Laboratory tests results 
 
To get a better understanding about the effects of each 

couple of inputs on Gmax, the data were interpolated for each 

couple of inputs as 

Gmax
interpolated= interpolation of ((Gmax), (Xi¸ Xj)) 

ij , i=1,2,…8   , j=1,2,..,8 
(10) 

 

 
Fig. 17 Effects of void ratio and mean effective confining 

pressure on Gmax 

 

 

where Xi and Xj are ith and jth experimental input vector, 

respectively, and Gmax
 is the vector of experimental data. 

Note that (Xi, Xj) and (Xj, Xi) are accounted as only one pairs 

because the 3D plot of ((Gmax), (Xi, Xj)) is the same as 3D 

plot of ((Gmax), (Xj, Xi)) with a different view angle. 

After interpolating, Gmax was plotted versus all pairs of 

(xi, xj),as we have 8 variables as input (8
2
) = 28 plots were 

provided, in this section some of important plots are 

presented and interpreted, as samples. 

Effect of void ratio and mean effective confining 

pressure on Gmax of the specimens are shown in Fig. 17 As 

shown, decreasing void ratio or increasing mean effective 

confining pressure results in increasing Gmax which is in 

good agreement with previous studies (Rahman et al. 2012, 

Ueno et al. 2019, Wang and Kuwano 1999, Yamada et al. 

2008).  

Fig. 18 shows the effect of depositional methods on Gmax 

of the specimens with various gravel content. For a given 

depositional method, Gmax increases nonlinearly with an 

increase in gravel content up to 50% and then decreased. 

Also the results indicate that Gmax of the specimen prepared 

with the WT and WS techniques recorded the highest and 

lowest values, respectively which were also in 

agreement with previous finding (Rashidian et al. 1995, Gu 

et al. 2015). The results indicate that Gmax increased with an 

increase in GC up to 50% and then decreases with 

increasing gravel content. The specimen with GC=50% 

recorded the highest Gmax
 
at a given m  and e. Note that the 

specimens containing 50% gravel had the lowest void ratio 

when compared to other specimens at a given relative 

density. The values of emax and emin have been shown in Fig. 

4. As shown, the values of emax and emin decreased 

significantly when the gravel content increased from 0 to 

50%. For gravel contents of 0 to 50%, the void between the 

particles decreased and the gravel particles float in the sand 

matrix. The sample containing 50% gravel has the lowest 

void between the particles for a given relative density. The 

values of emax and emin increased as the gravel content 

increased from 50% to 75% and the void between the 

particles increased. As shown from Fig. 4, the values for 

emax and emin increase with an increase in gravel content to 

50%, at which point contact between the gravel grains 

increases.  
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Fig. 18 Effects of specimen preparation method and gravel 

content on Gmax 

 

 
Fig. 19 Effects of consolidation stress ratio and mean 

effective confining pressure on Gmax 

 

 

Fig. 19 shows the effect of anisotropic consolidation 

ratio on Gmax of the specimens tested under various mean 

effective confining pressures. As shown, a decrease in 

anisotropic consolidation ratio increased Gmax at a given 

mean effective confining pressure; this could be the result 

of an increase in effective stress in the direction of wave 

propagation which is the vertical direction. 
 
5.2 A new empirical equation for prediction of Gmax 

 

Based on the BE results, a general equation is presented 

as follows that can be used to predict the Gmax of granular 

soils 

   
2

0.59 0.41

max

(3.02 )
1

(0.72 )
sp m C

e
G A K

e


 
     

 
 (13) 

where Gmax denotes the maximum shear wave velocity 

(MPa), e denotes the void ratio, m denotes the mean 

effective confining pressure (kPa) and Kc denotes the 

consolidation stress ratio (Kc=σh/σv). Asp is a model 

parameter reflecting the fabric dependence of the soil, 

which is primarily affected by the deposition technique in  

 
Fig. 20 Gmax-values predicted by Eq. (13) versus measured 

Gmax-values in the current study 

 

 

the current study. The values of Asp and other constants 

were calculated using nonlinear least squares analysis and 

determined such that the sum of squares of the difference 

between the predicted Gmax value and the corresponding 

measured value of Gmax could be minimized.  

It’s necessary to mention that only 70 percent of 

experimental data was used for training and the remained 

fraction of data was used for validation. Using the nonlinear 

least squares analysis, the values of parameter Asp were 1.2, 

1.1 and 1 for the specimens prepared by the WT, AP and 

WP techniques, respectively as well as MLP and ANFIS 

models. The results of the tests indicated that the WT and 

WP specimens exhibited the highest and lowest values of 

Gmax, respectively. The Gmax values of the WT specimens 

were approximately 11-43% higher than those of the WS 

specimens, but the Gmax values of the AP specimens were 

about 3–19% higher than those of the WS specimens. The 

results show that the difference in the soil fabric introduced 

by the different specimen preparation techniques (WT, AP 

and WP) have an important influence on the Gmax. Yang et 

al. (2008) compared the fabric anisotropy of granular soil 

samples prepared by different sample preparation 

techniques. They stated that the sample prepared by the AP 

technique was more anisotropic in its fabric, and the 

preferential contact of granular particles is vertical. In 

contrast, sand sample prepared by the WT technique was 

more isotropic in their fabric. 

In order to validate the applicability of the proposed 

equation (Eq. (13)), the measured Gmax is compared with 

that predicted Gmax for all specimens (see Fig. 20). As 

shown, the value of R2 and RMSE between the measured 

and predicted values are 0.98034 and 10.70712, 

respectively. This appears to be the result of using the 

proposed equation to predict the Gmax of the granular soils 

easily and precisely. 
 
5.3 Modelling results 
 
Fig. 21 shows a comparison between measured values of 

Gmax and predicted ones using ANN model. Comparing of 
the R2 and RMSE values for each of the models, used in this  
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Table 4. Values of RMSE and R2 between observed and 

predicted Gmax for the empirical, MLP and ANFIS models 

 
 
research, is presented in Table 4. The results show that the 
R2 value for all empirical, ANN and ANFIS models are very 
close (near to 0.99) but the RMSE value is different so that 
ANFIS model has the minimum value of this type of error. 
Also between MLP and Empirical model, from the view 
angle of RMSE; MLP is so better, because MLP’s RMSE is 
about half of that for Empirical. Another advantage of both 
models ANN and ANFIS is that when they are trained for a 
domain of inputs, they work as well for any data set belongs 
to this domain. Consequently, it’s not necessary to repeat 
the whole computations for a new training process. 
However, training of an ANFIS or ANN for a domain of 
inputs, at the first stage, needs more time than Empirical 
model because there are more parameters to calculate like 
weights of each of the neurons, activation functions for 
ANN and membership functions (types and number) of 
input, output and if-then fuzzy-rules. As it is shown in Table 
4, there is a trade-off between the elapsed time of running 
codes and the accuracy of the methods, while the time 
needs for running ANFIS codes is the maximum, its RMSE 
error is the minimum (showing its higher accuracy). 

 

 
6. Conclusions 
  

In order to investigate the effect of grading 

characteristics, void ratio, mean effective confining stress, 

consolidation stress ratio and fabric anisotropic on the Gmax 

of granular soils, a series of BE tests was carried out on 

fully saturated specimens. Based on the results, an empirical 

model was developed for prediction of Gmax. The artificial 

neural network (ANN) and Adaptive Neuro Fuzzy Inference 

System (ANFIS) models were also selected as estimation 

models to predict the Gmax values. The results of empirical 

model (Eq. (13)), which is a model-based technique, was 

compared to data-based methods ANN and ANFIS. Based 

on the results of the tests and performed analysis, the 

following conclusions can be drawn:  
The results of the BE tests show that Gmax rise up with 

an increase in gravel content up to 50% and then decreases 

with increasing gravel content. The specimen with gravel 

content equal to 50% recorded the highest Gmax. on the other 

hand, the increasing m  or decreasing e result in a nonlinear 

increase in Gmax. The results of the tests under anisotropic 

consolidation indicate that increasing of Kc leads to 

decreasing Gmax. The results of the tests also show that 

depositional method has an important effect on the Gmax. 

The Gmax reaches its highest or lowest value for the 

specimen prepared using the WT and WP techniques, 

respectively.  
Model based is the methodology that tries to fit data into 

a pre-assumed equation with unknown coefficients and/or 
parameters and is generally a type of regression while data-
based methods don’t assume any equation of the model and 

 

Fig. 21 Regression of output-target (estimated Gmax versus measured Gmax) for MLP (8,5,1) with 1 hidden layer and 5 neurons 

in this layer, for training, testing, validation 

Methodology R2 RMSE (MPa) 
Running time 

(min) † 

Empirical model 

(Eq. (13)) 
0.98201 11.53420 0.9 min 

MLP 0.99682 6.308980 1.6 min 

ANFIS 0.98767 2.010016 5.4 min 

†The running time, for ANN and ANFIS, means the total time 

elapsed for training and calculating final output 
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try to learn the output trend from experimental data. To 
evaluate the method accuracy, efficiency and speed of the 
methods, RMSE, R2 and running time of each model was 
calculated. 

The evaluations showed that both data-based methods, 

ANN and ANFIS, have much lower RMSE values or in the 

other hand higher accuracy than that of Empirical method 

while having very close values of R2 shows their similar 

efficiency. Also among all, ANFIS has the minimum RMSE 

that shows the best accuracy among the investigated 

models. Furthermore, the elapsed time to run the models, to 

estimate Gmax, was compared. The results show that ANFIS 

takes the maximum time, the main reason is basically for its 

bigger structure which needs more computations for 

determination of both the membership functions and if-then 

fuzzy rules. Thinking through a framework of Trade-Off 

philosophy, this additional time is the cost that ANFIS pays 

to get the maximum accuracy compared to ANN and 

empirical methods. However, it’s necessary to mention that 

one-time that ANFIS is trained suitably for a domain, it 

works as well for any inputs belongs to the training domain 

and so the elapsed time decreased as the training process is 

not necessary to be repeated. The power of ANFIS for 

estimating Gmax with RMSE less than 2MPa assures the 

experts to use it t as a useful technique to predict the 

laboratory results without needing to pay any more to do 

more experiments, when there is enough experimental data 

set. 
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