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Abstract- This paper addresses the output feedback 
trajectory tracking control problem of Ackerman steering-drive 
wheeled mobile robots under nonholonomic constraints in the 
presence of model uncertainties without velocity measurement. A 
RBF neural network and a linear observer are employed to 
construct the controller for constrained robot with only position 
measurement. The proposed controllers employ saturation-type 
adaptive-neural control laws to effectively compensate for the 
uncertain parameters, unmodeled dynamics and unknown 
bounded disturbances. Lyapunov-based stability analyses are 
utilized to guarantee that tracking errors are uniformly 
ultimately bounded and exponentially converge to a small ball 
containing the origin. The simulation results are presented to 
illustrate the tracking effectiveness of the controller. 

Keywords- Adaptive-neural control; REF NN; Nonholonomic 
WMR; Trajectory tracking; 

I. INTRODUCTION 

Applications for wheeled mobile robots (WMRs) are found 
In many areas like military operations, surveillance, 
entertainment, transportation, planetary exploration and 
mining [1]. An important class of nonholonomic mechanical 
systems is wheeled mobile robots. Design of tracking and 
stabilizing controllers for these systems are challenging 
because of well-known Brockett's theorem [2]. Among various 
motion control problems of nonholonomic WMRs, most of 
researches have been concentrated on the tracking of a 
geometric path with an associated timing law so-called 
trajectory tracking [3]. 

After seminal works in the references [4]- [8], many works 
have been published to introduce trajectory tracking 
controllers for WMRs. Initially researchers designed their 
motion controllers based on the kinematic model [3]- [10] and 
later progressed towards tracking controllers using the 
dynamic model. The determination of accurate kinematic and 
dynamic models is always a difficult thing to do and the 
uncertainty in the model cannot be avoided, many researchers 
proposed adaptive and robust controllers to solve the trajectory 
tracking problem of WMRs. For example, see [11]-[16]. 

The output feedback control problem is of practical 
importance since most commercial WMRs are not equipped 
with the velocity sensors. The design of output feedback 
controller is a challenging task because of the presence of 
parametric and nonparametric uncertainties in the system 
model as well as the existence of nonholonomic constraints of 
WMRs. In addition, the separation principle does not hold for 
the nonlinear system. Both the trajectory tracking and the path 
following problems have their own complexity as the car
like mobile robot kinematic model is nonholonomic. In [17] a 
simple and effective fuzzy PID controller for kinematics 
model of a car-like mobile robot is presented. The proposed 
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controller can solve the path following problem for a car-like 
mobile robot when the initial state is an arbitrary point. Also, 
Luca et al. designed a trajectory tracking controller as well as 
comparing several feedback solutions for point stabilization 
[18]. Some researchers have designed controllers using the 
kinematic model with wheel skidding and slipping [19]-[20]. 

However, it is well known that for high enough velocity or 
slippery enough surface the car motion cannot be described 
accurately by kinematic models and one should use dynamical 
model to design accurate trajectory tracking algorithms. Some 
papers using the virtual vehicle approach proposed the car
like robot controller by the dynamic model. The controller 
uses the idea of virtual car with feedback on the path, so that 
the real car follows the virtual car [21 ]- [22]. 

The main contribution of this paper is to design an 
adaptive trajectory tracking output feedback controller using 
RBF neural network in presence of uncertainties in the model 
of nonholonomic Ackerman steering-drive wheeled mobile 
robots where radial basis function (RBF) neural network (NN) 
is used to compensate the nonlinearities of model robot. In this 
paper, an adaptive output feedback trajectory tracking 
controller is designed based on the reference [23] which is 
presented in the motion control of robot manipulators. In 
contrast to many previously proposed controllers, our 
proposed controllers can easily be applied to all types of the 
WMRs by choosing a suitable set of output equations and our 
proposed method can compensate for both parametric and 
non-parametric uncertainties such as friction and external 
disturbances and it does not require any transformation matrix 
in the design of the output feedback controller. 

The rest of the paper is organized as follows. Section 2 
reviews the kinematic and dynamic formulation of 
nonholonomic WMRs. A WMR models is introduced in this 
section which is necessary for the development of the 
controllers. Section 3 proposes an output feedback trajectory 
tracking controller. Simulation results are separately presented 
in order to evaluate the performance of the controllers in 
section 4. Finally, the paper is concluded in section 5. 

II. PROBLEM FORMULATION 

A. K inemat ic and D ynam ic models of WMRs 
Consider a class of nonholonomic robotic systems subject 

to m constraints in the following form [6]: 

M ( q ) q + C ( q, q) q + Td (t, q) = B ( q ) T -AT (q) A (1) 

A(q)q = 0 (2) 

q = [ql' q2' . . .  , qn { : vector of generalized coordinates, 



T E 9\(n-",)xl : vector of actuators inputs, 

M(q) E 9\n", :symmetric positive-definite inertia matrix, 

e (q, q) E 9\n", : centripetal and Coriolis matrix, 

Td (t, q) E 9\nxl : bounded unstructured uncertainties, 

B (q) E 9\nx(n-",): input transformation matrix, 

A(q) E 9\mxn : full-rank matrix, 

A E 9\",Xl : vector of Lagrange multipliers, 

Seq) = [Sl(q) , S2(q) , ... , sn_m(q))': full-rank matrix that 
is made up of a set of smooth and linearly independent vector 
fields, Sj(q)E9\n, i =I, ... , n-m, in the null space of A(q) 
i.e. A(q) S(q) = o .  

Considering (2), one may find a vector of pseudo-
velocities of the system as 
v(t) = [VI (t), v2 (t), ... , vn_m (t)] 1 such that 

(3) 

Differentiating (3) yields q = Seq) V + Seq) v which is 

substituted in (\) and the result is multiplied by ST (q) to give 
the following dynamic equation: 

Ml (q)v(t) + el (q, q) v(t) + Tdl (t, q, q) = Bl (q)T 

Ml (q) = S1 (q)M(q)S(q), 

el (q, q) = S1 (q)M(q)S(q) + S1 (q)e(q, q)S(q), 

B l (q) = Sl (q)B (q), 

Tdl (t, q, q) = ST (q)Td (t, q) 

(4) 

(5) 

To consider the actuator dynamics, it is assumed that the 
robot is actuated by n -m similar brushed DC motors with 
mechanical gears. According to Fig. 1, the electrical equation 
of each motor armature is written as follows: 

di . 
u = L _

a +Ri +k B  
a a 

dt 
a a b //I 

(6) 

where k" is the back EMF constant, R" and L
a 
denote the 

resistance and inductance of the motor armature and u 
a 
is the 

voltage input. By ignoring the inductance of the armature 
circuit, and considering the relation between torque and 
armature current (i.e. T", = kT i ,,), the delivered torque to the 

WMR system by actuators is given by T = k, U" -k2B which 
may be re-written as [24]: 

(7) 

where kl = (nkT I RJ, k2 = n k"kl, n is gear ratio, kT is 

torque constant and Xl E 9\(n-m)x(n-m) is a transformation 
matrix which transforms wheels velocities to pseudo
velocities vector. After substituting (7) in (4), one obtains: 
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Fig. l. Drive system for the actuation of the non-holonomic WMR. 

Ml (q)v(t) + el (q, q)v(t) + k2Bl (q) Xl (q) vet) 

+ Tdl (t, q, q) = kA (q) u " 
(8) 

Definition 1: Given a smooth bounded desired trajectory 
Yd (t) = h (qd (t)) : [0,00) � 9\n which is generated by a 

reference nonholonomic WMR, and assuming that qd 
satisfies the velocity constraints (2), then the kinematic and 
dynamic tracking control problem discussed in this paper is to 
design a feedback control law for the system (3) and (8) with 
output equation yet) = h(q(t)) such that the output tracking 
errors, e(t) := yet) - YJ (t) , are UUB in the presence parametric 
and nonparametric uncertainties in the system model when 
velocity measurements are not available for feedback. 

Following assumptions are essential for the development 
of the control algorithms in the next sections: 

Assumption 1: The desired trajectory Yd (t) is chosen 

such that Yd (t) , Yd (t) and Yd (t) are all bounded signals. 

Assumption 2: Since the kinematic parameters of the 
nonholonomic WMRs are geometric and easy to measure, 
such parameters are reasonably considered to be certain. 

B . Reduced mod el o{th e nonholonomic WMR 
A new representation of the nonholonomic WMRs models 

which are given by (3) and (8) is developed here to help us 
utilize the classic control algorithms of robot manipulators. 
The idea is borrowed from the Cartesian control of robotic 
manipulators [25] by choosing a suitable set of output 
equations as follows: 

(9) 

where Y E 9\"-'" is new posItIOn variable. By 
differentiating output equation(9) and substituting(3), one gets 

y = J(q)v, (\ 0) 

where J(q):=Jh(q)S(q)E9\(,-mjx(n-m) and Jh (q) =oh loq . 
In fact, the output equations (9) must be chosen such that 
J(q) is invertible. Differentiating (10) again yields 
Y = j (q) v + J (q) v which may be re-written as follows: 

v = F
l
(q)y_F

l
(q)j(q)v (11) 

Substituting (10), (11) into (8) yields: 
Ml F

l
y + (el - Ml F

l
j)F

l
y + D2 sgn(q) + d 

+(k2BlXl + D, ) F
l
y = k,B, ua 

(\2) 

where the arguments have been dropped for the notation 
simplicity. Multiplying both sides of (12) by F1 yields the 
following input-output model: 



M2 (q)y + C2 (q, y)y + X2 (q)y + rd2 (t , q, y) = B2 (q) Un (13) 
where 

M2 (q) = (FT (q)M, (q) F' (q), 

C2 (q,y) = (FT (q)(C, (q,S(q)F' (q)y)- M, F' (q)j(q) )[' (q), 

X2 (q) = k,-' ;-'(q)(k2 B, (q)X, (q) + D,) [' (q), 

Td2 (t, q, y) = (FT (q)(D2 sgn(S(q)F' (q)y) + d(t)), 

B2 (q) = ;-'(q)B, (q) 
The input-output formulation (13) is essential for the 
development of the controllers in the next sections. 

Remark 1: It should be noted that the resulting internal 
dynamics of the WMR input-output model (13) depends on 
the output choice in (9). The effectiveness of the tracking 
controller design based on (13) hinges upon the stability of 
such internal dynamics. Yun and Yamamoto [26] investigated 
the stability properties of the internal dynamics of a 
nonholonomic WMR for the case of look-ahead control 
method. The look-ahead control takes the coordinates of a 
reference point in the front of a mobile robot as the output 
equation. By designing a nonlinear controller, the reference 
point can follow any desired trajectory. They showed that the 
internal dynamics are stable when the WMR is commanded to 
move forward, but the internal dynamics are unstable when it 
moves backward. Based on the presented stability results on 
the internal dynamics of WMRs in [26], the look-ahead 
control method is adopted in this paper to choose suitable 
output equations. Otherwise, it is necessary to analyze the 
stability of the resulting internal dynamics for every new set of 
output equations (9) which is chosen by the designer. 

Property 1: The inertia matrix M2 is a symmetric and 
positive-definite matrix which is upper and lower bounded by 

iiij II x l1
2 
::; x1M2 (q)x::; iii211 x11

2
, where iiij and m2 are 

positive scalar constants. 

Property 2: The matrix M2 -2 C2 is skew symmetric, i.e. 

(14) 
Property 3: The centripetal-Corio lis matrix satisfies the 

following relationship 

(15) 

III. DESIGN OF THE STATE FEEDBACK TRACKING CONTROLLER 

A. RBF Neural n e twork 
In this proposed work an RBF neural network is used to 

compensate for the unknown dynamics part. RBF neural 
networks with fixed centers and widths provide a good choice 
for approximation of unknown dynamics part. The RBF NN 
that we use are of the general form I(x) = w1tp(x) + £. Where 
W represents the matrix of neural network weights, tp(x) is a 
vector of smooth basis functions, £ represents the neural 
network construction error. 

Therefore, in this paper, we employ the RBF NN to 
approximate an unknown continuous function I(x) as 
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follows j ( x) = WT tp (x) . where W is the estimate of weight 

vector W . rp ( x ) is Gaussian type of function, that is 

rp, (x) = exp (-llx -c, II" / (5/) (16) 

Where c, and {5, represent the center and the spread of basis 

function, respectively. Ilx -c,11
2 
is a norm of the vector x -c, . 

This neural network construction error can be made arbitrarily 
small if N is sufficiently large, i.e. lit-II < ION for some £" > 0 
where N denotes the number of nodes of the network. 

Assumption 3: The neural network ideal weights are all 
bounded signals so that II W i le ::; WM• 

B. Controll er developm ent 
In this section, an output feedback trajectory tracking 

controller is designed based on the theoretical results of the 
reference [23] on the motion control of robotic manipulators. 

Assumption 4: Measurements of the output vector is 
available in real-time by using a localization system. 

Define the observation error as z:= y -y and consider the 
following definitions: 

y, := Y d - A(y - yJ = Y d - Ae + Az 
Sj := Y - y,. = e + Ae - Az 

Yo := y-Az 
S2 := Y - Yo = i + Az 

(17) 

(18) 

(19) 

(20) 

where A E 9\(o-mlx(o-ml denotes a diagonal positive definite 
gain matrix. 

the following tracking controller is proposed: 

where W is updated by the following update rule: 

(22) 
Where r = r J denotes the adaptation gain, {5 is a small 

positive number and Wo is a priori estimate of the parameters 

and in this instance � = 0 then: 

(23) 

Then, considering that Sj - S2 = Yo - y, and substituting 
(21) in (13), the closed-loop system dynamics may be 
achieved as: 

M2(q)Sj =-C2(q,Y)Sj -(Kj +X2)Sj -K2e+Kjs2 
-K2z-g, -C2(q,Y)Sj +� 

f(x) = �= -M2(q)y, -C2(q,y,)y, -X2)!, -rd2 

(24) 

(25) 

which � denotes the uncertain nonlinearities including 
unknown WMR parameters (such as mass and moment of 
inertia), unknown actuators parameters, friction, unmodeled 
dynamics and external disturbances. 



The following linear observer [23] is utilized to estimate 
the velocity vector: 

Y = Yo + Az + kdZ, 

' = " + k Az Yo Y,. d 

(26) 

(27) 

where kd E 9\ is the observer gain which is a positive real 
constant. The initial conditions for the observer are chosen as 
follows: y" (0) = -(Az(O) + kdz(O)), yeO) = yeO), z(O) = yeO) = 0 . 

The interested reader is referred to [23] for details of the 
observer definition and derivation. Since from (26), one can 
write Y = Yo + Ai + k): it is straightforward to show that 

(26) and (27) are equivalent to 51 = 52 + kds2 which is 
together with (24) yields the following error equation 

M, (q)5, = -C, (q, y)s, - (kdM, (q) - K, )s, - (K, + X, )s , 
(28) 

- K2e - K,z - g, + C 2 (q, y, + s, )s, - c, (q, s, )(2y, + s,) + ¢' 
C. Stability Analysis 

The stability of the proposed output feedback tracking 
controller is summarized by the following theorem. 

Theorem 1: Consider the reduced model of the 
nonholonomic wheeled mobile robot which is denoted by (16). 
Given a bounded continuous desired trajectory under 
assumptions 1-4, the output feedback controller (21), (23), 
(26) and (27) guaranties that the tracking and observation 
errors are uniformly ultimately bounded and exponentially 
converge to small ball containing the origin. 

Proof: Consider following Lyapunov function candidate: 

() 1 1  1 1  ( )  1 1  V t =-e Ke+-s M q s + -z Kz 
2 ' 2' 

2 
' 2  ' 

I T () 1 {�T ' -

} + -s M q s + -tr W r W 
2 '  

2 2 
2 

(29) 

where W = W - TV denotes the vector of parameters 
estimation error. By differentiation (29) along (18), (20), (24) 
and (28), using property 2 and the fact that TV = -W , we have: 

Vet) = _ZT K Az - s' K s - e' K Ae - s' X s + e' K Az 2 1 I 1 2 I 2 1 2 

(30) 
- s' C (q, y' )s + / C (q, y' + s)s - / C (q,2y' + s )s I 2 r 1 2 2 r I 2 2 2 r 1 I 

+(s , +s,Y (WTqJ(x)+£)-tr{wTr-'w} 
Briefly writing, by considering the facts that 

IIKII II xl ll ll x211 � �IIKllx: X1 + �IIK llx>2' 'lixl,x2 E 9\n (31) 
2 2 

one may write (30) as follows: 

v (t) � -/Lmin (A) Ilell' - /Lmin ( B) Ils,ll' - /Lmin (C) Ilzll' 
-/Lmin(D) llsJ +(Sl +sJW1qJ(x) 
+11(sl +sJ711Ikll-tr{w7r'w} 

(32) 
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where /Lmm (.) is used to denote the minimum eigenvalue of 
a matrix and 

1 1 A = K2A - -IIK,AII J,,_m - -11K, II J,,_m' 2 2 
1 1 1 

B = K, + X2 - ;-IIK211 J"_,,, -;-llx,II J,,_m - JL/,,_m - ;-JL/"_,,, , 

1 1 
C = K2A - ;-IIK,AII J"_,,, -;-IIK211 J,,_m' (33) 

1 1 1 
D = kdM2 (q) -K, -;-IIK211 J,,_m -;-llx,ll J"_,,, - JL/"_,,, -;- JL/"_,,, 

Now, by substituting the adaptive law (23) in (32), one 
gets: 

vet) :::; -Amin (A) Ilell' - Am,,,C B) Ils.ll' - Am,,,C C) Ilzll' 

- Am,,,CD)lls,ll' +(s, +sj W lqJ(x)+; lls, +s,ll' (34) 

+ �Iiell' -tr{ w1r-1 (rqJ( s, + s,f -rO'w )} 2 
From (33), one may choose A, KJ, Kz, and kd such that 

matrices A, B, C, and D are all positive definite. By simplify 
experssion according to the matrix laws we have: 

Vet) :::; -Ami"C A) Ilell' - Amll, (B) lid' - Amin (C) IlzII" 

- Amm (D) Ils,ll' + ; lls, + s,ll' +; liell' + tr {WT O'TV} 
(35) 

completing the square terms for the last term of (35), one 
may write (35) as 

-Ami" (c)IIZI1
2 
-(Ami" (D)-;)lld' (36) 

-�a(l- 2�,)llwll: +;�aK2 1Iwll: +;lieI12 

1 1 By providing the conditions A. (B) > - . A (D) > - . mm 
2 ' n� 2 

the Lyapunov function (29) can be stated as: 

V(e,s"z,s"W) � -A,V(e,s"z,s"W)+ p, 
where 

(37) 

(38) 

(39) 

After solving the differential inequality (37), we have 

This implies that (e,sl,z,s2'W) are uniformly ultimately 
bounded and exponentially converge to a small ball containing 
the origin. 



Remark 2: In order to make (21) and (23) independent 
from velocity measurements, the term SI + S2 is substituted 

by .l\ + 52 := Y - Yd + Ae. In fact, if the gains are set large 

enough, the approximation s1 + S2 = .51 + .52 is satisfied. The 
interested reader is referred to the reference [23]. 

D. Application o{th e outputfeedback controller to a car-like 
WMR based on look-ah ead control m ethod 
Consider a car-like WMR which is moving on a horizontal 

plane as shown in Fig. 2. The robot has two fixed motorized 
wheels in the rear and two passive steering wheels in the front. 
Consider the following definition:�, = (xc' Yc): centre of 

mass of the robot, �I = (xo' Yo) : origin of the local 

coordinate frame, � = (x" y,) :virtual reference point, 

q = [xo,yo, O,<pt : generalized coordinates vector, lb :denotes 
the distance between the front and rear wheels, 
v(t) = [VI (t), v2 (t)f: pseudo-velocities vector, VI: steering 

velocities, v2: linear velocities, two velocity constraints are 
obtained as follows: {-Yo COS(O ::')+Xo Sin�O � <P)�t/)cos<p = 0, 

(41) 
Yo cos 0 + Xo Sill 0 - o. 

According to Lagrangian mechanics, the following 
matrices are adopted for the WMR models which are given by 
(1) and (3) [27]: 

[Ill 

o 
M(q) � 

-m, l,

o 
sin () 

o 

m 

m I cos B 
o 

[�:: : :  :::;1 
((qq)q� 

o 

o 

B(q) � 

-m I S111 e 

m I cos B 

1 + I, 

1 
j 

o 

o 

o 

cos B 

sin B 
• Seq) � 

I, 1 / I"� tan if! 

Fig, 2, Planar configuration of a car-like wheeled mobile robot. 
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The following output variables are chosen to track a desired 
trajectory based on look-ahead control method: [Xo + I" cos B + L COS(O + <P)] 
y = h(q) = 

Yo + I" sin B+ L sin(O+ <p) 

IV. SIMULATION RESULTS 

(42) 

In order to truthfully simulate a real world WMR system, 
the actuators inductances are not ignored in the simulation of 
actuators dynamics. This helps us evaluate the proposed 
controller in a more realistic situation. The WMR parameters 
are chosen as follows: ( = 0.55m , lb = 1.2 m ,  m, = 30Kg , 

1, =5Kgm2, If =IOKgm2, n = 48 , K, = O.2 oz-in/A , 

R" = 5 Q ,  La = 0.1 Qs , K" = 0.02V1rad/s . 

[t is assumed that the WMR is equipped with a relatively 
accurate localization system. However, Gaussian random 
noise with mean 0 and standard deviation 0.0 [ rad/s and 0.1 
cmls is added to the steering and linear velocities of the robot, 
respectively, to simulate localization accumulative errors. The 
controller parameters are set to A = diag(l, 0.5) , kd = 30 

Kl = 5012x2' 
L = 0.1 m .  

T=50 , (Y = 0.02 and 

The following arbitrary desired trajectory is selected to 
evaluate the controller: 

Y r = [xI( + Rcos(OJ,t), Yg + Rsin(OJrt)t (43) 

The steering angle <p is saturated such that 1<p(t)I .:::; J[ / 3  
to avoid the matrix singularity in the proposed controller. The 
control signals are saturated within 1 ua I.:::; 24 V to simulate the 
actuators saturation. 

In order to evaluate the tracking performance and 
robustness of the proposed control system in a realistic 
situation, we consider the following non-parametric 
uncertainties on the robot: (i) it is supposed that the WMR 
chassis is subjected to varying loads. (ii) the friction and 
unmodeled dynamics are considered as 
7'11 = 0.8 v + 0.5 sgn( v) + [5 sin(0.05 t), 5 sin(0.05 t)r where 
the first term denotes the viscous friction, the second term is 
the coulomb friction and third tern denotes unmodeled 
dynamics such as passive wheels. 

Fig. 3 shows the desired trajectory and the WMR 
trajectory which is generated by the proposed controller under 
these conditions. The tracking errors are illustrated by Fig. 4 
These figures show that the proposed controller presents a 
satisfactory tracking performance and robustness which leads 
to a successful navigation for the car-like WMR which is 
subjected to parametric and non-parametric uncertainties. The 
control signals are also shown by the Fig. 5. 

v. CONCLUSION 

The adaptive trajectory tracking control problems using 
position measurement for uncertain nonholonomic car-like 
driven wheeled mobile robots using REF neural network have 
been proposed and solved. The developed control scheme is 



based on an adaptive NN system and an observer system. 
From the simulation results, it is concluded that the proposed 
design achieves the desired results. Thus, future work is the 
design of an output feedback controller for a car-like driven 
uncertain nonholonomic WMR considering actuators 
dynamics. 
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Fig. 3. The desired trajectory and WMR trajectory . 
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