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Abstract- In this paper an optimal control strategy based on 
the linear quadratic regulator (LQR) method for static synchr
onous compensator (ST A TCOM) is introduced. Simulations 
results verify the performance of the controller in improvc the 
damping of the power systems. 

I. INTRODUCTION 

The electric power system is complex dynamic network, 
non linear in nature, non-stationary and works in a changing 
environment. Flexible ac transmission system (FACTS) co
ntrollers are power electronic based controllers which can 
influence transmission system voltage, currents, impedances 
and phase angle rapidly. Three phase voltage source conver
ter (VSC) is the basic building block of most new FACTS 
and custom power equipment. There are widely used in ind
ustrial applications [1, 2]. 

A STATCOM is one of the fundamental FACTS devices, 
which is connected as a shunt to the network, for voltage re
gulation and dynamic voltage control. The ST A TCOM is 
used to control transmission voltage by reactive power shunt 
compensation. In addition, ST A TCOM can also increase po
wer system stability by damping power oscillations. 

A number of studies have been performed about the dyna
mic behavior of STA TCOM and its application to improve 
the transient performance of power systems. Some of the co
ntrollers designed are the loop shaping [3], conventional PI 
controllers [4], state feedback controller [T5], linear quadra
tic regulators [5], pole assignment [6] and fuzzy controllers 
[7]. 

A dc capacitor voltage balance control method for casca
de multilevel STATCOM and a general analytical method 
for balance control strategy is presented in [8]. In [9] solves 
the problem of power system stabilization by using the 
advanced static var compensator to increase the damping of 
the electromechanical and exciter modes of the power syst
em, which is designed using a two-level optimization output 
feedback control and the strip poles assignment method. 

This paper presents the mathematical modeling and analy
sis of ST A TCOM. An optimal control strategy based on the 
LQR approach for ST A TCOM in continuous time proposed. 
The simulation results show that this proposed technique 
good dynamic characteristics and regulation precision. 

II. MATHEMATICAL MODEL OF THE COMPENSATOR 

The STATCOM is based on a simple concept. Figure 1 
presents the topology of a three-phase VSC working either 
as STATCOM or as PWM rectifier. 
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Figure 1. Three-phase PWM converter topology 

The ST A TCOM connected through interface impedance 
to an infinite bus. Rs and Ls are mean resistance and induct
ance of the line reactor, respectively. In the dc side, a 
resistance Roc which represents the sum of the switching 
losses of the inverter and the power loss in the capacitor is 
in shunt with the capacitor CDC, which produces a set of 
controllable three-phase output voltages with the frequency 
of the ac power system. 

The converter phase voltage and three-phase VSC outp
ut currents are represented by the two vectors: 

Uc =[UCa UCb UCclT 

Is = [isa isb ise]T 
(1) 

(2) 

Also, the STATCOM bus phase voltage can be represent
ed by UM: 

UM =[UMa UMb UMclT (3) 

Based on theses currents and voltages, three vectors defi
ned as: 

IMC =[iAB iBC iCA]T 

1 [. . . . 
='3 Isa -Isb Isb -Ise 

U LC = [U CAB U CBC U CCA ] T 

= [UCa -UCb UCb -UCe 
ULM = [UMAB UMBC UMCA]T 

= [UMa -UMb UMb -UMe 

(4) 

UCe -UCa]T (5) 

UMe -UMa]T (6) 

The basic electronic block for a STATCOM is a voltage 
source inverter (VSI) that converter the dc voltage at input 
terminal (Uoe) into three phase set of output voltages. The 
switches are modeled as ideal switches that can be turned on 
and off by a control signal obtained from the controller. 



Table I shows a possible switch combination of the phase 
voltage and their corresponding switch states [10]. The two 
switches in one phase leg are complementary. Base on sw
itch state in VSC, the following equation can be obtained: �'sa

] i DC = rr � 4 ��4 �§] � sb = S; Is 

SF C Is [Uca

] 
r�a
] ��: =�: U DC =SF U DC 

SF 

(7) 

(8 ) 

where SF is switching functions vector and ioe is dc current 
in the dc-link capacitor. A set of balanced three phase ac 
output voltages produced from the input dc voltage can be 
written in the following form: 

uMa (t) = U M cos(mt + 8) 

2 7t  
uMb(t)=UM cos(mt--+8) 

3 
47t 

uMc(t)= UM cos(mt--+8) 
3 

(9) 

In the above equations m is the angular frequency of the 
inverter output voltage, UM is maximum voltage and 8 is 
phase angle. Assuming a balanced three-phase system with
out the neutral connection, the VSC can be modeled as: 

Switch state 

S" SJ, S5�on 
S" S4, S6�off 

S" SJ, S6�on 
S" S4, S5�off 

S" S4, S5�on 
S" SJ, S6�off 

S" S4, S6�on 
S" SJ, S5�off 

S" SJ, S5�on 
S" S4, S6�off 

S" SJ, S6�on 
S" S4, S5�off 

S" S4, S5�on 
S" SJ, S6�off 

S" S4, S6�on 
S" SJ, S5�off 

TABLE I 
SWITCHING COMBINATIONS 

Phase voltage 

U" U,h U" 

0 0 0 

1 1 2 -UDC -UDC --U 
3 3 3 

DC 

�U 
2 1 --U -UDC 3 

DC 
3 

DC 
3 

2 1 1 -UDC --U --U 
3 3 

DC 3 
DC 

2 1 1 --U -UDC -UDC 3 
DC 3 3 

1 2 1 --U J
UDC --U 

3 
DC 

3 
DC 

I 1 2 --U --U -UDC 3 
DC 

3 
DC 3 

0 0 0 

dc 
current 

ioc 

0 

-isc 

-isb 

isa 

-isa 

ish 

isc 

0 

The ST A TCOM is represented by a first order differential 
equation relating the S T A TCOM dc capacitor voltage and 
current. 

�U _ _ 

l
_i _ 

1 
U (11) 

dt 
DC -

C 
DC 

R C 
DC 

DC OC DC 

In power system, the state equation can be transformed fr
om the abc reference frame into the rotating dq reference 
frame. The variables in the stationary coordinate can be tra
nsformed into the rotating coordinates by: 

where the transformation matrix is chosen as follows: 

cos(mt) 
27t 47t 

cos(mt--) cos(mt --) 
3 3 

T=� sin(mt) 
. 

( 
27t

) 
. ( 

47t) SIn mt-- SIn mt--
3 3 3 

1 1 -
2 2 2 

Therefore dq components are given by: 

IT [ I
' 

I
'
d O]T = T IT

S qdo = q 

(12) 

(13) 

(14 ) 

(15) 

(16) 

where Ud and uq d-axis and q-axis are synchronous reference 
frame source voltage, iq and id are synchronous reference 
frame ST A TCOM current. So and SQ are d-axis and q-axis 
synchronous reference frame inverter switching function 
and given by So=-k(sina) and SQ=-k(cosa), where a is the 
phase angle of the voltage. The circuit equivalent of ST AC
OM in dq synchronous frame is given in Figure 2 [6]. 

1., R, 

1., R, 

Figure 2. The circuit equivalent of ST ATCOM in qd reference frame 

Therefore, the differential equations describe dynamic of 
the ac side currents and dc side voltage is given by: 



d .  Rs · . 1 
S U -�Id =--�Id + (j)�lq -- oo� oc ili Ls Ls 

1 1 ---Uoco �So +-UMd (17) 
Ls Ls 

d . . Rs · 1 
S -�I =-(j)�ld --�I -- QO�UOC 

dt 
q 

Ls 
q 

Ls 

1 1 --Uoco �SQ +-UMq (18) 
Ls Ls 

d 3Soo .  3SQo . -�Uoc =-- �Id +-- �Id �Uoc 
dt 2 Coc 2Coc RocCoc 

3 3 +--Ido �So +--Iqo �SQ (19) 
2 Coc 2Coc 

Form power system principles we get: UMd=UM and 
UMq=O. The systems linearized model given by using the 
perturbation and small signal approximation techniques 
show in Figure 3. 

Figure 3. Small signal perturbation of the system 

The characteristic equation of the linearized system is 
given by: 

3 Rsk 1 (2 Rs) 
[ 2 2 ] 

2 + (j) +-
2 2 Ls Coc Roc Coc Ls 

(20) 

Therefore, the eigenvalues are independent of the control 
angle, a. 

III. CONTROL S YSTEM DESIGN 

The LQR is a useful tool in modem optimal control desig
n, consisting of explicit matrix design equation easily solved 
in a digital computer. It is important to have a root locus of 
the closed loop system for investigating the effects of the 
variation of the feedback gains on the location of the closed 
loop poles. The performance index that is widely used in op
timal control design is known as the quadratic performance 
index and is based on minimum error and minimum energy 
criteria: 

I=fo"'
(XTQ X+UTRU+2 XTNU)dt (21) 

where Q is positive semi-definite matrix and R is a real 
symmetric matrix. The LQR control signal is given by 
Uopt=-K X(t), where K=-R-IBTp. The gains in the feedback 
matrix K can be obtained by solving the algebraic Riccati 
equation. 

The system defined by equation (19)-(21) is completely 
state controllable and arbitrary pole placement is possible. 
The ST A TCOM with LQR shown in Figure 4 is proposed. It 
is achieved by feeding back the state variables through a re
gulator with constant gains K. The desired eigenvalues are 
depends on the performance criteria, such as settling time, 
rise time and overshoot, used in the design. 

Figure 4. Control system design via linear quadratic regulator 

IV. SIMULATION RESULTS 

This section presents various simulation results obtained 
with MatIab, which show the good steady state and the dyn
amic performance. The values of system parameters and op
erating condition are listed in Table II. The system controll
ability matrix CO =[A AB A2B] and system observability 
matrix OB=[C AC A2 C]T have full rank, thus the linearized 
model is observable and controllable. 

Figure 5 show the simulated waveforms of voltage and 
current of the capacitor without controller. Figure 6 and 7 
show the large oscillation in open loop response of current 
system. Figure 8 ,  9 and 10 show the simulated waveforms of 
dq current component of line current and capacitor voltage 
with controller. Figure 11 show the control effort So and SQ. 

TABLE II 
DATA SYSTEM 

System parameters 
RsooQ.OI n, Ls=2 mH, CocooQ. 9 F, U�600 V, w=377 rad/s 

Operating condition 
Uoc=IOOO V, Ido=O A, Iqo=200 A, Soo=O, SQOooQ.8 

Ide (A) 

Figure 5. Open loop response of capacitor 
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Figure 6. Open loop response of active current component 

IlfTI8(S) 

Figure 7. Open loop response of reactive current component 
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Figure 8. Response of active current component with LQR 

Ilme(S) 

Figure 9. Response of reactive current component with LQR 

IlfTI8(S) 
Figure 10. Response of capacitor voltage with LQR 

Figure II. Control effort response 

V. CONCLUSION 

A ST A TCOM is a voltage sourced converter based shunt 
F ACTS device, which is capable enhancing the power syste
m damping by injection controllable reactive power into the 
system. A robust nonlinear controller using LQR technique 
for ST A TCOM voltage control is presented. The simulation 
results confirm the improvement of dynamic behavior in 
closed loop operation. 
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