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Development of finite point method for solving thin plates with opening
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Highlights
e  Pure meshless methods, such as the Finite Point Method (FPM), can significantly reduce computational
cost and modeling time, provided that adequate numerical accuracy is achieved.
e The FPM is inherently sensitive to sharp geometric variations within the domain and along its boundaries.
e  Openings introduce internal boundaries and may induce severe local geometric variations in thin plates.

e Implementing boundary conditions through auxiliary points mitigates the sensitivity of the FPM and
improves its performance in the analysis of perforated plates.

Introduction

The analysis of thin plates under lateral loading has received extensive attention, leading to the development of
various numerical methods. The Finite Element Method (FEM) has been widely adopted owing to its robustness and
versatility; however, its reliance on mesh generation and numerical integration can increase computational cost for
complex geometries and irregular boundaries. Meshless methods have therefore emerged as efficient alternatives
that eliminate the need for explicit mesh generation.

Methods

The Finite Point Method (FPM) is a fully meshless numerical approach that requires neither mesh generation nor
numerical integration. In this method, the continuum is represented by a set of discrete points, and the displacement
field is locally approximated using a weighted least-squares formulation. For each master point, a neighboring
region, referred to as a cloud, is constructed by selecting a sufficient number of the nearest points. The resulting
local approximation enables the governing equations to be formulated directly at the discrete points without
requiring connectivity between neighboring points.

Result and Discussion

The FPM was employed to analyze the bending behavior of thin plates containing internal openings with different
geometries and locations. The results for circular openings showed good agreement with those obtained using the
FEM, demonstrating the capability of the FPM to accurately capture the structural response in the presence of
smooth internal boundaries. For rectangular openings, excluding points located at the corners improved numerical
stability by avoiding the singular behavior associated with sharp geometric discontinuities. Furthermore, when
narrow strips were formed between an opening and the external boundary of the plate, larger point clouds were
required to provide a sufficient number of neighboring points and maintain the accuracy and stability of the local
approximation.

Conclusion

This study evaluated the applicability and performance of the Finite Point Method (FPM) for the bending analysis of
thin plates containing openings with different geometries and locations. The FPM provides a computationally
efficient and flexible framework that eliminates the need for mesh generation and numerical integration. However,
its accuracy and numerical stability can be adversely affected by internal openings, sharp geometric discontinuities,
and narrow regions with insufficient neighboring points. To address these limitations, several numerical strategies
were implemented, including the use of auxiliary points for imposing boundary conditions, appropriate treatment of
corner points, and enlargement of the point clouds in geometrically constrained regions. The results demonstrate that
these strategies can effectively enhance the stability and accuracy of the FPM for the analysis of perforated thin
plates.

Keywords: Meshless Methods, Finite Point Method, Thin plate, opening
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1. Introduction

The analysis of thin plates is an important research
topic in structural and mechanical engineering
because of their widespread applications in
aerospace, civil, and mechanical systems.
Conventional numerical approaches, particularly the
Finite Element Method (FEM), have been
extensively developed and applied to plate analysis.
However, these methods generally require mesh
generation and numerical integration, which can
become  challenging and  computationally
demanding for complex geometries and problems
involving geometric discontinuities, such as cracks
and shear bands.

Meshless methods have therefore attracted
increasing attention as flexible alternatives to
conventional mesh-based approaches.
Representative  techniques include  Smoothed
Particle Hydrodynamics (SPH) [1,2], the Element-
Free Galerkin (EFG) method [3], and the Finite
Point Method (FPM) [4-6]. For example, Liu et al.
(2010) [7] demonstrated the applicability of SPH to
fluid—structure interaction problems and highlighted
its ability to accommodate complex boundary
conditions without requiring a predefined mesh.
Similarly, the EFG method has been extended to a
range of solid mechanics applications, including
plate and shell analyses, demonstrating its capability
for handling complex structural problems [8,9].
Among meshless approaches, the Finite Point
Method (FPM) has emerged as a promising
framework for numerical analysis. Originally
developed for computational fluid dynamics [4,5].
the FPM has subsequently been modified to improve
numerical accuracy and overcome deficiencies in its
original formulation, particularly the undesirable
divergence of the resulting system matrices. Both
the original and modified formulations have been
successfully applied to two-dimensional elasticity
problems [10-16]. Nevertheless, applications of the
FPM to solid mechanics remain comparatively
limited, particularly for the bending analysis of
plates. Although some preliminary studies have
investigated plate bending [11,12]; important
challenges associated with the formulation and
implementation of the method remain unresolved. In
particular, the application of the FPM to elastic
plates containing openings has received limited
attention, despite the pronounced geometric
discontinuities and internal boundaries introduced
by such features.

This study addresses this gap by systematically
investigating the performance of the FPM in the
bending analysis of thin, linear-elastic plates with
openings of different geometries and locations. The

governing plate equation is formulated in strong
form as a fourth-order differential equation [17,18],
and is enforced at the interior points, while the
boundary conditions are imposed at the boundary
points. A fundamental difficulty arises because the
governing equilibrium equation provides only one
degree of freedom at each point, whereas two
boundary conditions may need to be satisfied at a
boundary point. Although several techniques,
including the Lagrange multiplier [19] and penalty
[20] methods, have been proposed to address this
issue, the present study employs auxiliary points,
analogous to those used in finite difference
formulations. Accordingly, one component of the
boundary conditions is imposed at the original
boundary point, while the second is enforced
through its corresponding auxiliary point [21].
articular attention is given to the effects of openings
on the numerical stability and accuracy of the FPM.
The study systematically examines the selection of
neighboring points within each point cloud and
evaluates the number of points required to obtain
reliable solutions under different geometric
configurations. Special consideration is given to
regions characterized by narrow strips or sharp
geometric variations, where the local approximation
may become sensitive to the available neighboring
points. These investigations provide practical insight
into the selection of point-cloud parameters and the
treatment of geometrically challenging regions.
Overall, this study contributes to the development of
meshless techniques for solid mechanics by
clarifying the capabilities and limitations of the
FPM in the bending analysis of perforated thin
plates. The findings provide a basis for improving
the robustness of the method and extending its
application to more complex discontinuous
problems, including plates with cracks and shear
bands.

2. Theory of Thin Plates

For the analysis of stress distribution in thin plates,
the (xy)-plane is generally assumed to coincide with
the mid-plane of the plate. Within this framework,
the bending behavior of thin plates is described
based on the classical Kirchhoff-Love assumptions,
which simplify the governing relations by
introducing the following idealizations:

- The transverse deflection of the mid-plane is small
relative to the plate thickness. Consequently, the
rotations and slopes remain small, and geometric
nonlinearities can be neglected.

- The mid-plane is assumed to remain free of
membrane strain during bending. Moreover, straight
lines initially normal to the mid-plane remain



straight and normal to the deformed mid-plane.
Thus, transverse shear deformation is neglected.

- The stress component normal to the mid-plane is
assumed to be negligible compared with the in-plane
stress components and is therefore disregarded.
These assumptions provide the theoretical basis for
the classical theory of thin-plate bending and
substantially simplify the governing equations,
making them suitable for analytical and numerical
formulations in solid and structural mechanics.
Consider a small differential element of the plate
subjected to transverse loading. Let (p) denote the
external load, and let the dimensions of the
differential element along the (x)- and (y)-axes be
(dx) and (dy), respectively. The displacement field
normal to the mid-plane of the plate is denoted by
(w), which is a function of the coordinates (x) and
(v). Due to pure bending, the plate element
undergoes rotations about the coordinate axes,
which can be determined as follows:

_aw
"=y
Lo &)
Y ox

These angular changes, referred to as the slopes of
the displacement field, induce axial displacements at
the points below:

u=-z0, )
v=-2z0,

By combining Egs. (1) and (2) with the strain—
displacement  relations, the resulting strain
components are obtained as follows:

_ou 2w
& ox T Pox?
ov 2w
Ey = @ = —Z —ayz (3)
_Ou  0v 2w

Yoy = @J’ﬂ =2 0x0dy

The curvatures of the deformed surface with respect
to the coordinate axes are defined as follows:

_ 00, 2°w
= 9x T ox?
86, 9w
=%y oy @
1(00, 00, 0%w
K =—|—++ - =
oo 2\ox 0y 0xdy

The third expression above represents the twisting
curvature of the plate mid-surface about the (z)-axis.
By substituting the second derivatives of the
displacement function in Eq. (3) with the bending
components defined in Eq. (4), the strain
components can be written as follows:

Ex = —ZKy
Sy = —ZKy (5)
Yy = —2ZKyy,

By combining the strain field derived above with the

stress—strain  constitutive relations, the stress

components in the thin plate are obtained as follows:
Ez

Oy = —m(Kx + ka)

3 Ez [(0*w N a2°w
T 1z \ax 7Y dy?
Ez
Oy = — 1 — 2 (Ky + VKX) (6)
3 Ez [(0*w N 2w
T 1—v2\ay? Voxz
Ez Ez 0%*w

_1+vay__1+v6xay

Txy =

According to these relations, the stress components
vary linearly through the plate thickness and vanish
at the mid-plane. These stress components generate
bending moments and transverse shear forces along
the element boundaries, which can be expressed as
follows:

M, t 0,
2
M, } = t{ay}ZdZ

Mxy 2 Txy (7)

t
loy} = [} o

It should be noted that, although the stress
components (t,,) and (t,,) are neglected in the
classical thin-plate bending theory, the shear force
components (Q,) and (@,) are not negligible and
must be included in the equilibrium equations of the
plate.

By substituting the stress components from Eg. (6)
into the first relation of Eq. (7) and evaluating the
resulting integral, the bending moment components
are obtained as follows:

d0x? ay?
M, = —D(Ky + wcx)
o*w  9*w 8
=-D a—yz + VW
M,y = —=D(1 — V)Ky,
2
=-D(1-
a-=v dxdy
where (D) denotes the flexural rigidity of the plate.
D Et?
T 121 -v®) ©)

It is important to note that the shear force
components (Q,) and (Q,) are related to the
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displacement function (w), while satisfying the
equilibrium equations.

For simplicity, and owing to the small dimensions of
the element, the magnitudes of the moments and
shear forces along the boundaries are assumed to be
constant and represented by a single vector acting at
the center of each boundary line. The variations of
these quantities from one boundary to another are
taken into account by applying a Taylor series
expansion.

By applying the equilibrium equations and
neglecting the higher-order small terms, three
independent equations are obtained as follows:

2Q, 0
ZFZ=O: ¢ +&+p=0

0x dy
oM,, OM,
M, = — 4+ —— = 10
Z z ~ Tox + dy ¢ =0 (10
oM,, oM,
M = —_— — =
Z Y > dy + ox Q=0

By substituting the bending moment components
into the second and third equations of Eg. (10), the
corresponding shear force components are obtained
as follows:

d
Qx = —D—V?*w

5 (11)
Q, = —D@V w
where:
oxi T oy (12)

Finally, by substituting the shear force components
into the first equation of Eq. (10), the governing
equation for thin-plate bending is obtained as
follows:

4 p
=— 13
Viw D (13)
The operator V* is defined as:
0* 0* a*
2— — 42— 4+
v dx* + 0x20y? + dy* (14)

The solution of the governing Eq. (13) is essential
for determining the response of thin plates.
However, based on the relations given in Eg. (8), the
following relation can be obtained:
M,+M
M=—2_"2—_Dpr2w (15)
1+v
Therefore, based on Eq. (13), an alternative solution
procedure for thin-plate problems can be formulated
by solving the following pair of equations:

VM = —p

M (16)
V2w = ——

D

By combining the strain field with the constitutive
stress—strain relations, the stress components in the
thin plate are finally obtained as follows:

Ez [(9*°w  0%*w
Ox = _1—v2<6x2 +v0y2>
Ez (d*w  9%w
T2 (ay2 +V8x2) a7
Ez 0°w
Ty =77 + v 0xdy

3. Finite Point Method

The finite element method (FEM), owing to its
versatility and flexibility, has been widely adopted
as an effective numerical approach for solving a
broad range of problems in engineering mechanics.
However, despite these advantages, mesh generation
in FEM can be a challenging and time-consuming
process, particularly for problems involving
complex geometries or evolving boundaries.
Moreover, the assembly of the global stiffness
matrix and the evaluation of nodal forces constitute
computationally demanding steps that can
significantly increase the overall computational cost.
To address these limitations, numerous alternative
numerical approaches have been developed over the
past several decades, collectively referred to as
meshless methods.

The primary objective of these methods is to
eliminate the need for mesh generation in the
numerical modeling of mechanical problems.
However, some approaches within this family still
require a background mesh for numerical
integration. Accordingly, meshless methods can
generally be classified into two main categories. The
first category includes methods that employ a
background mesh for numerical integration. In these
approaches, the governing equations are discretized
using a weak formulation, which reduces the
likelihood of ill-conditioning in the resulting system
matrices and generally provides improved numerical
accuracy. Although these methods involve a certain
form of mesh, their meshing requirements and
associated limitations are considerably less
restrictive than those of the finite element method.
Representative methods in this category include
Smoothed Particle Hydrodynamics [1] and the
Element-Free Galerkin method [3].

The second category comprises methods that do not
employ any mesh and are therefore commonly
referred to as truly meshless methods. In these
approaches, the governing equations are directly
enforced in their strong form at a set of discrete
points, thereby eliminating the need for numerical
integration. The complete absence of a mesh
considerably simplifies the construction of the
numerical model and, by eliminating numerical
integration, can enhance computational efficiency



compared with both the methods in the first
category and the finite element method. However,
these methods are generally more susceptible to
singular or ill-conditioned system matrices, which
may adversely affect numerical stability and
solution accuracy. The Finite Point Method [4-6] is
one of the most prominent approaches in this
category.

In this study, the Finite Point Method is employed to
solve thin-plate problems. The plate is modeled by
distributing a set of discrete points over its mid-
plane, and the strong form of the governing
equations, given by Egs. (13) or (16), is enforced
directly at these points.

Application of the governing equations at each point
first requires an approximation of the primary
displacement field in its vicinity. To this end, a
relatively small local region surrounding each point
and containing a sufficient number of neighboring
points is defined. This region is referred to as a
cloud, while the point at its center is termed the
central point. In general, a function defined over the
cloud domain is approximated using the weighted
least-squares method. Within this framework, the
approximation function is constructed as follows:

i=pTa (18)

where p is a vector of monomials selected either
completely or, at a minimum, in a symmetric
manner from Pascal’s triangle. For the complete set
of second-order monomials, this vector is defined as
follows:

p"={1 x y x* xy y* (19)

In this study, the number of monomials is
considered to be 15, where the vector a in Equation
(18) represents the vector of unknown coefficients.
The approximate values of the function at the nodes
within the cloud are calculated by substituting their
coordinate components into Equation (18).

4 =pla i=12,,n (20)

In the above equation, p! denotes the vector of
monomials with respect to point i in the cloud, ;
represents the approximate value of the function u at
this point, and n is the total number of nodes within
the cloud.
By assembling Equation (20), the vector of
approximate nodal values is obtained as follows:
@=Pla i=12-n (21)
Where PT is a matrix whose rows consist of p7, and
U is the vector of approximate nodal values.
To ensure that the approximate function closely
approaches the function u, an error measure must
first be defined. Accordingly, the difference
between the values of the function u and those of
the approximate function @ at the cloud points is

considered as the residual, while the sum of the
squared residuals over the cloud points is adopted as
the error measure. To establish a logical distinction
among the nodes, the squared residual at each point
is multiplied by a weighting function. The weight is
equal to 1 at the central node and decreases
smoothly with increasing distance from the central
node. Therefore, the error measure can be written as
follows:

J =) w@ - u? 22)

where J denotes the error measure, u; is the value of
the function u at node i, and w(x;) is the weighting
function at that point. By substituting Equation (20)
into Equation (22), the error measure can be
rewritten as follows:

J =) we)@la-uy (23)

To minimize the error measure, its derivative with
respect to the components of the vector a must be
equal to zero.
a
J_,
Jda
which can be expressed by the following equation
for the vector a:

a=A"'Bu (25)

(24)

where u denotes the vector of nodal values of the
function u, and the matrices 4 and B are defined as
follows:

A= Z w(x)p:p! (26)
i=1

B

= [w(x)pr w(x2)p, W(xy)Pnl @7)

Finally, by substituting the vector a from Equation
(25) into Equation (18), the optimal approximation
function is obtained as follows:

i =p’A'Bu (28)

Two different approaches can now be adopted for
solving thin-plate problems. The first approach is to
approximate the coupled relations given by
Equation (16). These equations are generally
suitable for plates with simple boundary conditions.
To solve Equation (16), the moment parameter M is
first interpolated over the clouds and substituted into
the first equation of Equation (16). Subsequently,
the displacement field w is interpolated and
substituted into the second equation of Equation
(16). Finally, the nodal values of the displacement
field are obtained. As noted above, this formulation
requires the simultaneous enforcement of two
separate differential equations involving two
unknown parameters at each node. Consequently,
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L~ ~cloud
point in center of cloud co : I
\ ——auxiliary points
. \ X .
“

the resulting system is analogous to a formulation
with two degrees of freedom per node. This feature
allows both Dirichlet and Neumann boundary
conditions to be imposed in a manner similar to that
employed in the finite element method.

The second approach for solving thin-plate
problems is based on Eq. (13) which represents the
general form of the equilibrium equation and can
therefore be applied to thin plates with arbitrary
boundary conditions without additional restrictions.
In this approach, the displacement functionw is
approximated and substituted into Eq. (13). Since
only one degree of freedom is associated with each
point, the imposition of boundary conditions
presents the main challenge. Several strategies can
be employed to address this issue, including the
method of Lagrange multipliers, the penalty method,
and the introduction of additional points. In the
present study, the latter approach is adopted.
Specifically, an additional point is introduced
outside the model in the vicinity of each boundary
point. The additional point and its corresponding
original boundary point are then treated as a single
boundary point with two degrees of freedom, each
of which is used to satisfy one of the prescribed
boundary conditions. This treatment is analogous to
the approach commonly employed in the finite
difference method.

3. Numerical Examples

This section presents a series of numerical
examples, each selected and formulated to
investigate a specific aspect of the proposed method.
Before presenting the numerical results, the
procedure used to enforce the boundary conditions
is described. Fig 1 illustrates the locations of the
additional points introduced for this purpose. In
general, two conditions must be enforced for each
type of boundary condition. Accordingly, one
condition is imposed at the original boundary point,
while the other is imposed at the corresponding
additional point.

points in arca

T —=—boundary points

ryrx -

Fig 1. Location of the auxiliary points.

Here, 7, and 7, denote the horizontal and vertical
distances, respectively, from the additional points to
their corresponding boundary points. Similarly, d,
and d,, denote the horizontal and vertical distances,
respectively, between the points on the plate. In all

numerical examples presented in this section, the
horizontal and vertical spacings are taken to be
equal, ie., (=7, and d,=d,). The general
specifications of the numerical examples considered
in this study are summarized in Table 1. The
parameters  defined above are illustrated
schematically in Fig 2 for clarity.

Table 1. Steel material properties

Plate Load Poisso  Number Plate
thickn q n’s of dimensi
(kl\?{/)m’\ ess (KN/m~ ratio polynomi ons
(m) 2) v) als (m)
1x 10° 0.001 -1 0.3 15 1x1
,‘v
e q
7

a=lm

Fig 2. Plate with a circular opening subjected to a uniformly
distributed load.

4.1. Example 1

A square plate with a side length = 1m , simply
supported along its four edges is considered. As
shown in Fig 3, a uniformly distributed load of
magnitude 1 (kN/m?) is affected normal to the
plate surface. A circular hole with radius 0.2 m is
centered at the coordinate (x,y’) of the plate (Fig
3).
The following equations are imposed on the
boundaries due to the nature of simple boundary
supports:
0%w

x—O,x—a—)w—O,W—O

02w

(29)
=0
dy?

y=0y=a->w=0,

As the hole acts similarly to internal boundaries
with free conditions, the following equations are to
be satisfied on its boundaries:

’w  9*w
x=0,x=a—>vay2+ﬁ=
3 3
=0,—+@2-v)——=0 30
dx3 2=V dy?dx (30)
o*w  9*w
y=0,y=a—>vﬁ+a—y2



3 3

=0, 57 + (2 V)axzay_ 0

In this example, the displacement of the opening and
the corresponding displacement field are evaluated
for different opening locations. The plate
coefficients and parameters, together with the
coordinates of the opening center, are listed in Table
2. The distribution of the points and the geometry of
the opening are shown in Fig 3.

Table 2. Plate properties and the exact location of the opening.

Clou  Openin Maxim .
> > Maximu
Cas d g X y um m EPM
e point radius (m) (m) FEM m)
S r(m) (m)

60 0.2 05 05 -0.04439 -0.04221
0.2 025 0.5 -0.05377 -0.05402
60 0.2 021 05 -005296 -0.05531
60 0.2 075 0.5 -0.05122 -0.05244

o 0 T o
D
o

(d) (©
Fig 3. Considered points on the plate and the opening region; (a)
(x,y)=(0.50.5); (b) x ‘Y).: (0.25,0.5); (c) (x,y) =
(0.21,0.5) ; (d) (x,y) = (0.75,0.75).

After approximating the solution using the Finite
Point Method and comparing the results with those
obtained from the finite element method, the plate is
found to exhibit consistent behavior in both
approaches. This agreement is clearly demonstrated
in Fig 4.

@

(b)

(d)

Fig 4. Approximate deformation of the plate under study using
the meshless method and the finite element method (right:
meshless, left: finite element); (a) (x,y) = (0.5,0.5) ; (b)

(x,y) =(02505); (c) x,y)=(0.21,05);(d) (x,y) =
(0.75,0.75).

Fig 5 presents the displacement profiles of the
plate for different cases along line (x = 0.5 m).
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FEM&FPM Displacement

Axis x(y=0.5m) = T7=°" cesnl
-0/01
-0f02 N h

-0/03 N i

Displacement

-0f04 S s
-0/05 e

-0/06

(d)

Fig 5. Comparison of the plate displacement obtained by the
finite point method and the finite element method along the line
x=0.5m; (a) (x,y) = (0.5,0.5); (b) (x,y) = (0.25,0.5) ; (c)

x,y) = (0.21,0.5) ; (d) (x,y) = (0.75,0.75).

Fig 6 illustrates the convergence of the results
obtained using the Finite Point Method and the
finite element method at all points, based on the
following relation:

Convergence rate

= IOgZ J@ (31)

where n denotes the number of points considered in
both methods.

Error Index between FEM &FPM

Error Index

casea case b case ¢ cased

case

Fig 6. shows the Error Index of the solution between the finite
point method and the finite element method.

An examination of Fig 6 shows that Case (a), in
which the opening is located at the center of the
plate, exhibits the highest level of agreement
between the two sets of results. As the opening
moves toward the boundary, the percentage error
increases, as observed in Cases (b) and (c). Case (d),
in which the opening is located near the corner,
exhibits the largest discrepancy between the results.
As the opening approaches the corner of the plate,
the matrix pT"A~1B obtained using the Finite Point
Method becomes ill-conditioned and eventually
singular.

4.2. Example 2

In this example, a square plate with a side length of
(a = 1m), simply supported along all four edges, is
considered. As shown in Fig. 7, a uniformly
distributed load with a magnitude of (kN/m?) is
assumed to act perpendicular to the plate surface.

The opening in the plate is assumed to be square,
with dimensions of (40*40cm).

————a=Im

Fig 7. Plate with a circular opening subjected to a uniformly
distributed load.

The plate displacement is investigated for two cases.
In the first case, the corner points of the opening are
included in the computational model, whereas in the
second case, they are excluded. Both cases are
illustrated in Fig 8.

() (@)
Fig 8. (a) Plate with corner points included (b) Plate without
corner points.

For both Cases (a) and (b) shown in Fig 8, the
deformed configurations obtained using the Finite
Point Method are presented in Fig 9.

02
04
08

08

0 o

(b) (@
Fig 9. Deformation obtained using the Finite Point Method. (a)
Plate with corner points included. (b) Plate without corner points.

As shown in Fig 9, the problem is first solved by
including the points located at the corners of the
opening. In the Finite Point Method, direct
enforcement of the governing equations at the
opening corners leads to a singularity, as observed
in Case (a). To overcome this issue, the corner
points of the opening are excluded from the
computational model in Case (b). This treatment
prevents the coefficient matrix from becoming
singular and consequently yields a valid
approximation of the solution. The values of the
stress component g, are presented in Fig 10.



SNEG, (fraction = 1.0)

+: 402
-8.0562+01

(b) (@)
Fig 10. Stress component g,.. (a) Finite Point Method. (b) Finite
Element Method.

An examination of Fig 10 shows that the stress
component g, calculated using the Finite Point
Method is in close agreement with the
corresponding results obtained from the finite
element method. This close agreement demonstrates
the capability of the Finite Point Method to provide
reliable estimates of the stress field. In both
methods, stress concentrations are observed along
the opening edges, with the most pronounced
concentrations  occurring near its  corners.
Specifically, the stress values at points adjacent to
the opening corners are approximately 1.5 times
those at neighboring points located farther from the
corners.

4.3. Example 3

The specifications of this example are identical to
those of Example 2. The plate contains a square
opening with varying dimensions, as illustrated in
Fig 11.

e)
Fig 11. Location of the considered points and dimensions of the
opening; (@) d = 0; (b)d = 0.2;(c)d = 0.4;(d)d = 0.6; (e)
d=0.8.

The plate responses obtained using the Finite Point
Method and the finite element method are presented
in Fig 12. Examination of all cases indicates a
consistent response between the two methods.

@

RESSSRERE0Y

(b)

()

Fig 12. Plate behavior under uniform distributed load (right:
finite point method, left: finite element method); (a) d = 0; (b)
d=02;()d=04;(d)d=06;()d=0.8.

Table 3 summarizes the specifications of the
different  plate  configurations and  their
corresponding maximum displacements obtained
using the Finite Point Method and the finite element
method. An effort was made to maintain the same
number of points in both methods to ensure a
consistent basis for comparison. As shown in the
table, increasing the opening size from zero to 20%
of the plate dimension leads to an increase in the
maximum displacement, indicating a reduction in
the effective stiffness of the plate. However, a
further increase in the opening size results in a
decrease in the maximum displacement. This
behavior can be attributed to the transition from
plate-like behavior of the continuous medium to the
behavior of a system composed of interconnected

J. Analysis of Structure and Earthquake
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narrow strips as the opening becomes sufficiently

large.
Table 3. Plate specifications and opening characteristics.

Number .
cioug OPenin of NLr":fb © Maﬁm“ Maximu
Case points g(frlse elergent points FEM m ('r:r;M
Fevy PPV (m)
a 40 0*0 2500 2809 -0.0446  -0.0447
b 40 0.2*0.2 2836 2752 -0.0522 -0.0519
c 40 0.4*0.4 2499 2444 -0.0451 -0.0450
d 80 0.6*0.6 1793 1964 -0.0244  -0.0243
e 95 0.8*0.8 937 1283 -0.0062 -0.0062

For a better understanding of the plate behavior, the
displacement profile of the plate along the line
(x=0.5m) is plotted in Fig 13.
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Fig 13. Comparison of the plate displacement obtained by the
finite point method and the finite element method along the line
Xx=0.5m.

Fig 14 illustrates the convergence of the results
obtained using the Finite Point Method and the
finite element method for different cases.

Error Index between FEM &FPM
-3/5

Error Index

case a case b case ¢ case d case e

case

Fig 14. Error Index of the solution between FPM and FEM

Obtaining an accurate solution using the Finite Point
Method for Cases (d) and (e) presents certain
challenges. As the opening size increases and the
remaining plate width decreases, the accuracy of the
Finite Point Method deteriorates in the direction
normal to the boundaries. In the present study, 15
monomials are employed; however, the number of
points available in the direction normal to the
boundary may be insufficient to provide an accurate
approximation, as illustrated in Fig 15.
Consequently, the selected set of monomials cannot
be adequately supported by the available point
distribution in this direction. To address this issue,
the number of points within each cloud should be
increased until a sufficiently accurate approximation
is obtained, as illustrated in Fig 16. As shown in Fig
16 Cloud (a) contains an insufficient number of
points in the horizontal direction. Therefore, the
cloud should be enlarged, as in Cloud (b), to provide
a sufficient number of points in different directions
and improve the local approximation.
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Fig 15. Approximation of the solution for Case (e) using the
finite point method with 40 cloud points
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Fig 16. Increase in the number of points within the cloud

5. Conclusion

Building on previous research on the application of
the Finite Point Method (FPM) to thin-plate
analysis, this study extended the method to thin
plates with openings. Given the sensitivity of the
FPM to abrupt geometric variations, particular
attention was paid to the numerical challenges
associated with openings, which were modeled as
internal free boundaries.

First, thin plates with circular openings were
investigated by systematically moving the opening
from the plate center toward the edges and
subsequently toward the corners. The FPM results
showed very good agreement with those obtained
using the finite element method for all investigated
configurations. This agreement indicates that the
smooth geometry of circular openings, combined
with the adopted treatment of internal boundaries,
can effectively mitigate the numerical instabilities
associated with the FPM. As the opening moved
from the center toward the edges and corners, the
maximum plate displacement increased.

Thin plates with rectangular openings were
subsequently analyzed. To address the numerical
difficulties caused by the sharp corners of
rectangular openings, the points located at the
opening corners were excluded from the
computational model. This simple modification
prevented the interpolation coefficient matrices from
becoming singular and resulted in stable and
acceptable numerical solutions. For relatively small
openings, increasing the opening size to
approximately 20% of the plate dimension increased

the maximum displacement because of the
associated reduction in plate stiffness. However,
further enlargement of the opening resulted in a
decrease in the maximum displacement. This
behavior is attributed to the removal of points
located relatively far from the supports, which
contribute less to the overall stiffness, together with
the transition from plate-like behavior to that of
narrow, interconnected strips.

For openings with comparable characteristic
dimensions, replacing a circular opening with a
square opening resulted in a higher maximum
displacement. This increase can be attributed not
only to the larger removed area associated with the
square geometry but also to its distinct mechanical
response and the stress concentrations generated at
its sharp corners.

An additional important finding concerns the
treatment of narrow strips formed between the
opening and the outer boundary of the plate. When
only a limited number of point rows exists within
such a strip, the interpolation cloud must be
sufficiently enlarged to incorporate an adequate
number of points from the opposite side of the
opening. Failure to provide sufficient point support
can lead to matrix singularity and, consequently,
failure of the interpolation process. This finding
highlights the importance of an appropriate cloud
size and point distribution when applying the FPM
to geometries containing narrow regions.

Overall, the results demonstrate that the FPM can
provide accurate and stable solutions for thin plates
with openings when the geometric characteristics of
the opening and the local point distribution are
properly considered. The study identifies the
principal numerical limitations associated with
smooth and sharp geometric features and proposes
simple, readily implementable strategies to improve
the stability and accuracy of the method. These
findings provide a useful basis for extending truly
meshless methods to more complex structural
configurations involving openings and other
geometric discontinuities.
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