Forces in Mechanics 22 (2026) 100349

ELSEVIER

Contents lists available at ScienceDirect
Forces in Mechanics

journal homepage: www.sciencedirect.com/journal/forces-in-mechanics

FORCES

~ MECHANICS

Effect of plate skew angle and crack parameters on buckling of cracked

CNT-reinforced composite skew plates

a,b

Mohammad Hossein Taheri®°, Parham Memarzadeh

@ Department of Civil Engineering, Na.C., Islamic Azad University, Najafabad, Iran

a,b,*

Y Sustainable Development in Civil Engineering Research Center, Na.C., Islamic Azad University, Najafabad, Iran

ARTICLE INFO ABSTRACT

Keywords:

Buckling

Plate skew angle

Crack length

Crack location

Agglomeration of CNTs, XFEM

The present study is the first to investigate the effect of plate skew angle and crack parameters on the buckling of
cracked CNT-reinforced composite skew plates. A MATLAB code, developed within the extended finite element
method (XFEM), analyzes the buckling stability of various cracked CNT-reinforced composite skew plate models
under different in-plane loading and boundary conditions. The analysis considers varying plate skew angles,
crack lengths, and crack locations. The effect of single-walled carbon nanotube (SWCNT) volume fraction and

dispersion, modeled using the Eshelby-Mori-Tanaka homogenization scheme, on critical buckling is also exam-
ined. Results indicate that the buckling capacity of cracked CNT-reinforced composite skew plates is significantly
affected by not only the skew angle and boundary conditions of the plate but also by the length and location of
the crack. Moreover, the agglomeration of CNTs reduces the effective stiffness and buckling capacity.

1. Introduction

Skew plates are used in various engineering applications, particu-
larly in aerospace structures such as rockets, satellites, and aircraft
components, as well as in shipbuilding, automotive, and the construc-
tion of panels for skew bridges. Consequently, understanding their static
and dynamic behavior is crucial for engineers. While analytical and
numerical methods exist for analyzing skew plate buckling, accurate
design and modeling necessitate advanced techniques. Various analyt-
ical and numerical approaches exist to solve the equations governing the
buckling of skew plates. Regarding skew plates without cracks, studies
under in-plane compressive or shear stresses using methods such as the
Galerkin method [1], Rayleigh-Ritz method [2-8], classical plate theory
[9,10], general theory of plates [11], extended Kantorovich method
[12], differential quadrature method [13,14], discrete singular convo-
lution [15], and FEM method [16-18] have been reported. A compli-
cating factor in the analysis of skew plates is the non-orthogonal
coordinate system used in deriving the governing equations and solving
the resulting coupled equations. Conventional plate-bending finite ele-
ments can be applied to the analysis of skew plates. However, they
involve formulating the transformation matrix between global and local
degrees of freedom for the nodes on the skew edges. This transformation
makes it easier to impose boundary conditions normal and tangential to
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the edges [17].

Generally, thin plates are highly susceptible to defects, with cracking
being the most common type. Cracks can initiate under various condi-
tions, such as initial material weaknesses, fatigue, yield loading, and
production imperfections. On the other hand, buckling is a phenomenon
that can most likely occur in thin-walled plates, especially in cases with
defects. In engineering design, the presence of buckling cracks can lead
to catastrophic failure. For this reason, crack analysis is very crucial in
the design of such structures. Accordingly, several research efforts have
been made on the buckling of rectangular plates with central and edge
cracks under different loads using numerical [19-21] and experimental
[22-24] methods. These studies have investigated the effects of pa-
rameters such as crack length and angle, Poisson's ratio, and boundary
conditions on the buckling load of cracked plates. The results indicate
that these parameters significantly affect the buckling load. Cracks can
form at any location on a plate, making it essential to evaluate the
impact of crack location on the stability behavior of cracked plates.
Researchers have investigated the eccentricity of cracks in rectangular
plates under compressive [25-28], tensile [29], and shear [30] loads.
They found that the effect of crack eccentricity largely depends on the
type of plate support conditions [28]. In addition, the buckling capacity
of a cracked plate is highly dependent on crack parameters, such as crack
length and location, and the critical buckling mode shape is affected by
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Fig. 1. Schematic illustration of the CNT-reinforced composite skew plate with
an off-center crack showing global (x,y) and local coordinate (%, y') systems. In
this figure, 2a, 2b, and y are the length, width, and angle of skew of the CNTRC
skew plate, respectively. The aspect ratio of the cracked skew plate is assumed
to be one, and its thickness is 1 mm. In addition, 2c denotes the crack length.
Parameter c* is the relative crack length (c* = c/a). The crack location is
expressed by the eccentricity ratio parameter ey* (ey* = ey/b), where ey is the
distance from the center of the crack to the skew plate centerline. Here, the
stresses are displayed on an infinitesimal element around the crack tip located
at a point with local polar coordinates (r,0). The polar coordinates of the local
polar coordinate system are defined with an origin at the tip of the crack and
with basis vectors defined by the unit vector’s tangent and normal to the crack
at the crack tip. The skew plate is made of epoxy reinforced by SWCNTs, in
which the effect of agglomeration and volume fraction of CNTs is considered.

the interaction effects of various cracking parameters [30].

In response to new engineering demands, composites reinforced with
carbon nanotubes [31-33] play a crucial role due to CNTs' unique me-
chanical properties, including high strength, hardness, a high aspect
ratio, and low density [34-40]. Studies show that even small additions
of CNTs can significantly improve the electrical, thermal, and mechan-
ical properties of polymer composites [41-51], provided that good
surface bonding between CNTs and the polymer, as well as proper
dispersion of carbon nanotubes in the polymer matrix, are achieved
[52-55]. CNT-reinforced composites are suitable for use as structural
beams, plates, or shells in diverse engineering applications.. An impor-
tant problem to consider when analyzing the buckling of polymer
composite plates is the effect of cracks, if any, on the buckling behavior
of the plate. Polymer composites are prone to premature failure due to
the creation of cracks and microcracks during operation. The evolution
of cracks and microcracks can cause catastrophic material failure [56].
Considering the increasing use of polymer materials and carbon nano-
tubes in aeronautics and astronautics and the need for advanced struc-
tures, it is essential to analyze the buckling behavior of carbon
nanotube-reinforced cracked composite skew plates.

In the literature on skew plates, the buckling solutions obtained by
different researchers for various boundary conditions differ somewhat
from each other. Some researchers attribute this difference to the
boundary conditions at the corners of the sheet, which significantly
affect the results [17]. When dealing with complex geometries and
boundary conditions, a method should be chosen that has flexibility. The
finite element method (FEM) is one of the most widely used methods in
structural mechanics. Since FEM can be considered a local Ritz method
and does not account for bending moment singularity in the assumed
displacement functions, it may experience a lower convergence rate
when analyzing a thin inclined plate with large skew angles [13].
Therefore, a very fine mesh must be used to obtain accurate buckling
solutions. The standard FEM has been successful in common fracture
mechanics simulations, such as modeling inclined plates without cracks.
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However, in the case of media with cracks, due to complications related
to stress and oscillatory displacement fields near the crack tip lead to low
performance and accuracy. Numerical methods more suitable for solv-
ing discontinuity problems are element-free methods based on enrich-
ment techniques. Consequently, the Extended Finite Element Method
(XFEM) offers significant advantages over conventional methods like
FEM, particularly in the buckling analysis of cracked CNT-reinforced
composite skew plates. In terms of computational accuracy, XFEM
inherently provides more reliable results by precisely modeling stress
and displacement fields around the crack tip without requiring
remeshing in the vicinity of the crack. This capability substantially en-
hances computational efficiency, as XFEM converges with fewer ele-
ments compared to FEM, which often necessitates extremely fine and
complex meshes when dealing with discontinuities. This approach
effectively overcomes the limitations of FEM, such as its reduced
convergence rate in analyzing thin skew plates with large skew angles
and its diminished accuracy in the presence of cracks. Overall, XFEM
presents a more robust and accurate solution for simulating the complex
mechanical behavior of these structures.

The study of plate skew angles and cracks in skew plates is crucial for
meeting modern engineering demands and leveraging advanced mate-
rials. Existing research has mainly focused on the buckling of cracked
rectangular plates and uncracked skew plates. Therefore, this study, for
the first time, investigates the effect of plate skew angle and crack pa-
rameters on the buckling of CNTRC cracked skew plates using a
MATLAB-based XFEM code. To achieve this goal, initially, the equiva-
lent mechanical properties of the nanocomposite material are estimated
using the Eshelby-Mori-Tanaka homogenization scheme, considering
the random orientation of carbon nanotubes within the polymer matrix
and accounting for three agglomeration modes (null, partial, and full).
Subsequently, a computational code is developed in MATLAB to
generate numerical models of cracked CNTRC skew plates for buckling
analysis. The analysis encompasses the effect of several parameters,
including the volume fraction and agglomeration of CNTs, crack length
and location, loading and boundary conditions, and the skew angle of
the CNTRC skew plates.

2. Geometric and mechanical characterization

In this work, we considered a cracked CNT-reinforced composite
skew plate with the associated coordinate system and geometric pa-
rameters (See Fig. 1). The location of the crack is characterized by the
eccentricity ratio parameter ey* (ey* = ey/b), where ey is the distance
from the center of the crack to the plate centerlines. For a center crack,
the value of ey* is zero, and for off-center cracks, the value of e,* ranges
between zero and one. As shown in Fig. 1, around the crack tip, the
stresses are on an infinitesimal element located at a point with polar
coordinates (r,6). The XFEM method is based on the concept of partition
of unity for enriching the FEM approximation to include the effects of
singular or discontinuous fields around a crack. Nanocomposite skew
plates were considered from a mixture of SWCNTs and an isotropic
matrix with certain Young’s modulus (Ep) and Poisson’s ratio (vp).
Polymer composites are widely used in space technologies and space
structures due to their strength, lightweight, and good thermal and
electrical insulation properties. The widest application of epoxy resins is
perhaps utilizing them as a matrix for polymer-based composite mate-
rials. Nevertheless, epoxy resins are mostly brittle materials, and
cracking is a common problem for epoxy resins and composites that
serve under a combination of mechanical stress and chemically
aggressive environments. Therefore, many attempts have been made to
improve their physical properties using various toughening or
strengthening agents. CNTs are the most well-known nanoparticles used
as reinforcements in polymeric materials.

CNTs have low bending stiffness and a high aspect ratio, making
them prone to agglomeration in a polymer matrix [57,58]. The effective
mechanical properties of nanocomposites, in which the straight CNTs



M.H. Taheri and P. Memarzadeh

Table 1
Material properties of cracked CNTRC skew plates [30].

SWCNT (10,10) Matrix

Hill’s elastic moduli (GPa) Density (kg/m®) Epoxy resin
kent 271 Pent 1400 Em 2.1 (GPa)
lenr 88 Pm 1150 (kg/m>)
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Fig. 2. Agglomeration model of CNTs for the cracked CNT-reinforced com-
posite skew plate and orientation of a straight CNT by two Euler angles a and p:
(a) null agglomeration; (b) partial agglomeration; (c) complete agglomeration.
The variable y denotes the volume fraction of clusters relative to the total RVE
volume, while ; refers to the volume ratio of CNTs in the clusters compared to
the total CNTs in the RVE. In general, three limit cases of the agglomeration
ratio can be defined depending on the values of y and 7. The case y =5 =1,
where all nanotubes are uniformly dispersed in the matrix, represents a null
level of agglomeration. It is assumed that the nanotubes are randomly dispersed
in the matrix (Fig. 2a). For y <  and p < 1, it is assumed that some CNTs are
uniformly distributed throughout the matrix, while others appear in cluster
form due to agglomeration (Fig. 2b). Finally, the complete agglomeration of
CNTs is defined by u < 7 and 7 = 1 (Fig. 2¢). In other words, all the CNTs are
located within the spherical clusters. The direction of a straight CNT is deter-
mined by two Euler angles, a and f.

are randomly oriented and aggregated in some clusters, are obtained
based on the Eshelby-Mori-Tanaka approach [59,60]. In this regard, a
version of the EMT approach introduced by Shi et al. [61] was employed
to estimate the mechanical constants of the nanocomposite layer. The
reinforcing phase is represented by SWCNTs as linear elastic and ho-
mogeneous cylindrical solids with transversely isotropic features. Five
independent parameters (Hill's elastic modulus) are needed to charac-
terize CNTs, which are presented in Table 1 for a single-walled CNT with
a chiral index equal to 10. According to the rule of mixtures, the density
of a CNT-reinforced composite can be calculated as follows:

Pentre = PmVYm + PonrVonr (€))

The volume fraction of the polymer matrix (V};) and the volume
fraction of CNTs (Vcyr) are interrelated as follows:

Venr + Vi =1 2)

The volume fraction of CNTs (V) can be expressed as a function of
the mass fraction (w,) as described:
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-1
Venr = (pCi,pCJJr 1) 3)
WCNTpm pm

in which went represents the mass fraction of CNTs, while pyr and p,
denote the densities of the CNT and the matrix, respectively. The total
volume of the CNTs in the representative volume element (RVE) can be
divided into the following two parts:

Ve = Vanr” + Vewr C)

where V SSster and V &, represent the total volume of CNTs inside a
cluster and inside the matrix outside the clusters, respectively.
Following Shi et al. [61], a representative volume element is divided
into two parts: one reinforced with aggregated CNT and the other with
fully dispersed CNT. The two parameters (u, #) used to describe
agglomeration are defined as:

_ Vcluster

Vcluxter
Vo= e 0swnsl (5)

where V, Vuster » and Vcﬁ\ll‘}“e‘ represent the RVE volume, total cluster
volume, and total CNTs volume inside a cluster, respectively. The vari-
able u denotes the volume fraction of clusters relative to the total RVE
volume V, while # refers to the volume ratio of CNTs in the clusters
compared to the total CNTs in the RVE. Thus, y = = 1 indicates null
agglomeration, y < 5 and u < 1 signifies partial agglomeration, and y <
n with 7 = 1 reflects complete agglomeration (Fig. 2). The orientation of
a straight CNT is defined by two Euler angles, a and f, as depicted in
Fig. 2. The average volume fraction of CNTs in the composite is ccnr-

Venr
|4

©

Cenr =

By combining Egs. (7-9) the volume fractions of CNTs in the clusters
and the matrix are expressed, respectively, as

Ve _ cowrnl Venr  _ Cavr(1 1) @
Vcluster 14 ’ V- Vcluster (1 - /4)

The orientation of a straight CNT is characterized by two Euler angles
a and f, as shown in Fig. 2. The base vectors e; and e’; of the global (o-
X1 x2x3) and the local coordinate systems (0-x'1x'2X3) are related via the
transformation matrix g,

e; = gj€; ®

where g is defined as

cosff —cosasinf sinasinf
g=|sinf cosacosf —sinacosp 9
0 sin a cos a

The orientation distribution of CNTs in a nanocomposite is repre-
sented by a probability density function p(a,) satisfying the below
normalization condition

21 /2
/ / p(a, p)sinadadp = 1 (10)
0 0

If CNTs are randomly oriented, the density function is defined as p
(a,) = 1/2n. Here a carbon nanotube-reinforced composite is consid-
ered a system consisting of spherical clusters in a matrix. The effective
elastic stiffness of the clusters and the matrix is first estimated sepa-
rately, and then the overall properties of the composite system as a
whole are calculated. It is assumed that the CNTs are randomly oriented
in the clusters, the cluster materials are considered isotropic. The
effective values of the bulk modulus (K) and shear modulus (G) for both
the inside and outside of the clusters are estimated using the EMT
approach as follows [61]:
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Fig. 3. Different element types and enriched nodes in XFEM modeling for a crack. In the XFEM method for crack modeling, both the Heaviside function and singular
functions are employed to represent cracks. To address the incompatibility between enriched and non-enriched domains, a transition zone is introduced. Conse-
quently, four types of subdomains are defined to model a general crack problem: Elements intersected by a crack and enriched by the Heaviside function, crack tip
enrichment domain, Blending region, and Standard FEM domain. In addition, nodes surrounding the crack are enriched using the Heaviside function, while the four

nodes around the crack tip are enriched using singularity functions.

Venrn (5CNT - 3KmaCNT)

Kin = Kn + a1
" ™ 3(u — Venrnn + Venrfiaent)
Gin = G + Venr(enr — 2GmPenr) a2)
2(u — Vet + VenrBenr)
Venr(1 — 1) (8enr — 3Km@enr)
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Venr(1 — 1) (enr — 2GmPenr)
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. " 201 —p— Venr(1 — 1) + Venr(1 — n)Benr]
" (,f - 1)
Kx = Kout 1+ (15)
1+a(l—p) (}(Lfl)
" (5 - 1)
Gx = Gout 1+ (16)
1ep - (8 1)

Gn, and K, specify the shear and bulk moduli of the isotropic matrix,
respectively, and can be calculated as,

E, E,

Cn = 2 som KT 302

a7)

where E,, and vy, represent the elastic modulus and Poisson’s ratio of the
isotropic matrix, respectively. In addition, acnr, fenrs Sont, and eyt are
defined as follows:

3(Km + Gm) + kenr — lent

SNt = 3 _nCNT + 2lenr + (Zkar + lCNé)m(iKZC:TZGm ~ Lowr) (20)
[2 (newr — lowr) + 8Gmpent | 2(kent — lont) (2Gm + lonr) }
1 3 G + Penr 3(Gm + kent)
vt =5 8MentGon (3K + 4Grn)
_3Km (mCNT + Gm) -+ Gm(7mCNT -+ Gm)
21

where kent, len, Ment; Nent, and pent are Hill’s elastic moduli of CNTs
as specified in Table 1; and

(T4 vow)
Y730 o) 22)
_2(4 — 5v0u)
h= 15(1 — vour) 23
_ (3Kout - ZGout)
Hout = (6Kt + 2Gour) @4

Finally, the effective Young’s modulus (E*) and Poisson’s ratio (v*)
of the CNTRC skew plate in the bulk modulus and shear modulus are
defined as:

9K*G*

F=sie (25)
3K* — 2G*

o T 26

Y 6K 1267 (26)

3. Numerical approach

This section details the computational methodology employed.
Specifically, Mindlin's first-order shear deformation theory (FSDT) was
implemented within the extended finite element method (XFEM)
framework to analyze in-plane equations and eigen-buckling behavior.
A MATLAB code was developed to perform buckling analysis of cracked

2[G (3K + Gr) + Gn(3Kn + 7Gm)]} 19

= 18
QcNt 3(Gm T kCNT) 18)
P {4G + 2kent + lonr 4Gy,
onT = 5 3( m + kCNT) Gm +pCNT Gm(BKm + Gm) + mCNT(BKm + 7Gm)
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Fig. 4. An isoparametric Q4 cracked CNTRC plate element in an oblique coordinate system (real element) mapped to a local natural coordinate system (reference
element). The local coordinate is a Cartesian coordinate system assumed to coincide (#,¢). Ni (&) are the conventional finite element shape functions for the 4-
noded elements, and ¢ is perpendicular to the mid-surface in the local coordinate system. The geometry of the shell is defined using the coordinates of the mid-surface
of the shell and the normal unit vector, which is perpendicular to the surface of the shell at each node, Vi3, where e,; and ey; are the orthonormal vectors of normal

unit vector at node i.

skew plates composed of carbon nanotube-reinforced composite
(CNTRC) material. The study investigates the influence of carbon
nanotube volume fraction on the critical buckling coefficient, consid-
ering variations in crack length and location, boundary conditions, and
skew angle. Furthermore, the loading conditions applied to the CNTRC
cracked skew plates are presented, including three different loading
models. Finally, mesh convergence and validation of the buckling results
are demonstrated through comparisons with analytical and numerical
solutions documented in established literature.

3.1. Extended finite element method

The XFEM method is based on the concept of partition of unity,
which enriches the classical FEM approximation to account for singular
or discontinuous fields around a crack. XFEM models the stress field
singularity near crack tips and captures strong discontinuities as jumps
in the displacement field across crack faces. The initial studies with
XFEM method for crack modeling without remeshing were presented
[62-64]. These papers presented a minimal remeshing FEM for crack
growth by including the discontinuous enrichment functions to the finite
element approximation to account for the presence of the cracks. In
XFEM, Heaviside and singular functions are used to enrich element
nodes for crack modeling. Consider a mesh of various elements and an
independent crack geometry as shown in Fig. 3. In the XFEM framework,
the crack is modeled by enriching the standard approximation with
discontinuous and near-tip functions. This figure illustrates that nodes
around the crack are enriched by the Heaviside function (jump func-
tion), while the singular functions (crack tip functions) enrich the four
nodes around the crack tip. In addition, Fig. 3 depicts the representation
of standard, blending, and enriched elements (tip and crack face). The
Heaviside and singular enrichment functions are defined according to
Egs. (27) and (28), respectively. Eq. (28) is defined in a local polar co-
ordinate system (r,60) at the crack tip [65,66]:

H(x) = +1 xabovethecrack
-1 xunderthecrack

B(r,0) = {B1,B,,B3,B4}

= { Vrsin (g) ,\/rcos <g> ,V/rsin (g) sin(6), v/t cos (g) sin(6) }
(28)

(27)

3.2. Displacement field and XFEM discretization

The XFEM approximation field in modeling of crack interface for an
isotropic flat plate can be written by applying some simplifications on
the case of general shell element. A 4-noded quadrilateral plate element,
illustrated in Fig. 4, was employed to discretize the plate's geometry. The
displacement field was derived from Mindlin-Risner plate theory, as
shown in Eq. (29) [67].

X n Xi t n V3X1.
Y =2 NEmg v g g D ENi(Em) g Vi (29)
z i1 2 =1 V3zi

where, t is the thickness of the shell element; N; (&,7) are the conven-
tional finite element shape functions in the natural coordinate system;
V? is the normal unit vector at node i; and ¢ is perpendicular to the mid-
surface in the natural coordinate system, as depicted in Fig. 4. The
general displacement field in XFEM for each arbitrary point is obtained
according to the Eq. (30):

U = Ufem + Uenrich u={uyv, w}T (30)
Ugern and Ueprich Tepresent the standard FEM and enrichment displace-
ment fields, respectively. In addition, u, v, and w denote the displace-
ment components along the x, y, and z. ugn, can be expressed as:

n t n t n
Upery = zl:Niui -3 Xl: Nifeqa; + 3 Z;Nié,eyiﬁi 31D
= 1= =

In Eq. (31), ey; and ey; represent the orthonormal unit vectors at node
i, as illustrated in Fig. 4. The parameters @; and f; denote rotations about
the x and y directions, respectively. The displacement field uepc;, com-
prises tWo components: Ucrgck-face aNd Ucrack-tip, Which are enriched by
Heaviside and singular functions, respectively, as outlined in Egs.
(32-34) [65,66].

Uenrich = Ucrack—fase + Ucrack—tip (32)
n £

ucrack—fase = Z NiH(X)ai + Q Z CNiH(X) [ — €Uy + eyia/ii] (33)
i=1 i=1
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+." NS (R )Ry 0) [~ebli+eyb)]

(34)

In the above equation, m is the number of crack tip enrichment
functions; nt is the number of nodes enriched by the crack tip functions;
and b, ande/,l are the additional enrichment degrees of freedom. The
vector of nodal displacements and enrichments are defined as FEqgs.

(35-37):

d={uvwap’ (35)
h= {a?aa;/aalwvaaha/fi}T (36)
t = {bY,b),b” b, by} 37

The overall nodal displacement vector is defined as follows:
T
= {g h t} (38)

where, F, G, and R are singular enrichment functions corresponding to
in-plane, out-of-plane, and rotational degrees of freedom (tip enrich-
ment functions), respectively, which in the local polar coordinate system
(,0) are expressed as [65,66],

F(r,0) = {\/Fsm( ) \/Fcos< ) \/_sm< )sin(&),\/r_‘cos(g)sin(e)}

(39
G(r,0)= {\/—sm( ) sm(Z) /2 cos( ) r3/zs1n( )r3/2 <320>}

(40)
R(r,0) = {fsm( > fcos( ) fsm( >sin(0),ﬁcos<g)sin(9)}

(41

3.3. Energy method

The energy method is used to obtain stiffness and geometric
matrices. The total potential energy of the whole system (IT) is defined
according to Eq. (42):

H / T'CeLdV + /ef,LaodV (42)

where, ¢, and ey, are the linear and nonlinear parts of Green-Lagrange
strain vectors, respectively, and from their sum, the total strain as given
in Eq. (43); C denotes the material properties matrix [67]; 6¢ is the stress
state computed from the linear static analysis,

T
€ =¢€,+€N, = {5x7 Eyy €25 Vxys Vs Vyz} 43
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and
1 v« O 0 0 0
vk 1 0 0 0 0
C— Ex 0 0 O 0 0 0
T (1-wvx) |0 0 0 (1-wuvx)/2 0 0
0 0 O 0 (1 —wx)/2 0
0O 0 O 0 0 k(1 —wvx)/2

(44)

in which, E* and v* represent the modulus of elasticity and Poisson's
ratio, respectively, while «, the shear coefficient and the second part of
Eq. (42) can be expressed as Eq. (45):

1 1
5 / ehoodV = 5 / 4" SoudV (45)
4 v

where 6 is the stress vector obtained from in-plane linear static analysis
and is expressed as follow:

T
0o = {0}0; 0y0, 020 Txy0; Tyz0, szO} (46)
and
T
K= {u,xvu.y-,u.mv,xvV.yvv.mw.wiww.z} (47)

In Eq. (46), Sp is computed from the stresses obtained from the static
analysis inside the plane and is expressed according to Egs. (48), (49)
[67]:

|

_ Ox0 TxyO Txz0
SO = | Txy0 Oyo Tyz0 (49)

Txz0  Tyz0 030

(48)

oo
o &lo
Yo o
—_—

The vectors ¢, and y are associated with the nodal displacement

vector (D) and are stated as follows:
&=BD , u=BcD (50)

The total potential energy is found by substituting Eqs. (46) and (50)
into Eq. (42),

1I= 1 / D'BTCBDAV + - / D'B(S,BsDdV (51
20 2)
To calculate the critical buckling load value by zeroing the total
potential energy variations and, after manipulation, is derived the sta-
bility equation as given in Eq. (53):

o] = 5DT{ / B'CBdV + / BgsoBGdV}D =0 (52)

(Ks + AKg){D} = 0 (53)

Eq. (53) is an eigenvalue equation where A denotes the eigenvalues
and D represents the eigenvectors. The standard stiffness matrix (Ks) and
the geometric stiffness matrix (Kg) are defined as follows:

Ks = / BICBsdV 54

m:/%&mw (55)
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Fig. 5. Positions of Gauss points in different element types. The standard elements (case 1) used 2 x 2 Gauss integration. The elements with crack tip enrichments
(case 2) used more sub-domains and more Gauss points due to the singular nature of stress fields in the vicinity of the crack tip; accordingly, these elements were
divided into six triangular sub-domains, and each one was mapped to a quadrilateral domain with 3 x 3 Gauss points (Fig. 6a). The elements cut by a crack and
enriched by the Heaviside function (case 3) were divided into two quadrilateral sub-domains, and for each one, 2 x 4 Gauss points were used (Fig. 6b). The elements
not cut by a crack but partially enriched by crack tip enrichments (case 4) used 5 x 5 Gauss points. Finally, elements cut by a crack and partially enriched by crack tip
enrichments (case 5) were divided into two quadrilateral sub-domains with 3 x 6 Gauss points per sub-domain.
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Fig. 6. Schematic of the cracked CNTRC skew plate with skew angle y under different in-plane load schemes: (a) positive shear load, (b) negative shear load, (c)
Combination of positive shear and compressive load.
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Fig. 7. Mesh sensitivity analysis of CNTRC skew plates with: (a) center crack; (b) off-center crack.
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Table 2
Comparison of buckling coefficient validation results for uncracked skew plates under shear loading.
BC 174 Ref. [12] Ref. [13] Present study % Difference (Ref. [12]) % Difference (Ref. [13])
SSSS 0 9.32 9.32 9.46 1.50 1.50
15 7.10 7.07 6.96 -1.97 -1.56
30 6.64 6.61 6.05 —8.89 —8.47
45 7.97 7.92 6.56 -17.69 -17.17
CCCC 0 14.64 14.64 14.77 0.89 0.89
15 11.40 11.40 11.24 —1.40 —1.40
30 10.89 10.88 10.20 —6.34 —6.25
45 13.07 13.08 11.07 —15.30 —15.37
CsCs 0 12.55 12.56 12.86 2.47 2.39
15 9.76 9.75 9.71 —0.51 —0.41
30 9.31 9.30 8.59 -7.73 —7.63
45 11.25 11.18 9.23 -17.96 —17.44
CFCF 0 7.46 7.48 7.63 2.28 2.01
15 5.67 5.68 5.70 0.53 0.35
30 5.13 5.13 4.90 —4.48 —4.48
45 5.68 5.64 4.78 —15.85 —15.25
150 150
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Fig. 8. Effect of CNTs agglomeration parameter on critical buckling coefficient for centrally cracked CNTRC skew plates under positive shear load: (a) BC: SSSS; (b)
BC: CCCC; (c) BC: CSCS; (d) BC: CFCF.
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Fig. 10. Effect of agglomeration parameters (a) u, and (b) 5 on critical buckling coefficient of CNTRC skew plates with center crack under positive shear load.
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Fig. 11. Effect of the CNT volume fraction on critical buckling coefficient for CNTRC skew plates with center crack under positive shear loading: (a) BC: SSSS; (b) BC:
CCCC; (c) BC: CSCS; (d) BC: CFCF.
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Fig. 12. Critical buckling coefficient vs. relative crack length for centrally cracked CNTRC skew plates with: (a) positive shear load, BC: SSSS; (b) positive shear load,
BC: CCCG; (c) negative shear load, BC: SSSS; (d) negative shear load, BC: CCCC; (e) combined load, BC: SSSS; (f) combined load, BC: CCCC.
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where, Bs and Bg are as below: r h
d ph
Bs = [Bsi B! Bgi] (56) o 0, ¢t a0t
5 00 (-3ea0) (Gew)
Bg, = [Bgi B! B‘Gi] (57) ap a, ct d [t
oy 00 a—y(‘ieﬂ‘”) a—y(z‘*ﬂ‘/’)
where, Bf and B!, can be obtained for plate elements [67] 9 t 9 /Ct
S P00 gl-Geae) 5(5en)
%4 0 i(—ge ) i(g—te v) I, 9 st
ox ox\ 21 ox\2 0 % 0 —(—g—engo) —(gey2¢)
b P J et 0x 0x 2 ox\2
0—-0 —( —=exp —(=enp
by (~37) i (229) B, = | 0 %"5 0 aiy(_%texw) %(%tew) (59)
oy Q/ ¢t 0/t
le0n  alee) 7(2%9) 0 % o U Len) (s
Bg = 0z oz\ 2% 0z\2”
9% 9% i(ﬁe )+£(_£te )E(Cje )+2<Qe )
ay ox — y\ 200 T\ T2l g9 Tax g% 00 ¥ 3(_Qe3¢) £<C—tesw>
ox oOx\ 2° ox\27”
0 %%i(ﬁe )+2(_£te )ﬂ(éfe )+2(£e )
daz ay o2\ 2°27) T\ T 2%3?) 5\ 2%2%) T\ 3? 00 ¥ i<_%ex3¢) i(%feys,p)
9% fLWE(,Qe )J(,Qe )2(2@ )J(Cje ) v ”
gz - ox oz\ 2 %) T\ T298?) 5\ 219) T (2 ? oy ﬂ(_g ) E(C_t )
L i 00 €3¢ €3¢
oz 0z 2 0z\2
(58)
where ¢, ¢ and y are defined as follows:
¢ = Ni(Fj(x) ~ Fy(xi)) (60)
0 = Ni(R (%) ~ Ry(x,) 61)
1 =Ni(G;(%) - Gj(x1)) (62)
By making some simplifications, BS, BY, B4 and B can be obtained
for plate elements [67], such that in Eqgs. (58) and (59)
if:tod=>¢g=¢9p=y=Nandif: t-h=>¢ = ¢ = y =
N;(H(x) — H(x;)).
Table 3
Stress field (o) for centrally cracked CNTRC skew plates under varying plate skew angles, loading conditions, and crack lengths, with parameters; 4 = 0.5; = 0.75;
Venr = 0.01.
=0 y=15 y =230 y =45
N/:%‘:xmi
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Critical buckling mode shapes for centrally cracked CNTRC skew plates considering varying plate skew angles, load and boundary conditions, with parameters: c* =

0.5; 4 = 0.5; 7 = 0.75; Venr = 0.01.

w=30

BC: SSSS BC: CCCC BC: SSSS BC: CCCC BC: SSSS

BC: CCCC

mm

3.4. Numerical integration

The XFEM experiences singularities in the stiffness matrix's inte-
grand, which involves a mix of {1 /r, 1 /y/f , 1, y/r, r} with harmonic
functions and regular shape functions. By the XFEM, the singularity
occurs in the integrand of related terms, in the stiffness matrix. The
radial components are singular, complicating integration. To address
this, crack tip elements are divided into triangular sub-domains,
ensuring continuous integrands, with singular points at vertices.
Béchet et al. [68] noted slow convergence with standard Gauss inte-
gration, necessitating improved quadrature schemes. Mapping the
actual triangular interpolation to a reference cell transforms singular
functions into regular ones, enhancing integration speed and conver-
gence. They found that using nine integration points suffices for the
XFEM stiffness matrix. Fig. 5 shows the Gauss points in different types of
elements and the geometric transformation of the triangular sub-domain
existing in this study. For further details, refer to [65,68].

13

3.5. Boundary conditions and loading scheme

To assess the buckling response of cracked CNTRC skew plates, four
types of boundary conditions are considered: SSSS and CCCC, repre-
senting simply supported and clamped edges, respectively; CSCS, with
two clamped and two simply supported edges; and CFCF, where two
edges are free. Furthermore, three loading schemes are examined for the
skew plates as shown in Fig. 6: positive shear load (Fig. 6a), negative
shear load (Fig. 6b), and a combination of positive shear and compres-
sive loads (Fig. 6¢). It is important to note that for each loading condi-
tions, the cracked CNTRC skew plate remains in a state of physical
resistance, and under fixed edge load, the stress component values vary
with the increase in the plane deflection angle. After calculating the
geometric matrices and the stiffness of the plate and applying the
boundary conditions, the critical buckling load is obtained from Eq.
(53). The critical buckling load () is the smallest value of the eigen-
values. The dimensionless critical buckling coefficient (k) used in this
study is obtained from Eq. (63),
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Fig. 13. Critical buckling coefficient vs. y'-eccentricity ratio for cracked CNTRC skew plates under positive shear load: (a) ¢* = 0.2, BC: SSSS; (b) ¢* = 0.5, BC: SSSS;

(c) ¢* = 0.2, BC: CCCC; (d) c* = 0.5, BC: CCCC.
k=12 (1-12)2(20) / (7°Ent®) (63)

3.6. Mesh convergence study

To study the convergence of the numerical results, several simula-
tions were performed for uncracked and cracked CNTRC skew plate
models with c¢* = 0.5 towards the buckling coefficient parameter. As can
be seen in the graphs of Fig. 7, the values obtained for the buckling
coefficient using a 23 x 23 structural mesh converge well for all cases,
and therefore this structural mesh was used for all cases.

3.7. Model verification

To rigorously verify the capabilities and accuracy of the present
approach, the study's results have been meticulously compared with
reliable sources in the literature [12,13]. For instance, Table 2 meticu-
lously compares the buckling coefficients of uncracked skew plates
under various support conditions, clearly demonstrating the high ac-
curacy of this study's numerical predictions. However, calculating
buckling loads for a plate skew angle of 45° is challenging due to the
bending moment singularity at corners. Furthermore, corner slope
conditions significantly influence buckling at larger skew angles
[12-14]. Nevertheless, plate bending finite elements, enhanced with

transformations, simplify the application of boundary conditions normal
and tangential to the edges [17]. To further enhance the credibility of
our findings, the buckling coefficients for cracked plates were also
compared with the authors' previous experimental work [28]. This
comparison revealed an acceptable level of accuracy, which unequivo-
cally demonstrates the model's ability to predict the buckling behavior
of skew plates in more complex scenarios, including those with cracks or
subjected to combined loading conditions. This dual approach of
comparing with both established theoretical benchmarks and prior
experimental results provides comprehensive and robust validation for
the proposed method.

4. Results and discussions

In this section, the linear buckling analysis of the eigenvalue of
cracked skew plates developed in MATLAB program is performed. The
effect of various parameters, such as volume fraction and agglomeration
of CNT, crack length and location, boundary conditions, and plate skew
angle under different loadings are investigated according to the critical
buckling coefficient and the mode shape of CNTRC skew plates. The
findings are organized into two sections: one for skew plates with center
cracks and another for those with off-center cracks.
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Fig. 14. Critical buckling coefficient vs. y'-eccentricity ratio for cracked CNTRC skew plates under negative shear load: (a) ¢* = 0.2, BC: SSSS; (b) c* = 0.5, BC: SSSS;

(¢) ¢* = 0.2, BC: CCCC; (d) c¢* = 0.5, BC: CCCC.
4.1. CNTRC skew plates with center crack

In this section, the effect of various parameters (agglomeration pa-
rameters and volume fraction of CNTs, crack length, and plate skew
angle) on the buckling behavior and the mode shape of centrally cracked
CNTRC skew plates, which are divided into several sub-sections, is
examined. The findings are presented for skew plates under three
loading conditions depicted in Fig. 6.

4.1.1. The effect of agglomeration parameters and volume fraction of CNTs

The effect of CNTs agglomeration on the critical buckling coefficient
of skew plates for four boundary conditions and both positive and
negative shear loading is shown in Figs. 8 and 9. The results are pre-
sented for three different volume fractions of CNTs: null agglomeration
(u = n = 1), partial agglomeration (¢ = 0.5, = 0.75), and complete
agglomeration (4 = 0.5, = 1). As it is clear from Figs. 8 and 9, when
CNTs are completely dispersed, the highest values of the critical buck-
ling coefficient are observed in plates with various skew angles. This
condition can be related to the elastic properties of the nanocomposite
so that the uniform distribution of nanotubes in the matrix leads to the
optimization of the effective properties of the nanocomposite. This
distribution is crucial, as it ensures the effective interaction between the
nanotubes and the surrounding matrix, ultimately contributing to

improved mechanical properties. Agglomerating CNTs in skew plates
with equal volume fractions decreases the buckling coefficient. This
results in a reduction of approximately 3 % with partial agglomeration
and 13 % with complete agglomeration. On the other hand, as shown in
Figs. 8 and 9, increasing the plate skew angle has a different effect on the
critical buckling coefficients under positive and negative shear loading.
This phenomenon can be attributed to the change in the stress distri-
bution and effective stiffness of the plate with the change in the plate
skew angle and loading direction. In skew plates, the asymmetric ge-
ometry causes coupling between different deformation modes, which
behave differently under positive and negative shear loading. This
phenomenon is caused by the complex interaction between the plate
geometry, boundary conditions, loading direction, and stress field, each
of which affects the buckling behavior of the plate separately and in
interaction with each other.

Fig. 10 shows the Effect of agglomeration parameters y and 5 on the
critical buckling coefficient of centrally cracked CNTRC skew plates
under positive shear load for three different volume fractions. Increasing
p in Fig. 10a results in a uniform distribution of inclusions, leading to
more uniformly dispersed nanotubes and an increase in the critical
buckling coefficient. Conversely, increasing # in Fig. 10b causes a non-
uniform dispersion of the CNTs, resulting in a decrease in the critical
buckling coefficient. Furthermore, Fig. 10 illustrates a significant
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Fig. 15. Critical buckling coefficient vs. y-eccentricity ratio for cracked CNTRC skew plates under combined load: (a) ¢* = 0.2, BC: SSSS; (b) ¢* = 0.5, BC: SSSS; (¢)

¢* = 0.2, BC: CCCC; (d) ¢* = 0.5, BC: CCCC.

increase in the critical buckling coefficient with higher volume fractions.
This trend is further highlighted in Fig. 11, which presents the buckling
coefficients for the partial agglomeration mode and skew plates under
positive shear load across four boundary conditions and skew angles.
The results show that at Veyt = 0.05, the buckling coefficient can be up
to five times greater than in the case without CNTs.

4.1.2. The effect of crack length

Fig. 12 illustrates the effect of crack length on the critical buckling
coefficient of centrally cracked CNTRC skew plates with a volume
fraction of 0.01 and partial agglomeration of CNTs under different
loading conditions. As shown in this figure, for skew plates under shear
loadings (positive and negative), the buckling coefficient decreases with
the formation of a crack in the plate; such that the buckling coefficient
consistently decreases with the crack length increase. The existence of a
central crack with ¢* = 0.5 in the CNTRC skew plate can reduce the
critical buckling coefficient by 57 % under positive shear loading con-
ditions (y = 45° and BC: CCCC) (Fig. 12b). For CNTRC skew plates under
combined loading, the buckling coefficient may decrease (up to 15 %) or
increase (up to 2.5 %) (Fig. 12e and f). In general, the effect of small
cracks (relative crack lengths of 0.1 and 0.2) on the changes in the
buckling coefficient of skew plates under all three loading conditions is
less than 11 %.
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4.1.3. The effect of plate skew angle

Subsequently, it can be seen from Fig. 12 that for CNTRC skew plates
under positive and combined shear loads, the buckling coefficient in-
creases with a certain trend as the plate skew angle increases. As the
plate skew angle rises from 0° to 45° degrees, the buckling coefficient
increases by approximately 3 to 5 times. On the other hand, for CNTRC
skew plates under negative shear load, the buckling coefficient de-
creases by approximately 37 % as the skew angle increases from 0° to
30°, then increases by about 11 % as the angle rises from 30° to 45°
(Fig. 12c and d).

4.1.4. The stress field and mode shapes

For further investigation of centrally cracked CNTRC skew plates,
different components of the stress field of these plates with varying
angles of skew for two crack lengths and boundary conditions are shown
in Table 3. This Table displays that in the cracked CNTRC skew plates
under shear and combined loading, the stress distribution is axisym-
metric over the surface of the skew plate. In addition, Table 4 presents
the critical mode shapes of centrally cracked CNTRC skew plates for
different support conditions, crack lengths, and plate skew angles. As
can be seen, the support conditions of the CNTRC skew plate can play an
important role in the critical buckling mode shape of skew plates with
combined loading conditions. The buckling mode shapes of the cracked
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Stress field (oxx) of cracked CNTRC skew plates under shear load, considering variations in plate skew angle and crack location, with ¢* = 0.5; 4 = 0.5; = 0.75; Vonr =

0.01.
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skew plates are obtained through an eigenvalue analysis. The corre-
sponding out-of-plane displacement fields illustrate the relative defor-
mation patterns associated with each mode. Since these results stem
from solving a linear eigenvalue problem, the displacement values are
normalized and do not represent actual physical magnitudes. Therefore,
while displacement units may be assigned for visualization purposes,
they are arbitrary and only reflect the relative distribution of displace-
ments across the skew plate.

4.2. CNTRC plates with off-center crack

In this section, the influence of parameters, including crack length,
plate skew angle and crack eccentricity, on the critical buckling coeffi-
cient and mode shapes of non-centrally CNTRC skew plates under simply
and clamped boundary conditions, with a Veyt of 0.01 and partial CNT
agglomeration, is investigated. Buckling results for various parameters
are presented under three loading conditions illustrated in Fig. 6.

4.2.1. The effect of crack length

Figs. 13, 14, and 15 show the buckling coefficients of cracked CNTRC
skew plates vs. the y'-eccentricity ratio parameter. It is observed that the
buckling coefficient is always reduced by changing the relative crack
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length from 0.2 to 0.5 and assuming that other effective parameters (BC,
v, ey*) are constant for shear loadings. The maximum reduction of the
coefficients for positive and negative shear loading is 68 % and 28 %,
respectively, for the skew plate with the BC: CCCC and the y = 45°
(Figs. 13 and 14). For combined loading, depending on the parameter
skew angle of the plate, the coefficients can increase (up to 5 %) or
decrease (up to 33 %) (Fig. 15c and d).

4.2.2. The effect of plate skew angle

Asitis clear from Figs. 13 and 15, with the increase of the skew angle
of the plate from zero to 45° in a certain eccentricity, the buckling co-
efficient increases approximately 2 to 5 times for the conditions of
positive shear and combined loadings. The highest coefficient belongs to
the condition of positive shear loading for plates with c¢* = 0.2 and BC:
CCCC. Furthermore, according to Fig. 14, CNTRC skew plates under
negative shear load, the buckling coefficient decreases by approximately
37 % as the skew angle increases from 0° to 30°, and then increases by
about 11 % as the angle rises from 30° to 45°.

4.2.3. The effect of crack eccentricity in y'-direction
Figs. 13 and 14 show that the centrally cracked CNTRC skew plates
under shear loads (positive and negative) have lower buckling
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Table 6
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Critical buckling mode shapes for CNTRC skew plates with varying plate skew angle and crack location under positive shear load, and c¢* = 0.5, BC: CCCC; ¢ = 0.5;n =

0.75; vCNT = 0.01.

v =45

ey ™= 0.4 ey =0.2 ey = 0.0

ey = 0.6

ey*=10.8

coefficients than off-center cracked skew plates. While increasing crack
eccentricity generally raises the buckling coefficient (up to 22 %), plates
with a 45° skew angle and a larger crack exhibit the opposite trend:
increasing eccentricity reduces the buckling coefficient (up to 29 %)
(Figs. 13b,d and 14b,d). Besides, as illustrated in Fig. 15, cracked skew
plates under combined load indicate varying buckling coefficients with
increasing crack eccentricity, and the interplay of several other param-
eters influences these variations. Specifically, for clamped boundary
conditions and c¢* = 0.5 at y = 45°, the buckling coefficient of skew
plates decreases by 22 % (Fig. 15d) and increases by 2 % at y =
0° (Fig. 15a) as crack eccentricity increases. This demonstrates the
sensitivity of the buckling behavior of a plate with an off-center crack to
variations in the plate skew angle.

4.2.4. The stress field and mode shapes

Table 5 illustrates the various components of the stress field for the
cracked CNTRC skew plates with varying plate skew angles and eccen-
tricity of the crack, the partial agglomeration of CNT, a volume fraction
of 0.01, a crack length of 0.5, and clamped support conditions under
shear loading. This figure shows that in the cracked CNTRC skew plates
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with the off-center crack, the stress distribution is axisymmetric over the
surface of the skew plate, similar to the skew plates with the center
crack. Moreover, Table 6 presents the critical buckling mode shapes for
CNTRC skew plates with different plate skew angles and crack locations
under positive shear load. As can be seen, the y'-eccentricity of the crack
can affect the buckling mode shapes of the CNTRC skew plates. For
instance, this change in the buckling mode shape of the skew plates is
visible with increasing crack eccentricity from 0.2 to 0.4.

5. Conclusions

In this study, the effect of plate skew angle and cracking parameters
on the buckling stability of cracked carbon nanotube-reinforced com-
posite skew plates under three loading conditions was investigated for
the first time using a complex code developed in MATLAB within the
XFEM framework. The effective material properties of the nano-
composite skew plates were estimated using the Eshelby-Mori-Tanaka
approach, considering null, partial, and complete agglomeration of
single-walled carbon nanotubes in the epoxy resin matrix. The effect of
these agglomeration states on the buckling behavior of skew
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nanocomposites was examined. Equilibrium and stability equations for
the cracked CNTRC skew plates under in-plane load were derived using
Mindlin's first-order shear deformation theory. Key parameters,
including CNT volume fraction and agglomeration, crack length and
location, and boundary conditions, were analyzed. The results were
validated against reliable literature sources to confirm the approach's
capabilities and accuracy.

The results of this work indicated that achieving a uniform distri-
bution of CNTs is crucial for obtaining high resistance against buckling
in CNT-reinforced composites. Therefore, if the two agglomeration pa-
rameters are equal, that is, when the CNTs are fully dispersed (null
agglomeration), the values of the critical buckling coefficient are the
largest. Agglomeration of carbon nanotubes in CNTRC skew plates with
equal volume fraction reduces the buckling coefficient by about 3 % for
partial agglomeration and 13 % for complete agglomeration. In addi-
tion, for CNTRC skew plates, the volume fraction of CNTs can signifi-
cantly influence buckling capacity, depending on the nanotubes'
agglomeration case and other parameters.

According to the findings, cracking significantly affects the buckling
capacity of CNTRC skew plates, depending on variations in crack length
and location, plate skew angle, boundary conditions, and loading. A
large center crack (relative crack length = 0.5) reduces the critical
buckling coefficient of CNTRC skew plates by 57 % and 32 % under
positive and negative shear loads, respectively. Under combined
loading, the buckling coefficient of skew plates may decrease (up to 15
%) or increase (up to 2.5 %). Furthermore, for the CNTRC skew plates
with the off-center crack under positive and negative shear loads,
increasing the crack length from 0.2 to 0.5 reduces the buckling coef-
ficient by 68 % and 28 %, respectively. With combined loading, the
buckling coefficient may decrease (up to 28 %) or increase (up to 5 %).

As the skew angle of the CNTRC cracked plates increases from 0° to
45° under positive shear and combined loads, the buckling capacity
increases by 2 to 5 times. On the other hand, for the skew plates under
negative shear load, the buckling capacity decreases by approximately
37 % with the skew angle increasing from 0° to 30°, then increases by
approximately 11 % with the angle increasing from 30° to 45°. The
results of variations of the plate skew angle are valid for both center and
off-center cracks, assuming constant parameters such as crack length,
eccentricity, and boundary conditions.

Depending on the crack length, boundary conditions, and plate skew
angle, cracked CNTRC plates exhibit different buckling capacities as the
crack eccentricity increases. Under shear loading (positive and nega-
tive), the buckling coefficient of CNTRC cracked skew plates generally
increases by up to 22 %, but can decrease by up to 29 % in some skew
plates. Under combined loading, increasing crack eccentricity results in
either a slight increase (around 2 %) or a significant decrease (up to 22
%) in the buckling coefficient, demonstrating parameter interaction.

Parametric studies revealed that complex interactions between
various parameters significantly influence the buckling behavior in
these systems. Specifically, the interplay between crack length and
location is closely linked with factors such as plate skew angle, boundary
conditions, and loading. These interactions clearly explain why, in some
cases, buckling capacity increases, while in others, a change in the same
parameter leads to a significant reduction. This interdependence con-
firms that no single parameter can be investigated in isolation, as a
change in one factor fundamentally alters the entire stress distribution
and the energy required to activate the instability mode. These findings
emphasize the importance of simultaneously considering all geometric
and loading variables when designing cracked CNT-reinforced com-
posite skew plates.
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