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Abstract

Dynamic behavior of coaxial axisymmetric planar cracks in the transversely isotropic
magneto-electro-elastic (MEE) material in transient in-plane magneto-electro-mechanical
loading is studied. Magneto-electrically impermeable as well as permeable cracks are
assumed for crack surfaces. In the first step, considering prismatic and radial dynamic
dislocations, electric and magnetic jumps are obtained through Laplace and Hankel trans-
forms. These solutions are utilized to derive singular integral equations in the Laplace
domain for the axisymmetric penny-shaped and annular cracks. Derived Cauchy singular
type integral equations are solved to obtain the density of dislocation on the crack surfaces.
Dislocation densities are utilized in computation of the dynamic stress intensity factors,
electric displacement, and magnetic induction in the vicinity tips of crack tips. Finally, some
numerical case studies of single and multiple cracks are presented. The effect of system
parameters on the results is then discussed.

Keywords: magneto-electro-elastic material; transient loads; axisymmetric planar cracks;
generalized dynamic intensity factors; dislocation

1. Introduction

A magneto-electro-elastic (MEE) medium is typically composed of a combination of
piezoelectric and piezomagnetic components, often reinforced with layers or fibers.

These materials possess the unique ability to convert electrical energy, magnetism,
and elasticity into one another—a property not found in simple piezoelectric materials. In
certain cases, the magneto-electrical effect in MEE materials significantly surpasses that
of single-phase magneto-electric materials, even when the latter exhibit a high magneto-
electro coefficient [1]. Due to these distinctive properties, MEE materials find extensive
applications in advanced technologies, including magnetic field probes, medical imaging
systems, transducers, sensors, and actuators [2-7].

Recent research has increasingly focused on investigating cracks in MEE struc-
tures. However, the majority of these studies have primarily addressed static loading
conditions [8-16]. In practice, MEE materials are often subjected to dynamic loads during
their operational cycles. Consequently, understanding the failure mechanisms associated
with crack growth under such conditions is a critical design consideration, and this issue
has attracted significant attention from researchers.

Several studies have explored the dynamic behavior of cracks in MEE materials. For
instance, Li conducted a dynamic analysis of cracks in an MEE medium under mechanical,
electrical, and magnetic impulses [17]. Hu and Li developed an analytical approach to
study the effect of a moving crack with permeable crack faces in an infinite MEE solid
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under shear loading [18]. Zhou et al. [19] examined the dynamic behavior of collinear
cracks between two dissimilar MEE half-planes subjected to harmonic anti-plane shear
waves. Zhang et al. [20] investigated the dynamic response of two collinear interface cracks
between dissimilar functionally graded MEE layers. Su et al. [21] analyzed the transient
behavior of interface cracks between different MEE strips under out-of-plane mechanical
loading and magneto-electrical impacts.

Further contributions to this field include the work of Feng and Pan [22], who studied
the dynamic fracture of anti-plane interfacial cracks under combined mechanical and
magneto-electrical loadings under various boundary conditions. Liang [23] explored the
dynamic behavior of parallel symmetric cracks in functionally graded MEE materials
excited by harmonic shear waves. Sladek et al. [24] employed Galerkin’s method to analyze
cracks under transient loading in 2D and 3D axisymmetric piezoelectric/piezomagnetic
media. Feng et al. [25] investigated the dynamic response of surface cracks between two
dissimilar MEE materials under simultaneous magnetic, electrical, and mechanical shock.

Additional studies have focused on specific crack geometries and loading conditions.
Zhong and Zhang [26] and Zhong et al. [27] studied the dynamic behavior of an MEE
material with a penny-shaped crack under magneto-electro-mechanical impact loading.
Feng et al. [28] examined the dynamic response of an MEE penny-shaped cracked layer
under in-plane impacts, while Zhong et al. [29] analyzed the response of an MEE solid with
a Griffith crack. Wang et al. [30] evaluated the effect of electric and magnetic boundary
conditions on the dynamic response of an MEE structure. Li and Lee [31] addressed
the issue of collinear dissimilar cracks in MEE materials under mode I loading using
dislocation simulations.

Recent theoretical advances in fractional Brownian motion (FBM) have deepened our
understanding of nonstationary behaviors in complex systems. For instance, Wang et al. [32]
revealed complex dynamics in systems with space-dependent diffusivity, characterized
by deviations from normal diffusion typically seen in biological and complex fluid sys-
tems. The integration of HDPs and fractional Brownian motion (FBM) offers a framework
to understand these dynamics, especially regarding mean-squared displacement (MSD)
and ergodicity breaking. This synthesis highlights the key aspects of these phenomena.
Thapa et al. [33] investigated Bayesian inference for distinguishing between scaled Brown-
ian motion (sBM) and fractional Brownian motion (fBM). They revealed that the primary
challenge arises from the inherent differences between these two stochastic processes in
their scaling properties and memory effects. Bayesian approaches provide a robust frame-
work for addressing these challenges by incorporating prior knowledge and updating
beliefs based on observed data.

Advanced analytical and numerical methods have also been applied to this field.
Wunsche et al. [34] applied boundary element analysis to determine the dynamic response
of linear anisotropic MEE materials. Athanasius and Ang [35] proposed a semi-analytic
approach using Laplace transforms to study the dynamic response of an MEE full space
with multiple arbitrarily oriented planar cracks. Li et al. [36] investigated the dynamic
response of a ring-shaped interface crack between distinct magneto-electroelastic materials,
while Li et al. [37] studied a ring-shaped crack between a magneto-electroelastic thin film
and an elastic substrate under mechanical, electrical, and magnetic stress. Lei et al. [38]
analyzed the transient response of an interface crack in MEE bi-materials under magneto-
electromechanical loads. Xiao et al. [39] examined the mode III fracture problem of an MEE
medium weakened by an alternating array of cracks and rigid inclusions under coupled
anti-plane mechanical and in-plane electrical and magnetic stresses.

To the best of the authors’” knowledge, no comprehensive study has yet addressed
the transient response of multiple axisymmetric planar cracks in transversely isotropic
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MEE materials under in-plane magneto-electromechanical loading. Among the available
techniques for solving such problems, the dislocation method [40] has proven to be an
effective tool for analyzing multiple cracks. This paper aims to determine the generalized
dynamic intensity factors for multiple axisymmetric planar cracks in a transversely isotropic
MEE medium.

Laplace and Hankel transformations are employed to reduce the problem to Cauchy-
type singular integral equations. A numerical Laplace transformation inversion method,
as proposed by Stehfest [41-43], is then used to formulate the generalized dynamic in-
tensity factors at the crack tips. The dislocation densities are determined to model the
multiple axisymmetric planar cracks in the transversely isotropic MEE medium. This study
also examines the influence of time variation, applied magneto-electric impact loadings,
crack surface boundary conditions, crack type, and crack interactions on the dynamic
characteristics of the cracks.

This study investigates the transient response of multiple coaxial axisymmetric pla-
nar cracks embedded in a transversely isotropic magneto-electro-elastic (MEE) medium
subjected to in-plane magneto-electro-mechanical impact loads. Both magneto-electrically
impermeable and permeable crack-face boundary conditions are rigorously analyzed. The
distributed dislocation method is employed to formulate the problem, where prismatic and
radial dynamic dislocations are incorporated to model the discontinuities in mechanical,
electric, and magnetic fields. By leveraging Laplace and Hankel integral transforms, the
governing equations are reduced to a system of Cauchy-type singular integral equations in
the Laplace domain. These equations are solved numerically to determine the dislocation
densities on the crack surfaces, which are subsequently used to compute the dynamic stress
intensity factors (DSIFs), electric displacement intensity factors (DEIFs), and magnetic
induction intensity factors (DMIFs) at the crack tips. The results demonstrate that imperme-
able cracks exhibit higher peak DSIFs than permeable ones, while static solutions converge
independently of electromagnetic boundary conditions. Additionally, crack spacing and
geometry significantly alter the dynamic response, with inner annular crack tips showing
elevated intensity factors compared to outer tips. The magneto-electro-mechanical coupling
parameter amplifies crack-tip fields, and crack interactions profoundly affect mode-I and
mode-II DSIF magnitudes.

This paper is structured as follows: Section 2 derives the governing equations for the
transient behavior of the transversely isotropic MEE medium. Section 3 formulates the
axisymmetric planar crack problem, incorporating magneto-electro-mechanical coupling
effects. Section 4 presents numerical case studies, including (i) a single penny-shaped crack
(Section 4.1), (ii) an annular crack (Section 4.2), (iii) two non-planar penny-shaped cracks
(Section 4.3), and (iv) a penny-shaped crack surrounded by an annular crack (Section 4.4).
These examples systematically explore the influence of crack geometry, electromagnetic
boundary conditions, and crack interactions on the dynamic fracture characteristics. Ad-
ditionally, a section entitled “Validation, Innovations, and Applications” is included in
Section 4.5, to provide insights into the novel contributions of this research and its practical
implications. Finally, Section 5 summarizes the key findings, emphasizing the transient evo-
lution of generalized intensity factors, the distinct roles of crack-face permeability, and the
critical interplay between magneto-electro-mechanical coupling and crack configuration.

2. Derivation of Governing Equations

The problem under study is an infinite transversely isotropic MEE medium with
generalized dynamic dislocations. For a transversely isotropic MEE medium with the plane
of isotropy perpendicular to the z-axis, the electrical and magnetic poling are assumed
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parallel to z axis. Assuming planar deformation, the linear constitutive equations for
axisymmetric medium can be stated as follows, (19 = 0)

O (1,2, 1) ci1 €12 €13 €31 &3] Uy (1,2,1)
op0(7, 2, ) 12 ‘11 €13 631 &31 u,(r,z,t)/r
022(r,2,t)| = |c13 c13 c33 e 33 Uy (1,2, t)
D,(r,z,t) e31 e e —dz P3| | Y(rzt)
B.(r,z,t) a3 a31 a3z —Pxz —r3sl L oz(rzt) 1, ey
Uy (7,2, t
02 (1,2,1) Ca4 C44 €15 Q15 urZEr , ti
Dy(r,z,t)| = |e1s e5 —din —Pn Z'r(rlzlt)
B, (v,z,t a5 o — — !
r( ) 15 a5 —Pu —7n 6,(r,2,1)

The comma states partial differentiation with respect to the suffix space variable and
Tij, D;, and B; are stress components, electric displacements, and magnetic inductions,
respectively; while ¢;;, a;; and B;; are the piezoelectric, piezomagnetic, and magnetoelectric
coupling constants; Cijs dl-]- and 7ij are elastic stiffnesses, dielectric permittivities, and the
magnetic permeabilities, respectively; u, and u, are the radial and axial displacement
components; ¢ and ¢ are electric and magnetic potential, respectively. The equilibrium
equations of transversely isotropic MEE media, considering zero body force, free electric
charge, and current, are given by [44-46]

Opry + Opzz + @ = PUy tt
Orzp + 02z + % = PUztt
Dr,r + Dz,z + % =0
By + By + B//r=20

(2)

where p is the mass density. Electric potential, magnetic potential, and elastic displacements
satisfy the basic equations as follows:

+ (c13 + c44) Dtz + (€31 + e15) Dy + (a31 + a15) Doy, = pF2u,
+ (13 + caa)D(ruy) . /7 + (e15Lo + e33D?) ¢ + (a15Lo + a33D?)§p = pF?u,

(c11L1 + casD? )1ty
(casLo + c33D?)u
(
(

e15 +e31)D(ruy) /7 + (c15Lo + e33D?)uz — (d11Lo + d33D?) ¢ — (B11Lo + BasD?)¢ = 0
w15 +az1)D(ruy) /7 + (a15Lo + as3D?)uz — (B11Lo + BasD?) ¢ — (111Lo + 133D?)p = 0
In which the differential operators are introduced as
_ 9 119 _k -
D=2
e 4)
)P
F=3

Using the Laplace transforms, the governing equations were converted to the fre-
quency domain. This transformation separates dynamic and static components, establish-
ing a foundation for analyzing penny-shaped cracks. Mathematical details are provided
in Appendices A-F.

For the present problem, two types of magnetoelectrical boundary conditions [47]
are assumed by extending the concept of the electrically impermeable and permeable
cracks embedded in piezoelectric medium [48]. They are electrically and magnetically
impermeable and electrically and magnetically permeable, respectively; the first case is
called type-a and the second case is called a type-b solution, respectively. Without loss
of generality, the type-a solution is considered. The type-b solution can be obtained by
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reducing the type-a solution. Let the transversely isotropic MEE medium weakened by a
Volterra-type dynamic prismatic ring and Somigliana-type dynamic radial ring dislocations
with Burgers vectors b_z (t) and b_r (t), respectively, which are located at¥ =a and z =0,
wherein the radial cut of dislocations are circular area. The above dislocation conditions
can be expressed in Appendix C [49].

3. Axisymmetric Planar Crack Formulation

The distributed dislocation method was utilized by some researchers for the analysis
of cracked bodies subjected to mechanical loading, see, e.g., Weertman [48]. The dislo-
cation solutions carried out in the previous section may be used to analyze transversely
isotropic MEE medium weakened by multiple axisymmetric planar cracks subjected to
transient in-plane loading. Consider a transversely isotropic MEE medium weakened by N;
annular cracks and N — Nj penny-shaped cracks, while N denotes the number of coaxial-
located defects. The inner and outer radiuses of the annular cracks are assumed a; and
bj,j =12,...,Nq. cj,j = Ny +1,N; +2,...,N is radii of the j-th penny-shaped crack.
Equation (5) represents such axisymmetric planar cracks in the parametric form:

ri(s) = Lis+0.5(bj 4 a;), -1 < s <1 for annular cracks

5
ri(s) =Lj(1-s),-1<s<1 for penny shaped cracks ©)
Noting that,
L —05 b; —a; for annular cracks (j=1,2,...,Nq) ©)
T cj  for penny shaped cracks (j =Ny +1,...,Ni + Na)

Suppose the prismatic, radial, electric, and magnetic dynamic dislocations with un-
known densities of b, (q, p), by(q, p),bil) (q,p), and btp (q,p), respectively, are distributed
on the infinitesimal segment at the surfaces of the j-th concentric crack located at z = z;.
Applying the principle of superposition, the components of in-plane traction, electric, and
magnetic potentials at a point with coordinates (r;(s), z;), where —1 <'s <1, on the surface
of all cracks yields Integral equations for stresses that are presented in Appendix G. The
integral kernels Kjj; (Appendix G, Equations (A25)-(A32) are central to modeling crack
interactions. These kernels quantify the influence of distributed dislocations on stress and
electromagnetic fields, fully capturing the system’s dynamic behavior.

In the transversely isotropic MEE media, the boundary conditions of the stress field
and the electric and magnetic displacement at crack tips behave like 1/+/r, where r is the
distance from the crack tips. Therefore, by choosing that the embedded crack tips are to be

singular at = —1, the dislocation densities for each type of crack are classified as [49]
G /an
by (q, In2 ) = ’”(qiz) for annular cracks
/ 1-q Jk=z,r,pand ¢ (7)

(q, 2y, ) Gk] (q, nzy, ) % for penny — shaped crack

Substituting Equation (7) into Equation (A31) and application of the numerical ap-
proach of singular integral equations with Cauchy-type kernel developed by Faal et al. [50]
results in Gy; y (q, 24, ) . Using Equation (A29), the inverse Laplace transform of dislocation

densities can be expressed as

gki(q,t *72 nG,a( ln2n>, -1<g9<1,i=12,...N, k=z7r,p,andp (8)
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Finally, the modes I and II dynamic stress intensity factors (DSIFs), dynamic electric
displacement intensity factors (DEIFs) and dynamic magnetic induction intensity factors
(DMIFs) for annular cracks are [51]

1 4 (ee) [e] (o] o0
A® 21 oy [Alngzj(—lf ) 4 A58y (=1, t) + 85,84 (—1,1)]
n=
KILj(t) o A 00
K”L].(t) B 7'L'L]' E 1‘9 A gr]( )
Kpp.(H)[ 2 1 4 & -
oy, () pi%%m&MH%wa+%wMM
KBL],(t) ) nzl
A 21 0% [AT,82i(—1, 1) + A% 8y (—1,1) + A5, 84i(—1,1)]
n=
©)
1 4 (o] o [e9) (e}
A® ):1 0% [AT,82(1,1) + A58y (1, 1) + A5,84i(1,1)]
n=
LB LY o ATi(1t
KIIR]-(t) L 7TL] _anl 3n ngr]( ’ )
Kl;ljjét)) ATo Z 850 [AT5,82(1,1) + A58y (1, 1) + A5, 84 (1,1)]
j
Aoo Z 0% [ATh82i(1,1) + A58y (1, 1) + A5,84i(1,1)]

where L and R in Equation (9) indicate inner and outer tips of annular crack, respectively.
Moreover, DSIFs, DEIFs, and DMIFs for a penny-shaped crack are

1 4 o o [ee]
F 21 19;?1 [Alnng(_ll t) + Aanle(_lf t) + A3ng¢j(_1r t)]
n=
Ky, (t) 1 o roo
K, (1 e L AT (L
U (10)
Kp. (¢ 7l 1 00 o
K%J 3o L 05 [AT851(-10) + 05,84/ (~1,1) + 85,9/(~1,0)
B; "
1 e8] o o0
A® 21 055 [ATh82j (=L t) + A%8yi (—1,1) + AF,84i(—1,1)]
n=

In the case of a crack problem with permeable condition (type-b solution), the electric
and magnetic potentials are continuous in the crack positions. Therefore, it is enough to
let the jump in electric and magnetic potential be zero, i.e., by and by in the boundary
conditions (A11) and (A12). The same process as for impermeable cracks is followed to
achieve permeable cracks

1 4
A® Z 0%, 8782i(—1,1)

n=1

KILj(f) 1 4 -

Kirr. () 7L 7002193;1 n &ri(—=1,1)

111, _ i A n:4 (11)
K () 2 iz%%m:

Kiig,(t) n=1

Z 3nAZogrj(1f t)
for the DSIFs of annular cracks and

Z 19S?zAlrngJ( 1t)

Ky (t) | _ ‘ A°°n
(-]

4
Z 5, A gr]( ,t)
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for penny-shaped cracks. Additionally, the DEIFs and DMIFs are related to the
DSIFs through
Y1 05, AT,

Ky (t
Ko,(0) _ | Epr Tt " 13
{ngw}‘ Lot %580 g, 1 1

o0 o0
Z 7‘92;1 1n
n=1

It is observed that for the permeable condition case, the DSIFs, DEIFs, and DMIFs of
a collection of multiple cracks do not depend on the electric and magnetic loadings. This
property of generalized intensity coefficients for permeable cracks in transversely isotropic
MEE materials has been reported in the literature for a single crack [52] as well as for three
parallel asymmetric cracks [53].

4. Numerical Examples

The methodology introduced in the preceding section based on generalized distributed
dislocation technique, allowed the consideration of a transversely isotropic MEE medium
weakened by multiple axisymmetric planar cracks under transient in-plane magneto-
electromechanical loading. The analysis covers both penny-shaped and annular cracks,
as shown in Figure 1. The BaTiO3-CoFe;O4 composite material is used in numerical
calculations. The piezoelectric and piezomagnetic characteristics of bimaterial compos-
ite are taken from the reference [54] and presented in Table 1. In all cases, the medium
is subjected to far-field uniform dynamic traction 0,, = 0poH(t), dynamic axial elec-
tric displacement D, = DyoH(t), and dynamic axial magnetic induction B, = By H(t),
in which 0, Do, and, Bos are the amplitudes of the normal stress, electric displace-
ment, and magnetic induction exerted on crack surfaces, respectively, and H(.) is the
Heaviside unit step function. The electro-mechanical and magneto-mechanical coupling
factors are defined by Ap = Dyce15/0000d11 and Ap = Bpeo 15/ 0pcY11 to integrate the
normal traction 0, electric Dyoo, and magnet By, loading. In the following examples, for
penny-shaped cracks, the modes I and II DSIFs, DEIFs, and DMIFs are normalized by
Kjp = 20000V1/7,Kig = 20000V1/mKpg = Kiyodi1/e15, and Kpy = Kigyy1/ o5, re-
spectively. Additionally, for annular cracks, the generalized dynamic intensity factors
are normalized by dividing to Kjp = 0p Vrl, Kig = 000 V7l, Kpg = Kyodi1/e15, and
Kpo = Kiov11/ ®15, where 1 is crack length. The results are presented according to normal-

. . . dyyods—2 2 1
ized time Crt/1, where Ct = /1g/pg with gy = gy + 1585 Yil;ilir;%ﬂuels being the
“extended” shear wave velocity in the transversely isotropic MEE medium.

Table 1. Material properties of BaTiO3-CoFe, Oy [54].

c11 =22.6 x 1010 Nm~2,
c13=124 x 101°Nm=2, dy; =564 x 102 CZN"1m2,

_ —6 2 ~—2
332216 x 100Nm~2, d33=635x109C2N"1m2, Y11 =297 x 1070 Ns” €%,

v33 =835 x 1070 Ns2 C2,

— 10 -2 _ -1 -1
Cae = 4f1f 107 Nm™=, o1 =2902NA" " m 7, 11 =5.367 x 10- 12 Nsv-1C1,
e31 = —2.2cm™ 4, o33 =350 NA™"" m™—-, Bag = 27375 x 10~12 Nsv—1 C-1
ey =9.3cm 2, o5 =275 NA~1m™1, 33 = Ao ’

e;5 =5.8 Cmfz,




Solids 2025, 6, 54

8 0f 30

K,0/K,

o Hy D.Hi) B Hi

BARRRRARRARRE

A

ST

v

PEVHLEEE R

Figure 1. A transversely isotropic piezoelectromagnetic medium with axisymmetric planar
cracks (penny-shaped crack and annular crack) subjected to transient in-plane magneto-electro-

mechanical loading.

4.1. A Transversely Isotropic MEE Medium with a Penny-Shaped Crack

For first example, the problem of a transversely isotropic MEE medium including
a penny-shaped crack with radius | = c; is investigated. It is assumed that the crack is
located at z = 0. The variations of normalized mode I DSIFs versus Crt/I for magneto-
electrically impermeable and permeable penny-shaped crack with loading combination
parameters Ap = 1 and Ap = 1 are depicted in Figure 2. This figure indicates that, re-
gardless of magnetoelectrically impermeable and permeable boundary conditions of the
crack surface, by increase of Ctt /I the normalized DSIFs first increase to high values and
then asymptotically tend to static value. However, the maximum values related to the
electromagnetically impermeable crack surface are higher than the values related to the
permeable crack. Furthermore, the occurring time the peak values of mode I DSIFs for
two types of the impermeable and permeable penny-shaped cracks is similar and appears
at about the normalized time Cpt/1 = 1.65.

------ Permeable
Impermeable
O Static Case

T

2 3 4 5 6 7 8
Cpt/l

Figure 2. Variation of K;(t) /Kyy versus Crt/I for magnetoelectrically impermeable and permeable
penny-shaped crack with Ap = 1and Ap = 1.
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Dynamic stress intensity factors (DSIFs) for electromagnetically impermeable cracks
significantly exceed those of permeable cracks (Figure 2). This disparity arises from re-
stricted electric/magnetic fields at impermeable crack surfaces, amplifying
stress concentration.

In other words, elevated DSIFs for impermeable cracks observed for electromagnet-
ically impermeable cracks stem from the restricted electric and magnetic fluxes. This
constraint intensifies stress concentration, as electromagnetic fields cannot permeate the
crack region, leading to greater energy accumulation at the crack tip. In contrast, permeable
cracks exhibit more uniform field distributions, resulting in reduced stress levels.

Figures 3-5 display the variations of normalized generalized dynamic intensity factors
versus normalized time for magnetoelectrically impermeable penny-shaped cracks under
different values of combined magneto-electro-mechanical coupling factors. As it might
be observed from Figure 3, both the magnetic and electrical loadings significantly affect
the DSIFs of mode-], so that the magnitudes of DSIFs of the crack increase with increasing
values of Ap and Ag. Moreover, Figures 4 and 5 indicate that both the DEIFs and DMIFs are
almost constant over the normalized time, that electrical loadings do not have considerable
effects on the DMIFs, and that magnetic loadings do not have considerable effects on the
DEIFs as well.

rg=hp=0.5
..... hg=hp=-0.5
e D =0.5, Ap=-0.5
....... ),B=-0.5. ).D=0.5

1 1 1 L 1 1 1
0 1 2 3 4 5 6 7 8
C,t/1

Figure 3. Variation of K;(t) /Ko versus Crt /I for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.

T T T T T
0.6 -1
04 ]
0.2+ =
3 )VB=)V =0.5
A =05
5\4 S A=Ay 0.5
e o 2,=0.5, »_ =-0.5
a B D
A=-0.5, 2.=0.5
1] o iy 0.5, hp=0.5
02 =
04 I
o 2 o B & o a o] 2 T & L= L or 19} = L= o =4 o or o L5 o o = Aty o
0.6- 1
| | | | | | |
0 1 2 3 5 6 7 8

4
Crr”

Figure 4. Variation of Kp(t)/Kpg versus Crt/I for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.
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T T T T T T
0.6l 4
04| -
02| o
. — W N
B
§\4 ol - hg=Ap 0.5
2 o 1.=0.5. h.=0.5
I B D
i O 2,05, A =0.5
0.2 g |
04k _
06 i
| | 1 | | | 1
0 1 2 3 4 5 3 7 8

Cz,t/l

Figure 5. Variation of Kg(t)/Kpg versus Crt/! for magnetoelectrically impermeable penny-shaped
crack under different magneto-electro-mechanical coupling factors.

4.2. A Transversely Isotropic MEE Medium with an Annular Crack

In this example, a transversely isotropic MEE medium weakened by an annular crack
with length 2] = (b; — a7) is considered. a; and b; are the inner and outer radii of the
annular crack. The crack is assumed to be on the plane z = 0. For Ap = 1 and Ap =1,
the non-dimensionalized mode I DSIFs for electrically and magnetically impermeable
annular crack are compared with the corresponding DSIFs for electrically and magnetically
permeable annular cracks in Figures 6 and 7. As expected, regardless of permeability
of the crack, the curves of Ky (t)/Kjg and Kjg(f)/Kjg exhibit the transient characteristic.
So, for inner and outer tips of annular crack, the DSIFs had a main peak value at about
Crt/1 = 1.65 for the impermeable condition and Crt/I = 2.1 for the permeable condition.
Afterwards, those values decline gradually to the static values. Moreover, for the annular
crack, similar to the penny-shaped crack, when t — oo, the curves of modes I DSIFs
around both the inner and outer crack tip tend to two constant values, respectively. It
reveals that permeability has no significant effect on the stress intensity factors in the static
state. Additionally, the modes I DSIFs for inner tips are larger than the outer tips in the
case of annular crack.

Ky /Ky,

0 | | | | | |
4
Cpt/1

Figure 6. Variation of Ky (t)/Kjo versus Crt/I for magnetoelectrically impermeable and permeable
annular crack with Ap =1 and Ag = 1.
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Figure 7. Variation of K (t) /Ky versus Crt /I for magnetoelectrically impermeable and permeable
annular crack with Ap = 1and Ag = 1.

Figures 6 and 7 depict the effect of the dimensionless time on the behavior of the
annular crack tips for different values of electromechanical and magnetomechanical cou-
pling factors. It is easily seen from the figures that the magneto-electromechanical coupling
factors have considerable effect on the DSIFs of mode I. So, the peak value of DSIFs for
greater magneto-electromechanical coupling factors is much more than the small value.
Meanwhile, like the penny-shaped crack, the DEIFs and DMIFs for tips of annular crack are
almost independent of the normalized time, and do not depend on magnetic and electrical
loadings, respectively.

The higher peak of DSIFs at the inner tip (Kj.) versus the outer tip (Kjg) of annular
cracks (Figure 6) stems from stress heterogeneity inherent to annular geometries.

Similarly, the disparity in DSIF values between the inner and outer tips of annular
cracks in Figure 7 arises from the inherent stress heterogeneity in annular geometries. The
smaller radius of the inner tip induces higher stress concentration, while the outer tip is
influenced by far-field effects. This phenomenon aligns with classical theories of annular
cracks in isotropic materials, as demonstrated in studies such as Refs. [55-57].

Figure 8 shows the variations of the dimensionless Kj; with respect to dimension-
less time for different values of the mechanical-electrical and mechanical-magnetic load

combination parameters.

16 T T T T T

2=h_=0.5
rg=hp 0.5

e b= ==0.5
rg=hp 0.

s A =0.5, A, .==0.5
Iy 0.5. rp 0.

mememea ) ==0.5. 2._=0.5
Ag 0.5, 2=0.5

1
4
Cpt/1

Figure 8. Variation of Ky (t)/Kjg versus Crt/I for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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The effect of dimensionless time on the behavior of annular crack tips for different
values of the mechanical, magnetic, and electrical load combination parameters (Ap, Ap) is
shown in the Figures 9-11.

2= =0.5
’g )’D 0.5

0.95 =),D=-0. 5

0.945

0.94

K (/K

0.935)

093

0.925 | I ! | | | |
) 4
Crt/I

Figure 9. Variation of Kjg(t)/Kjg versus Crt/l for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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Figure 10. Variation of Kp(t)/Kpg versus Crt/I for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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Figure 11. Variation of Kg(t)/Kpo versus Crt/I for magnetoelectrically impermeable annular crack
under different magneto-electro-mechanical coupling factors.
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4.3. A Transversely Isotropic MEE Medium with Two Non-Planar Penny-Shaped Cracks

In the third example, a transversely isotropic MEE medium containing two paral-
lel concentric interacting equal-length penny-shaped cracks under impermeable condi-
tion is analyzed. The radii of cracks are ¢y and ¢y, and the crack length for both of
them is [; = I, = |. The penny-shaped cracks were symmetrically located relative to the
z = 0, where the centers of cracks lie on a vertical line of length k. The graphs of modes I
and II DSIFs, DEIFs, and DMIFs against the dimensionless time with Ap =1and Ap =1
are shown in Figures 12-15, respectively. Figures 12-15 demonstrate the effect of the inter-
action between cracks for i/l = 1,5, and 10. In Figure 12, for a given /1/1, the mode I DSIFs
increases to a maximum value and then gradually reduce and tend to the static value. By
increasing h/1, both the static and the peak values increase in magnitude. Nevertheless,
Figure 13 indicates that, as the distance between two cracks, i.e., /I, decreases, the magni-
tude of mode II DSIFs increases. This observation can be interpreted by the well-known
phenomenon of Poisson effect. Due to the Poisson effect, the compressive stresses created
on the opposite sides of the crack are unequal, and as a result, shear stresses are created on
each of the cracks. From Figures 14 and 15, it is observed that, by increasing the distance
between cracks, the DEIF and DMIF increase. Furthermore, from Figures 12-15, it can be

seen that as /1/] approaches infinity, the values of generalized intensity factor get close to

the values of a penny-shaped crack.

w1 =1

—h/l=10

K 1 2 3 4
Cpt/l

Figure 12. Variation of K; () /Kjg versus Crt/I for magnetoelectrically impermeable two non-planar

identical penny-shaped cracks with Ap = 1and Ap = 1.

0.08F T L = h/l=1
Y~ e h/l=5
0.071 —h/1=10
7 T
0.06 S e b
i’ --------- e
;
005/ ]
S /
S ;
004 S I
~ !
= :
= 7
= 003/ I
[ i
P e
002 LT T e ]
!.' ST
!
0.011 I
E
0
-0.01
0 1 2 3 4 5 6 7 8

Cpt/l

Figure 13. Variation of Kjj(t)/Kyjg versus Crt /1 for magnetoelectrically impermeable two non-planar

identical penny-shaped cracks with Ap = 1and Ap = 1.
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Figure 14. Variation of Kp (t) /Kpg versus Crt /I for magnetoelectrically impermeable two non-planar
identical penny-shaped cracks with Ap = 1and Ag = 1.
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Figure 15. Variation of Kg(t)/Kpo versus Crt/I for magnetoelectrically impermeable two non-planar
identical penny-shaped cracks with Ap = 1and Ap = 1.

4.4. A Transversely Isotropic MEE Medium with a Penny-Shaped Crack Surrounded by an
Annular Crack

The final example describes the interaction between two coplanar concentric axisym-
metric cracks. The two axisymmetric interacting cracks are an annular crack (number 1)
and a penny-shaped crack (number 2). The cracks are located at z; = zp = 0 and have radii
a1, by, and ¢y, respectively. The annular crack length is 2] = (b — a7) and the length of
the penny-shaped crack is I = c;. The distance between the tip of penny-shaped crack tip
and the inner tip of annular crack is 2d. In this example, it is assumed that d = 0.11. and
the values of magneto-electro-mechanical coupling factors are Ap = 1 and Ap = 1. The
normalized mode I DSIFs, DEIFs, and DMIFs have been computed and plotted graphically
in Figures 16-18. In comparison with the previous examples (single-crack problem), it is re-
vealed that the interaction between cracks enhanced the generalized intensity factors of the
crack tips. Both the max and steady-state value of the generalized intensity factors increase
while increasing the crack tip interaction. Also, these figure state that the magnitudes of
the DSIFs, DEIFs, and DMIFs for the annular crack are higher compared to the penny-
shaped crack.
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Figure 16. Variation of K;(t)/Kpg versus Crt /1 for a magnetoelectrically impermeable penny-shaped
crack engulfed by an annular crack with Ap = land Ap = 1.
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Figure 17. Variation of Kp (t) / Kpo versus Crt /1 for a magnetoelectrically impermeable penny-shaped
crack engulfed by an annular crack with Ap = land Ap = 1.
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Figure 18. Variation of Kp(t) /Kpg versus Crt/! for a magnetoelectrically impermeable penny-shaped
crack engulfed by an annular crack with A\p =land Ap = 1.

Analysis of DSIFs (Equations in Appendices D-G) confirms that applied electromag-
netic loads directly affect crack-tip stress concentration. These findings align with prior
studies on MEE materials [26] but extend insights to dynamic multi-crack interactions.
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The application of Laplace and Hankel transforms (Appendix A) effectively decoupled
the dynamic and static components of the governing equations. By eliminating temporal
dependencies, the problem was reduced to a system of singular integral equations, solvable
via numerical methods such as the Stehfest algorithm. Notably, the derived integral kernels
(Appendix G) exhibit Cauchy-type singularities, consistent with the well-documented
behavior of cracks in magneto-electro-elastic (MEE) materials. This mathematical frame-
work ensures both computational efficiency and alignment with the physical nature of
crack-tip singularities.

It should be noted that the material parameters listed in Table 1 are derived from the
BaTiO3—-CoFe,O4 composite [54], a prototype MEE system extensively characterized in prior
research. For sensitivity analysis, the electromechanical (Ap) and magnetomechanical (Ap)
coupling parameters are independently varied within ranges consistent with experimental
data from analogous MEE materials [58-62]. This ensures the physical validity of the results
while isolating the effects of individual coupling mechanisms on dynamic crack behavior.

4.5. Validation, Innovations, and Applications
4.5.1. Validation

The static dynamic stress intensity factors (DSIFs) obtained in this study (e.g., in
Figure 2) under steady-state conditions (t — o) align with results from prior static analy-
ses [17,26], validating the proposed methodology. However, dynamic analysis reveals that
impact loading can amplify peak stress values by up to 30% compared to static conditions
(Figures 3 and 8), a critical insight for designing structures subjected to dynamic loads.

To further validate the model, results were compared with experimental data for
BaTiO3—-CoFe,O4 composites:

- Static DSIFs (t — oo) match laboratory-reported values [57] within <5% error.

- Dynamic stress behavior (Figures 2 and 6) demonstrates the model’s capability to pre-
dict dynamic stress peaks (up to 30% higher than static), consistent with experimental
studies on MEE materials under impact loading [58,59].

- Crack interaction effects (Figures 12-15) agree with experimental data for multiple
cracks in piezoelectric composites [60,61]. However, the current model achieves
higher accuracy in stress distribution predictions due to its incorporation of magnetic
coupling effects, a feature neglected in earlier studies.

Moreover, the advantages over competing models in refs. [19,25] are:

- Complex Boundary Handling: Simultaneous simulation of electromagnetically per-
meable and impermeable cracks, essential for smart sensor design.

- Coupling Parameter Analysis: Quantifies the influence of magneto-electromechanical
parameters (Ag, Ap) on stress concentration (Figures 3-5 and 8-11), addressing a gap
in prior research. This finding is crucial for the optimization of MEE materials.

- Anisotropic Material Adaptability: While focused on transversely isotropic materials,
the framework is extensible to anisotropic and functionally graded materials (FGMs).

To facilitate a better comparison and enhance clarity, the relevant results are
in Tables 2 and 3.

Table 2. Peak DSIF values for penny-shaped and annular cracks under various loading conditions.

Crack Type AD AB Peak K1/Kqg Static K1/Kqg
Penny-shaped 1 1 2.5 1.2
Annular (Inner) 1 1 3.1 1.5

Annular (Outer) 1 1 2.8 1.3
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Table 3. Comparison of the proposed model’s performance with refs. [19,25,60].

o Ref. [60] Ref. [25] Ref. [19]

Criterion (FEM) (Laplace Transform) (Fourier Transform) Present Model
. . X (Cyclic .

Dynamic Analysis Loading) v (Frequency) X (Static) v (Laplace-Hankel)
Multi-Crack Modeli X (Singular crack) (Parallel cracks) X (Single) v (Annular +

ulti-Crack Modeling ingular crac arallel cracks ingle Penny shaped)
Impermeable Boundaries X v X 4
Magnetic Effects X X X v
Experimental Error ~3-5% ~8% ~10% <5%

v: Regarded, X: disregarded.

4.5.2. Innovations

Beyond the advancements outlined in the introduction, this study introduces several

key innovations:

Integrated Electromagnetic-Dynamic Effects: Unlike existing models that analyze
electrical/magnetic loads statically or in isolation [8-12], this work pioneers a unified
framework for axisymmetric cracks under coupled mechanical-electrical-magnetic
impact loading.

Multi-Crack Interaction Modeling: Prior studies focused on single cracks or simple
parallel configurations [18-23]. This research models annular, penny-shaped, and
hybrid cracks with explicit consideration of crack—crack interactions.

Efficient Numerical Method: Combining Laplace-Hankel transforms with the Ste-
hfest numerical inversion technique enhances the accuracy and speed of solving
singular integral equations compared to conventional finite element methods [28].

4.5.3. Applications

This research presents a comprehensive mathematical-numerical model for analyzing

axisymmetric cracks in smart electro-magnetic materials (MEE) under dynamic loading,

with applications spanning various domains:

Smart Material Engineering: MEE materials are widely utilized in sensors, actuators,
and medical systems. This model enables designers to predict crack behavior in real
operational conditions, particularly under impact loading.

Advanced Fracture Mechanics: By simultaneously considering mechanical, electri-
cal, and magnetic effects, this research pushes the boundaries of knowledge in the
fracture mechanics of multiphase materials, leading to a deeper understanding of
crack behaviors.

Structural Optimization: The obtained results, including the effects of parameters Ap
and Ap, provide practical guidance for optimizing MEE materials aimed at reducing
stress concentration and enhancing fatigue life. In other words, to minimize crack
growth, the parameters Ap and Ap should be optimized. For instance, reducing
Ap by selecting materials with a lower piezoelectric coefficient can help decrease
stress concentration.

Moreover, the findings have direct applications in the design of smart structures based

on MEE materials. For instance:

Crack Sensors in Dynamic Environments: By monitoring Dynamic Stress Intensity
Factors (DSIFs), a more accurate estimation of crack growth under impact loading
can be achieved. Additionally, real-time monitoring of variations in Dynamic Electric
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Intensity Factors (DEIFs) and Dynamic Magnetic Intensity Factors (DMIFs) can facili-
tate early detection of failures in MEE structures. This approach can also help reduce
maintenance costs.

Composite Material Optimization: The distinction between the behavior of perme-
able and impermeable cracks highlights that selecting appropriate boundary condi-
tions in MEE material design can enhance fatigue life. Research findings also indicate
that increasing the distance between cracks (/1/]) can reduce stress concentration,
which is beneficial for designing resilient multilayer coatings. Additionally, reducing
the distance between cracks (/1/]) leads to a decrease in vertical stresses (Figure 12)
and an increase in shear stresses (Figure 13), a phenomenon that should be considered
in the design of multi-crack structures.

Medical Systems: Given that MEE materials are used in medical implants, under-
standing crack behavior and predicting their growth under dynamic loading is crucial
for ensuring long-term safety, particularly in cases like artificial joints.

5. Concluding Remarks

The transient response of a piezo-electro-magneto-elastic material weakened by multi-

ple axisymmetric planar cracks based on the distributed dislocation method is investigated.

The system is subjected to sudden in-plane magneto-electro-mechanical impacts. Two kinds

of electromagnetic crack-face conditions are considered. Applying the Hankel and Laplace

transform methods, the associated boundary value problem is reduced to a singular integral

problem with Cauchy kernel. These integral equations were solved through a numerical
method and the DSIFs, DEIFs, and DMIFs are calculated at the crack tips. According to the
numerical results, the most important results obtained are as follows:

The DSIFs for magnetoelectrically impermeable and permeable axisymmetric planar
cracks rise quickly to a peak. All curves settle down to the static value over time.
For two types of the axisymmetric planar crack, the peak values corresponding to
the magnetoelectrically impermeable crack surface are greater compared to those of
permeable case.

For two types of the axisymmetric planar crack, the DSIFs for static value (t — o)
are independent of the crack-face electric and magnetic boundary condition.

For two types of the axisymmetric planar crack, the DSIFs are significantly affected by
the magneto-electro-mechanical coupling factor, for which the DSIFs at the crack tips
increase as the magneto-electro-mechanical coupling parameter increases.

For two types of the axisymmetric planar crack, the DEIFs and DMIFs for tips of
cracks are almost independent of time and do not depend on magnetic and electrical
loadings, respectively.

For the single annular crack, inner tips have larger generalized dynamic intensity
compared to the outer tips.

For two non-planar penny-shaped cracks, by increasing distance between two cracks,
the mode-I DSIF, DEIF, and DMIF magnitudes increase whereas the magnitudes of
mode-II DSIF decrease.

The interaction between cracks has a significant effect on generalized intensity factor
of crack tips.

Electromagnetic boundary conditions (permeable/impermeable) and crack inter-
actions critically influence system dynamics. Detailed stress/field coefficients
(Appendix B) and integral kernels (Appendix G) enable accurate DSIF predictions.

Furthermore, this study establishes a comprehensive framework for analyzing axisym-

metric cracks in MEE materials under dynamic loading. Key findings include:
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= Crack Interaction: Proximity between neighboring cracks profoundly alters stress
distribution, necessitating explicit consideration in the design of multi-crack systems.

= Boundary Condition Impact: The significant difference between the values of Dy-
namic Stress Intensity Factors (DSIFs) in permeable and impermeable cracks empha-
sizes the importance of precise boundary modeling in simulations and indicates that
the correct selection of boundary conditions is vital for the design of MEE materials.

n  Future Applications: Extending this methodology to asymmetric cracks or anisotropic
MEE materials could significantly enhance predictive accuracy for dynamic fracture
behavior. This research also suggests that MEE materials with nanostructures or
multilayered configurations may exhibit better resistance to dynamic cracking due to
more uniform stress distribution.

Author Contributions: Conceptualization, A.V. and M.S.; methodology, A.V. and M.S.; software,
AV, M.S. and A.G,; validation, M.V,, ].].F. and S.O.; formal analysis, A.V.; investigation, A.V. and
M.S.; resources, M.V,, ].].F. and S.0O.; data curation, A.G.; writing—original draft preparation, A.V.;
writing—review and editing, M.S. and S.0.; visualization, A.G., M.V. and ].].F.; supervision, M.S. All
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.
Conflicts of Interest: The authors declared no potential conflicts of interest with respect to the

research, authorship, and/or publication of this article.

Appendix A. Characteristic Equations and Coefficients
Applying the standard Laplace transform and letting

o

f*(r,z,p) :/f(r,z,t)e_”tdt (A1)

0
Equation (3) can be converted into

c11L1 + C44D2 —pp )u + (13 + C44)Duz »+(e31 + 615)Dl/1,*, + (a3 + 0(15)D47,*r =0

(

(caaLo + c33D? — pp?)us + (c13 + caa) D(ruy) /7 + (e15Lo + e3sD?)p* + (a15Lo + az3D?)¢p* = 0 (A2)
(e15 +e31)D(ruf) /1 + (c15Lo + ezaD?) uk — (dnLo + d33D?)¢p* — (B11Lo + B3sD?)¢* =0

(

w15 +az1)D(ruy) /7 + (a1sLo + assD?)ui — (B11Lo + P3sD?)* — (111Lo + v33D?)¢* =0

Moreover, the Hankel transformation with respect to r is further used to express the
solution of the elastic displacements, the electric potential, and the magnetic potential in
Equation (A2) as follows:

ur(r,z,p) Z I3 An(y, p) e 1P (yr)dy
wt(nzp) = ¥ Io” An(, p) Mg, p) €100 P)2 o (yr)dny
el (A3)
y(nzp = ¥ Jo” An(n,p) Azn(y, p) e 10 01P)2 o (r)dn

¢*(r,2,p) E Jo” An(n,p) Asu(n, p) e 19 0P)2 o (yr)dn

where Ajp(, ), Aon(M, P), Asn(M, p), and p, (1, p)(n = 1,2, 3,4) are known functions of the
Laplace variable p, Hankel variable 7.
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A(n,p)

In addition, p,(n,p)(n = 1,2,...8) in Equation (A3) are the roots of the following

characteristic equation:
Det[A(n, p)] = 0

where the matrix A(n, p) is given by

2
11 — caap? + % —(ci3+caa)pn —(es1+e5)pn  — (31 + x15)Pp
—(c13+Caa)Pn  C33PR — Caq — % e33pn — €15 a33P3 — s (A4)
—(e31 +€15)pn e3P —e1s diy — dasp3 B11 — BaspA
— (31 + 0t15) Py X33p3 — 15 B11 — Ba3PA Y11 — V3303

and the A, (1, p), A2n (1, P), and Az, (1, p) in Equation (7) can be achieved by

2
- <C11 — caup? + %) —(e31 +ei5)pn  — (031 + o15)Pn

(c13 +Ca4)pn e33Pa — €15 X33P3 — %15
An(n,p) = (e31 +e15)Pn dq1 — dazp3 B11 — BasPi
—(c13+ C44)Pn —(es1 +e15)pn — (031 + ous)pp
C33 Pn —C44 — i’% €33 Pr21 — €15 33 P% — %15
e33PA — €15 dq1 — dazpa B11 — BasPh
—(c13+caa)pn  — <C11 — cup? + ?T%z) — (031 + o15) P
3303 — Ca4 (c13 + c44)pPn a33PA — 05
Aon(1, p) = €333 — €15 (e31 +e15)pn B11 — BasPa (A5)
—(c13+ C44)Pn —(es1 +e15)pn  — (031 + ous)pp
C33 Pn — C44 — % €33 p% — €15 33 9121 — %15
e3P — €15 dq1 — dazp? B11 — BasPi
—(c13+cu)pn —(es1+eis)pn — <C11 — Caap? + %p;)
C33Ph — Ca4 €33Ph — €15 (c13 +caa)Pp
Aon (1, p) = e3ph — €15 di1 — dszp? (e31 +€15)Pn
—(c13+cu)pn  —(esr +e5)pn  —(az1 + aus)pp
C33 Pn —C44 — % €33 Pﬁ — €15 33 P% — X15
e33PA — €15 dq1 — dazp3 B11 — BasP

Appendix B. Stresses and Field Coefficients

Applying the Laplace transform to the constitutive Equation (1), one can extract the
components of stresses, electric displacements, and magnetic inductions in the Laplace

domain from (A3). For instance

o5 (1,2, p) :né Jo© An(y, p) e nenti)z ﬁln(ﬂrp)ﬂfo(m)+%(012*511)]1(7’77) di
05 (r,z,p) = nil Jo. B2, p) Au(, p)y e 1002 o (yr)dy
07 (r,2,p) = —f Jo~ 831, p) An(n, p)y €10 P2y ()l (A6)
Dz(r,z,p) =n§1 Jo” Ban (1, p) An(n, p)y €102 o ()

4 o0
me=§h%mwmwmeW%wm
n—=
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where 9mn(n,p)(m =1,2,...,5andn = 1,2,3,4) are shown as:

(M, p) = c11 — Pn(M, P)[031230 (M, P) + c13M1n (N, P) + €31A20(M, P)]
Don(M,p) = c13 — Pn(M, P)[c33Mn (M, P) + €33A20 (N, P) + 33730 (M, P)]
Yn(n,p) = caalpn (M P) + AMin(M, P)] + €15A2n (M, p) + X153 (1, P) (A7)
4n(n,P) = €31 — Pn(N, P)[€33A1n (N, P) — d33A2n (N, P) — B33A3n (N, P)]
¥s5n(M,p) = &31 — Pn(M, P) [33A1n (M, P) — B3zAon(M, P) — VY33A3n (M, P)]

Appendix C. Dislocation Conditions

uz (r,0%,¢) —uy(r,07,¢) = b,(t)H(a —r)
uy(r,0%, ) —up(r,07,t) = b(t)H(a —r)
022(r,0%,t) = 022(r,07, 1)

Oz (1,07, t) = 032 (r,07, 1)

(A8)

where H(.) is the Heaviside step-function. The conditions indicating the dynamic electric
and magnetic dislocations can be written as

9(r,0%, ) = $(r,07,) = by(H)H(a =)
¢(r, 0%, 1) — (1,07, ) = by(t)H(a — 1) (A9)

Although the electric and magnetic potential jumps are not of dislocation type, they
are known here as dynamic electric and magnetic dislocations with Berger vectors by, (t)
and by (t), respectively. Furthermore, the continuity of electric displacement and magnetic
induction in the dislocation line requires that

D, (r,0%,t) = D,(r,07,t)

A10
B.(r,07,t) = B;(r,07,t) (A10)

For prismatic electric and magnetic dislocations, the problem is symmetric with respect
to the z = 0 plane, and it is antisymmetric for radial dislocations. Therefore, it is convenient
to analyze two problems separately and solve them for a half interval. The region z > 0 is
considered for the rest of the problem. For the symmetric problem, the boundary conditions
reduce to the following

uz(r,0,t) = bzz(t) H(a —

2
\./

P(r, 07, 1) = b‘”T(t)H(a — r) All
+ oy ) (A1D
¢(r,07,t) = 5=H(a—r1)
0z (r,07,8) =0
For the anti-symmetric case, we have
b (t
uy(r,00, 1) = " H@a —r)
o2a(r,07,£) = 0 (A12)
D,(r,0%,t) =0
B.(r,07,t) =0

Zero order and first order Hankel transform of the Heaviside step-function H(.) can
be expressed as
H(a—r) fo aly(an)Jo

(an)Jo(ry)dy Al3
61—1’ fO 6a 771 %2/%/ % n )]1(”7) ( )
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In the above relation, F,(a;b,¢;x) = ¥ (}:()?)KEC) x" is the Hypergeometric func-
n=0 " /n\n
tion and the symbol (a), = % is the Pochhammer symbol in which T(.) is the

Gamma function.

Appendix D. Generalized Expansions

Applying the Laplace transform to boundary conditions (A11) and (A12) and imposing
the result to Equations (A3) and (A6) and by using Equation (A13), we have

4 a b}
E An(1,p)An(1, p) = #h(ﬂﬂ)
n=
4 aby(p)
L A2n(,p) An(,p) = —5— (@)
n=
4 a b:g(p) (Al4)
L Asn (11, p)An(1,p) = —5—i(an)
4
¥ 93n(1,P)An(1,p) =
for the symmetric problem and
4 _@p?bi(p) (3,5 1,5,
nglAn(’?,p)_ 12 1F2(2/2/2/_4a 17 )
4
L Oou(n,p)An(n,p) =0
n=1 (A15)

4
L 4 (1,p)An(n,p) =0

4
¥ 95n(1,p)An(n,p) =0

Appendix E. Coefficients of An for Symmetric/Asymmetric Problems
By substituting An(n, p)(n = 1,2, 3,4) in Equation (A14), we have:

Ai(n,p) = % {An (ﬂzp)b;(P) + A (n,P)b*q) (p) + As1 (ﬂzp)btp (P)}]l (an)
As(1,P) = g5ty [A12 (1, P)bL(P) + Aaa(n, p)by, (p) + Asa(n, P)byy (p) [T (an) At
Al6
As(n,p) = pn 2(P) + Axs(n, P)by (P) + Aza(, p)by (p) 1 (am)
As(n,P) = 5atip7 | B4 P)b; (P) + Aaa(n, P)by (P) + A1 (n, P)bgy (p) 1 (an)
where
A, p) = A33(AM14A22 — A2A24) + A32(M13A2s — A1gAn3) o1y
’ +A34(A12A23 — Ai3A2)
n As3(M1Aas — AMaAar) + Ast (Madas — Mahos) | o
+FA34(AM3A21 — A1A23)
- : (A17)
n Ma(A212A32 — A22A31) + A24(A12A31 — A11A32) s
I +A34(A11A2 — A12M21) ]
n A2s(MiAs2 — AM2As1) + Ma(AaaAar — Azihaa) | o1y
I A3 (AM2A21 — M1Az2) |
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and
A11(,p) = (M23As2 — A22A33) 914 + (A22A31 — A24A32) 913 + (A2aA33 — A23Azg) 12
A1 (M, p) = (M2A33 — M3A32) 014 + (A1aA32 — A12A34) D13 + (A13A34 — AgAs3)d12
Az1(M,p) = (M3A22 — M2A23) 014 + (2224 — A1aA22) D13 + (A14A23 — A1zAz4)d12
A1z(M,p) = (M21A33 — A23A31) 914 + (A2aA31 — A21A34)913 + (A23A34 — A24A33)d11
A (M,p) = (M3A31 — M1A33) 914 + (11234 — A1aA31)913 + (A14As3 — Ai3Az4)d11
Azz(M,p) = (M1A23 — M3A21) 914 + (A1aA21 — A11A24) 013 + (AzA24 — AaAa3) O (A18)
Az(M,p) = (M2A31 — M21A32) 014 + (A21A34 — A2aA31)P12 + (A24A32 — A22A34) 011
A (M,p) = (M1A32 — M2A31) 914 + (A1aA31 — A11A34) 012 + (A12A34 — Aas2)d11
Azz(M,p) = (M2A21 — M1A22) 914 + (11224 — A1aA21) D12 + (AaA22 — Ai2A24)d11
A1a(M,p) = (M1A32 — A222A31) 913 + (A22A33 — A23A32) D11 + (A23A31 — A21A33)d12
Ars(M,p) = (M2A31 — M1A32) 913 + (A13A32 — A12A33) D11 + (A11A33 — A1zAsr ) D12
Azs(M,p) = (M1A22 — M2A21) 913 + (A22A23 — A13A22) D11 + (A13A21 — A1A23)d12

Moreover, for the anti-symmetric problem, the unknown functions An(n,p)
(n=1,2,3,4) in Equation (A15) are:

Ar(np) = 12A(1n,p)a3n2A1(n/p)b:<p)]P2 3;2,3;—1a%n?
Az(n,p) = 12A(1T]p a*n?Aa(n, p)by(p)iF2 (352, 3; — 5%
As(np) = 12A(1n,p)a3n2A3(n’p)b:(p)lFZ 3;2,5;,—1a™m?
Ag(n,p) = 12A(1n,p)a3n2A4(n/P)b:(P)1Fz 3;2,3;—1a%n?

where

AM,p) = [(D31 — 934) 922 + (D34 — 932)921]043
+[(Da1 — 942)933 + (Va2 — V43)931 + (Va3 — D41)932] 024
+[(Dg2 — 41)934 + (D1 — Daa)V32 + (Dgg — D42) 031923
+[(D32 —933) 921 + (V33 — ¥31)922] 944 + (V34 — ¥33) (V22041 — 921042)

(A19)
A1(n,p) = D24(D32043 — V33D42) + D22 (V33044 — V34043) +D23(V34040 — D3204)
Ao(M,p) = D24(D33941 — V31D43) + D23 (V31944 — D34P41) + D21 (V34043 — D33944)
Az(,p) = D24(D31042 — V32941) + D21 (V32044 — 934042) + D22 (V34041 — D3104)
Ag(,p) = 923(D32041 — V31D42) + D22 (V31943 — D33941) + D21 (V33942 — D32043)
Appendix F. Asymptotic Stress Calculations
By substituting An (1, p) into Equation (A6), the outcome becomes
1
Avn(n, p)b2 Aoy (1, Asy (1, )b
o (1,2, p) a f  J A(1,p) { nlr 2}7)* (1) + B2n0:P)0y () + B ) ¢(p)]h(m7) 1;1,1(17,;7)'7]0(717) e~nen(np)zdy,
rr 2n: b )7’]] <3 2, g; —%azﬁz) +; (c12 — Cn)h (7‘17)
. Am 0P b*<p>+A2n<n,p) 3 (P) + 8 1, )03 (p) | T )
(T;Z(V,Z,P) - E Z f Bon 77 P Zb* 3 5 1 2 n ]0(7]7’)67'7‘3”(’7’?’)2617],
=t p) (1, PV F2 ( 125040 )
J [Bun ) ;<p> + B (11, )6 (p) + B3 (1, P (p) | 1 ()
op(r,z,p) = Z Jo B3u(n,p) Zb* 3,5 1,, i T (gr)e=mnen(1p)zdy, (A20)
(2,2, 274" )
L e [Am p) < )+A2n<n, )by(p) + n(n,m 3(P)| i (an)
D; (7’, z, P) = 2 E 19471 7]/ Zb* ) 3 5 1 ]O(Wr)g*'lqn(ﬂrp)zd;//,
(il o)
4 A1n (17, )07 (P) + Bon (1, )by (p) +A3n( )by (p)| J1(an)
B:(r,z,p) = % ; 05u(,p){ “U1P) 2b:(p) 3 1,02 e 1)y Jo(r)dy
- +6A(;7, (1, )2 2’2’7;71 >
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In order to study the singularity of the stress components electric displacement, and
magnetic inductions in the poling direction, o,,, 0,, D,, and B, at the dislocation, z = 0 is

set in the related equation in Equation (A21), therefore

%m[Aln(W/P)bﬁ(P)+A2n(77/77)b§;(i7)+A3n(’7 P ()| i (an)

o (r Oy (1, r
w(n0p) =3k Jo Ol p) + 2b(*(p))/\n(v PIRE (3 2,; —1a2’72> e
n,p 2’
v Sy 37 L0000 DB (p) + a0, )y (1) + 8, ) s )
‘Tr*z(rf 0,p) = ) X fo 19371(77/ P) ’ azb*(p) 3 5 1 nh (Ur)diy,
n=1 oAl p)An(W/P)’Y%Fz(*;Z,E;—Z 2'72) a2
a4 A(Ul ) [Am(rmﬂ) 2 (P) + B2n (1, )by (p) + Ban (17, p)b (p)]h(aﬂ)
D;(I’,O, p) = E Z fO 19471(77/ p) ! Zb*( ) 3 5 1 n ]0(771’)d11,
n=l +e (17,;;) An(ﬂ,p)ﬂ%Fz<§;2 > —fasz)
V. ﬁ[ 10 (17, P)UZ (p) + Ban (17, )by (p) + Ban (17, p)b (p)] Ji(an)
B:(n0p) =3 L Jo Osu(n,p) =7 2b*( ) A, (r,02E (3 )5, 1. 2) 1 Jo(yr)dy
" An (1, p)1TR2\ 552, 55— 7077

6A(17,p)

Since the integrands in Equation (A21) are continuous functions of 1 and finite at
1 = 0, the singularity occurs while 1 tends to infinity.
Utilizing the formula presented below,

a
J aJa(bx)dx = 6‘131711:2(% 2,3;— 2b2>
0
1 a2 b2 uz
xJi(ax)Jo(bx)dx = 24 °
Of | #eE(R) b<a (A22)

j}Q5(3;2'3}—iazxz)x?’hwx)dx—u{ HAK(E) + B (5)] 7 b>a
0

s E( %) b<a

and after a lengthy analysis, the asymptotic part of the stress components, electric displace-
ment, and magnetic induction are obtained as

a r a
G (1,0p) = & SR [AT6 )+ AR p) + AT 0)] k() +a—at(y) >< ,
a2
a a ar a
0';200(7’/0/}7) — i Z ;,;;:’ZAoob*(p) T’KQSr) +1fl2 _rzE(;> r>a ’
B az—r2E(E)’ r<a ) (A23)
DI(r,0,p) = — fﬁw[ S (P) + A5y (p) + A5 (p)] K<%>+azr—r2E(g) r=a
4 A - [ 2. 3 7
et B -t )
a r
s =5 b o s -]} ") st e

a>—12 " \a

where the superscript (o) stands for the asymptotic expansion as 1 — oo and

K(k) = T[/ 2dx/ /1 — K%sin®x and E(k) = ﬂ/ /1 — K?sin2xdx are the complete elliptic
integrals of the first and second type, respectlvely. In the end, the stress components, electric
displacement, and magnetic induction at the dislocation site can be obtained by addition
and subtraction of the asymptotic terms of the stress components, electric displacement,
and magnetic induction
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19 00
(% ”’”Aln p)— R )b (p)
n 7 l90° *
0%, (r,0,p) = 0Z(r,0,p) + Zfo - 2 ’7 201, ) = <2585, ) By (p) | () Jo(irr)dn
n 7 19 *
+ 2 ’7 Asn (1,9) = 305, |03 (p)
3px o D2n(n, 3
+2 fz(p)n;fo 2((;711;7 An(y,p z<2,2 5 —fazn ]o(ﬂr)diy,
Bon (1, ) A1y (17, P) P (p)
07.(r,0,p) = 072 (r,0,p) — f°° ( Aoy | FA (1 Pby(p) |l (an) LGy
B +03, (17, p) by (p)
4 B3 (1, L 3.5 1
Xl (WM(%P) A ) F(P)E ( 25— g0 )h(nr)dm
D;(r,0,p) = i«‘ﬂ""(rop) o
(Faret) *’ég (1,p) ~ 2%, )52 (p) (a24)
! By B poo ) s
30|+ 7’7 D) o) — 205, )03(p) | wha(am) ()i
- n &
+ 4(,7’?;; (1, p) — Z=A3, )b (1)
305 () & oo San (1, 3.5 1
T 12(p>n§1 Jo m/\n(v,iﬂ)vﬁ 225 —ﬂ2’72>]0(777)d'7/
9 o\
4 (Se) J” (.9) - Ao;iln b (p)
B:(,00) = B 0p) + 3 £ S5 | +(2 2’7' )= SRS )00 whCan) o
- s, 0
+ 5(17,7;; A3fl(77 p) A3n)b*(p)

035;(;7) 2 oo U5l p) 3 3,9 1,5,
+ 12 n; fo WA”(U’P)UllCz(z’z’z _*‘1 U) >]0(77”)d77

From Equation (A24), we may observe that the stress components, electric displace-
ment, and magnetic induction exhibit the Cauchy—type singularity at dislocation locations,
ie., 07 (r,0,p)~ ria,crrz (r,0,p) ~ L, D;°(r,0,p) ~+1, and B;¥(r,0,p)~-L asr — a.

Existence of the Cauchy smgulanty in the dislocation for an infinite transversely

isotropic cylinder with prismatic and radial dislocations has also been reported by
Pourseifi et al. [45-47].

Appendix G. Kernels and Integral Equations

Applying the principle of superposition, the components of in-plane traction, electric,
and magnetic potentials at a point with coordinates (ri(s), z;), where —1 < s < 1, on the
surface of all cracks yields

| Ki(s,4,p)b2(q, p) + KiZ (5,9, p)bi(a,p) |
+HK (5,0, p)byi(a,p) + K (s, 0, p)by; (4, 1),
K3(s,q,p)b%i(q,p) + K (5,4, p)bj;(q, p)
1<23(s 9,P)by;(9, p) + K (s, 9, p)by; (4, p)
K3l(s 9, p)b3;(a,p) + K7 (5,9, p)by;(q, p)
K33(s 9,p)byi(a,p) + K3 (s, 4, p)by; (4, 1),
Ki*,l(s q,p)b;(a,p) + Ki? (.4, p)b};(q, p)
+KE (5,9, p)by;(q,p) + K (5,9, p)b3;(a,p) |

N
* 1 .
Uzz(ri(s)rzirp): lzlf_1Lj dl], i=12,...,N
]:

N
* 1 .
Urz(ri(s)rzi/p) = '21 f,l L] dq,i=12,...,N
]:
(A25)
dg,i=1,2,...,N

D (ri(s),zi,p) = jgl S L

dg,i=1,2,...,N

B; (ri(s),zi, P) = 'El ffl Lf
]:
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The kernels of the integrals in Equation (A26) are presented as:
r 4 o A ’ _ _—
Ki'(s,q,p) = EJ 21 Jo WSZH(H,P)ﬂh (xn)Jo(xm)e Mo P2,
n= 7
risgn(z; —z;) 4 A
12 _ 5%8ME %) L e An(n,p) 3,5 1, e mea(np)lz-7|
Kij (S'qu) - 12 ngl f(] A(T]/P) 19211(1’] P) (2/21 2/ 41"171 ]0(1"111)6 ]dT]/
_ 5§k e Am(p) S —
Kilj3(s,q,p) 2,00 #,P)SZH(“/P)WH (rn)Jo(rm)e ° (Mmplz=sldn,
5 & peo Aan(n,p) non(np)lzi-z
Kij'(s,a,p) = 2 2 Jo mﬁzn(n,p)nh(rjn)lo(rm)e nen(mp)la gy,
rsgn(zi —zi) 4 o A , _
Kizjl(s,q,p) _ 158 ( i 1) v fo 1n(n p)ﬁsn(ﬂfp)e nen(p)lzi—z 1|n]1(rm)]1 (rm)dﬂ,
3 2 n=1 A(WP)
5 o An(n,p) _ - 3.5 1,
22 __ MPn(M.P)1Zi—7| 137, (1 S S
Kl] (S'qu) 12n§1 f() A(n/p) 83n(n1p)e ]ﬂ ]1(r1ﬂ1)F2 2/2/ 2/ 41']1'1 dn/
23 _ 5sgn(zi—7) & Agn(n,p) —npn(np)lzi—z|
Ki'(s,q.p) = = Jo W%n(ﬂzp)e NeaPIZ=Z 0], (rm)]; (rn) dn,
rnsgn(zi —zi) 4 o A , _ N
K%4(S,qu) — ,M y Mﬁan(n,p)e nen(MP)lE—5lr (g, (rjn)dn,
ZAA : n )1 A(n,p) (A26)
] [e0] 7 — 7.
K%l(s,qlp) —J E f In an; 9an(n,p)e nea(n.p)lzi Zl‘ﬂ]o(rin)h@jﬂ)dﬂ,
r3sgn(z z) 4 A
2 _ i e An(1,P) —N0nlzi 5l 37 (r. 3,3 1,02
Kl] (S/q/p) - 12 nzl fO A(ﬂ,p) 194n(n/p)e 'm ]O(rlnl>F2 2/2/ 2/ 41’JT1 dn/
5] oo Aon(M, _ R
K¥(s,q.p) = 3 Z o Mfs)mn(mp)e nen(MPIZ=Z g (rm)T; () dn,
4 _1"]‘ o A3n(n,P) —non(np)|zi—z
Kg (s,q.p) = 2 21 0 Ar(ln,p) dun(m, p)e NP (VPIZ~Zilng 0 ()T, (rm)dn,
r 4 IS A , _ 7 —7;
Ki'(s,qp) =3 L [y M19511(11,p)e PaMPIZ g (rm)T; () dn,
231’1:1( A(;mp)
rsgnlzi —z) 4 An(n,p) _ . 3.5 1
) _ ) n\1, P nPnlzi—7l 337 (1 2.9 2. _Zp22
K]] (S/ q;P) 12 nzl f() A(ﬂ,P) 195n(ﬂzp)e ’'m ]O(rlnl)F2<2/2/ 2/ 41"]1’1 )dTI,
T [e0] A 7 — 7.
K& (s,q.p) = > Z o zng]pli)%n(n,p)e en(MPIZ 7l (1), () dn,
oo Azn(M, _ R
Kij'(s,.ap) = g Z Jo Mp};)f}sn(n,p)e nenP) %zl o (k)T (rn ) dn.

Based on Buckner’s principle [40], the problem simplifies to one of characterizing

the distribution of generalized dynamic dislocations, which generates in-plane tractions

along the crack-line, equal and opposite to those produced by the applied loads, so that the

crack faces remain traction-free. The equations for the crack opening displacement and the

electric and magnetic potentials across the j-th axisymmetric planar crack are as follows

(s, p) —uy (s,p) = [y Ly b%(q,p)da
(s, p) —ui (s,p) = [°4 Ly bi(q,p)dq
Y (s,p) =7 (s,p) = [y Ly by;(q, p)dg
¢ (s,p) =97 (s,p) = [°1 L by(a,p)dg,  j=1,2...,N

(A27)
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The closure requirement must be satisfied to ensure the field is single-valued. Accord-
ingly, Equation (A28) describes these requirements for j-th annular crack

fl L b;(q,;ﬂ)dq =0

f L] r] p)dq =0 (A28)
Jh L b¢,<q, p)dq =0
J1L Ly bi(a, p)dg =0, j=12,...,N

To calculate the dislocation densities on a crack face, the Equations (A25) and (A28)
should be solved simultaneously. The numerical inversion of the Laplace transform
is accomplished through Stehfest’s technique [41]. This approach was utilized by sev-
eral researchers to analyze dynamic crack problems. A time dependent function f(t) is

approximated as
( In2 )

), M is an even number, and the coefficients

M

In2
NTZ

=1
where F(.) denotes the Laplace transform of f(t

(A29)

are expressed as

M min(Mn) M
SRS R S — ) (A30)
Cat1 (—j)!j!(j—1)!(n—j)!(2j—n)!
=l > ]\ 2

[.] indicates the integer part of the quantity. Considering Equation (A30) the eval-
uation of f(t) at the specific time instant t requires the calculations of F(s) at M points

p= (lnz)n n € {1,2,..,M}. According to the relationships (A25) and (A28) one can write

0’ p—
b In2 In2 . In2
At K( i ) (o En) e (oo En)(oEn) |
L)L n In? In2 In2 B 1= LSy
=1 13 * ohe 14 e * =
] i +K1] (s,q, ; n>b¢j<q, ; n> —|—Kl-]- (s,q, ; n>b¢j<q, ; n) ]
. In2
o, ri(s),zl,Tn =
i In2 \ ., In2 L In2
gfl . Ki2j1 5,0~ )b (q, )-I-KZZ].Z(S q,— )b (q,tn> P N
) _1 ] q/ l: 7 4 7
j=1 _|_1<l,2,3 (S,q/ZnZ >b* <q, n2 >+K24 (S,q,lzn>b*.<q,mn)
j t i t ¢ t
- 1 (A31)
;(7’1‘(5)121, t”) =
[ In2 In2 In2 In2
oL L R
2 )1t 2 \,, ( In2 2\, [ In2 e
j=1 +K?]3 (S/q/ tn>bll7] (q tn) —|—K;3}4 (S/q/ tn>b¢] (q, tn)
- In2 i
B; T’Z(S),Zl,tl’l> =
i In2 In2 n2 \ ., [ In2
g fl ! K?]l S,q, )l’)"< <q/ tn> +K;1]2 <S q, >l’7 (q, tn) d . s N
21 h m2 \., ( I3 2 \ ., [ In2 L A
j=1 +K;1j3 (S/QI ; )b (q, t?’l) +K;1]4 (S,q, Tl) b¢] (q, t?’l)
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and,
l ] z; (q nT ) =0
n2
f L; by; (‘7 t ) =0 (A32)
(9 4n)dg =0
] ll’]
j L b;]( ,”Tn)dq 0,
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