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Preface

Issues of regulation and control are central to the study of biological and biochemi-

cal systems. The maintenance of cellular behaviors and the appropriate response to

environmental signals can only be achieved by systems that are robust to certain per-

turbations and sensitive to others. Because these behaviors demand the use of feed-

back, it is natural to expect that the tools of feedback control theory, which were

developed to analyze and design self-regulating systems, would be useful in the study

of these biological mechanisms. Indeed, the application of control-theoretic tools to

biochemical systems is currently an area of burgeoning interest.

The application of control theory to biological systems has a long history, dating

back more than 60 years. The mathematician Norbert Wiener, through his pioneer-

ing work on cybernetics, saw a set of problems, common to both ‘‘the machine’’ and

‘‘living tissue,’’ centered around questions of communication and control (Wiener,

1948). Subsequent work dealt with attempts to understand human physiology. For

example, in their influential 1954 paper, Fred Grodins and colleagues discussed the

response of the respiratory system to CO2 inhalation as a feedback regulator, using

electrical circuit analogs. Representative references include Bayliss (1966), Grodins

(1963), Kalmus (1966), and Milhorn (1966).

The current spate of research activity di¤ers from previous e¤orts in a number of

respects. First, the focus is on cell physiology. Our understanding of the molecular

mechanisms by which a cell operates has advanced dramatically over the last quarter

century; we now have a solid characterization of the chemical basis for the cell’s abil-

ity to regulate its behavior. Second, in recent years, biologists have developed exper-

imental techniques that have opened up new opportunities for investigating cellular

behavior. Traditional molecular biology techniques are restricted to measurements

of only a few variables at a time. Using new ‘‘high-throughput’’ technologies,

researchers can now take hundreds or even thousands of measurements simultane-

ously, allowing them to investigate system-wide behavior. Moreover, many of these

techniques provide quantitative measurements of time-series data—crucial to an

understanding of dynamics. These developments have enabled the development of



accurate mathematical models of cellular mechanisms based on physicochemical

laws and falsifiable by experimentation. It is these experimental developments that

have ushered in systems biology as a ‘‘new’’ field devoted to systems-inspired analysis

of cellular biology (Ideker et al., 2001; Kitano, 2001, 2002).

This type of interdisciplinary work requires knowledge of the results, tools and

techniques of another discipline, as well as an understanding of the culture of an un-

familiar research community.

Our primary objective is to present control-theoretic research in an accessible man-

ner. Although readers are presumed to have some familiarity with calculus and dif-

ferential equations, they need have no specific knowledge of control theory. We

present the necessary concepts from dynamical systems and control theory in chapter

1, which introduces ordinary di¤erential equation–based modeling and should allow

theoretically inclined life scientists to follow the rest of the volume. Because it covers

standard material, readers from the mathematical sciences may wish to skip this

introduction.

The next two chapters introduce alternative modeling frameworks. In chapter 2,

Mustafa Khammash introduces stochastic modeling, used to address the probabilis-

tic nature of processes. In chapter 3, Pablo Iglesias introduces partial di¤erential

equation–based modeling, used to address dynamic processes where spatial localiza-

tion is significant.

Chapters 3 through 14 sample a wide variety of applications of control theory

to molecular systems biology. In chapter 4, Simone Frey, Olaf Wolkenhauer, and

Thomas Millat show how measures of dynamic behavior, central to control engineer-

ing, can be used to study cell signaling systems. The next chapters discuss modular-

ity, a key concept in control, with Hana El-Samad demonstrating an analysis of the

bacterial heat-shock response as a modular controller in chapter 5, and Domitilla

Del Vecchio and Eduardo Sontag presenting a treatment of ‘‘retroactivity to inter-

connections,’’ a feature that threatens our ability to apply modular thinking to cell

biology, in chapter 6. David Angeli and Eduardo Sontag adopt a modular approach

to dynamics in chapter 7 by applying graph-theoretic and stoichiometric ideas to in-

terpret complex biochemical systems as compositions of dynamically simple building

blocks. Further exploring network stoichiometry in chapter 8, Brian Ingalls discusses

its implications for sensitivity analysis.

That feedback loops can be used to reduce sensitivity is a foundational concept in

control engineering. Harold Black invented the negative feedback amplifier in 1927

as a means of decreasing the sensitivity of the telephone network to nonlinearities in

the underlying components. In the 1980s, there was renewed interest in techniques

for analyzing the sensitivity of systems and for designing systems that are insensitive

or robust to uncertainties. Robustness, most often framed in the context of homeosta-

sis (Cannon, 1932), is also a central concept in biology. Much of the recent interest in
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the robustness of biological systems by biologists and control engineers alike was

spurred by the theoretical (Barkai and Leibler, 1997) and experimental (Alon et al.,

1999) work of Stan Leibler and colleagues. Not surprisingly, the use of control-

theoretic tools to study robustness and sensitivity is the topic of several chapters in

this volume. In chapter 9, Jason Shoemaker, Peter Chang, Eric Kwei, Stephanie Tay-

lor, and Frank Doyle discuss sensitivity analysis and present a number of techniques,

some from robust control theory, for addressing robustness of cellular networks.

Reporting on a number of biological case studies in chapter 10, Camilla Trané and

Elling Jacobsen further expand on the use of robust control techniques. And in chap-

ter 11, Jongrae Kim and Declan Bates take a robust control approach to the robust-

ness of oscillatory behavior, using oscillations in the social amoeba Dictyostelium as

an illustrative example.

The final three chapters concern themselves with network identification. In

chapter 12, David Thorsley and Eric Klavins take up the analysis of stochastic

models, demonstrating a powerful technique for model comparison and model cal-

ibration. In chapter 13, Jorge Gonçalves and Sean Warnick then discuss network

reconstruction—the derivation of a system ‘‘wiring diagram’’ from input-output

data. Finally, Dirk Fey, Rolf Findeisen, and Eric Bullinger consider the closely re-

lated task of calibrating model parameters from experimental data, presenting a

novel observer-based design, in chapter 14.

We hope these chapters, which range from surveys of established material to pre-

sentation of current developments will provide readers with a useful overview of re-

cent control-theoretic studies in systems biology, an appreciation of the biological

insights such studies can provide, and perhaps even the inspiration to join us in the

continuing task of unraveling the complexities of biological regulation and control.

We want to thank those without whose help this project would not have reached

fruition. First and foremost, the contributors for their excellent chapters and for

dealing with numerous requests for revisions in a timely manner. Second, Bob Prior

at the MIT Press for his phenomenal encouragement. Bob has been a supporter of

the systems biology community for more than a decade. It was at his urging that

we undertook this work. And last, but most important, we thank our families—

Elizabeth, Vicente, Miguel, Angie, Logan, Alexa, Sophia, and Ruby—for the pa-

tience they have shown. To them, we dedicate this book.
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1A Primer on Control Engineering

Brian P. Ingalls and Pablo A. Iglesias

The field of control engineering grew out of the need to analyze and design regula-

tory mechanisms. To meet this need, a vast array of mathematical tools has been

developed. Because of the conceptual similarities between engineering and biological

regulatory mechanisms, it is not surprising that these tools are now being used to an-

alyze biochemical and genetic networks. Control Theory and Systems Biology brings

together some examples of this work. This chapter introduces background material

that will be helpful in reading the chapters to follow.

1.1 System Modeling

The current volume addresses the dynamic behavior of biochemical and genetic net-

works. This time-varying behavior is often left implicit in the cartoon models of bio-

logical networks that are standard in the biological literature. Though such models

are static, they typically attempt to describe interactions that evolve over time. For

example, the activation of a transcription factor does not lead to an immediate in-

crease in the target protein, but instead produces this e¤ect through a sequence of

events, each of which unfolds on a particular time scale. Our descriptions of these

interactions indicate how the rate of a process, such as expression, degradation,

phosphorylation, or cleavage, depends on the availability of an a¤ector species, such

as a transcription factor, metabolite, or enzyme.

1.2 Di¤erential Equation Description of Biochemical Reaction Networks

The most successful way to describe quantitatively dynamic processes is with models

based on di¤erential equations. The simplest such models, consisting of ordinary dif-

ferential equations (ODEs), can be applied to biochemical networks only under two

key assumptions, however.



The first assumption, called the continuum hypothesis, allows us to measure species

abundance as a continuously changing concentration rather than a discrete number

of molecules. This is usually considered a valid assumption provided the number of

molecules is not less than about 1,000 (corresponding to a concentration of about 10

nM in a cell of volume of 0.1 picoliter). If the number drops well below 1,000, it is

advisable to use a formalism that allows a discrete measure of the molecule number

and that captures the randomness that is significant on this scale. Such stochastic

methods are the subject of chapter 2.

The second required assumption is that the reactants find one another immediately

and equally, the so-called well-mixed assumption. This is valid provided that the time

scale of the process under investigation is longer than the time scale of di¤usion of its

components. This second assumption can be relaxed through the use of partial di¤er-

ential equations, which are introduced in chapter 3.

Under these assumptions, each of the interactions in a cartoon model such as the

one illustrated in figure 1.1 can be characterized by an appropriate mathematical for-

malism (for example, mass-action or Michaelis-Menten kinetics) and these terms can

be combined into a description of the rate of change of the abundance (that is, con-

centration) of the various species in the model.

In general, given a network with n interacting components, we denote their respec-

tive concentrations by si, for i ¼ 1; . . . ; n. We organize these into a vector:

sðtÞ ¼
s1ðtÞ
..
.

snðtÞ

2
664

3
775:

(In this volume, the shorthand notation s A Rn will sometimes be used to indicate

that s is a vector with n components.) Given a vector-valued function f ¼ ½ f1 . . . fn�T

Figure 1.1
Hypothetical biochemical pathway. Molecules of two interacting species, S1 and S2, are produced with
rates k1 and k2 nMh�1 and are degraded at rates k�1 and k�2 h�1. Interconversion between the two species
occurs at rates k3 and k�3 nMh�1. Finally, species S1 inhibits the formation of S2 (dashed line).
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whose components describe the rate of change of the concentration of each species

the system dynamics can be described by a di¤erential equation of the form

_ssðtÞ ¼ d

dt
sðtÞ ¼ f ðsðtÞÞ: ð1:1Þ

(Both the Leibniz d
dt

� �
and Newtonian ‘‘overdot’’ ð _ssÞ notation for time derivative will

be used.) The vector sðtÞ of concentrations is referred to as the state of the system

and can be interpreted as the system’s memory: together with the di¤erential equa-

tion (1.1), knowledge of the state at any given time t0 allows us to determine the be-

havior of the system for all future time tb t0.

Example Consider the biochemical system shown in figure 1.1. Denoting the con-

centrations of S1 and S2 by s1 and s2, respectively, the system is described by the fol-

lowing two di¤erential equations:

d

dt
s1ðtÞ ¼ k1 þ k3s2ðtÞ � ðk�1 þ k�3Þs1ðtÞ; ð1:2aÞ

d

dt
s2ðtÞ ¼ k2

1þ k4s
q
1 ðtÞ
þ k�3s1ðtÞ � ðk�2 þ k3Þs2ðtÞ: ð1:2bÞ

We can represent this system with

s ¼ s1

s2

� �
; and f ðsÞ ¼ f1ðs1; s2Þ

f2ðs1; s2Þ

" #
¼

k1 þ k3s2 � ðk�1 þ k�3Þs1
k2

1þ k4s
q
1

þ k�3s1 � ðk�2 þ k3Þs2

2
64

3
75: n

In nearly all cases of interest, the function f does not depend linearly on the state s,

in which case the vector equation (1.1) is known as a set of nonlinear di¤erential

equations. Although, in general, it is not possible to obtain explicit solutions to such

nonlinear equations, the evolution of the system from particular initial states can be

simulated numerically using generic packages such as Matlab or Mathematica, or

programs tailored to biological systems (reviewed by Alves et al. 2006). Alterna-

tively, features of the system behavior can be analyzed directly from the di¤erential

equations, as will be illustrated below.

The points s satisfying

f ðsÞ ¼ 0

are fixed points of the system and are referred to as steady states or (mathematical)

equilibria. Note that the term ‘‘steady state’’ is also used to describe persistent dy-

namic behaviors such as limit cycle oscillations, discussed below.

A Primer on Control Engineering 3



1.2.1 Phase-Plane Analysis

Figure 1.2a shows how system behavior is typically visualized by plotting the concen-

trations of the two species (s1 and s2) as functions of time, which is consistent with

an experimental time course. An alternative approach is to plot the time-varying be-

havior on the s1-s2 plane, which is referred to as the phase plane. These plots, called

phase portraits cannot be generated for systems with more than two (or three) spe-

cies. Nevertheless, the enhanced understanding they provide in these cases leads to

valuable insights into more complex networks.

As an example, figure 1.2b shows precisely the same behavior as in figure 1.2a: the

system starts from initial condition ðs1; s2Þ ¼ ð0; 0Þ and converges to the steady state

ðs1; s2ÞAð5:53; 3:37Þ; the plot emphasizes the time-varying relationship between the

two variables, but de-emphasizes the relationship with the time variable t itself. In-

deed, although each point on the curve corresponds to the value ðs1ðtÞ; s2ðtÞÞ at a
particular time instant t, the only time points that can be easily identified are at

t ¼ 0 (where the curve starts) and the longtime behavior t!y (where the curve

ends).

In figure 1.3, the time courses (or trajectories) corresponding to a number of di¤er-

ent initial conditions are displayed simultaneously. The trajectories begin at di¤erent

Figure 1.2
Evolution of the system described by equation (1.2). (a) The time-varying nature of the concentrations is
emphasized by plotting each species concentration as a function of time, t. (b) The relationship between the
concentrations of the two species is emphasized by plotting them in the s1-s2 plane. The curve starts at the
initial condition and continues until it reaches an equilibrium. The arrowhead indicates progression with
time. The turning points are instances where the phase plot changes direction. Parameters used are k1 ¼ 1
nM h�1, k�1 ¼ 1 h�1, k2 ¼ 20 nM h�1, k�2 ¼ 1 h�1, k3 ¼ 2 h�1, k�3 ¼ 0:4 h�1, k4 ¼ 0:05 nM�1, and
q ¼ 2.
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initial points in the s1-s2 plane and all end (in this case) at the steady state ðs1; s2Þ. By
capturing the behavior of multiple trajectories simultaneously, this single figure pro-

vides an overall impression of how the system behaves which would be di‰cult to

achieve with a time-series plot.

An alternative to drawing many trajectories is to use short arrows to indicate the

direction of motion at each point. The resulting plot, as shown in figure 1.4, is re-

ferred to as a vector field (or direction field ). The trajectories lie parallel to (i.e.,

tangent to) the vector field at each point, and so can be constructed directly by ‘‘con-

necting the arrows.’’ It is sometime useful to consider the analogy with particles sus-

pended in a flowing fluid. The vector field describes the direction of motion of the

fluid. The trajectories are the paths suspended particles would traverse as they are

carried along with the flow.

The direction field can be derived directly from the di¤erential equations—no ex-

plicit solution is needed. For a generic system involving two species s1 and s2,

Figure 1.3
Phase-plane plot for the system of figure 1.1. Each trajectory begins at a di¤erent initial condition. Note
that the trajectories cannot intersect; they can only come together at equilibria.
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d

dt
s1ðtÞ ¼ f1ðs1ðtÞ; s2ðtÞÞ;

d

dt
s2ðtÞ ¼ f2ðs1ðtÞ; s2ðtÞÞ;

the slope of the ðs1; s2Þ trajectory at any point is

ds2
ds1
¼ ds2=dt

ds1=dt
¼ f2ðs1; s2Þ

f1ðs1; s2Þ :

An arrow is drawn with this slope at each point. (If the denominator in this quotient

is zero, then the arrow has an infinite slope, meaning that it points straight up or

down.)

A key feature of the phase portrait is the set of points at which the trajectories

‘‘turn around,’’ that is, change their direction with respect to one of the axes. These

Figure 1.4
Vector field for the system defined by equation (1.2). The trajectories lie parallel to the arrows.
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are the points at which one of the two variables s1ðtÞ or s2ðtÞ reaches a maximum or

minimum, as shown in figure 1.2a. In this case, the maximum in s2 occurs at time

tA0:61 h, at which point the concentrations are ðs1; s2ÞAð3:46; 4:75Þ. Similarly, a

maximum occurs in s1 at time tA1:85 h, at which point the concentrations are

ðs1; s2ÞAð5:63; 3:42Þ. These points can be identified on the same trajectory in the

phase plane, as shown in figure 1.2b.

Turning points occur whenever the phase plane trajectory is directed either

1. vertically (vector points up or down): d
dt s1 ¼ 0; or

2. horizontally (vector points left or right): d
dt s2 ¼ 0.

The set of points ðs1; s2Þ where the trajectory is vertical satisfies f1ðs1; s2Þ ¼ 0, which

defines the s1-nullcline of the system. Likewise, the equation f2ðs1; s2Þ ¼ 0 defines the

s2-nullcline. Figure 1.5 shows the nullclines for the system described by equation (1.2)

along with a few trajectories and the vector field.

Figure 1.5
Trajectories for the system change direction as they cross the nullclines (dotted lines). Note also that the
vector field points vertically on the s1-nullcline and horizontally on the s2-nullcline.
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It is clear in figure 1.5 that the end point of the trajectories is marked by the inter-

section of the two nullclines. Note that the points ðs1; s2Þ where the nullclines inter-

sect satisfy f1ðs1; s2Þ ¼ f2ðs1; s2Þ ¼ 0 and thus are the equilibria of the system.

Because the nullclines can be generated without solving the di¤erential equations,

they allow direct insight into the dynamic behavior. This type of shortcut is a recur-

ring theme in the analysis of dynamical systems.

1.3 Linear Systems and Linearization

If the function f in equation (1.1) is linear in s, then the system can be written in the

form

d

dt
sðtÞ ¼ AsðtÞ; ð1:3Þ

where A is an n� n matrix.

The assumption of linearity greatly simplifies the analysis of the system. In partic-

ular, analytic expressions for the solution of the di¤erential equations are now avail-

able. In this case, the solution takes the form

sðtÞ ¼ eAðt�t0Þsðt0Þ;
where eA is the matrix exponential (Rugh, 1996).

Unfortunately, except for the simplest of systems, linear models are inappropriate

for describing biochemical or genetic networks. Nevertheless, linear analysis can be

used to understand the behavior of a nonlinear system in regions of the state space

that are near a steady state s, as shown next. We approximate the function f in equa-

tion (1.1) by a linear function that coincides with f at the steady state:

f ðsÞA f ðsÞ þ qf

qs
ðs� sÞ: ð1:4Þ

This approximation represents the first two terms in the Taylor series expansion of f .

The matrix

A ¼ qf

qs

is known as the Jacobian of the system. If s (and hence f ) has n components, then the

Jacobian is an n� n matrix where the i; jth element is the partial derivative of the ith

component of f with respect to the jth element of s, evaluated at the steady state s:

ai; j ¼ qfiðsÞ
qsj

����
s¼s

:
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We introduce an auxiliary variable xðtÞ, which represents the deviation of the spe-

cies concentrations from their steady-state values:

xðtÞ ¼ sðtÞ � s:

Then, because

d

dt
xðtÞ ¼ d

dt
sðtÞ � 0;

and f ðsÞ ¼ 0, the system (1.1) can be rewritten as

d

dt
xðtÞ ¼ d

dt
sðtÞ ¼ f ðsðtÞÞA f ðsÞ þ qf

qs
ðsðtÞ � sÞ ¼ AxðtÞ;

that is,

d

dt
xðtÞ ¼ AxðtÞ: ð1:5Þ

This is referred to as the linearization of equation (1.1).

Figure 1.6
Phase portrait around a stable equilibrium for a nonlinear system (solid lines) and the linearization (dotted
lines).
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The behavior of the linearized system (1.5) can provide considerable information

about the nonlinear model (1.1). In particular, if the matrix A has no eigenvalues

with zero real part and certain other technical conditions hold, then the behavior of

the linear and nonlinear systems agrees whenever the trajectories remain near the

equilibrium (Hartman, 1963; see figure 1.6 for an example).

Thus the linearization describes the qualitative behavior of the system when the

state variables remain ‘‘close’’ to the equilibrium. Although there are results that

give precise bounds on the error made in this approximation, they are generally in-

tractable; we will not pursue them here. Because regulated systems often have the

property that the state remains near the equilibrium, this approximation provides

the central basis for many of the tools of control engineering.

1.4 Stability

The concept of stability is central to the analysis of dynamical systems. Depending

on the particular type of system—for example, whether it is linear or nonlinear,

whether it has inputs or not—there are numerous definitions of what it means for a

system to be stable. In all cases, however, the general idea is that systems are stable if

small perturbations, whether in the initial condition or due to external stimuli, do not

give rise to large sustained changes in the behavior of the system.

Turning to stability in the context of the nonlinear system

d

dt
xðtÞ ¼ f ðxðtÞÞ;

let us suppose that the system has an equilibrium s. We say that the equilibrium is

stable if every initial condition s0 that is near s gives rise to trajectories that stay close

to the equilibrium. A precise definition of what it means to be close involves so-called

d-� arguments (Khalil, 2002), which we will avoid here.

Note that stability does not specifically require that the trajectory tend to the equi-

librium as t!y, a separate property known as attractivity. When an equilibrium is

both stable and attractive, we say that it is asymptotically stable. Because, in practice,

it is rare for an equilibrium to be stable but not asymptotically stable (the case of

marginal or neutral stability), in the computational biological community the two

terms are often used interchangeably. Where an equilibrium is unstable, nearby tra-

jectories will diverge from the steady state (figure 1.7).

It should be emphasized that stability is not a property of a system but rather of

particular steady states. Nonlinear systems can have multiple equilibria, with varying

stability properties (see chapter 7). In general, all linear systems have a single equilib-
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rium (at the origin) and so the term ‘‘stable system’’ is sometimes used to describe a

linear system for which this equilibrium is stable.

In a standard analogy, stable and unstable states are likened to the valleys and hill

tops of an undulating topography (figure 1.8). The valley bottoms represents stable

equilibria: small perturbations will not let a ball escape and, in the presence of fric-

tion, the ball will return to a resting state at the bottom of the valley. Alternatively,

the peak of a hill represents an unstable equilibrium: any disturbance will make a

ball accelerate away from its rest state. A topography with two valleys would corre-

spond to a bistable system. In this case, we can assign to each stable steady state a

basin of attraction, which is the region in the phase space from which trajectories

approach this point. The dividing line between the two is referred to as a separatrix.

Figure 1.7
Two equilibria, one stable and the other unstable. Trajectories move away from the unstable and toward
the stable equilibrium.

Figure 1.8
Stability and instability of equilibria likened to the behavior of balls on an undulating slope. For balls roll-
ing on the slope depicted here, there are three possible equilibria, corresponding to the valley bottoms (sta-
ble) and the top of the hill (unstable). A ball balanced perfectly on the top of the hill (B) will remain there,
but the slightest perturbation will cause it to roll away. Conversely, a ball in a valley bottom (A or C), if
displaced by a small amount, will return to its resting place.
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1.4.1 Determining Stability for Linear Systems

How can we determine the stability of an equilibrium? For simple systems, we could

draw the vector field and observe the direction of the arrows. For a more generally

applicable method, however, let us first consider the linear case, where n linear di¤er-

ential equations are written in matrix form:

d

dt
xðtÞ ¼ AxðtÞ:

As mentioned earlier, the solution, given an initial state xð0Þ ¼ x0, is

xðtÞ ¼ eAtx0;

which can be expanded in the form

eAtx0 ¼ a1e
l1tv1 þ � � � þ ane

lntvn; ð1:6Þ
where the constants ai depend on the initial condition x0, the li are the eigenvalues of

the matrix A, and the vi are the associated eigenvectors. We have assumed that the

matrix A has n distinct eigenvalues, which is typically the case. The main stability

results stated here hold in the general case (for more detailed discussions, see Rugh,

1996; Khalil, 2002).

Eigenvalues and Singular Values

The n eigenvalues of an n� n square matrix provide a valuable summary of the over-

all matrix structure and are used in a wide array of application areas (Horn and

Johnson, 1985). The eigenvalues of a matrix A are the solutions l of the characteris-

tic equation detðlI � AÞ ¼ 0. In the case of the 2� 2 matrix

A ¼ a11 a12

a21 a22

� �
;

the characteristic equation is quadratic:

l2 � ða11 þ a22Þlþ ða11a22 � a12a21Þ:
Readers may recall that a11 þ a22 and a11a22 � a12a21 are the trace and determinant

of the matrix A, respectively. Thus, in this case, the eigenvalues can be written explic-

itly in terms of these two values:

l1;2 ¼ 1

2
traceðAÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
traceðAÞ2 � 4 detðAÞ

q� 	
:

12 Brian P. Ingalls and Pablo A. Iglesias



For larger matrices, the characteristic equation is less tractable, and iterative numeri-

cal methods are typically employed to find eigenvalues. Closely related to the notion

of eigenvalues are the singular values, which also provide a ‘‘summary’’ of a matrix.

The singular values of an n�m matrix A are defined as the square roots of the eigen-

values of the square matrix ATA. Although, in special cases, the singular values of a

square matrix coincide with its eigenvalues, they generally provide a di¤erent mea-

sure of matrix properties. Singular values will be used to address system robustness

in chapters 9, 10, and 11.

Stability Criteria

The stability of the linear system depends on the behavior of the time-varying terms

eli t that appear in the solution (1.6). In general, eigenvalues are complex numbers;

thus we write

lk ¼ sk þ jok;

where j ¼ ffiffiffiffiffiffiffi�1p
. (Note, outside of engineering, the more common notation is

i ¼ ffiffiffiffiffiffiffi�1p
.) Recalling Euler’s formula for the exponential of a complex number:

eðsþojÞt ¼ estðcosðotÞ þ j sinðotÞÞ;
we see that the term elktvk will decay to zero asymptotically if and only if the real

part of the eigenvalue ðskÞ is strictly less than zero. If this is true for all eigenvalues

of A, then all solutions tend to zero, and the system is asymptotically stable. In this

case the matrix A is called Hurwitz. Similarly, we say that the polynomial

ln þ an�1ln�1 þ � � � þ a1lþ a0 ¼ 0

is Hurwitz if all the roots have negative real parts.

Alternatively, if any of the eigenvalues has real part sj greater than zero, then

some trajectories will grow exponentially, thus the origin is unstable. Finally, in the

special case that some of the eigenvalues have real part exactly equal to zero, the

origin cannot be asymptotically stable. It may, however, be (neutrally) stable.

1.4.2 Determining Stability for Nonlinear Systems

We now consider the stability of an equilibrium s of the nonlinear system

d

dt
sðtÞ ¼ f ðsðtÞÞ: ð1:7Þ

In this case, the stability properties of an equilibrium need to be characterized as

local or global. An equilibrium is globally (asymptotically) stable if all trajectories
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converge to it, no matter what the initial condition (clearly this can only happen if

there is a unique equilibrium), whereas it is locally stable if trajectories must start in

some neighborhood of the equilibrium. In the special case of linear systems, global

stability is implied by local stability.

To determine the local stability properties of an equilibrium, it is enough to con-

sider the stability properties of the system’s linearization. In particular, an equilib-

rium of equation (1.7) is asymptotically stable if all the eigenvalues of the Jacobian,

evaluated at the equilibrium, have negative real part. Conversely, the equilibrium is

unstable if the Jacobian has an eigenvalue with positive real part. If the linearization

is stable but not asymptotically stable (implying that the Jacobian has eigenvalues on

the imaginary axis), then we can draw no conclusion about the stability of the non-

linear system from the linearized analysis.

The characterization of local stability through linearization is known as Lyapu-

nov’s indirect method, named after the nineteenth-century Russian mathematician

Aleksandr Mikhailovich Lyapunov, who developed many of the early concepts of

stability. Lyapunov also provided tests of global stability that can be applied to non-

linear systems. In particular, suppose that a real-valued function VðsÞ exists such that

1: VðsÞb 0 for all s and VðsÞ ¼ 0 if and only if s ¼ 0; and

2:
dVðsðtÞÞ

dt
< 0;

that is, the value of V decreases along trajectories, then the equilibrium is locally

asymptotically stable. If a third condition is also satisfied:

3: VðsÞ !y as ksk !y;

then the equilibrium is globally asymptotically stable.

The function V is known as a Lyapunov function. Because energy dissipates

through friction, it can be taken as a Lyapunov function when modeling mechanical

systems. For biological systems, however, there is no obvious way of choosing a suit-

able Lyapunov function.

1.5 Oscillatory Behavior

Thus far, our analysis of long-term (asymptotic) behavior has been restricted to

fixed-point steady states. We now extend our discussion to systems that give rise to

persistent, oscillatory dynamics. Oscillatory systems are commonplace in biology,

and there are numerous treatises dealing with them (see, for example, Goldbeter,

1996, and the references therein). As an example, we consider a simple metabolic

model, illustrated in figure 1.9. This scheme is motivated by the ‘‘turbocharged’’ posi-
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tive feedback aspect of the glycolytic chain in which the ATP output is used to pro-

duce more ATP (Teusink et al., 1998).

The potential for oscillations can be inferred from the model structure: the con-

centration of species S2 builds up, causing further buildup until the pool of S1 is

depleted. The S2 level then crashes until more S1 is available, and so on. Although

this intuitive argument indicates the potential for oscillatory behavior, it cannot pre-

dict the conditions under which oscillations will occur.

The equations describing the system are given by

d

dt
s1ðtÞ ¼ v0 � k1s1ðtÞð1þ k3s

q
2 ðtÞÞ; ð1:8aÞ

d

dt
s2ðtÞ ¼ k1s1ðtÞð1þ k3s

q
2 ðtÞÞ � k2s2ðtÞ: ð1:8bÞ

The system can exhibit stable behavior as shown in figure 1.10: both species concen-

trations converge to steady state. This same behavior can be observed over a wide

range of initial conditions, as shown in the phase portrait, which indicates that there

is a single steady state.

Note that the trajectories seem to be spiraling in as they approach the steady state.

That behavior, apparent in the damped oscillations seen in the time-domain descrip-

tion, indicates that the system is somehow close to oscillatory behavior. Increasing

the nonlinearity in the model leads to the sustained oscillatory behavior seen in figure

1.11a. Considering the accompanying phase portrait in figure 1.11b, we see that the

trajectories are attracted to a cyclic track, called a limit cycle. When we compare this

phase portrait with the one corresponding to the steady state (figure 1.10b), we see

that the nullclines’ structure has not changed significantly. What has changed is the

stability of the single steady state, which is now unstable. For two-dimensional sys-

tems, there is a useful result known as the Poincaré-Bendixson theorem which guar-

antees the existence of a limit cycle in a case like this. With no stable equilibrium

points and all trajectories bounded, the trajectories have to go somewhere, and a limit

Figure 1.9
System involving positive feedback. Examples of such systems are found in catabolic pathways in which
the first step involves coupling of ATP hydrolysis to activation of a substrate. Downstream, conversion of
the substrate into product generates a surplus of ATP, which increases the available activated substrate
(Teusink et al., 1998).
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Figure 1.10
Time-domain (a) and phase-plane (b) plot of the system of figure 1.9, described by equation (1.8). Param-
eter values used are v0 ¼ 8, k1 ¼ 1, k2 ¼ 5, k3 ¼ 1 and q ¼ 2.

Figure 1.11
Time-domain (a) and phase-plane (b) plot of the system of figure 1.9, described by equation (1.8). The
parameter values used are the same as in figure 1.10 except that the feedback strength has been increased
to q ¼ 3. This increase leads to sustained oscillatory behavior. In the phase plane, this can be seen as a
closed curve.
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cycle is the only remaining option (Khalil, 2002). Here we also see that the qualitative

behavior of the system changes as the parameter values shift. The nature of those

changes can be understood through bifurcation analysis.

1.6 Bifurcations

An important question when studying dynamical systems is whether the dynamic be-

havior of the system is retained as the system parameters change. This is of particular

interest in biological systems, where the parameters may represent variables such as

enzyme concentrations that are likely to vary significantly from one cell to another.

When a system’s properties do not undergo significant qualitative changes, we say

that the system is robust or structurally stable. Robustness is the topic of chapters 9,

10, and 11. When qualitative changes do occur—for example, a stable equilibrium

becomes unstable, or the system acquires a new equilibrium point—the system is

said to undergo a bifurcation.

1.6.1 Bifurcation Diagrams

One way of studying bifurcations is by plotting the location and nature of the sys-

tem’s equilibria as a function of a parameter. These plots, which correspond to ex-

perimental dose-response curves, are known as continuation diagrams. Bifurcations

occur at the points on a continuation diagram where a major change takes place.

The specific value of the parameter where the change occurs is the bifurcation point.

In these cases, the continuation diagram is known as a bifurcation diagram.

Figure 1.12 contains a bifurcation diagram showing the steady state of s1 in system

(1.8) as a function of the parameter q. In addition to the position of the equilibrium,

the stability type is indicated by the line style: a stable (attracting) steady state is indi-

cated by the solid line from q ¼ 1 to qA2:86; an unstable (repelling) fixed point, by

the dashed line from that point up until q ¼ 5. The value qA2:86, at which the sta-

bility changes, is the bifurcation point. Recall that stability is dictated by the sign of

the real part of the eigenvalues of the linearization of the system. These eigenvalues

change as the parameter q changes; their real parts cross over from being negative to

being positive at the bifurcation point.

In this particular system, the bifurcation point dictates not only the change in the

stability of the fixed point, but also the appearance of a limit cycle. This particular

type of bifurcation is known as a Hopf bifurcation. For such bifurcations, it is cus-

tomary to denote the limit cycle by the maximum and minimum values reached in

the oscillation (figure 1.13).

Knowledge of the bifurcation structure can be useful in assaying the robustness

of system behavior. If the nominal conditions are near a bifurcation point, it is pos-

sible that environmental perturbations could push the system into a very di¤erent
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Figure 1.12
Bifurcation diagram for system (1.8), showing the steady state of s1 as a function of the parameter q. Al-
though one equilibrium exists for all these values of the parameter, the stability of the equilibrium changes
at qA2:86. For values smaller than this, the equilibrium is stable (solid line); for greater values, it is un-
stable (dashed line).

Figure 1.13
Bifurcation diagram for the system in figure 1.9, showing the steady state s1 as a function of the parameter
q and denoting the location and stability of the equilibrium as well as the maximum and minimum values
achieved by s1 during the steady-state oscillations (dashed-dotted curve).
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behavior. On the other hand, if bifurcations are far away in parameter space, then

the nominal behavior may be highly robust to changes in operating conditions.

1.7 Systems with Inputs and Outputs

Thus far, we have considered systems that evolve autonomously, and we have treated

the whole state vector in our analysis. In control engineering, it is more common to

consider systems that respond to external inputs and provide specific output signals

to their environment.

We first consider systems of the form

d

dt
sðtÞ ¼ f ðsðtÞ; uðtÞÞ: ð1:9Þ

In this equation, the vector

uðtÞ ¼
u1ðtÞ
..
.

umðtÞ

2
664

3
775

represents species or other influences that act as external inputs to the system.

In a biological context, the inputs could represent any external parameters over

which an experimenter has control or any regulatory signals coming from outside of

the process of interest, for example, genetic control of enzyme abundance in a meta-

bolic model. In these contexts, we might ask to what degree the input can influence

the system dynamics (addressed in section 1.9.1). Alternatively, the input uðtÞ could
be used to incorporate the e¤ect of external disturbances on model behavior. In this

case, the model allows us to analyze the robustness of system behavior in the face of

these perturbations.

Additionally, control engineers consider a set of p observable outputs, denoted by

yðtÞ ¼
y1ðtÞ
..
.

ypðtÞ

2
664

3
775:

The choice of output might be dictated by available experimental assays or by

which components of the system interact with processes external to the network of

interest. An alternative role for the output yðtÞ is to allow the analysis to focus on

a particular aspect of system behavior. That might be the concentration of a particu-

lar component species or some function of overall behavior, for example, the flux

through a metabolic pathway. For the simplest input-output systems, referred to as
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memoryless input-output maps, there is no system state and the output y at time t is

given directly by a function of the input u at time t:

yðtÞ ¼ hðuðtÞÞ:
More generally, the e¤ect of the input is not immediate, and so a dynamic descrip-

tion in which the output is a function of the system states and inputs is required:

yðtÞ ¼ hðsðtÞ; uðtÞÞ: ð1:10Þ
In this case, equations (1.9) and (1.10) represent a dynamic input-output system.

Fixing a specific initial condition (typically at the origin), such systems can be

thought of as maps from input signals uðtÞ to corresponding output signals yðtÞ. In
the specific case that the system has only one input ðm ¼ 1Þ and one output ðp ¼ 1Þ
the system is said to be a single-input, single-output (SISO) system. Otherwise, the sys-

tem is referred to as multiple-input, multiple-output (MIMO). For simplicity, we will

assume that the systems are SISO.

1.7.1 Feedback

Central to control theory is the use of feedback control (figure 1.14). The idea is to

arrange for the input variables to depend on the system response. When the input

depends directly on the state variables:

uðtÞ ¼ ksðsðtÞÞ;
for some suitable function ks, known as a control law, the feedback is referred to as

static state feedback. It is ‘‘state’’ feedback because the controller has access to the full

state vector; and ‘‘static’’ because the feedback is implemented through a memoryless

Figure 1.14
Typical feedback control system, consisting of two dynamical systems. One, referred to as the plant, is the
system to be controlled. The other, known as the controller, acts in a feedback loop and is often designed
to regulate the complete system. It can be a static (left) or a dynamic (right) function of the plant output.
In biological implementations, the distinction between plant and controller is blurred.
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map (i.e., a function). Alternatively, when the control depends only on the system

output:

uðtÞ ¼ kyðyðtÞÞ;
the feedback is known as static output feedback.

In contrast to static feedback, the controller may itself involve an auxiliary dy-

namic system, which allows it to take into account past behavior of the system (as

opposed to only acting on current system values). In this case, the feedback system

is described by a vector of control states rðtÞ. When such a feedback depends on out-

put values, it takes the form

d

dt
rðtÞ ¼ gðyðtÞÞ; ð1:11aÞ

uðtÞ ¼ lðrðtÞ; yðtÞÞ ð1:11bÞ
and is referred to as dynamic output feedback. In this case, the feedback depends on

a history of the output signals: the controller state rðtÞ retains a memory of the out-

put yðtÞ. Incorporating this memory into the control input allows the system to cope

with behavior that a direct (static) feedback cannot.

1.7.2 Linear Input-Output Systems

If the function f in equation (1.9) is linear in s and u, then the system can be written

in the form

d

dt
sðtÞ ¼ AsðtÞ þ BuðtÞ: ð1:12Þ

Moreover, if the output depends linearly on the state and input, then we write

yðtÞ ¼ CsðtÞ þDuðtÞ: ð1:13Þ
The system defined by equations (1.12) and (1.13) is referred to as a linear, time-

invariant (LTI) system (‘‘time-invariant’’ refers to the fact that the matrices do not

change with time). If the system has m inputs, p outputs, and n states, then A, B, C ,

and D are n� n, n�m, p� n, and p�m, matrices, respectively. The solution to this

linear system can be written explicitly in the form

sðtÞ ¼ eAðt�t0Þsðt0Þ þ
ð t
t0

eAðt�tÞBuðtÞ dt:

Linearization of a nonlinear input-output system follows in the manner described in

section 1.3 and is centered at a steady state s corresponding to a constant nominal
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input u. In addition to the state x and Jacobian A, the linearization also includes the

matrix B with i; jth element

bi; j ¼ qfiðs; uÞ
quj

����
s¼s;u¼u

:

In this case, the linearized equation is

d

dt
xðtÞ ¼ AxðtÞ þ BvðtÞ; ð1:14Þ

where vðtÞ ¼ uðtÞ � u.

Example Let us linearize the system described by equation (1.2). To define an input-

output system, we consider the parameter k2 as the input by setting uðtÞ ¼ k2ðtÞ
and the concentration of S2 as output: yðtÞ ¼ s2ðtÞ � s2. We linearize about the

equilibrium with input set to u ¼ 20 nMh�1. The corresponding steady state is

ðs1; s2ÞAð5:53; 3:37Þ.

We now compute the Jacobian A ¼ a11 a12

a21 a22

� �
:

a11 ¼ qf1

qs1
¼ �ðk�1 þ k�3Þ; a12 ¼ qf1

qs2
¼ k3;

a21 ¼ qf2

qs1
¼ � k4uqs

q�1
1

ð1þ k4s
q
1 Þ2
þ k�3; a22 ¼ qf2

qs2
¼ �ðk�2 þ k3Þ;

and the input matrix B ¼ b1

b2

� �
:

b1 ¼ qf1

qu
¼ 0; b2 ¼ qf2

qu
¼ 1

ð1þ k4s
q
1 Þ

:

The output equation has C ¼ ½0 1� and D ¼ 0: n

1.8 Frequency-Domain Analysis

The longtime (asymptotic) behavior of linear, time-invariant dynamical systems can

be elegantly analyzed through an approach that makes use of a parallel, frequency-

domain description of input and output signals. There are two features of LTI sys-

tems that are exploited in this analysis. The first is simply the linear nature of their
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input-output behavior that implies an additive property: provided the system starts

with initial condition xð0Þ ¼ 0 (which corresponds to the nominal steady state of the

biochemical network), the output produced by the sum of two inputs is the sum of

the outputs produced independently by the two inputs. That is, if input u1ðtÞ elicits
output y1ðtÞ, and input u2ðtÞ yields output y2ðtÞ, then input u1ðtÞ þ u2ðtÞ leads to out-

put y1ðtÞ þ y2ðtÞ.
The additive property allows a reductionist approach to the analysis of system

response: if a complicated input can be written as a sum of simpler signals, the re-

sponse to each of these simpler inputs can be addressed separately, and the original

response can be found through a straightforward summation. This leads to a satisfac-

tory procedure provided we are able to find a family of ‘‘simple’’ functions with the

following two properties: (1) the family has to be ‘‘complete’’ in the sense that an

arbitrary signal can be decomposed into a sum of functions chosen from this family;

and (2) it must enjoy the property that the asymptotic response of a linear system to

inputs chosen from the family is easily characterized. The family of sinusoids (sines

and cosines) satisfies both of these conditions. The decomposition of a signal yðtÞ
into a combination of sinusoids is the foundation of Fourier analysis (Körner, 1988).

This technique allows the description of a signal yðtÞ in terms of its Fourier transform

Y ðoÞ, which provides a record of the frequency content of yðtÞ and is an alternative

characterization of the original function. In essence, the Fourier transform YðoÞ
indicates the coe‰cients that appear in decomposing the original function yðtÞ into
a ‘‘sum’’ of sinusoids at di¤erent frequencies o. (The sum is really an integral over a

continuum of frequencies.)

In theory, the signal yðtÞ can be recovered from Y ðoÞ by an inverse transform

(which amounts to summing over the sinusoids). In practice, recovery of a signal

from its transform is di‰cult to achieve. Nevertheless, important aspects of the sig-

nal can be gleaned directly from the graph of the transform. In particular, one can

determine what sort of variations dominate the signal (for example, low-frequency

or high-frequency) by comparing the content at various frequencies. Quickly varying

signals have transforms with most of their content at high frequencies, whereas

slowly varying functions show primarily low-frequency content. The second crucial

property of linear, time-invariant systems is that, as mentioned above, their response

to sinusoidal inputs can be easily described. For LTI systems, a sinusoidal input of

frequency o0:

uðtÞ ¼ sinðo0tÞ;
generates an output that is, after an initial transient, a sinusoid of the same

frequency:

yðtÞ ¼ Aðo0Þ sinðo0tþ fðo0ÞÞ:
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This longtime response can be characterized by two frequency-dependent functions:

Aðo0Þ, the amplitude of the oscillatory output, known as the system gain; and fðo0Þ,
the phase of the oscillatory output, referred to as the phase shift. As indicated, these

depend on the particular frequency o0 of the input signal. The particular gain and

phase shift that correspond to each frequency can be conveniently described by

the assignment of a single complex number AðoÞe jfðoÞ to each frequency o. This

complex-valued function is called the frequency response of the system.

1.8.1 The Laplace Transform

Although the Fourier transform provides a valuable description of a signal in terms

of its frequency content, the definition is not a useful starting point for calculations.

A more general tool, the Laplace transform (Körner, 1988), fills that role. The Lap-

lace transform of a signal yðtÞ is denoted YðsÞ, where s ¼ sþ jo is a complex num-

ber with real part s and imaginary part o. The Fourier transform can be thought of

as the special case of the Laplace transform in which s ¼ 0, although, in some cases,

a function may have a Laplace transform but not have a well-defined Fourier trans-

form (Körner, 1988).

The Transfer Function

For a linear, time-invariant system with zero initial conditions, input uðtÞ, and output

yðtÞ, the transfer function is defined in terms of the Laplace transforms of the output

YðsÞ and the input UðsÞ:
YðsÞ ¼ GðsÞUðsÞ:
In the specific case that the system is defined by the linear di¤erential equation (1.12)

with output (1.13), the transfer function is given by

GðsÞ ¼ CðsI � AÞ�1B þD: ð1:15Þ
This function will, in general, be matrix valued, but it is scalar valued when dealing

with SISO systems. The frequency response of the system is the restriction of the

transfer function to arguments of the form s ¼ jo.

The complex-valued frequency response Gð joÞ ¼ AðoÞe jfðoÞ can be plotted in a

number of ways. Perhaps the most useful of these visualizations is the Bode plot, in

which the magnitude and argument of the frequency response are plotted separately

(Bode, 1945). The magnitude AðoÞ, the system gain, is plotted on a log-log scale,

where the gain is measured in decibels (dB) (defined by x dB ¼ 20 log10 x). The argu-

ment fðoÞ, the phase shift, appears on a semilog plot, with log frequency plotted

against phase in degrees. An example is given in figure 1.15. The frequency-filtering

properties of the system can be read directly from the magnitude plot. In this exam-

ple, the higher-frequency content of an input signal will be attenuated (i.e., filtered)
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Figure 1.15
Frequency response of system described by equation (1.2), with u ¼ k2 and y ¼ s2. Using the linearization
about the equilibrium, we computed the system’s Bode magnitude (top) and phase (bottom) plots. From
the magnitude plot, it can be seen that the system behaves as a low-pass filter with a cuto¤ frequency of
approximately 1 rad/h.

Figure 1.16
Nyquist plot. The frequency response of figure 1.15 can alternatively be represented as a Nyquist plot. The
complex values of Gð joÞ are plotted as the frequency o ranges from �y to y. The curve’s arrowhead
indicates the direction of increasing o. The resulting curve is, in general, symmetric. Moreover, since the
values of Gð joÞ tend to zero for large frequencies (o!Gy), the plot generates a closed curve in the com-
plex plane. The stability of a system under negative feedback can be determined by the number of times
that the open-loop plot encircles the �1 point. In this case, there are no encirclements.
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due to the low gain at frequencies above 1 rad/h. An input that consists solely of

these high-frequency components (e.g., a highly variable noise signal) may be com-

pletely attenuated by the system (i.e., result in near-zero output), whereas other sig-

nals will have such highly variable noise filtered out by the system.

An alternative method for visualizing the frequency response is to plot it as a para-

metrized curve on the complex plane o 7! AðoÞe jfðoÞ. The resulting curve, known

as a Nyquist plot, provides a valuable tool for addressing the stability of the system

when the static output feedback with kyðyÞ ¼ �y (called the unity-feedback closed

loop) is implemented. An example is shown in figure 1.16. The Nyquist stability cri-

terion will be taken up in chapters 9 and 10.

1.9 Controllability and Observability

There are two concepts that, though central to control engineering, are relatively

unknown outside the field. Controllability and its counterpart observability deal, re-

spectively, with the relationship between input and state and between state and out-

put. To o¤er the simplest illustration, we will assume linear systems with one input or

one output.

1.9.1 Controllability

Consider the system

d

dt
xðtÞ ¼ AxðtÞ þ BuðtÞ; xð0Þ ¼ x0; ð1:16Þ

where the state xðtÞ is an n-dimensional vector.

A system is controllable if the control input uðtÞ is able to drive the state xðtÞ from
any nonzero initial condition to the origin. Thus controllability is a measure of our

ability to influence the system’s state through uðtÞ. Specifically, we say that the sys-

tem is ‘‘controllable over an interval ½0; tf �’’ if, for any initial condition x0, there

exists an input uðtÞ, defined over the interval ½0; tf � such that the solution xðtÞ of
equation (1.16) satisfies xðtf Þ ¼ 0.

Though the definition involves the dynamic behavior of the system, there is a sim-

ple algebraic test for controllability of linear, time-invariant systems. It relies only on

the matrices A and B. In particular, the system (1.16) is controllable over ½0; tf � if and
only if the matrix

C ¼ ½B AB � � � An�1B�
is invertible. Alert readers will note that the time interval ½0; tf � does not play a role

in the test. Consequently, if a system is controllable over one time interval, it is con-
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trollable over any time interval, and the time interval can be dropped. (The time in-

terval plays a significant role if there is a bound on the input values.)

One of the more significant consequences of controllability arises when a linear

state-feedback controller is implemented:

uðtÞ ¼ �KxðtÞ: ð1:17Þ
In this case, replacing uðtÞ in equation (1.16) with the control law (1.17) gives rise to

the following closed-loop dynamical system:

d

dt
xðtÞ ¼ A� BKð ÞxðtÞ; xð0Þ ¼ x0: ð1:18Þ

The stability of this system is determined by the eigenvalues of the matrix A� BK .

It is a remarkable fact that, if the system is controllable, the location of these eigen-

values can be assigned arbitrarily by the appropriate choice of K .

1.9.2 Observability

To address observability, we consider systems with a specified output signal, but no

input. In particular:

d

dt
xðtÞ ¼ AxðtÞ; xð0Þ ¼ x0; ð1:19aÞ

yðtÞ ¼ CxðtÞ: ð1:19bÞ
The system is observable if, based on knowledge of the output yðtÞ over some time

interval, we can discern the state x of the system at the beginning of the interval. Re-

call that knowledge of the initial condition allows us to determine the state at sub-

sequent times. Specifically, we say that the system (1.19) is observable over the time

interval ½0; tf � if any initial state x0 is uniquely determined by the ensuing output yðtÞ
for t A ½0; tf �. As with controllability, an algebraic test can be used to determine

observability. In particular, the system (1.19) is observable over ½0; tf � if and only if

the matrix

O ¼

C

CA

..

.

CAn�1

2
66664

3
77775 ð1:20Þ

is invertible. As with controllability, the test is independent of the specific time inter-

val, which implies that, if a system is observable over one time interval, it is observ-

able over any time interval.
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Observability guarantees that one can ‘‘look back’’ along the output signal and

determine the state at a previous time. Typically, it is more useful to have real-time

knowledge of the system’s state. An observer is an auxiliary dynamical system that

provides an asymptotically correct estimate for the current state. Define the system

d

dt
~xxðtÞ ¼ A~xxðtÞ þ LðyðtÞ � C ~xxðtÞÞ;

where the matrix L is yet to be chosen. The state ~xx of the observer serves as an esti-

mate of the state of the system (1.19). Defining the estimation error as

eðtÞ ¼ xðtÞ � ~xxðtÞ;
we see that

d

dt
eðtÞ ¼ ðA� LCÞeðtÞ:

If this system is stable, then eðtÞ tends to zero or, equivalently, ~xx tends to x. This

system will be stable provided that the eigenvalues of A� LC have negative real

parts. The matrix L can be chosen arbitrarily. This is analogous to the problem of

choosing a control gain K so as to make A� BK stable, considered above. As in

that case, if the system is observable, then L can be chosen so that the system is

stable. (In fact, there are no constraints on the placement of the eigenvalues of

A� LC .) When the system equations are subject to stochastic disturbances, the cor-

responding observer is known as a filter. In the specific case that the matrix L mini-

mizes the variance of the estimation error, the observer is known as the Kalman filter

(Kalman, 1960). An application of the Kalman filter to the analysis of the signaling

pathway regulating bacterial chemotaxis can be found in the work of Andrews et al.

(2006).
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2 Modeling and Analysis of Stochastic Biochemical Networks

Mustafa Khammash

The cellular environment is replete with noisy processes. A key source of this ‘‘intrin-

sic’’ noise is the randomness that characterizes the motion of cellular constituents at

the molecular level. Cellular noise results not only in random fluctuations (over time)

within individual cells, but also in phenotypic variability among clonal cellular pop-

ulations. In some instances, fluctuations are suppressed downstream through intri-

cate dynamical networks that act as noise filters. Yet, in other important instances,

noise-induced fluctuations are exploited to the cell’s advantage. Researchers are just

now beginning to understand that the richness of stochastic phenomena in biology

depends directly on the interactions of dynamics and noise and on the mechanisms

through which these interactions occur. This chapter outlines some of the key ap-

proaches for the modeling and analysis of cellular noise and the resulting fluctuations

in the copy numbers of cellular constituents.

2.1 Noise in Biological Networks: Origins and Implications

Events in biological networks follow from biochemical reactions at the molecular

level. The random nature of such reactions can be traced back to the random colli-

sions among reactant molecules whose trajectories are driven by thermal motion.

Such randomness leads to fluctuations in the molecular copy numbers of reactants

both among similar cells and within a single cell over time. These fluctuations (com-

monly referred to as noise) can propagate downstream and impact events and pro-

cesses in accordance to the dynamics of the network interconnections. Cellular noise

has been measured experimentally and classified according to its source (Elowitz

et al., 2002; Swain et al., 2002): intrinsic noise refers to noise originating within the

boundaries of the process under consideration and is due to the inherent stochastic

nature of chemical reactions, whereas extrinsic noise has origins that are more global

and a¤ects all processes in the cell under consideration in a similar way (for example,

regulatory protein copy numbers, RNAP numbers). Noise, both intrinsic and extrin-

sic, can play a critical role in biological processes.



McAdams and Arkin (1997, 1999) proposed that lysis-lysogeny fate decisions for

phage l are determined by a noise-driven stochastic switch, implying that the fate

of a given cell can be determined only in a probabilistic sense. Another stochastic

switch, which governs the piliation of Escherichia coli, has been modeled by Munsky

et al. (2005). Aside from endogenous switches, bistable genetic switches have been

constructed and tested (Gardner et al., 2000; Hasty et al., 2002). Depending on their

parameter values, such switches are driven by stochastic noise to exhibit states with a

bimodal probability distribution (figure 2.1). Elowitz and Leibler (2000) reported on

the first synthetic oscillator, called the ‘‘repressilator,’’ a novel circuit of three genes,

each expressing a product that represses the next gene, thereby creating a feedback

loop of three genes. A deterministic model and a discrete stochastic model that cap-

tures the e¤ect of noise guided their design. The role of noise in the operation of the

repressilator was recently studied by Yoda et al. (2007). Noise also appears to play

an important role in the noise-enhanced robustness of oscillations in relaxation oscil-

lators, for example, in the circadian rhythm. This e¤ect, which is sometimes referred

Figure 2.1
(a) Gardner-Cantor-Collins synthetic genetic toggle switch (Gardner et al., 2000). Protein s1 suppresses the
expression of the s2 gene; protein s2 suppresses the expression of the s1 gene. (b) Bimodal nature of the
distribution of proteins s1 and s2 that can arise for some parameter values of the toggle switch. The distri-
bution shown was computed using the finite state projection method described in section 2.3.4.
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to as coherence resonance, has been studied by Vilar et al. (2002) and El-Samad

and Khammash (2006a). Yet another curious e¤ect of noise can be seen in the

fluctuation-enhanced sensitivity of intracellular regulation referred to as ‘‘stochastic

focusing’’ (Paulsson et al., 2000). In gene expression, noise-induced fluctuations in

gene products have been the subject of considerable interest (El-Samad and Kham-

mash, 2006b; Isaacs et al., 2003; Paulsson, 2004; Rosenfeld et al., 2002; Swain,

2004; Thattai and van Oudenaarden, 2001). Many of these studies look at the prop-

agation of noise in gene networks, as well as the impact and limitations of various

types of feedback in suppressing such fluctuations.

2.1.1 Deterministic versus Stochastic Modeling

One approach to modeling reactions in biochemical networks, discussed in chapter 1,

uses the law of mass action, which results in a set of di¤erential equations that de-

scribe the evolution of concentrations of species adopted by the network over time.

As an example, consider the reaction

Aþ B!k C:

A deterministic formulation of chemical kinetics yields the following description:

d½C�
dt
¼ k½A� � ½B�;

where ½ � � denotes the concentration, which is considered to be a continuous variable.

In contrast, a discrete stochastic formulation of the same reaction describes the prob-

ability that the numbers of molecules of species A and B take certain integer values

at a given time t. In this way, populations of the species within the network of inter-

est are treated as random variables. In this description, reactions take place ran-

domly according to certain probabilities determined by several factors including

reaction rates and species populations. For example, given certain integer popula-

tions of A and B, say NA and NB, at time t, the probability that the above reaction

takes place within the interval ½t; tþ dtÞ is proportional to ðNA �NB=VÞ dt, where V
is the volume of the space containing the molecules of A and B and dt is a small time

increment.

Thus, in this mesoscopic stochastic formulation of chemical kinetics, molecular

species are characterized by their probability density function, which quantifies the

amount of fluctuations around a certain mean value. When molecule numbers get

large (while maintaining the same initial concentration), fluctuations become negligi-

ble, and the mesoscopic description converges to the macroscopic description. In typi-

cal cellular environments where small volumes and molecule copy numbers are the

norm, mesoscopic stochastic descriptions o¤er a more accurate representation of
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chemical reactions and their accompanying fluctuations. Because they can generate

distinct phenomena that simply cannot be captured by deterministic descriptions,

such fluctuations need to be accounted for. The next section gives a more detailed

description of the stochastic framework for modeling chemical reactions and pro-

vides a connection between the stochastic and deterministic descriptions.

2.2 Stochastic Chemical Kinetics

Consider a chemically reacting system of volume W containing N molecular species

S1; . . . ;SN that react through M allowable reactions R1; . . . ;RM . We assume that the

system is well stirred and is in thermal equilibrium, thus the reaction volume is at a

constant temperature T and the molecules move due to the thermal energy. Let

XðtÞ ¼ ½X1ðtÞ . . .XNðtÞ�T be the state vector, where XiðtÞ is a random variable that

describes the number of molecules of species Si in the system at time t. Elementary

reactions may be either monomolecular: Si ! Products, or bimolecular: Si þ Sj !
Products. Each reaction channel Rk defines a transition from some state X ¼ xi to

some other state X ¼ xi þ sk, which reflects the change in the state after the reaction

has taken place. The variable sk is termed the stoichiometric vector, and the set of all

M reactions define the stoichiometry matrix:

S ¼ ½s1 . . . sM �:
Associated with each reaction Rk is a propensity function, wkðxÞ, which captures

the rate of the reaction k. Specifically, wkðxÞ dt is the probability that, given the sys-

tem is in state x at time t, the kth reaction will take place exactly once in the time

interval ½t; tþ dtÞ. The propensity function for various reaction types is given in table

2.1.

2.2.1 The Chemical Master Equation

Also known as the forward Kolmogorov equation, the chemical master equation

(CME) describes the time evolution of the probability that the system is in a given

Table 2.1
Propensity functions for the various elementary reaction types

Reaction type Propensity function

Si ! Products cxi

Si þ Sj ! Products ði0 jÞ c 0xixj
Si þ Si ! Products c 00xiðxi � 1Þ=2
Note: If we denote by k, k 0, and k 00 the reaction rate constants from deterministic mass action kinetics for
the first, second, and third reaction types shown in the table, it can be shown that c ¼ k, c 0 ¼ k 0=W, and
c 00 ¼ 2k 00=W.
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state x. The CME can be derived based on the Markov property of chemical reac-

tions. Suppose the system is in state x at time t. Within an error of order Oðdt2Þ,
the following statements apply:

� The probability that an Rk reaction fires exactly once in the time interval ½t; tþ dt�
is given by wkðxÞ dt.

� The probability that no reactions fire in the time interval ½t; tþ dt� is given by

1�Pk wkðxÞ dt.
� The probability that more than one reaction fires in the time interval ½t; tþ dt� is
zero.

Let Pðx; tÞ denote the probability that the system is in state x at time t. We can

express Pðx; tþ dtÞ as follows:

Pðx; tþ dtÞ ¼ Pðx; tÞ 1�
XM
k¼1

wkðxÞ dt
 !

þ
XM
k¼1

Pðx� sk; tÞwkðx� skÞ dtþ Oðdt2Þ:

On the right-hand side, the first term is the probability that the system is already

in state x at time t and no reactions occur in the next dt. In the second term, the

kth term in the summation is the probability that the system at time t is an Rk re-

action away from being at state x, and that an Rk reaction takes place in the next

dt.

Moving Pðx; tÞ to the left-hand side, dividing by dt, and taking the limit as dt goes

to zero yields the chemical master equation:

dPðx; tÞ
dt

¼
XM
k¼1
ðwkðx� skÞPðx� sk; tÞ � wkðxÞPðx; tÞÞ: ð2:1Þ

2.2.2 Deterministic and Stochastic Models: A Connection

We now establish a connection between the stochastic process XðtÞ and the solution

of the deterministic reaction rate equations arising from conventional mass-action

kinetics. The latter corresponds to the trajectories of the concentrations of species

S1; . . . ;SN . Let these concentrations be denoted by FðtÞ ¼ ½F1ðtÞ . . .FNðtÞ�T . Ac-

cordingly, Fð�Þ satisfies the mass-action ordinary di¤erential equation:

dF

dt
¼ Sf ðFðtÞÞ; Fð0Þ ¼ F0:

For a meaningful comparison with the stochastic solution, we shall compare the

function FðtÞ with the volume-normalized stochastic process XWðtÞ ¼ XðtÞ=W. We

now ask, how does XWðtÞ relate to FðtÞ? The answer is given by the following fact,

which is a consequence of the law of large numbers (Ethier and Kurtz, 1986):
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Fact 2.1 Let FðtÞ be the deterministic solution to the reaction rate equations

dF

dt
¼ Sf ðFðtÞÞ; Fð0Þ ¼ F0:

Let XWðtÞ be the stochastic representation of the same chemical system with

X Wð0Þ ¼ F0. Then, for every tb 0,

lim
W!y

sup
sat
jXWðsÞ �FðsÞj ¼ 0; almost surely: n

Put into words, this fact states that over any finite time interval, the stochastic de-

scription converges to the deterministic one in the thermodynamic limit. Although

this result is reassuring, in practice, the large volume assumption cannot be justified:

the cell volume is fixed. Indeed, a stochastic description could di¤er appreciably from

its large volume limit—a fact that makes stochastic models necessary.

2.3 Stochastic Analysis Tools

Stochastic analysis tools may be broadly divided into four categories: (1) Monte

Carlo methods, which compute sample paths whose statistics are used to extract in-

formation about the system; (2) methods that approximate the stochastic process

XðtÞ by solutions of certain stochastic di¤erential equations; (3) methods that com-

pute the trajectories of various moments of XðtÞ; and (4) methods that compute the

evolution of probability densities of the stochastic process XðtÞ.
2.3.1 Monte Carlo Simulations

Because the chemical master equation is typically infinite dimensional with no obvi-

ous analytical solution, most analyses at the mesoscopic scale have been conducted

using Monte Carlo algorithms. The most widely used of these algorithms is Gilles-

pie’s stochastic simulation algorithm (SSA; Gillespie, 1976) and its variants. These

are described next.

The Gillespie Algorithm

Each step of the stochastic simulation algorithm begins at a time t and at a state

XðtÞ ¼ x and comprises three substeps:

1. Generate the time until the next reaction;

2. Determine which reaction occurs at that time; and

3. Update the time and state to reflect the previous two choices.

The SSA approach is exact in the sense that it results in a random variable with a

probability distribution exactly equal to the solution of the corresponding chemical
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master equation. However, each run of the SSA provides only a single trajectory.

Thus numerous trajectories need to be generated that are then used to compute sta-

tistics of interest.

We now describe these substeps in more detail.

To each of the reactions fR1; . . . ;RMg, we associate a random variable T i that

describes the time for the next firing of reaction Ri. A key fact is thatT i is exponen-

tially distributed with parameter wi. From these, we can define two additional ran-

dom variables, one continuous and the other discrete:

T ¼ min
i
fT ig ðtime to the next reactionÞ;

R ¼ arg min
i
fT ig ðindex of the next reactionÞ:

It can be shown that

1. T is exponentially distributed with parameter
P

i wi.

2: R has the discrete distribution PðR ¼ kÞ ¼ wkP
i wi

:

Gillespie’s simulation algorithm relies on samples of the random variables T and

R to advance through each sample path.

Gillespie’s Stochastic Simulation Algorithm:

� Step 0 Initialize time t and state population x.

� Step 1 Draw a sample t from the distribution ofT (figure 2.2).

� Step 2 Draw a sample m from the distribution ofR (figure 2.2).

� Step 3 Update time t tþ t. Update the state x xþ sm.

Leaping Methods

The biggest drawback of the stochastic simulation algorithm is that it must step

through one reaction at a time and thus is often prohibitively slow. One approximate

accelerated simulation strategy is known as tau leaping (Gillespie, 2001), which

advances the system by a preselected time t that encompasses more than one reaction

event. Roughly speaking, tau leaping requires that t be chosen small enough so that

the following leap condition is satisfied: the expected state change induced by the leap

must be su‰ciently small that no propensity function changes ‘‘appreciably’’ during

that time. Tau leaping has been shown to speed up the simulation of certain systems

significantly (Gillespie, 2001; Gillespie and Petzold, 2003; Rathinam et al., 2003,

2005), although it is not as foolproof as the SSA. If one takes leaps that are too

large, the tau leap assumptions may be violated and the results may be inaccurate
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or even nonsensical. For example, some species populations might be driven nega-

tive. Moreover, if the system is sti¤, meaning that it has widely varying time scales

with the fastest mode being stable, the leap condition will generally limit the size of

t to the time scale of the fastest mode, with the result that large leaps cannot be

taken.

2.3.2 Stochastic Di¤erential Equation Approximations

The Chemical Langevin Equation: Di¤usion Approximation

One approximation to the chemical master equation, the chemical Langevin equa-

tion, can be obtained through the tau-leaping multireaction update formula: with

XðtÞ ¼ x, suppose that the leap time t can be taken small enough to satisfy the leap

condition, but large enough that wkðxÞtX 1 for every reaction. If the leap condition

holds, the number of reactions in the interval t is a Poisson random variable with

mean and variance equal to wkðxÞt. When this quantity is much larger than one, this

Figure 2.2
Cumulative distribution of the two random variablesT andR. (a) A sample ofT is drawn by first drawing
a uniformly distributed random number r1 and then finding its inverse image under F , the cumulative dis-
tribution ofT . (b) A sample from the distribution ofR is drawn using a similar procedure.
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random variable is well approximated by a normal random variable with the same

mean and variance. This leads to the Langevin leaping formula:

Xðtþ tÞAxþ
XM
k¼1

skwkðxÞtþ
XM
k¼1

sk
ffiffiffiffiffiffiffiffiffiffiffiffi
wkðxÞ

p
N kð0; 1Þ

ffiffiffi
t
p

; ð2:2Þ

which expresses the state increment Xðtþ tÞ � x as the sum of two terms: a deter-

ministic ‘‘drift’’ term proportional to t and a fluctuating ‘‘di¤usion’’ term propor-

tional to
ffiffiffi
t
p

, where the Nkð0; 1Þ denote independent standard normal random

variables (Gillespie, 2000, 2002). From equation (2.2), one can approximate the sto-

chastic process X by another stochastic process V , which is described by the follow-

ing nonlinear stochastic di¤erential equation:

dVðtÞ ¼
XM
k¼1

skwkðVðtÞÞ dtþ
XM
k¼1

sk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wkðVðtÞÞ

p
dBkðtÞ;

where the BkðtÞ are independent standard Brownian motion processes. This approxi-

mation is sometimes called the chemical Langevin equation approximation or the dif-

fusion approximation (Gillespie, 2000, 2002; Kurtz, 1978).

van Kampen’s Linear Noise Approximation

Another approximation that leads to a stochastic di¤erential equation is van Kam-

pen’s linear noise approximation (LNA; Elf and Ehrenberg, 2003; Khammash and

El-Samad, 2005; Tomioka et al., 2004; van Kampen, 1981). It is essentially an ap-

proximation to the process XðtÞ that takes advantage of the fact that in the large vol-

ume limit ðW!yÞ, the process XWðtÞ ¼ XðtÞ=W converges to the solution FðtÞ of
the deterministic reaction rate equation:

dF

dt
¼ Sf ðFðtÞÞ; Fðt0Þ ¼ F0:

Defining a scaled ‘‘error’’ process,

VWðtÞ ¼
ffiffiffiffi
W
p
ðXWðtÞ �FðtÞÞ;

and using the central limit theorem, it can be shown (Ethier and Kurtz, 1986) that

VWðtÞ converges in distribution to the solution VðtÞ of the linear stochastic di¤eren-

tial equation:

dVðtÞ ¼ JFðFðtÞÞVðtÞ dtþ
XM
k¼1

sk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wkðFðtÞÞ

p
dBkðtÞ;
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where JF denotes the Jacobian of Fð�Þ ¼ Sf ð�Þ. Hence the linear noise approximation

results in a process XðtÞAWFðtÞ þ ffiffiffiffi
W
p

VðtÞ, which can be viewed as the sum of a

deterministic term given by the solution to the deterministic reaction rate equation,

and a zero mean stochastic term given by the solution to a linear stochastic di¤eren-

tial equation. Though it is reasonable for systems with su‰ciently large numbers of

molecules (and volume), examples show that the LNA can yield poor results when

this assumption is violated. This includes scenarios where the mean of a stochastic

representation does not coincide with the solution of the corresponding reaction rate

equation (see Paulsson et al., 2000 on stochastic focusing).

2.3.3 Moment Computations

When studying stochastic fluctuations that arise in biochemical networks, one is

often interested in computing moments and variances of biochemical species. The

moment dynamics can be described using the chemical master equation. To com-

pute the first moment E½Xi�, we multiply the CME by xi and then sum over all

ðx1; . . . ; xNÞ A NN to get

dE½Xi�
dt

¼
XM
k¼1

sikE½wkðXÞ�:

Similarly, to get the second moments E½XiXj�, we multiply the CME by xixj and sum

over all ðx1; . . . ; xNÞ A NN , which gives

dE½XiXj�
dt

¼
XM
k¼1

sikE½XjwkðXÞ� þ E½XiwkðXÞ�sjk þ sikE½wkðXÞ�sjk:

These last two equations can be expressed more compactly in matrix form. Defining

wðxÞ ¼ ½w1ðxÞ . . .wMðxÞ�T , the moment dynamics become

dE½X �
dt

¼ SE½wðXÞ�;

dE½XX T �
dt

¼ SE½wðXÞX T � þ E½wðXÞX T �TS T þ Sðdiag E½wðXÞ�ÞST :

In general, this set of moment equations cannot be solved explicitly because they

will not always be closed: depending on the form of the propensity vector wð�Þ, the
dynamics of the first moment EðXÞ may depend on the second moments EðXX TÞ,
the second-moment dynamics may in turn depend on the third moments, and so on,

resulting in an infinite system of ordinary di¤erential equations. The following sub-
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sections will elaborate on the important special case when moment equations are

closed, and then discuss approaches to deal with scenarios when they are not.

Special Case: A‰ne Propensities

If the propensity function is a‰ne:

wðxÞ ¼Wxþ w0 ðW is an N �N matrix; w0 is N � 1Þ;
then

E½wðXÞ� ¼WE½X� þ w0;

and

E½wðXÞX T � ¼WE½XX T � þ w0E½X T �:
This gives us the following moment equations:

d

dt
E½X � ¼ SWE½X � þ Sw0;

d

dt
E½XX T � ¼ SWE½XX T � þ E½XX T �W TS T þ S diagðWE½X � þ w0ÞS T

þ Sw0E½X T � þ E½X �wT
0 S

T :

Clearly, this is a closed system of linear ODEs that can be solved directly for the first

and second moments.

Defining the covariance matrix

S ¼ E½ðX � E½X �ÞðX � E½X �ÞT �;
we can also compute covariance equations:

d

dt
S ¼ SWSþ SW TST þ S diagðWE½X � þ w0ÞST :

The steady-state moments and covariances can be obtained by solving linear alge-

braic equations. Let

X ¼ lim
t!y

E½XðtÞ�

and

S ¼ lim
t!y

SðtÞ:
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Then

SWX ¼ �Sw0;

and

SWSþ SW TS T þ S diagðWX þ w0ÞST ¼ 0:

The latter is an algebraic Lyapunov equation. Such equations arise in many applica-

tions in control theory, and e‰cient numerical techniques exist for their solution.

Example: Application to Gene Expression The above stationary covariance equa-

tions can be applied to compute exact expressions for the mean and coe‰cient of

variation of a simple gene expression circuit. Consider the gene expression model

shown in figure 2.3.

Let X1ðtÞ and X2ðtÞ be random variables describing the number of mRNA and

protein molecules, respectively. The stoichiometry matrix for the gene expression

reactions is

S ¼ 1 �1 0 0

0 0 1 �1
� �

;

Figure 2.3
Simple model for gene expression. mRNA is transcribed at a rate kr and is degraded at a rate gr. Protein is
translated from mRNA at a rate kp and is degraded at a rate gp.
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while the propensity vector is given by

wðXÞ ¼

kr

grX1

kpX1

gpX2

2
6664

3
7775 ¼

0 0

gr 0

kp 0

0 gp

2
6664

3
7775 X1

X2

� �
þ

kr

0

0

0

2
6664

3
7775

¼WX þ w0:

Defining A ¼ SW , we can compute the vector of stationary means:

X ¼ �A�1Sw0 ¼

kr

gr

kpkr

gpgr

2
66664

3
77775:

Defining

BBT ¼ S diagðWX þ w0ÞST ;

we see that the stationary covariance matrix is the solution to the Lyapunov

equation:

ASþ SAT þ BBT ¼ 0;

which is given by

S ¼

kr

gr

kpkr

grðgr þ gpÞ
kpkr

grðgr þ gpÞ
kpkr

gpgr
1þ kp

gr þ gp

 !
2
666664

3
777775:

A common measure of the degree of variability is the coe‰cient of variation, Cv,

defined as the standard deviation divided by the mean. The coe‰cient of variation

for the mRNA and protein can now be computed easily:

Cvr ¼ 1

kr=gr

� 	1=2
; and Cvp ¼

grgp

krkp

� 	1=2
1þ kp

gr þ gp

 !1=2
:

In the case of mRNA, we have just shown the well-known result that the coe‰cient

of variation equals 1=
ffiffiffiffiffiffiffiffiffiffiffiffi
mean
p

. n
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Moment Closure

An important property of the Markov processes that describe chemical reactions is

that when one constructs a vector m with all the first- and second-order statistical

uncentered moments of the process state X , this vector evolves according to a linear

equation of the form

dm

dt
¼ Amþ Bm: ð2:3Þ

Unfortunately, as pointed out earlier, equation (2.3) is not in general a closed system

because the vector m may contain moments of order larger than two, whose evolution

is not provided by equation (2.3). In fact, this will always be the case when bimolec-

ular reactions are involved. To overcome this di‰culty, one can approximate the

open linear system (2.3) by the following closed nonlinear system:

dn

dt
¼ Anþ BjðnÞ; ð2:4Þ

where n is an approximation to the solution m to (2.3) and jð�Þ is a moment closure

function that attempts to approximate the moments in m based on the values of the

moments in m. The construction of jð�Þ often relies on postulating a given type for

the distribution of X and then expressing the higher-order moments in m by a non-

linear function jðmÞ of the first- and second-order moments in m. Postulating a nor-

mal distribution is quite popular (Gomez-Uribe and Verghese, 2007; Nasell, 2003b;

Whittle, 1957), but when the population standard deviations are not much smaller

than the means, choosing jð�Þ based on a normal distribution assumption often leads

to bad approximations. Other authors construct moment closure functions jð�Þ based
on di¤erent assumed distributions for X , which include lognormal (Keeling, 2000),

Poisson, and binomial (Nasell, 2003a) distributions.

Hespanha (2005) proposed a new technique for moment closure that does not re-

quire a priori assumptions on the shape of the distribution for X . Instead, the mo-

ment closure jð�Þ is computed by trying to match all (or a large number of ) the

time derivatives of the exact solution to equation (2.3) with the corresponding time

derivatives of the approximate solution to equation (2.4), for a given set of initial

conditions. With this approach, one can indeed match derivatives between equation

(2.3) and equation (2.4) with small error (Singh and Hespanha, 2006, 2007a,b).

Moreover, this can be done with moment closure functions jð�Þ that do not depend

on the (most often poorly known) parameters of the chemical reactions. This leads to

an automated methodology to construct the approximate closed systems (2.4). A set

of Matlab scripts that constructs truncated moment dynamics given a set of chemical

reactions may be found in Hespanha (2006).
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2.3.4 Density Computations

Another approach used to analyze models described by the chemical master equation

aims to compute the probability density functions for the random variable X . This is

achieved by approximate solutions of the CME, using a new analytical approach

called the finite-state projection (FSP) (Munsky and Khammash, 2006; Peles et al.,

2006). The FSP approach relies on a projection that preserves an important subset

of the state space (for example, that supporting the bulk of the probability distribu-

tion), while projecting the remaining large or infinite states onto a single ‘‘absorbing’’

state (figure 2.4).

Probabilities for the resulting finite-state Markov chain can be computed exactly,

and can be shown to give a lower bound for the corresponding probability for the

original full system. The finite-state projection algorithm provides a means of system-

atically choosing a projection of the chemical master equation that satisfies any pre-

specified accuracy requirement. The basic idea of the FSP is as follows. In matrix

form, the CME may be written as

dPðtÞ
dt
¼ APðtÞ; ð2:5Þ

Figure 2.4
Finite-state projection. (Left) State space for a system with two species. The corresponding process is a
continuous-time, discrete-state Markov process whose state space is typically quite large or infinite. Arrows
indicate possible transitions within states. (Right) Projected system for a specific projection region (gray
box). The projected system is obtained as follows. Transitions within the projection region are kept
unchanged. Transitions that emanate from states within the region and end at states outside (in the original
system) are routed to a single absorbing state in the projected system. Transitions into the projection re-
gion are deleted. As a result, the projected system is a finite-state Markov process, and the probability of
each state can be computed exactly.
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where PðtÞ is the (infinite) vector of probabilities corresponding to each possible state

in the configuration space. The generator matrix A embodies the propensity func-

tions for transitions from one configuration to another and is defined by the reactions

and the enumeration of the configuration space. A projection can now be made to

achieve an arbitrarily accurate approximation as outlined next. Given an index set

of the form J ¼ f j1; j2; j3; . . .g and a vector v, let vJ denote the subvector of v chosen

according to J, and for any matrix A, let AJ denote the submatrix of A whose rows

and columns have been chosen according to J. With this notation, we can restate the

result from Munsky and Khammash (2006):

Fact 2.2: Finite-State Projection Consider any distribution that evolves according to

equation (2.5). Let AJ be a principal submatrix of A and PJ be a subvector of P,

both corresponding to the indexes in J. If, for a given e > 0 and tf b 0, we have

1T expðAJtf ÞPJð0Þb 1� e;

then

kexpðAJ tf ÞPJð0Þ � PJðtf Þk1 a e: ð2:6Þ
n

Inequality (2.6) provides a bound on the error between the exact solution PJ to the

(infinite) chemical master equation and the matrix exponential of the (finite) reduced

system with generator AJ . This result is the basis for an algorithm to compute the

probability density function with guaranteed accuracy. The FSP approach and vari-

ous improvements on the main algorithm are described by Munsky and Khammash

(2008).

2.4 Conclusions and Future Directions

This chapter has presented several approaches for the stochastic analysis of chemical

reactions arising in gene networks. Although, in isolation, none of these techniques

provides a solution that is both computationally e¤ective and accurate, they are

clearly complementary in scope. The density computation methods (for example,

finite-state projection) are especially suitable for very low molecule counts, moment

closure methods for medium to large counts, and the linear noise approximation for

very large counts. Combining these di¤erent types of approximations in a unified

framework to devise models that are both accurate and computationally e‰cient re-

mains an important research goal. Essentially, one would like to follow the limiting

volume argument for chemical species that have a large number of molecules (result-

ing in linear models for the covariances), but use Monte Carlo or finite-projection

techniques for chemical species that do not.
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3 Spatial Modeling

Pablo A. Iglesias

Many, if not most, of the mathematical models in cell biology assume a homoge-

neous spatial distribution of the biochemical entities involved. This assumption facil-

itates the use of ordinary di¤erential equations to describe the reactions governing

the species concentrations. In practice, however, cells are not well-stirred biochemical

reactors where proteins and other species are uniformly distributed. Instead, they

consist of highly complex environments in which species are segregated to di¤erent

spatial domains. In many cases, the spatial arrangement and regulation are as impor-

tant to cellular function as the temporal behavior. For example, spatial segregation is

crucial during development, giving rise to polarity in cells and, subsequently, in

organisms. This chapter shows how spatial models in biology arise; it also presents

some important properties regarding the control of spatial heterogeneities in cell

biology.

3.1 Spatial Heterogeneities in Biological Models

Implicit in any ordinary-di¤erential-equation (ODE) model of biological systems is

the assumption that chemical concentrations are spatially homogeneous. This as-

sumption is valid for systems in which the reactions are confined to small volumes

or when the mobility of the interacting chemical species is restricted. In many sys-

tems, however, spatial heterogeneities are present and are important for proper cell

function. Specifically, di¤usion and transport of biochemical molecules can play a

significant role in biological regulation.

This spatial segregation can be treated with compartment models, in which di¤er-

ent parts of the cells are modeled separately using ODEs and transport between the

compartments is incorporated. A good example of this type of model is found in

Görlich et al. (2003), in which the cytoplasm and nucleus are modeled as well-

stirred compartments and transport through the nuclear pore complexes is modeled

explicitly.



Alternatively, partial-di¤erential-equation (PDE) models can be used. In these

models, systems of di¤erential equations of the form

dciðtÞ
dt
¼ fiðc1; . . . ; cnÞ;

where the fi refer to the reaction terms, are replaced by equations that depend on

both time, t, and spatial location, x. This can be inside a domain, W, or on the

domain’s boundary, qW. The former can represent the cytoplasm, nucleus, or some

other intracellular compartment; the latter can be, for example, the plasma mem-

brane or nuclear envelope.

Taking transport into account, the concentration of species i obeys

qciðx; tÞ
qt

¼ �‘Jiðx; tÞ þ fiðc1ðx; tÞ; . . . ; cnðx; tÞÞ: ð3:1Þ

In this equation, the function Jiðx; tÞ specifies the flux of molecules of species ci into

an infinitesimal volume at spatial location x. It has units of molecules per unit area

per unit time. The di¤erential operator ‘ depends on the spatial dimension and the

representation (Cartesian, polar, etc.) used to describe it. For simplicity, we mostly

assume one-dimensional systems in this chapter, in which case ‘ ¼ q=qx. The general

principles presented here apply to more realistic spatial domains.

3.1.1 Di¤usion

There are several ways in which molecular flux can arise. We first consider di¤usion,

the random motion of a molecules from areas of high concentration to areas of low

concentration. Arising from the Brownian motion of individual molecules, di¤usion

can be described statistically on a microscale (Berg, 1993). Instead, we will employ a

macroscale description based on Fick’s law of di¤usion, which states that the flux of

a species into a region is proportional to the concentration gradient:

Jiðx; tÞ ¼ �DiðxÞ‘ciðx; tÞ: ð3:2Þ
The proportionality constant DiðxÞ is known as the di¤usion coe‰cient. In general, it

can depend on the location in the domain. The ‘‘�’’ sign is used since di¤usion takes

molecules from regions of higher concentration into regions of lower concentration.

If we substitute equation (3.2) into equation (3.1), we get

qciðx; tÞ
qt

¼ ‘ðDiðxÞ‘ciðx; tÞÞ þ fiðc1ðx; tÞ; . . . ; cnðx; tÞÞ: ð3:3Þ

It is common to assume that di¤usion is homogeneous—that is, independent of the

spatial variable—in which case equation (3.3) simplifies to
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qciðx; tÞ
qt

¼ Di‘
2ciðx; tÞ þ fiðc1ðx; tÞ; . . . ; cnðx; tÞÞ: ð3:4Þ

3.1.2 Transport

Di¤usion represents passive transport. Biochemical species inside cells also move be-

cause of active transport processes. For example, actin or microtubule motors carry

cargo along these polarized filaments in di¤erent directions (Bray, 2000). To model

this transport, we will use the advection equation

Jiðx; tÞ ¼ viðxÞciðx; tÞ; ð3:5Þ
where viðxÞ is the velocity of the particles of species i. This velocity may depend on

the spatial location x.

3.1.3 Boundary Conditions

When specifying an ordinary di¤erential equation, one must define the initial condi-

tion. For partial di¤erential equations, one must also specify boundary conditions.

Three types of boundary conditions are commonly used in models of biochemical

reactions. We will assume that the partial di¤erential equation is defined in the do-

main W with boundary qW. For Dirichlet boundary conditions, the first type, the

values of the concentration are fixed:

ciðx; tÞ ¼ c0; iðxÞ; x A qW:

In practice, a more common situation in biological systems is to specify the flux of

the species at the boundaries. For Neumann boundary conditions, the second type,

the equation

‘ciðxÞ �~nn ¼ giðc1ðx; tÞ; . . . ; cnðx; tÞÞ; x A qW;

specifies the boundary conditions, where~nn is the outward normal direction to qW.

The third type, Robin boundary conditions, arises as a linear combination of the

first and second types:

k1ciðxÞ þ k2‘ciðxÞ �~nn ¼ giðc1ðx; tÞ; . . . ; cnðx; tÞÞ; x A qW:

The functions gi that arise in Neumann and Robin boundary conditions can include

reactions that take place on the boundary, for example, reactions of membrane-

bound particles that drive intracellular dynamics.

3.1.4 The Di¤usion Equation

When there are no reaction terms, the partial di¤erential equation reduces to the dif-

fusion equation, which is also known as the heat equation. In one dimension:
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qcðx; tÞ
qt

¼ D
q2cðx; tÞ
qx2

: ð3:6Þ

In a specific case that proves to be useful, the species di¤uses in an infinite me-

dium: x A ð�y;yÞ, and all the molecules are initially at the origin:

cðx; 0Þ ¼ c0dðxÞ;
where dðxÞ refers to the Dirac delta function and the boundary conditions are such

that limx!y cðGx; tÞ < y. Although the solution can be obtained in a straightfor-

ward manner using the method of separation of variables (Haberman, 1983), it is

easier just to verify that

cðx; tÞ ¼ c0ffiffiffiffiffiffiffiffiffiffiffi
4pDt
p e�x

2=ð4DtÞ ð3:7Þ

satisfies equation (3.6). The profile of cðx; tÞ in equation (3.7) is clearly that of a

Gaussian curve with mean zero and variance 2Dt. We can view this as the probabil-

ity that a particle, initially at the origin, will have moved a distance x in time t sec-

onds. In particular, we can get the mean square displacement:

hx2i ¼
ðy
�y

x2cðx; tÞ dx ¼ 2Dt; ð3:8Þ

directly from the fact that equation (3.7) specifies a Gaussian distribution.

3.2 Morphogen Gradients

All biological systems exhibit spatial polarity at some point or another. In fact, even

spherical bacteria (known as cocci) develop spatial asymmetry at the time of division

(Cabeen and Jacobs-Wagner, 2007). How biological species polarize is one of the

great questions in cellular and developmental biology (Arkowitz and Iglesias, 2008).

In developmental biology, morphogen gradients are believed to e¤ect di¤erentia-

tion. A morphogen is a di¤usible molecule that is produced or secreted at one end

of an organism. Di¤usion away from the localized source forms a gradient of con-

centration. This spatial pattern then controls the activity of downstream e¤ectors,

which may be other signaling molecules or other cells. Because the response of these

e¤ectors depends on the local concentration of the morphogen, which itself depends

on the position, di¤erent cells along the length of the gradient experiencing di¤erent

concentrations yield di¤erent responses (figure 3.1). The idea that gradients of di¤u-

sible particles could e¤ect spatial patterns is about 100 years old (Ephrussi and St

Johnston, 2004). Nobelist Thomas Hunt Morgan (1901) proposed that gradients
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could be responsible for regeneration. That same year, Theodor Boveri (1901) sug-

gested that the patterns in sea urchin larvae could be achieved by gradients.

The concept of morphogen gradients as a means of controlling spatial patterning

and positional information during development was particularly championed by

Lewis Wolpert (1969), who developed the so-called French flag model (figure 3.1).

The existence of morphogens and their role in development have now been estab-

lished experimentally; the first morphogen discovered was the transcription factor

bicoid, in the fruit fly Drosophila melagonaster (Driever and Nüsslein-Volhard,

1988).

3.2.1 A Simple One-Dimensional Model

To see how a morphogen gradient can arise, we consider the case of a system consist-

ing of a single species, whose concentration is denoted by cðx; tÞ, di¤using in a one-

dimensional finite environment: x A W ¼ ½0;L�.
We assume that cðx; tÞ is being produced or activated at one boundary ðx ¼ 0Þ.

From there, it di¤uses into the environment, where it is inactivated at a rate propor-

tional to its concentration. The concentration of cðx; tÞ is described by

qcðx; tÞ
qt

¼ D
q2cðx; tÞ
qx2

� k�cðx; tÞ: ð3:9Þ

Figure 3.1
Morphogen gradients and the French flag model. A morphogen is secreted at the left end of a domain and
di¤uses into the area, where it is degraded or deactivated, creating a spatial gradient. The morphogen trig-
gers downstream e¤ectors in a concentration-dependent manner. In this example, the six cells exhibit three
distinct phenotypes, depending on whether the morphogen concentration is above one or both of the
thresholds. The resemblance of the resultant pattern to the French tricolor gives this model its name (Wol-
pert, 1969).
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We assume that, initially, the concentration is zero everywhere: cðx; 0Þ ¼ 0. The pro-

duction appears as a boundary condition in terms of flux

D
qc

qx

����
x¼0
¼ �kþ:

The minus sign corresponds to the fact that the flux is into the domain. The other

condition we impose is that there is no flux at the other end of the domain:

qc

qx

����
x¼L
¼ 0:

The solution of this di¤erential equation, written in terms of the steady state ðcyðxÞÞ
and transient ð~ccðx; tÞÞ, is given by

cðx; tÞ ¼ kþl
D

coshð½x� L�=lÞ
sinhðL=lÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
cyðxÞ

þ kþ
D

Xy
n¼�y

tn cos
npx

L

� 	
e�t=tn|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

~ccðx; tÞ

; ð3:10Þ

where l ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
D=k�

p
and tn ¼ 1=½k� þ n2p2D=L2�. The functions coshðzÞ ¼

ðez þ e�zÞ=2 and sinhðzÞ ¼ ðez � e�zÞ=2 are the hyperbolic cosine and sine, respec-

tively. The time-dependent spatial profile of this solution is illustrated in figure 3.2.

Although this chapter focuses on the steady-state solution, it is important to keep

in mind that, in biology, the transient term may be crucially important (Bergmann et

al., 2007).

3.2.2 Controlling the Shape of the Gradient

The parameter l is known as the dispersion. The steady-state spatial gradient of the

di¤using species is controlled by the nondimensional parameter

F ¼ L

l
¼

ffiffiffiffiffiffiffiffiffiffiffi
L2k�
D

s
;

known as the Thiele modulus. We will focus on the concentration at the two ends.

First, we look at the end from which the species is being produced or activated

ðx ¼ 0Þ:

cyð0Þ ¼ kþl
D

cothðFÞ:

Then we look at the other end ðx ¼ LÞ:

cyðLÞ ¼ kþl
D sinhðFÞ :
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Finally, as a measure of the spatial distribution, we look at the gain, defined as the

ratio between the two:

cyð0Þ
cyðLÞ ¼ coshðFÞ:

These three curves are plotted in figure 3.3 as a function of the Thiele modulus.

Clearly, there are three ways that the Thiele modulus can be regulated: L, k� and

D. We now turn to how each of these can be used in biology to control cell function.

Size and Shape of the Cell

Cells can use the dimension and shape of the environment to regulate the concentra-

tion of cðx; tÞ (Meyers et al., 2006). As the dimension L is increased, two things are

apparent. First, the concentration cyð0Þ is a monotonically decreasing function of L,

reaching the asymptotic value of kþl=D as L "y (figure 3.3a). Hence the larger the

environment, the smaller the peak concentration of cyðxÞ, and this is relatively con-

stant once FF 1. Consequently, the concentration throughout the region is also low-

ered. Second, at the other end ðx ¼ LÞ, cyðLÞ decreases exponentially for FX 1.

Thus, in addition to the overall level decreasing, the gradient gain increases substan-

tially (figure 3.3b).

Figure 3.2
Time-dependent solution of equation (3.9), with zero initial condition for a region of length L ¼ 1 mm.
Coe‰cients used are k� ¼ 1 s�1, D ¼ 10 mm2/s, and kþ ¼ 1 mM(mm s)�1. Shown along the plane is the
time-dependent concentration, with darker shades representing lower concentrations. Also shown is the
concentration at three intermediate points and at steady state as a function of the position ðxÞ.
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This form of control can be used in two ways. First, assume that the environment

is growing (for example, a rod-shaped bacterium that is lengthening, or a limb that is

growing during development). How does the organism know that it has reached the

correct size? One way that has been proposed is through the use of morphogen gra-

dients (Day and Lawrence, 2000). In this case, the source of the morphogen is away

from the region of growth. As shown in the model above, as the size of the organism

increases, the concentration cyðxÞ decreases uniformly. Once this reaches a certain

threshold, cues stopping growth can be triggered. There is considerable evidence for

such a mechanism in wing size determination in Drosophila (Hufnagel et al., 2007).

Size can also be used to control the concentration of the di¤using species and re-

lated downstream signaling. Consider a situation in which a cell transduces a signal

sensed at its membrane into a nuclear signal. This transfer of information takes place

by producing an intracellular molecule at the membrane, and allowing it to di¤use

toward the nucleus. Figure 3.4 contrasts the signal sensed at the nucleus as a function

of cell shape. In the ellipsoidal cell, because the distance between the membrane and

the nucleus is smaller, the overall concentration is higher than in the spherical cell. It

is clear that the shape of the cell can greatly a¤ect the signal received at the nucleus.

3.2.3 Controlling the Degradation Rate

The degradation rate k� appears in the numerator of the dispersion l. Hence, k�’s
e¤ect on determining the shape of the gradient is similar to that of L. The parameter

k� specifies the average lifetime of a molecule. In particular, if we assume that the

Figure 3.3
Concentration gradient (a) and gain (b) as a function of the Thiele modulus. The coe‰cients used are
D ¼ 10 mm2/s, kþ ¼ 1 mM(mm s)�1 and k� ¼ 1 s�1.
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decay or inactivation of individual molecules is a Poisson process, then the average

lifetime hti ¼ 1=k�. In this time frame, the mean-square displacement is given by

equation (3.8):

hx2i ¼ 2Dhti ¼ 2D

k�
:

Thus larger values of k� signify shorter lifetimes over which the molecule di¤uses.

Thus, fewer activated molecules reach the other end: x ¼ L. This translates to fewer

molecules throughout the environment, as well as steeper gradients (figure 3.5).

Figure 3.4
E¤ect of domain shape on concentration of the di¤using species. In this simple model showing only half
the domain and the steady-state concentration, a species is released at the cell membrane (outer circle or
ellipse) and di¤uses in the domain, having zero flux at the nucleus (inner circle). Also shown is the concen-
tration as a function of time along the radial axis. It is clear that the steady-state concentration in the ellip-
soidal cell is higher than that of the spherical cell, even though the cell area is the same.

Figure 3.5
E¤ect of degradation rate on gradient. Concentration along a domain of length L ¼ 10 mm as a function of
the degradation rate k�. Other coe‰cients are as in figure 3.3.
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The Ran (Ras-related nuclear protein) system is an example of how k� is regulated

to control the gradient of a di¤usible protein (Caudron et al., 2005). Ran is a small

GTPase, found in both inactive (RanGDP) and active (RanGTP) forms inside cells,

with its activity being dictated by whether it is bound to GDP or GTP. Its spatial

regulation follows closely the simple model described above. RanGDP is converted

to RanGTP through the action of an enzyme, RCC1 (regulator of chromosome con-

densation 1), that is found on the surface of the chromatin. Thereafter, RanGTP dif-

fuses into the cytoplasm, where it is hydrolyzed (converted to RanGDP) through the

action of a second enzyme, RanGAP (Ran GTPase-activating protein).

Inside the cytoplasm, RanGTP binds to a third molecule, known as importin-b.

Through in vitro studies, the compound of RanGTP:Importin-b has been found to

be extremely stable: its dissociation rate ðk�Þ is on the order of 4:5� 10�4 s�1, mean-

ing that, on average, it stays around for approximately 2,000 seconds. With this life-

time, the dispersion of the RanGTP:Importin-b complex is approximately 165 mm,

which is considerably larger than the typical cell dimension.

In live cells, another protein, RanBP1 (Ran Binding Protein 1) helps to break

down the RanGTP:Importin-b compound, allowing RanGTP to be hydrolyzed. In

the presence of RanBP1, the dissociation rate of RanGTP and importin-b increases

about 1,000-fold, making the dispersion length about the radius of the cell. This

simple calculation suggests that, in a cell with reduced levels of RanBP1, the abun-

dance of RanGTP:Importin-b would be considerably reduced; this, indeed, has been

observed experimentally (Li et al., 2007).

3.2.4 Controlling the Di¤usion Coe‰cient

The third way in which the gradient can be controlled is through the di¤usion coe‰-

cient. In practice, this can be achieved by changing the local environment in which

the molecules are expected to di¤use. Cellular particles have to di¤use in a crowded

environment that may have considerable number of physical barriers preventing easy

passage. Moreover, the di¤using molecules may interact with other species, hindering

their movement. These e¤ects can lead to a greatly reduced e¤ective di¤usion coe‰-

cient. As an example, the e¤ective di¤usion coe‰cient of a fluorescently tagged

morphogen known as Decapentaplegic (Dpp) in the developing fruit fly wing has

been measured to be 0.1 mm2/s, which is three orders of magnitude less than would

be expected according to its size when di¤using freely in water (section 3.6.3).

An interesting and somewhat paradoxical property of regulation through the di¤u-

sion coe‰cient is that, because the concentration of the species near the source

increases as the di¤usion coe‰cient is decreased (figure 3.6), it may lead to activation

farther away from the source (Lander, 2007). Depending on where the threshold for

activation is set, decreased di¤usion may lead to a greater portion of the environment

being above the threshold. This behavior was seen in a recent model of the Sonic
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hedgehog (Shh) gradient that patterns the ventral neural tube of the chick embryo

(Saha and Scha¤er, 2006).

3.3 Turing Patterns

The concept of the morphogen gradient, though now a well-accepted principle in

developmental biology, is not the only model that has been used to account for pat-

tern formation during development. In his influential 1952 paper, Alan Turing pro-

posed that systems could provide the basis for morphogenesis—the formation of

shapes in biology. Turing reasoned that, however devoid of shape biological systems

might be in their early stages, during development, patterns appeared and that these

patterns might be due to an instability of the spatially homogeneous solution. These

di¤usion-driven bifurcations are now named Turing instabilities. To someone not

familiar with this class of systems, the fact that di¤usion can destabilize a stable sys-

tem may be somewhat surprising. After all, alone, di¤usion acts to minimize spatial

heterogeneities.

The Turing mechanism provides an elegant model of how pattern formation may

arise and has been used to account for a large number of patterns seen in biology,

from pigmentation patterns in large cats (Liu et al., 2006) to vertebrate limb develop-

ment (Newman et al., 2008). Because of the lack of experimental data supporting it,

and because data from some of the better-studied developmental systems have called

its validity into question (Maini et al., 2006), it has not been widely accepted in

the biological community. Recently, however, experimental evidence supporting the

Turing mechanism has emerged. Thomas Schlake and coworkers identified WNT

Figure 3.6
E¤ect of di¤usion coe‰cient. Reducing the di¤usion coe‰cient increases the gradient (gain). Although this
reduces the concentration far away from the source, it also increases the concentration near the source.
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and its inhibitor Dickkopf (DKK) as primary determinants of murine hair follicle

spacing and confirmed predictions of a WNT/DKK-specific mathematical model

based on the Turing mechanism (Sick et al., 2006).

3.3.1 Turing Instabilities in Two-Component Systems

To see how these instabilities arise, we consider a system with two interacting species

(say U and V ) that are capable of di¤using. The system is described by

q

qt

Uðx; tÞ
Vðx; tÞ
� �

¼ f ðU ;VÞ
gðU ;VÞ
� �

þ Du‘
2Uðx; tÞ

Dv‘
2Vðx; tÞ

� �
:

We assume that the system has a spatially homogeneous solution with U and V :

f ðU ;VÞ ¼ 0; and gðU ;VÞ ¼ 0;

with ‘2U ¼ 0 and ‘2V ¼ 0. We linearize the system around this equilibrium.

Defining

uðx; tÞ ¼ Uðx; tÞ �U and vðx; tÞ ¼ Vðx; tÞ � V ;

we obtain

q

qt

uðx; tÞ
vðx; tÞ
� �

¼ a11 a12

a21 a22

� �
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

A

uðx; tÞ
vðx; tÞ
� �

þ Du 0

0 Dv

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

D

‘2uðx; tÞ
‘2vðx; tÞ

� �
; ð3:11Þ

where A is the Jacobian and D is a diagonal matrix describing the species di¤usion

rates.

We seek conditions under which

1. without di¤usion, the spatially homogeneous equilibrium is stable; and

2. with di¤usion, it becomes unstable.

The first condition requires that the matrix A be Hurwitz. Because this is a system

of two interacting species, we can turn to section 1.4.1 to note that stability is equiv-

alent to the following two inequalities:

traceðAÞ ¼ a11 þ a22 < 0; ð3:12Þ
and

detðAÞ ¼ a11a22 � a12a21 > 0: ð3:13Þ
We now consider the second condition. We assume that the perturbations about

the spatially homogeneous solutions are of the form
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uðx; tÞ
vðx; tÞ
� �

¼ u0

v0

� �
elte jqx:

(Recall that we use the notation j ¼ ffiffiffiffiffiffiffi�1p
.) These solutions oscillate in space (with

wavelength q=2p), and their stability is determined by the sign of l. As we will see

later, the size of the spatial domain determines which values of q are admissible.

For now, we do not restrict q.

Substituting these solutions into the linear equation (3.11) leads to

ðlI � AþDq2Þ u0

v0

� �
¼ 0:

These solutions are unstable if the real part of l is positive. Thus the system is un-

stable because of di¤usion if the matrix A�Dq2 has eigenvalues with positive real

part; that is, if

traceðA�Dq2Þ ¼ a11 þ a22 � q2ðDu þDvÞ

¼ traceðAÞ � q2ðDu þDvÞ > 0; ð3:14Þ
or

detðA�Dq2Þ ¼ ða11 � q2DuÞða22 � q2DvÞ � a12a21

¼ a11a22 � a12a21 � q2ða11Dv þ a22DuÞ þ q4DuDv

¼ detðAÞ � q2ða11Dv þ a22DuÞ þ q4DuDv < 0: ð3:15Þ
We can immediately make several observations.

1. If the di¤usion coe‰cients are equal ðDu ¼ Dv ¼ dÞ, then the homogeneous equilib-

rium is stable. To see this, note that

lI � AþDq2 ¼ ðlþ dq2ÞI � A:

Thus the eigenvalues of A�Dq2 are those of A, shifted to the left by dq2 > 0.

2. Di¤usive instabilities can arise only if inequality (3.15) holds. Because

traceðAÞ < 0, and q2ðDu þDvÞ > 0, it is clear that

traceðA�Dq2Þ ¼ traceðAÞ � q2ðDu þDvÞ < 0:

This inequality implies that inequality (3.14) cannot hold. Thus, if a di¤usive insta-

bility exists, then it must be because inequality (3.15) holds.
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3. If the system has a di¤usive instability, then the diagonal coe‰cients of A must have

opposite signs, as must the o¤-diagonal coe‰cients. To see why this assertion holds,

note that inequality (3.12) requires that at least one of the two diagonal elements be

negative. If, however, both a11 < 0 and a22 < 0, then

�q2ða11Dv þ a22DuÞ > 0;

and each of the three terms in inequality (3.15) is positive, implying that the inequal-

ity cannot hold. It follows that a11a22 < 0. However, this inequality, along with

detðAÞ > 0, means that

a12a21 < a11a22 < 0:

Thus, without loss of generality, we may assume that di¤usive instabilities arise only

in systems where the Jacobian has one of two sign patterns:

A ¼ þ �
þ �
� �

; or A ¼ þ þ
� �
� �

: ð3:16Þ

4. If the system has a di¤usion-driven instability, then the dispersion of v must be

greater than that of u. We have already established that di¤usion-driven instability

requires that inequality (3.15) hold. Because both the constant and q4 terms are pos-

itive, however, this means that the q2 term must be negative:

�q2ða11Dv þ a22DuÞ < 0:

Dividing by �q2DuDv, we obtain

a11

Du|{z}
1=lu

>
ð�a22Þ
Dv|fflfflffl{zfflfflffl}
1=lv

> 0:

Hence lv > lu, as claimed. Note that the dispersion of species v requires a minus sign

because the coe‰cient a22 < 0. Normally, this would have been written as a22 ¼
�kv;� to match the format of section 3.2.

Condition (3.16) implies that two interacting patterns are possible for a system

with di¤usion-driven instability. In the first case, species u contributes both to its

own production ða11 > 0Þ and to that of v ða21 > 0Þ. Similarly, v negatively regulates

both u and v (a12 < 0 and a22 < 0, respectively). For this reason, u and v are referred

to as the activator and inhibitor, respectively (figure 3.7). Moreover, because the dis-

persion of v is greater than that of u, activator-inhibitor systems are said to require

local enhancement and long-range inhibition.
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In the second case, production of u is activated both by its own presence ða11 > 0Þ
and by the presence of v ða12 > 0Þ. However, an increase in u reduces the concentra-

tion of v ða21 < 0Þ. In this mechanism, species v can represent a substrate required for

the formation of u. As u is formed, the amount of v is depleted; as more substrate is

produced, more u can also be produced. For this reason, systems with this type of

sign pattern are referred to as substrate-depletion systems (figure 3.8).

We now consider inequality (3.15), a quadratic function of q2, in greater detail.

As stated above, because the coe‰cients in front of the q4 and q0 terms are both

positive, the quadratic function can only take negative values if the discriminant is

positive:

Figure 3.7
Activator-inhibitor system. (a) Activator acts to increase the concentrations of both itself and the inhibitor,
whereas the inhibitor acts to decrease the concentration of both. (b) Typical profile for the activator and
inhibitor in a one-dimensional problem. (c) Typical profile for the activator in a two-dimensional system.
The model used for the latter is that of section 3.4.

Figure 3.8
Substrate depletion. In these systems, the substrate is needed for the production of the product. As product
is formed, substrate is depleted. Shown is the spatially dependent concentration of both the product
ðuðx; yÞÞ and substrate ðvðx; yÞÞ for the system described in section 3.5.
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ða11Dv þ a22DuÞ2 > 4DuDvða11a22 � a12a21Þ:
Dividing by ðDuDvÞ2 yields

a22

Dv

þ a11

Du

� 	2
> 4

a11

Du

a22

Dv

� a12

Du

a21

Dv

� 	
;

which is equivalent to

a22

Dv

� a11

Du

� 	2
> 4

���� a12Du

a21

Dv

���� > 0: ð3:17Þ

Because a11 > 0 and a22 < 0,

a22

Dv

� a11

Du

¼ �
���� a22Dv

����þ
���� a11Du

����
� 	

< 0:

Thus, by taking square roots of equation (3.17), we obtain the inequality

a11

Du

� a22

Dv

> 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi���� a12Du

����
���� a21Dv

����
s

> 0: ð3:18Þ

3.3.2 E¤ects of Spatial Dimension on the Appearance of a Pattern

If there is no restriction on the spatial parameter q, then inequality (3.18) provides a

necessary and su‰cient condition for the existence of a Turing instability. In general,

however, q cannot be chosen arbitrarily, but is instead constrained by the dimensions

of the environment over which the solution evolves.

As an example, consider the case of a finite, one-dimensional domain W ¼ ½0;L�
with Dirichlet or Neumann boundary conditions. The spatial dimension restricts q

to one of the discrete values, known as wave numbers:

q A fqng; where qn ¼ 2pn

L
:

Moreover, the general solution of the linearized equation (3.11) is

uðx; tÞ
vðx; tÞ
� �

¼
X
n

u0;n

v0;n

� �
elntþjqnx:

The individual modes in this sum are unstable if and only if

detðAÞ � q2nða11Dv þ a22DuÞ þ q4nDuDv < 0

for the discrete values of qn.
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As shown in figure 3.9, it may happen that inequality (3.18) holds for some q, but

not for the admissible values of qn. We also see that, as the size of the environment

grows, an ever-increasing number of modes can become unstable. This observation

fits the general intuition of how spatial patterns may arise during development. It is

possible that in a small organism, no discrete mode may satisfy inequality (3.15). As

the organism grows, however, a greater number of unstable modes may arise, leading

to di¤erent patterns. As an example, models have been used to explain the coloration

patterns of the growing angelfish Pomacanthus semicirculatus (Painter et al., 1999).

When young, the fish displays three white stripes on a dark background. As it grows,

new stripes develop and insert themselves between the preexisting stripes. The appear-

ance of these extra stripes can be attributed to the extra modes that become unstable.

3.4 Activator-Inhibitor Systems

In 1972, Alfred Gierer and Hans Meinhardt rediscovered that di¤erences in the

di¤usion properties of interacting species could lead to unstable homogeneous solu-

tions. More important, by developing nonlinear models incorporating local enhance-

ment and long-range inhibition, they moved away from the linear determination of

instability that Turing carried out to the development of models that displayed the

patterns. Over the years, they have developed a large number of models describing

patterns arising in biology (Meinhardt, 1982). Let us consider their original model

of an activator-inhibitor system, which was postulated as a means of explaining ten-

tacle formation in hydra (Gierer and Meinhardt, 1972).

The nonlinear system of equations is given by

qu

qt
¼ au2

v
� buþ �D

q2u

qx2
;

qv

qt
¼ gu2 � dvþD

q2v

qx2
;

where all of the parameters a, b, g, d, �, and d are positive constants. The homoge-

neous solution is given by the pair

ðu; vÞ ¼ bd

ag
1;
g

d

� 	
and the associated Jacobian

A ¼ 2au=v� b �au2=v2
2gu �d

� �
¼ b �b2=a

2ad=b �d

� �
:
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Figure 3.9
E¤ect of spatial dimension on the existence of instabilities. The spatial dimension specifies the allowable
wave numbers that become unstable. The system of figure 3.7 is simulated on a series of one-dimensional
domains of di¤erent size. In all these cases, the parameters are such that instabilities may arise. Shown is
the quadratic term from inequality (3.15). If the length is 3 mm, however, no wave number is unstable; for
increasing lengths, di¤erent wave numbers become unstable. Which pattern dominates will be determined
by the initial conditions and the real value of the wave numbers’ eigenvalues.
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The requirement that detðAÞ ¼ 2bd > 0 is satisfied automatically. The second stabil-

ity requirement: traceðAÞ ¼ b � d < 0, is satisfied provided that d > b. From inequal-

ity (3.18), for di¤usion-driven instabilities to arise, we require that

ðb � d�Þ2 > 4bd�;

which is satisfied provided that

� < ð3�
ffiffiffi
8
p
Þ b
d
A0:17

b

d
:

Some of the patterns that arise from these equations are shown in figure 3.10.

3.5 Substrate Depletion

In equation (3.16), instabilities can also arise from the sign pattern corresponding to

a substrate-depletion system. An example of such a system is given by the following

set of equations (Barrio et al., 1999):

qu

qt
¼ auþ vþ r1uvþ r2uv

2 þ �D
q2u

qx2
;

qv

qt
¼ gu� bv� r1uv� r2uv

2 þD
q2v

qx2
:

In addition to the linear component, there are two terms that denote exchange from

v to u. The two parameters r1 and r2 dictate whether the exchange is linear or qua-

dratic in v. Thus the corresponding nonlinearities are either quadratic or cubic.

Figure 3.10
Turing instabilities. Shown are di¤erent patterns obtained by the activator-inhibitor system described in
section 3.4. Parameters used are a ¼ 1, b ¼ 1, g ¼ 1, d ¼ 1:1, D ¼ 10, and � ¼ 0:1.
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The homogeneous solutions for this systems are given by

v ¼ � aþ g

1� b
u; b0 1:

By setting g ¼ �a, we restrict the steady-state value to the origin: ðu; vÞ ¼ ð0; 0Þ. In
this case, the Jacobian is

A ¼ a 1

�a �b
� �

;

which fits the sign pattern. The equilibrium is stable if b > a > 0 and ab þ g < 0. In-

equality (3.18) predicts that di¤usion will destabilize the system if

aþ �b > 2
ffiffiffiffiffi
a�
p

:

Following Liu et al. (2006), we select

a ¼ 0:899; b ¼ 0:91; D ¼ 6; � ¼ 0:075; r1 ¼ 2; and r2 ¼ 3:5:

A spatially heterogeneous pattern obtained using this system is shown in figure 3.8.

3.6 Determining Di¤usion Coe‰cients

The reaction di¤usion equations, together with the initial and boundary conditions

specify the system describing the concentration of molecules in the system. To deter-

mine the system’s evolution requires that we know the correct value of the di¤usion

coe‰cient inside living cells. This section describes how di¤usion coe‰cients can be

measured.

3.6.1 Fluorescence Recovery after Photobleaching

We first consider the di¤usion of molecules that move along the surface of a mem-

brane, which can be that of the cell or an intracellular object, such as the nucleus.

Because of this restriction, the molecules di¤use in two dimensions. We are also go-

ing to assume that the di¤using species is not interacting or, more likely, that its con-

centration is at steady state, so the number of molecules is not changing.

The idea behind fluorescence recovery after photobleaching (FRAP) is to create in

the living cell a discontinuous initial condition in the spatial distribution of the fluo-

rescence of the molecule of interest. This is done by taking advantage of a property

of biological fluorophores known as photobleaching. When the fluorescent molecules

are exposed to light, they fluoresce, and this response can be detected in the micro-

scope. When the light power from the laser is su‰ciently strong, however, irrevers-
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ible photochemical bleaching of the fluorophore in that region ensues. After this pho-

tobleaching, the light and dark molecules di¤use into and out of the initially dark

area leading to a blurring of the dark area’s boundary (figure 3.11).

The recovery rates of this brightness can be used to determine the di¤usion coe‰-

cients (Axelrod et al., 1976). If cðr; tÞ denotes the concentration of the unbleached

fluorophores, then

dcðr; tÞ
dt

¼ �aIðrÞcðr; tÞ;

where IðrÞ denotes the intensity of the laser light that induces the photobleaching.

Solving this equation leads to the function

cðr; tÞ ¼ cðr; 0Þ exp½�aIðrÞt�:
Typically, it is assumed that the laser power has a Gaussian profile. For simplicity,

however, we assume a perfectly circular profile of radius r0:

IðrÞ ¼ P0=pr
2
0 ; r < r0;

0; rb r0;

�

where P0 is the total laser power.

In the absence of interactions, equation (3.4) reduces to the simpler di¤usion

equation

qcðx; tÞ
qt

¼ D‘2cðx; tÞ:

Figure 3.11
Fluorescence recovery after photobleaching. Using a high-powered laser, the fluorescence in a small region
(white circle) can be eliminated. Di¤usion replenishes the area of fluorescent fluorophores; the rate of re-
covery can be used to measure the di¤usion coe‰cient.
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Under the assumption that the bleached area is small, the boundary condition is

cðr ¼yÞ ¼ c0, and the initial condition is

cðr; 0Þ ¼ c0 exp½�aIðrÞT �; r < r0;

c0; rb r0;

�

where T is the time over which the laser is used. Integrating over the bleached spot,

we define

cðtÞ ¼
ð
cðr; tÞ d2r:

The solution to this di¤usion equation leads to an expression describing the frac-

tional recovery:

f ðtÞ ¼ cðtÞ � cð0Þ
cðyÞ � cð0Þ ;

given by

f ðtÞ ¼ 1� tD

t
e�2tD=t½I0ð2tD=tÞ þ I1ð2tD=tÞ�;

where I0 and I1 are modified Bessel functions and tD ¼ r2=4D (Soumpasis, 1983).

Based on this equation, one way of determining tD, and hence D, is to measure

f ðt1=2Þ ¼ 1=2, which leads (Axelrod et al., 1976) to

DA0:224
r20
t1=2

:

3.6.2 Fluorescence Correlation Spectroscopy

For molecules that are free to di¤use in three dimensions, the preferred technique is

fluorescence correlation spectroscopy, in which the laser light is focused on an ex-

tremely small sample (approximately one femtoliter). Molecules in this volume fluo-

resce, and the intensity of the emitted light (denoted IðtÞ) is measured and tracked

over time. As the molecules di¤use, the measured fluorescence intensity fluctuates.

One way of determining the amount of di¤usion is to evaluate the normalized auto-

correlation function:

GðtÞ ¼ hIðtÞIðtþ tÞi
hI 2ðtÞi � 1:

For particles di¤using in three dimensions, the autocorrelation is given (Haustein

and Schwille 2007) by
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GðtÞ ¼ Gð0Þ 1

1þ t=tD

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðr20=z20Þ � ðt=tDÞ

q ;

where r0 and z0 describe the radius and height of the volume onto which the laser

beam is directed. After fitting experimental data to this equation, the di¤usion coe‰-

cient can be obtained from

D ¼ r20
4tD

:

3.6.3 The Einstein-Stokes Relationship

Particles subject to Brownian motion in a liquid experience force. In 1905, Einstein

used statistical mechanics to demonstrate a relationship between this force and the

di¤usion coe‰cient. In particular,

D ¼ mob kBT ;

where kB is Boltzmann’s constant, T is the absolute temperature, and ‘‘mob’’ refers

to the particle’s mobility, the ratio between the force applied to the particle and its

drift velocity:

mob ¼ v

F
:

Particles di¤using in a liquid at low Reynolds number, which is the case in biology

at the cellular level, are said to be undergoing viscous flow. In this case, the relation-

ship between velocity and the resultant drag force is given by

F ¼ gv;

where g is the drag coe‰cient. For a sphere of radius r, the drag coe‰cient can be

computed as

g ¼ 6prh;

where h is the viscosity of the fluid. For water at room temperature, this equals

8:94� 10�4 Pa�s. Inside a cell, however, this can be 5–10 times larger (Caudron

et al., 2005). Together, this means that

D ¼ kBT

6prh
; ð3:19Þ

which is known as the Einstein-Stokes relationship.
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Note that equation (3.19) requires that one know the e¤ective radius of the parti-

cle. Although in practice unknown, it can be estimated from the protein’s mass by

assuming that the molecule is a sphere. From the gene’s sequence, the chemical com-

position is known, and hence the mass of the resultant gene product can be easily

calculated. The typical unit of mass used in biochemistry is the dalton, which is

defined as one-twelfth the mass of a carbon atom, and equals approximately

1:66� 10�24 g. The conversion factor used from mass to volume is 0.74 ml/gram

(Caudron et al., 2005). For example, the green fluorescent protein (GFP) commonly

used to tag proteins in living cells is a 26.9 kDa protein. Thus we estimate that it

occupies a volume equal to

VAð26:9� 103 kDaÞð1:66� 10�24 gÞð0:74 ml=gramÞ

A3:3� 10�23 ml

¼ 3:3� 10�8 ðmmÞ3:
Under the assumption that the protein is a sphere, the radius is

r ¼ 3V

4p

� 	1=3
A1:99 nm:

The Einstein-Stokes relationship would predict a di¤usion coe‰cient inside the cell

equal to

D ¼ kBT

6prh
A24:4 mm2=s;

at 298 K and assuming a viscosity five times higher than water. By way of compari-

son, the di¤usion coe‰cient of fluorescent proteins inside living cells has been mea-

sured to be 22–25 mm2/s (Maertens et al., 2005; Potma et al., 2001).

3.7 Conclusions

This chapter has highlighted the need for including spatial dynamics in models of

biochemical reactions. As we saw in sections 3.2 and 3.3, di¤usion and transport

can make significant di¤erences to the response and even stability of systems. An

area where more work is needed is in the use of stochastic methods, such as those

presented in chapter 2, for explaining spatial phenomena. Andrews and Bray (2004),

Elf and Ehrenberg (2004) and Altschuler et al. (2008) provide some of the first results

in this important area.
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4 Quantifying Properties of Cell Signaling Cascades

Simone Frey, Olaf Wolkenhauer, and Thomas Millat

Cells use transduction pathways in order to respond to signals from their environ-

ment. These pathways are composed of specific biochemical networks, which have a

characteristic structural design. In recent years, several mathematical models have

been proposed to describe signaling processes. When considering the dynamics of a

signal transduction pathway, questions about the magnitude of average activation

time or duration of a signal arise. Quantitative measures provide one approach for

answering such questions. In this chapter, we analyze features such as the signaling

time and signal duration of linear kinase-phosphatase cascades. We apply three com-

monly used mathematical models to show that one main purpose for the specific de-

sign of the MAPK (mitogen-activated protein kinase) cascade structure could be

to trigger slow signals of short duration. Thus our results may help to explain the de-

sign of a specific pathway structure. Furthermore, we examine the deviations that

occur when applying di¤erent model approximations to describe the same signaling

pathway.

4.1 Why We Need Quantitative Measures of Dynamic Properties

The functioning of cells requires the transfer of information between and within

cells. The transmission of signals is realized through interacting proteins, groups of

which are organized into signaling pathways. Because signal processing and cellular

responses are highly dynamic biological processes, the investigation of steady-state

behavior is not su‰cient to characterize them. As reported in recent publications,

changes in the temporal profile of a stimulus can result in very di¤erent cellular pro-

cesses. In PC12 cells, for example, the duration of signaling through extracellular

signal-regulated kinases (ERKs) may result in proliferation or in di¤erentiation. The

two hormones EGF (epidermal growth factor) and NGF (nerve growth factor) use

the same pathway to trigger either process. Stimulation with EGF results in transient

ERK phosphorylation, which causes proliferation, whereas stimulation with NGF



results in sustained ERK activation, which triggers di¤erentiation (Marshall, 1995;

Sabbagh et al., 2001; Vaudry et al., 2002). It can be seen here that for the cellular

response and therefore for the specific function of the pathway, the properties of a

signal (e.g., duration) are crucial. The meaningful determination of quantitative

properties of dynamic signals is not simple. Over recent years, mathematical theories

have been developed to describe the regulation of signaling pathways as a function of

key parameters. A measure frequently used to determine signal properties is charac-

teristic time. A well-known example is the relaxation time of a system (Atkins and de

Paula, 2002; Schwarz, 1968), which is related to the eigenvalues of the system Jaco-

bian at steady state (defined in section 1.3). An advantage of this approach is that

such a characteristic time is independent of the initial or final state of the system

and depends only on intrinsic systems properties (e.g., biochemical interaction and

kinetic parameters). This measure is well defined from a theoretical point of view

but di‰cult to determine from data and for complex systems. For this reason,

Llorens et al. (1999) introduced a so-called geometrical approach to provide an ex-

perimentally measurable analog; it considers the average time taken by any observ-

able of a metabolic pathway to transition from one given state to another, when

either a perturbation or a persistent variation is applied.

A similar approach was developed in control systems theory to characterize the

signal transition to a new steady state, where the rise time tr is defined as the time

required for a response to rise from 10% to 90% of its final value. Analogously, the

delay time td is the time to reach 50% of the final value. Additionally, characteristic

quantities for oscillatory signals have been introduced, for example, the settling time

ts, which determines how long it takes to reach and stay within a specific tolerance

band (see Franklin et al., 2006; Nagrath and Gopal, 1986).

In this chapter, we demonstrate how quantitative measures can be used to investi-

gate features of signaling cascades. We apply an approach in which integrals over dy-

namic signals determine the features of the signaling pathway. In contrast to the

characteristic times used above, here signals do not tend to a new steady state but

instead return to their initial value. We make use of quantitative signaling measures

first introduced by Heinrich et al. (2002) to analyze linear kinase-phosphatase cas-

cades (figure 4.1). Their study focused on a number of questions including: How do

the magnitudes of signal output and signal duration depend on the kinetic properties

of pathway components, such as kinases or phosphatases (Hornberg et al., 2005)?

Can high signal amplification be coupled with fast signaling? How are signaling

pathways designed to ensure that they are safely o¤ in the absence of stimulation,

yet display high signal amplification following receptor activation? How can di¤erent

agonists stimulate the same pathway in distinct ways to elicit either a sustained or a

transient response? These examples show that the quantitative measures introduced

above can be used to investigate various intrinsic properties of signaling cascades.
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The motivation for characterizing a signal can also arise from a more structural

point of view: we may want to unravel features that make one pathway structure

more favorable than others. Or, assuming the same network structure but di¤erent

model approximations, we may want to describe quantitative and qualitative di¤er-

ences in model behavior.

Section 4.2 introduces and explains quantitative signaling measures. The analysis

based on quantitative measures is performed with respect to a multivariate objective

function. This function is not trivial but is necessary since the design of a complex

signal transduction pathway most likely depends on numerous factors. Section 4.3

briefly introduces MAPK cascades and provides references to the literature. Section

4.4 presents three di¤erent model approximations, two of them proposed for model-

ing the MAPK cascade. Section 4.5 demonstrates the application of the quantitative

measures of section 4.2 to the models of section 4.4. Finally, section 4.6 provides a

discussion of and the outlook for our work.

4.2 Quantitative Signaling Measures

We follow the approach of Heinrich et al. (2002), which uses integrals of di¤erent or-

der to characterize signaling cascades, and which describes the signal in question in

terms of signaling time, duration, strength, and amplification. Consider the linear

kinase-phosphatase cascade shown in figure 4.1, where linear means that there is no

Figure 4.1
Sequential kinase-phosphatase cascade model (Heinrich et al., 2002). The dephosphorylated form of a pro-
tein is denoted as Xi and the phosphorylated as XP

i . X0, a, and b denote the receptor concentration, and
the kinase and phosphatase rate constants, respectively.
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cross-talk and no feedback or feedforward loop. Each protein Xi exists in either a

phosphorylated (X P
i ) or a nonphosphorylated (Xi) state. Here the phosphorylated

state is presumed to be the active state; the nonphosphorylated state is presumed to

be inactive. Assuming, for example, that at time t0 ¼ 0, every protein is found only in

its inactive state, the occurrence of a stimulus triggers the phosphorylation of protein

X1, which then stimulates the phosphorylation-dephosphorylation cycle of its succes-

sor, with the corresponding kinase and phosphatase rate constants.

We now introduce the quantitative measures of Heinrich and coworkers that we

used to characterize the temporal profile of a protein X P
i , schematically shown in fig-

ure 4.2. As can be seen in this figure, the approach can also be used for more com-

plex biochemical signaling pathways.

The signaling time is a quantitative measure defined as the average time to activate

protein Xi. It is defined as an average, analogous to the mean value of a statistical

distribution:

ti ¼
Ðy
0 tX P

i dtÐy
0 X P

i dt
: ð4:1Þ

The denominator is the integral over the entire phosphorylated protein signal and

corresponds to the total amount of all X P
i molecules generated during the signaling

Figure 4.2
Graph of hypothetical time-dependent signal, showing signaling time t, signal duration Q, and signal
strength S (Heinrich et al., 2002). Note that the signaling time t does not necessarily coincide with the
time where the maximum level of the signal is reached. This would only be the case for a symmetric profile.
By definition of S, the area under the curve is equal to the area of the rectangle spanned by S and 2Q.
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period. More generally, the area under the curve can be interpreted as the total

amount of activated protein X P
i . Note that, although the protein concentration

X P
i ðtÞ is time dependent, we suppress an explicit indication in this chapter to make

the formulas more clearly arranged.

The signal duration is defined as the average time during which protein X P
i remains

activated:

Qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐy
0 t2X P

i dtÐy
0 X P

i dt
� t2i

s
; ð4:2Þ

and is similar to the standard deviation of a statistical distribution. By definition, the

signal duration depends on the signaling time defined in equation (4.1).

To develop a measure of the average signal concentration Si, Heinrich and co-

workers considered the area under the curve X P
i ðtÞ (see again figure 4.2), that is,Ðy

0 X P
i dt. They defined the average concentration Si so that 2Qi � Si spans a rectan-

gle whose area is the same as the area under the curve. Thus combining the quantita-

tive measures as defined in equation (4.1) and equation (4.2), we arrive at the signal

amplitude or signal strength, given by

Si ¼
Ðy
0 X P

i dt

2Qi
; ð4:3Þ

where Si defines the average concentration of protein X P
i .

The amplification factor, defined as

Aij ¼ Sj

Si

; for i < j; i; j ¼ 0; . . . ; n; where n ¼ cascade length; ð4:4Þ

compares the signal amplitude of the jth component with one of its precursors i. For

Aij > 1, the signal is amplified; for Aij < 1, it is damped; for Aij ¼ 1, it remains con-

stant. Additional amplification factors can be defined in the same way to compare

other elements of the cascade (e.g., double phosphorylation of proteins, as shown in

figure 4.3). The overall amplification of a signaling pathway can thus be measured as

An ¼ Sn

S0
; ð4:5Þ

where S0 denotes the signal amplitude of the stimulus, and Sn the signal amplitude

of the most downstream and phosphorylated protein. The signal amplitude or the

amplification factor can be used as a consistent baseline for comparing di¤erent

pathway structures. Thus one can compare signaling time and signal duration of
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pathways di¤ering in length or number of phosphorylations, for example, while

keeping these measures constant (Frey et al., 2008). For a model with numerous

parameters, however, determining a parameter set that results in the desired ampli-

tude is more complicated, as shown in section 4.5. On the other hand, for a system-

atic comparison, one does not need to use the same signal amplitude, but can relate

the rate constants, as shown at the end of section 4.4.

Application of the quantitative signaling measures of equations (4.1)–(4.3) is

restricted to a special class of signal shapes. The signal has to be finite at initial time

t0 (in our investigations, we assume a value of zero). In addition, the term
Ðy
0 t2X P

i dt

in equation (4.2) requires that, in the limit as t!y, the signal disappears faster than

t�2. According to these limitations, the formalism introduced can be applied to a cas-

cade where the initial concentrations of the phosphorylated proteins, the nonphos-

phorylated proteins, intermediates and the external stimulus are finite. The MAPK

cascades satisfy these constraints, allowing the formalism to be applied to this family

of pathways, as the following section demonstrates.

4.3 Cellular Signaling Cascades: The MAPK Cascade

The mitogen-activated protein kinase (MAPK) cascades are evolutionarily well con-

served from yeast to mammals (Widmann et al., 1999). They relay signals from

diverse stimuli and receptors to the nucleus and are involved in many crucial devel-

Figure 4.3
Schematic representation of a three-level MAPK cascade using CellDesigner (Funahashi et al., 2003).
Circles with a ‘‘P’’ inside denote phosphate groups involved in phosphorylation. Here the second and third
levels involve double phosphorylation. The circle with a ‘‘*’’ inside denotes activation.

74 S. Frey, O. Wolkenhauer, and T. Millat



opmental cellular processes (Avruch, 2007; Pearson et al., 2001), including prolifera-

tion, di¤erentiation (Raman et al., 2007) and apoptosis (Lamkanfi et al., 2007).

Many oncogenes have been shown to encode proteins that transmit mitogenic signals

upstream of this cascade, so that the MAPK pathway provides a simple unifying ex-

planation for the mechanism of action of many nonnuclear oncogenes (Seger and

Krebs, 1995). Consequently, these signaling pathways play an important role in

many diseases (Kyriakis and Avruch, 2001; Lawrence et al., 2008); their role in can-

cer is of special interest.

The ubiquitous MAPK pathway consists of a cascade of at least three activation

steps (Bardwell, 2005), as shown schematically in figure 4.3. It is assumed that the

corresponding kinase and phosphatase activities do not depend on the degree of

phosphorylation. The first protein kinase (MAPKKK) activates the second kinase

(MAPKK). The second kinase then activates the third kinase (MAPK) through dou-

ble phosphorylation (Alessi et al., 1994; Anderson et al., 1990). Active MAPK then

enters the nucleus and regulates transcription factors that control gene expression.

For about a decade, the MAPK cascade has been the subject of mathematical mod-

eling. Two questions arise:

1. What are the consequences of di¤erent model assumptions assessed by quantita-

tive signaling measures?

Recent studies show that approximations can strongly influence the response of the

system (Blüthgen et al., 2006; Flach and Schnell, 2006; Millat et al., 2007).

2. Do certain structures realize a design principle with respect to the quantitative

measures (see Frey et al., 2008)?

To investigate these questions, we chose three commonly used models of MAPK

cascades, representing di¤erent levels of approximation. The mathematical analysis

of MAPK cascades reveals many interesting features of this fundamental structure

in cellular signaling. The sequential alignment of (de)phosphorylation cycles ampli-

fies their inherent ultrasensitivity (Goldbeter and Koshland, 1981) in such a way

that the cascades are presumed to act as very sensitive, highly nonlinear biochemical

switchs (Ferrell, 1996; Ferrell and Machleder, 1998). Additional combination with

positive or negative feedback, or both, brings about other interesting nonlinear be-

havior, such as bistability and oscillations (Kholodenko, 2000; Wang et al., 2006;

Xiong and Ferrell, 2003).

4.4 Models of the MAPK Cascade

During the last decade, various models of the MAPK cascade have been developed.

Some of them were generated to focus on the investigation of the core module and its
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principal features (e.g., Bhalla et al., 2002; Blüthgen and Herzel, 2003; Huang and

Ferrell, 1996). Others incorporate growth-factor receptors and adaptor proteins

(e.g., Bhalla and Iyengar, 1999; Pircher et al., 1999; Sasagawa et al., 2005; Schoeberl

et al., 2002) or describe the e¤ect of feedback or feedforward loops and cross-talk

with consequences on dynamic and steady-state properties (e.g., Asthagiri and Lauf-

fenburger, 2001; Kholodenko et al., 1999; Markevich et al., 2004; McClean et al.,

2007; for reviews, see Orton et al., 2005; Vayttaden et al., 2004).

Here we focus on the core structure of the MAPK cascade as shown in figure 4.3.

For our analysis, we chose three well-established models with di¤erent levels of ap-

proximation. The model by Huang and Ferrell (1996; hereafter denoted HF) is the

most detailed one with respect to the kinetic representation, whereas the models by

Heinrich et al. (2002; denoted Hg) and Kholodenko (2000; denoted K) apply some

approximations to simplify the mathematical representation.

The mechanistic HF model assumes that each activation or deactivation of a pro-

tein follows an enzyme kinetic reaction (Cornish-Bowden, 2004; Segel, 1993). For a

protein Xi and its upstream active kinase X P
i�1 that catalyzes the phosphorylation of

Xi to X P
i , we have

Xi þ X P
i�1 Ð

ai

di
ðXiX

P
i�1Þ !

ki
X P

i þ X P
i�1: ð4:6Þ

The bimolecular reaction of Xi and X P
i�1 results in an intermediary complex

ðXiX
P
i�1Þ, which can dissociate into the reactants or the activated form X P

i and the

unchanged kinase X P
i�1. The three reaction rates involved are determined by rate

coe‰cients: association constant ai, dissociation constant di, and catalytic constant

ki. X
P
i�1 is assumed to be an ideal catalyst. Furthermore, it is assumed that all other

participants (e.g., H2O, ATP) are constant over the whole observation period, which

leads to a reaction scheme that is formally equivalent to a standard enzymatic reac-

tion (Millat et al., 2007). Additionally, there are some conservation laws for proteins

and enzymes (Huang and Ferrell, 1996). The resulting system of coupled nonlinear

ordinary di¤erential equations describes the time course of the proteins and their dif-

ferent activation states as well as the time course of the intermediary complexes as in

equation (4.6):

d

dt
ðXiX

P
i�1Þ ¼ aiXi � X P

i�1 � ðdi þ kiÞðXiX
P
i�1Þ:

The term ðXiX
P
i�1Þ denotes a complex. Note that, for our investigation, we intro-

duce an additional equation for the time-dependent stimulus:

X0ðtÞ ¼ X 0e
�lt;

76 S. Frey, O. Wolkenhauer, and T. Millat



in comparison to the original system of Huang and Ferrell (1996), where the stimulus

is a constant external parameter. This equation describes receptor deactivation as a

consequence of a pulselike stimulus. For the sake of simplicity, we choose a simple

monomolecular deactivation mechanism and assume a receptor concentration of X 0

at the initial time t0 ¼ 0. This stimulus profile guarantees that the final signal of the

phosphorylated protein approaches zero for t!y, as required for calculating the

quantitative signaling measures.

The mechanistic model can be simplified if one assumes that the intermediate com-

plexes operate at a quasi–steady state. This assumption converts the di¤erential

equation for the complex into an algebraic equation, for example:

0 ¼ aiXi � X P
i�1 � ðdi þ kiÞðXiX

P
i�1Þ; ð4:7Þ

which can be solved for the complex concentration ðXiX
P
i�1Þ. Inserting this into the

enzyme kinetic reaction reduces it formally to a bimolecular reaction (Millat et al.,

2007). If one further assumes a constant phosphatase concentration, the dephosphor-

ylation reaction reduces to a pseudo-monomolecular reaction (Millat et al., 2007).

The change of concentration of a protein can then be described by the di¤erential

equation

d

dt
X P

i ¼ ~aaiXi � X P
i�1 � biX

P
i ; ð4:8Þ

where ~aai ¼ ai=X
tot
i and X tot

i denotes the total concentration of protein Xi (Heinrich

et al., 2002). The rate equation (4.8) can be further simplified if we apply the conser-

vation laws for the proteins and additionally assume that the concentration of inter-

mediate complexes is negligible with respect to the concentration of proteins that are

not bound in a complex. Under that assumption, the conservation law reduces to a

simple relation between the protein concentrations:

X tot
i ¼ Xi þ X P

i : ð4:9Þ

Inserting this into equation (4.8) yields the Hg model:

d

dt
X P

i ¼ aiX
P
i�1 1� X P

i

X tot
i

� 	
� biX

P
i : ð4:10Þ

Finally, we introduce a third MAPK model by Kholodenko (2000), which we use

for our investigation. As in the previous models, all of the biochemical reactions

involved follow the enzyme kinetic reaction of equation (4.6). Again, we use the

quasi-steady-state approximation to simplify the system of coupled di¤erential equa-

tions. In contrast to the HF and Hg models discussed above, the K model uses the
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conservation law for the proteins to express the level of upstream kinase. Owing to

this explicit transformation, the K model is a simplification of the Hg model (see

equation (4.8); Millat et al., 2007). The resulting rate equation for activation and de-

activation of a protein,

d

dt
X P

i ¼
kiX

P
i�1 � Xi

KM þ Xi

� ViX
P
i

KM þ X P
i

; ð4:11Þ

contains two Michaelis-Menten-like expressions and is similar to the model of

Goldbeter and Koshland (1981). The limiting rate Vi results again from the assump-

tion of a constant phosphatase concentration. Note that neglecting the complex con-

centration within the model is crucial (Blüthgen et al., 2006; Millat et al., 2007). The

structure of the di¤erential equations, the required kinetic parameters, and their rela-

tion to the mechanistic constants are summarized in table 4.1. Section 4.5 applies the

quantitative signaling measures to compare the HF, Hg, and K models and discusses

the consequences of the approximations used in the latter two models.

We now derive the kinetic parameters uniquely related within the models. For sim-

plicity, the number of parameters is reduced by examining only cascades with iden-

tical cycles. The starting point is again the mechanistic HF model, where the

activation and deactivation of a protein Xi is determined by the association constant

ai, the dissociation constant di, and the catalytic constant ki. Owing to the quasi-

steady-state assumption used in the Hg model, we obtain new kinetic parameters

that depend on the mechanistic parameters of the HF model. The activation rate

constant ai follows from the balance equation (4.7) as

Table 4.1
Overview of the three models used for analysis in chapter 4

Model (Reference) Example equation Parameters

HF (Huang and Ferrell, 1996)
d

dt
X P

i ¼ ðdiþ1 þ kiþ1ÞðXiþ1X P
i Þ

þ kiðXiX
P
i�1Þ � aiþ1Xiþ1X P

i

ai, di , ki

K (Kholodenko, 2000)
d

dt
X P

i ¼
kiX

P
i�1Xi

KM þ Xi

� ViX
P
i

KM þ X P
i

K i
M ¼

di þ ki

ai
Vi ¼ kiP

Hg (Heinrich et al., 2002)
d

dt
X P

i ¼ aiX
P
i�1ð1� X P

i =X
tot
i Þ � biX

P
i ai ¼ ki

K i
M

bi ¼
ki

K i
M

P

Note: The third column shows the specific parameters and their derivation from the mechanistic HF
model.
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ai ¼ ki

K i
M

: ð4:12Þ

Since the concentration of phosphatase is assumed to be constant, bi is an e¤ective

deactivation rate constant (Atkins and de Paula, 2002; Millat et al., 2007):

bi ¼
ki

K i
M

P; ð4:13Þ

which is the product of the phosphatase concentration P and the ratio of the catalytic

rate constant ki and the Michaelis constant:

K i
M ¼

di þ ki

ai
: ð4:14Þ

Additionally, the Kholodenko model contains the limiting rate Vi, which is defined

as usual as

Vi ¼ kiP; ð4:15Þ
where P again is the phosphatase concentration (for an overview, see table 4.1).

As the sequential derivation shows, the parameters of the simplified models are de-

termined by the mechanistic parameters ai, di, and ki. Note that this derivation is not

reversible (Millat et al., 2007). Thus, if the limiting rate Vi and the Michaelis-Menten

constant for an enzyme kinetic reaction are known, it is not possible to evaluate

uniquely all three mechanistic kinetic parameters. Since all model parameters can be

determined from the mechanistic parameters, all models are well defined if the mech-

anistic parameters are known. To simplify the analysis, we use identical activation

and deactivation cycles to compose the MAPK cascades. Furthermore, we assume

that the coe‰cients of deactivation scale with the kinetic coe‰cients of activation.

In this way, we reduce the number of system parameters to three coe‰cients for acti-

vation and a factor that determines the coe‰cients for deactivation. We assume that,

at the initial time t0, all proteins are inactive and thus in their nonphosphorylated

form.

4.5 Comparison of Models Using Quantitative Measures

If the mechanistic interactions, approximations, or intermediate steps of a signaling

pathway are unknown or uncertain, the modeling of the pathway becomes precari-

ous. Quantitative measures can be used to characterize the e¤ect of the di¤erent

approaches as well as to compare di¤erent network structures within a single model

Quantifying Properties of Cell Signaling Cascades 79



approach. In comparing models of di¤erent mechanistic interactions, approxima-

tions, and intermediate steps, we use the model approximations introduced before.

The di¤erent intermediate steps include single, double, and triple phosphorylations

of a three-level cascade. We also consider steps that are not realized in biological

systems but could theoretically transfer the signal. We show how the double phos-

phorylation, which is exhibited by MAPK cascades, changes the properties of the

transduced signal in a favorable way in comparison with single or triple phosphory-

lations. The analysis of signal transduction pathways often requires simplifying

reductions, as noted for the MAPK cascade in section 4.4, although how these

approximations change the system’s behavior is a matter of ongoing discussion.

Note that approximations can change the system’s behavior both qualitatively and

quantitatively (Millat et al., 2007).

Parameter sets were chosen for the HF model, as indicated in figures 4.4–4.6; the

compatible parameters for the Hg and K models were calculated as in section 4.4.

All three models display qualitatively similar behavior. Moreover, for some parame-

ter combinations, they also have quantitatively similar behavior (see also figures 4.4–

4.6). It can be seen that the behavior of the Hg model is more similar to that of the K

model than the behavior of either is to that of the HF model. We suggest that the

consequences of the approximations become obvious here.

In general, the average time until a signal is activated (t) becomes slower with

increasing number of phosphorylations and the average duration of signal activation

(Q) becomes shorter. This means that multiple phosphorylations may have evolved to

generate slow signals of short duration. A signal with a fast response may be of dis-

advantage in biological systems because the system may need a certain time to prove

the validity of the stimulus. On the other hand, the proof of validity should be fast

enough to realize protection from damage or intake of nutrients when exposed to

high availabilities.

We also considered the product of t and Q. If a minimum of this product exists, it

shows an optimal trade-o¤ between both. Indeed, as can be seen in figure 4.6, a min-

imum most often exists for structures with double phosphorylations. This feature

matches the design of the MAPK cascade, which suggests that the MAPK cascade

is favorably designed to trigger a fast response of short duration. For a few parame-

ter combinations, such as a ¼ 4, d ¼ 1, k ¼ 2, the product of t and Q shows a mini-

mum at triple phosphorylation. But in those cases, the minimal value of the triple

phosphorylation is similar to that of a double phosphorylation, although there is a

huge deviation between a structure with single and one with double or triple phos-

phorylations. Nevertheless, because a structure with two phosphorylations would

imply lower complexity and require fewer processes than a structure with three, a

double-phosphorylated structure could still be favored over a triple-phosphorylated

one.
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4.6 Discussion and Outlook

Quantitative measures can be used to characterize the properties of signaling mole-

cules and thus of signaling pathways. Thus our study compares the consequences of

di¤erent degrees of phosphorylation in a pathway structure by varying from one to

three phosphorylations while keeping a constant cascade length of three. Provided

that the objective function mirrors the true purpose of the model structure, quantita-

tive measures can be used to unravel design principles of biological systems. For the

chosen sets of parameters, a minimum of the product of signaling time and signal du-

ration exists in most of the cases for a double phosphorylated pathway structure.

This suggests that the MAPK pathway has evolved into a structure that favors a

fast response of short duration to a stimulus. Of course, taking the product of two

components is only one approach of many to unravel the principle behind specific

and perhaps even unique pathway structures. There are many more factors that con-

tribute to the structure of the pathway as it is today. All possible factors need to be

weighed against each other to determine a more precise criterion that might motivate

the design of these structures.

A comparison of di¤erent model approximations describing the same (MAPK)

pathway shows similar qualitative behavior among those models and exposes the

deviations that arise from simplifying model assumptions. Among a set of candidate

models, the aim is to choose the model closest to reality. The quantitative measures

confirm that the assumptions of the Heinrich et al. (2002) model are more similar to

those of the Kholodenko (2000) model than the assumptions of either are to those

of the Huang and Ferrell (1996) model. Interestingly, it depends on the choice of

parameters whether the HF model shows faster responses to a stimulus than the Hg

or K model. This is a consequence of the quasi-steady-state approximation used in

the Hg and K models. On the one hand, both Hg and K models neglect the time to

establish the quasi–steady state of the complexes that is fully described in the HF

model. On the other hand, if no quasi–steady state is established, the quasi-steady-

state approximation used in Hg and K models is not valid and adds an artificial

bottleneck in the dynamics of the system. In that case, the more detailed HF model

becomes faster than the Hg and K models. As is known from investigations of en-

zyme kinetic reactions, the choice of parameters determines the validity of the quasi-

steady-state assumption (Schnell and Mendoza, 1997).

The quantitative measures introduced in this chapter can also be used to analyze

experimental data without any knowledge about the underlying network. That said,

the quantitative measures of Heinrich et al. (2002) are defined for a special class of

signals: they have to start at a finite value and eventually have to reach zero, which

ensures that the integrals of equation (4.1) and equation (4.2) are finite. The chal-

lenge now is to develop quantitative measures capable of characterizing signals with

an arbitrary final state.
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5 Control Strategies in Times of Adversity: How Organisms Survive
Stressful Conditions

Hana El-Samad

Life in the microbial world is characterized by fierce competition, nutritional hard-

ship, and often dramatic changes of environmental parameters. Since a bacterial cell

has limited chances and opportunities to choose and modify its environment actively,

adaptive responses of a bacterium to its environment are a defining cornerstone of

microbial life. These vital responses, collectively called stress responses, allow the or-

ganism to respond rapidly and e¤ectively to restore stable intracellular homeostasis

in the presence of a variety of environmental disturbances, such as perturbations in

temperature, pH, oxygen concentration, nutrient availability, and osmolarity, that

can threaten the integrity of the cell. This, however, requires the sensitive monitoring

of numerous environmental parameters, followed by the orchestration of complex

stress regulatory systems that maintain adequate cellular homeostasis in an intricate

balancing act between costs and gains. It is not surprising as a result that stress-

response systems are constructed using elaborate gene regulatory networks organized

into hierarchies of interlocked feedback and feedforward loops. It also comes as no

surprise that these stress-response systems, found embedded in the genomic blueprint

of almost every bacterium studied to date, use a versatile battery of sophisticated

control strategies to e‰ciently maintain the functionality and integrity of the bacte-

rium under all challenging circumstances pertinent to its specific lifestyle.

5.1 Stress Responses: Universal Survival Strategies

During the last few decades, thorough experimental investigations of many bacterial

stress-response pathways have generated a wealth of knowledge about many of their

components. Impressive progress has also been made in uncovering the causality

of the interactions between these components. Our current knowledge therefore

encompasses extensive parts lists for many stress pathways, in addition to qualitative

descriptions of their functionality and interconnections. Complex control systems,

such as those implemented by stress-response systems, are nonetheless more than

the sum of their parts. Their success hinges on their dynamic behavior, speed of



response, robust performance, and adaptive e‰ciency as disturbances challenge the

system. These are quantitative properties generated by specific architectures and the

choice of specific parameters of the underlying regulatory networks. Deciphering

how these properties arise and unraveling the trade-o¤s associated with them are

therefore necessarily central to any meaningful understanding of stress responses. It

can only be achieved through the systematic investigation of stress response systems

as dynamic integrated systems rather than static collections of isolated parts. Such

a system-level perspective, by placing complex cellular networks into a quantitative

and predictive framework, holds the promise of generating unprecedented insights

into the successes and failures of homeostatic cellular mechanisms.

This chapter presents a system-level perspective on an important stress-response

pathway in bacteria: the cytoplasmic heat-shock response system. It discusses the sa-

lient organizational properties and design principles of the system in Escherichia coli

and emphasizes the unique insights o¤ered by using a multidisciplinary approach for

probing the system. Finally, the chapter places the cytoplasmic heat-shock response

into a broader cellular context by discussing its coordination with other stress-

response pathways that act in the cytoplasm or other cellular compartments.

5.2 The Cytoplasmic Heat-Shock Response in E. coli: A Sophisticated Control

System

5.2.1 The Biology of the Response System

The heat-shock response is a cellular reaction to elevated temperature. This physio-

logical response is also the cellular answer to several other adverse conditions such as

exposure to certain chemicals (solvents, certain antibiotics), hyperosmotic shock, and

overproduction of foreign and the cell’s own proteins. Such challenges frequently

lead to misfolded, unfolded, or damaged proteins in the cell. These proteins may ex-

pose hydrophobic patches normally buried inside the folded protein; the exposed

patches can in turn form aggregates, an event that constitutes a serious threat to the

organization and functioning of cellular networks. To prevent this from occurring,

the cell triggers the heat-shock response, resulting in the expression of specific genes

that encode heat-shock proteins (HSPs; Gross, 1996). Many HSPs serve as molecular

chaperones that help to refold denatured proteins; others are proteases that degrade

and remove the denatured proteins. The bacterial cell must maintain a fine balance

between the protective e¤ect of the HSPs and the material and energy costs associ-

ated with overexpressing these proteins. In E. coli, this balance is achieved through

an intricate architecture of feedback loops centered around the s32-factor that regu-

lates the transcription of the heat-shock proteins under normal and stress conditions.

The enzyme RNA polymerase (RNAP) bound to s32 recognizes the heat-shock gene
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promoters and transcribes specific heat-shock genes, including molecular chaperones

such as GroEL, DnaK, DnaJ, GroES, GrpE, and proteases such as Lon, and FtsH.

This transcription process is controlled through the tight regulation of s32, whose

synthesis, activity, and stability are modulated by intricate feedback and feedforward

loops that incorporate information about the temperature and the folding state of

the cell. The synthesis of s32 is primarily regulated at the translational level. At low

temperatures, the translation start site of rpoH mRNA (encoding s32) is occluded

by base pairing with other regions of the s32 mRNA. At elevated temperatures, this

base pairing is destabilized, resulting in a ‘‘melting’’ of the secondary structure of s32,

which enhances ribosome entry, therefore increasing translation e‰ciency (Morita

et al., 1999). This mechanism implements both a temperature sensor and a feedfor-

ward control element that uses the temperature information to a¤ect the production

of heat-shock proteins independently of the folding state of the cellular proteins. The

feedforward control thus enables the system to sense a disturbance (heat in this case)

and react to it before its e¤ects start to appear in the output of interest (unfolding of

proteins).

The activity of s32 is regulated through its interaction with chaperones such as

DnaK and its cochaperone DnaJ. In addition to their role in protein folding, chaper-

ones bind to s32 and limit its capability to bind to core RNA polymerase. Raising

the temperature produces an increase in the cellular levels of unfolded proteins,

which titrate the chaperones away from s32, allowing it to bind to RNA polymerase

and increasing transcription of heat-shock genes (Straus et al., 1990). The accumula-

tion of high levels of HSPs leads to the e‰cient refolding of the denatured proteins

thereby freeing up DnaK/J to sequester s32 from RNA polymerase. This implements

a negative feedback loop that is referred to as a sequestration feedback loop. The sta-

bility of s32 is regulated through its interaction with proteases such as FtsH. During

steady-state growth, s32 is rapidly degraded (t1=2 ¼ 1 minute), but is stabilized for the

first five minutes after temperature upshift. One model postulated to explain this sta-

bilization is based on the observation that DnaK and its cochaperone DnaJ seem to

be required for the rapid in vivo degradation of s32 by the protease (Morita et al.,

2000). The sequestration of s32 by chaperones is assumed to promote its degradation,

either by presentation to the protease or through some other mechanism (Tatsuta

et al., 2000). The titration of chaperones by high levels of unfolded proteins thus

results in transient stabilization of s32, with the reverse e¤ect upon a decrease in the

level of unfolded proteins. This mechanism yields a feedback-regulated degradation

of s32 and is referred to as the FtsH degradation feedback loop. Alternatively, the

direct titration of proteases by unfolded proteins may underlie s32 stabilization. In

either case, increased translation and stabilization lead to a transient 15–20-fold in-

crease in the amount of s32 at the peak of the heat-shock response, followed by a

decrease to a new steady-state concentration dictated by the balance between the
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temperature-dependent translation of the rpoH mRNA and the regulated degrada-

tion of s32 (Morita et al., 1999).

The molecular interactions in the heat-shock system as described above are sum-

marized in figure 5.1. The heat-shock response (HSR) has been thoroughly studied

at the experimental level, yielding a wealth of information about the di¤erent compo-

nents of the HSR system. Section 5.2 discusses how this qualitative biological infor-

mation can be transformed into a quantitative description of the heat-shock system,

which we then use to pose questions about the regulatory architecture of the system.

5.5.2 Functional Modules in the Response System: Building Cellular Block

Diagrams

An important design feature that biological systems are thought to share with engi-

neered systems is the propensity for modular decompositions (Hartwell et al., 1999),

used extensively in control and dynamical systems theory to make modeling and

model reduction of systems more tractable. The typical starting point of modular

decompositions in control systems is isolating the process to be regulated, commonly

referred to as a plant. The remaining components in the control system are then

Figure 5.1
Synthesis, stability, and activity of s32 are regulated in response to the temperature input.
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classified in terms of the function they accomplish to facilitate this regulation. For

example, sensing and detection mechanisms constitute ‘‘sensing modules,’’ while

mechanisms responsible for making decisions based on information provided by sen-

sor modules constitute ‘‘controller modules.’’ The typical modular list of an engineer-

ing system also includes actuation modules. Actuation is necessary to transform the

information-rich signal computed by the controller into a quantity of su‰cient mag-

nitude to drive the plant in the desired direction.

A similar modular decomposition can be carried in the heat-shock response if the

protein-folding task is viewed as the process to be regulated. This plant is actuated by

chaperones. The chaperone ‘‘signal’’ is produced by the high-gain transcription/

translation machinery, which amplifies a modest s32 input signal (few copies per

cell) into a large chaperone output signal, much like an actuator. The s32 control sig-

nal is the output of the ‘‘computational’’ or ‘‘controller’’ unit, which, based on the

sensed temperature and folding state of the cell, modulates the number and activity

of the s molecules. The direct temperature measurement provided by the s32 mRNA

heat-induced melting and the indirect protein-folding information are assessed by the

s computational unit, producing an adequate control action by adjusting the synthe-

sis, degradation, and the amount of sequestered s. The conceptual modular decom-

position of the HSR system is shown in figure 5.2.

Here a subtle di¤erence between the modular structure of gene regulatory net-

works and that of engineering systems should be noted. A common practice in the

Figure 5.2
Functional modules of the heat-shock response (HSR) system, such as the plant, sensors, computational
unit, and actuator, consist of various molecular species and their interactions.
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design of engineering systems is to impose strict separation between the various func-

tional modules. Sensors, controllers, and actuators are di¤erent physical entities

coupled together through well-defined communication channels. Cross-talk between

these entities is, by design, avoided. This design philosophy makes model analysis,

debugging, and building more tractable. In gene networks, however, this strict sepa-

ration between control, actuation, sensing, and signal propagation is often violated.

Consider, for example, a signaling cascade whose function is to convey environmen-

tal information to a regulation mechanism. Although a sensor that receives various

environmental cues, the cascade is also a controller, integrating these cues along

the cascade and generating a decisive control signal before reaching the response-

generating mechanism. This integration of various modules is also present in the

heat-shock response system. For example, because it performs protein folding, the

chaperone DnaK is part of the actuation module. DnaK is also part of the sensor

module because it conveys temperature information through its binding to s32.

Developing a modular decomposition framework from a control engineering per-

spective that takes into account the architectural di¤erences inherent in gene regula-

tory networks is thus a challenging exercise.

5.2.3 Mathematical Modeling of the Response

The cytoplasmic heat-shock response under s32 control consists of about 50–100

genes and includes many chaperones and proteases (Gross, 1996). My coworkers

and I have developed a tractable mechanistic model of the s32 HSR system (El-

Samad et al., 2005), with DnaK as the chaperone representative and FtsH as the

primary protease degrading s32. We assumed that FtsH action in degrading s32 is

mediated by interaction with the [s32:DnaK ] complex (Tatsuta et al., 2000). We also

used the HslVU protease to account for the slow degradation of s32 in FtsH-null

mutants (Kanemori et al., 1997). Using first-order mass-action kinetics, our model

consists of a set of 31 di¤erential-algebraic equations (DAEs) with 27 kinetic param-

eters of the form

dXðtÞ
dt
¼ Fðt;X ;YÞ; ð5:1Þ

0 ¼ Gðt;X ;YÞ; ð5:2Þ
where X is an 11-dimensional vector whose elements are di¤erential (slow) variables

and Y is a 20-dimensional vector whose elements are algebraic (fast) variables. Some

kinetic rate parameters are picked from the relevant literature. The unavailable

parameters are tuned to reproduce the steady-state levels of s32 and chaperones at

low temperatures. Those parameter sets reproducing steady-state behavior at high

temperatures and transient response upon upshift are retained. Data from HSR
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mutants were used to discriminate among the remaining parameter sets, adopting the

set that reproduces all the data without additional tuning (for details of the model

equations, parameters, and data, along with time trajectories, see El-Samad et al.,

2005). For numerical simulations of the deterministic models, we used the DAE

solver DASSL; for sensitivity analysis, DASPK, a software for the sensitivity analy-

sis of large-scale di¤erential-algebraic systems (Li and Petzold, 2000). Stochastic

simulations were implemented using the Gillespie stochastic simulation algorithm

(Gillespie, 1976).

5.2.4 Control Analysis of the Response: Speed, Robustness, and E‰ciency

In order to reverse-engineer the regulatory loops in the cytoplasmic heat-shock re-

sponse system, we used the mathematical model to devise ‘‘virtual mutants’’ that

lack some of these loops. When compared to the ‘‘wild type’’ heat shock, these

mutants highlight the benefits of di¤erent aspects of the network architecture. To

guarantee the equivalence of mutants with the wild type and to set a valid basis for

comparison, we adjusted the levels of s32, chaperones, and unfolded proteins in the

mutant designs to make them identical to those of the wild-type heat shock at low

temperatures. We then investigated the behavior of the system after a temperature

upshift. This procedure is necessary to reduce the accidental di¤erence between the

two models and ensure that any remaining dissimilarities in their dynamical behav-

ior are the correct indicators of their actual di¤erence (Alves and Savageau, 2000;

Savageau, 1972).

Feedforward: A Dynamic Sensor

The feedforward component in the translation of s32 is instrumental for many

aspects of the HSR system’s dynamic response. Indeed, the translation’s switchlike

behavior upon temperature upshift increases the e‰ciency of the protein folding by

providing a su‰cient number of s32, which then produces an adequate number of

chaperones. To investigate the role of this feedforward loop, we devised a virtual

mutant where this translation thermosensor is disabled by locking the translational

switch in the o¤ position upon temperature upshift, therefore imposing the same

translational e‰ciency at both low and high temperatures. In this case, the accumu-

lation of s32 in the induction phase of the response is achieved through stabilization

rather than the increase in synthesis rate of s32. This yields a more modest accumu-

lation of s32 at the peak of the heat-shock response, after which the level of s32

recovers to a value slightly higher than that at the lower temperature. This, in turn,

results in insu‰cient chaperone production and consequently, impaired and slightly

delayed protein folding (figure 5.3). To address the question of whether any tuning of

the feedback components themselves could compensate for the response deficiency in

the absence of feedforward, we started by making the following observations.
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Figure 5.3
Levels of s32 (a), DnaK (b), and unfolded proteins (c) for wild-type heat-shock response and its various
virtual mutants. The wild type (solid black line) is taken as the canonical response. The model with no feed-
forward term (solid, dark gray line) shows lower levels of s32, resulting in impaired and delayed protein
folding. The model with low amplification flux (solid, light gray line) shows delayed proteins folding,
achieved by a lower peak of s32. The model with constant degradation of s32 (dotted gray line) shows
delayed protein folding, and no peak of s32. The model with no DnaK interaction (dotted black line) shows
a slightly higher performance in protein folding, but a dramatically delayed profile for this folding.
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The lower level of s32 at steady state in the feedforward mutant, as compared to its

counterpart in the wild type, is the result of a new setpoint dictated by the balance

between s32’s lower synthesis rate at high temperatures and its degradation rate. Be-

cause a certain level of folding is recovered in the adaptation phase of the response,

and owing to the small number of s32 as compared to chaperones, most s32 return to

the sequestered form, therefore limiting the number of new chaperones produced and

stabilizing the number of unfolded proteins, although the process possesses higher

thresholds when the synthesis of s32 is larger in the presence of feedforward. To re-

cover the threshold seen with feedforward control using feedback alone, one could

decrease the degradation feedback gain to balance its reduced synthesis, for example,

by making s32 less susceptible to degradation by FtsH, although this would imply the

presence of higher concentrations of s32 even at low temperatures, hence an

unneeded excess of heat-shock proteins. Moreover, the slower transient response of

the feedforward mutant is attributed to the accumulation of s32 through its feed-

back-mediated stabilization solely, a process possessing an inherent delay because it

relies on protein unfolding rather than the direct sensing of temperature. Again, a

possible mechanism that can compensate for this delay in the absence of the feedfor-

ward term is an increase in the turnover rate of s32. Although the steady state for s32

(and subsequently chaperones and unfolded proteins) can be kept constant by simul-

taneously manipulating its synthesis and degradation rates, this results in modified

response dynamics, which we investigate next.

The Amplification Flux: A Metabolically Costly Speeding Mechanism

To show the impact of the rate of production and destruction of s32, which we

termed the amplification flux, on the transient response in the heat-shock system,

we performed a simulation where we simultaneously decreased both the translation

and the degradation of s32 by 5-fold. The result of this experiment, shown in figure

5.3, indicates that the lower (or higher) turnover rate for s32 necessarily results

in a slower (or faster) response. Notice that, in this case, the translational switch is

still operational in the sense that at high temperatures, s32 translation is still being

increased 5-fold relative to its value at low temperatures. Based on this analysis, one

can postulate that a scenario where the synthesis and degradation of s32, tuned ap-

propriately at low temperatures, can compensate for the delayed and impaired re-

sponse in the absence of the feedforward loop at high temperatures. However, the

by-product of such tuning is a high metabolic cost at low temperature due to the s32

futile production/degradation cycle.

Feedback through Sequestration: An E‰cient Mechanism to Achieve Robustness

Binding of s32 to DnaK implements an important feedback loop in the HSR system.

Feedback loops are commonly used in engineering applications to combat the e¤ects

of fluctuating parameters, thereby achieving robustness to parametric uncertainty.
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The origins of uncertainty and perturbations in gene regulatory networks are numer-

ous, including the intricate stages of the transcription and translation procedure.

Following engineering terminology, we defined robustness as the relative insensitivity

of the chaperone output to these perturbations. A systematic sensitivity analysis is

possible through the computation of the derivative of the time solution of the model

equations with respect to the parameters of interest. We again devised a mutant

where the sequestration loop is missing and perform sensitivity computations for

this case and the wild-type case. These computations confirmed the increased robust-

ness in the presence of the sequestration loop. Figure 5.4 plots (dashed-dotted lines)

the sensitivity of the total DnaK level to the transcription rate in the full model

along with a plot of the same sensitivity in the case where the sequestration loop

was eliminated. In the case when the sequestration of s32 by DnaK is absent, the

sensitivity values clearly increase, supporting the assertion that the sequestration

loop is e‰ciently increasing the overall system robustness. A similar conclusion

could also be drawn from the plot (solid lines) of the sensitivity of DnaK to the bind-

ing constant between s32 and RNAP. Again the plotted sensitivities are for the

full model and for the model where the sequestration of s32 by DnaK is disabled,

respectively.

Figure 5.4
Small signal sensitivity of the level of chaperones to their synthesis rate (dashed-dotted lines) and to the
binding between s32 and the core RNAP (solid lines). The plots are shown for the wild-type heat-shock
response and for the mutant model with no sequestration loop. Sensitivity is computed as the derivative
of the chaperone level to the corresponding parameters along the trajectories of the system. The plots are
in log space. Heat-shock begins at time 0 minutes.
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Feedback through Degradation: Stability, Dynamic Response, and Noise Rejection

To investigate the properties of the regulated dynamic degradation of s32 by FtsH,

my coworkers and I (El-Samad et al., 2005) devised a model where this degradation

is accomplished constitutively, that is, independently of the s32 regulon. We per-

formed simulation of the two models. The results shown in figure 5.3 (dotted gray

line) indicate the impact of the regulated degradation of s32 in implementing a faster

transient response to a heat disturbance. Although very revealing, this outcome does

not come as a real surprise considering that the regulated degradation scheme adjusts

the stability of s32 based on cellular needs. In comparison, the stability remains con-

stant in the case of constitutive degradation. One feature of primary importance in

cellular processes is their ability to attenuate undesirable noise. Environmental (ex-

trinsic) and biochemical (intrinsic) sources of noise induce fluctuations in the concen-

tration of cellular molecular species. The magnitude and nature of the fluctuations is

thought to be dependent on the structure of the molecular networks, the concentra-

tion of molecules that populate this structure, and the rates of the underlying bio-

chemical reactions. At the same time, molecular networks are expected to function

reliably and robustly in the presence of this noise. It has been suggested that this ro-

bust operation is in part the outcome of feedback regulatory loops (Thattai and van

Oudenaarden, 2001). To verify this prediction in the context of the heat shock re-

sponse, we investigated the noise rejection merits of the FtsH degradation loop by

comparing the stochastic performance of the virtual ‘‘mutant’’ where the degradation

of s32 is constitutive to that of the wild type, where the stability of s32 is dynamically

regulated. We used the Gillespie stochastic simulation algorithm (Gillespie, 1976),

which reproduces the exact stochastic behavior of a system, thus permitting the

rejection/amplification properties of a system to be assessed by observing the excur-

sions of a quantity around its ensemble average. Figure 5.5 clearly shows that sto-

chastic fluctuations are much more pronounced in the constitutive degradation case.

Probability density functions compiled for the two cases also show a noticeably wider

distribution for the constitutive than for the regulated degradation case. Although

it has been experimentally established that the degradation of s32 by FtsH depends

on DnaK (Tatsuta et al., 2000), the advantages of such a dependence have been un-

known. We looked for a justification for this mechanism through the use of our

model. We removed this dependence and allowed s32 to be degraded directly by

FstH (i.e., without mediation by DnaK ). The response shown in figure 5.3 (black

line) indicates that, although the dependence of this degradation on the chaperones

does not seem to be essential for the qualitative behavior of the heat-shock response,

in its absence, the HSR is delayed by almost 20 minutes. This result can be qualita-

tively explained as follows. As temperature increases and the chaperones are seques-

tered by unfolded proteins, the stability of s32 is enhanced because the interaction of

s32 with DnaK is necessary for its degradation by FtsH. This stabilization of s32, in
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addition to its increased translation, results in a sharp increase in its level. This in

turn results in a fast response through the rapid induction of chaperone synthesis.

Obviously, this enhanced stabilization e¤ect is absent in the case of the direct degra-

dation of s32 by proteases.

5.3 Structural Organization of the Heat-Shock Response System: A Necessary

Complexity

The previous sections have argued that the architecture of the heat-shock response

exhibits a level of complexity necessary to satisfy various dynamical performance

constraints; that it cannot be attributed solely to basic functionality demanded from

an operational heat-shock response system. Indeed, a simple and operational HSR

system would simply consist of a temperature sensor and transcriptional/translational

apparatus that responds appropriately to temperature changes. This could be

achieved in a hypothetical design where the melting of s32 mRNA implements a tem-

perature sensor, coupled with the synthesis of heat-shock proteins being dictated

by the number of s32 (figure 5.6a). Any number of s32 and heat-shock proteins is

achievable through the careful tuning of the synthesis rates of these proteins in an

open-loop design. This, however, would result in a fragile and metabolically ine‰-

Figure 5.5
Stochastic simulation of the detailed heat-shock response model. The gray line corresponds to the wild-
type heat-shock response; the black line corresponds to the mutant model, where s32 is constitutively
degraded.
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cient system that would quickly be at a disadvantage in the noisy environment of the

cell. Adding the sequestration loop would help remedy these aspects (figure 5.6b), but

would still lack su‰cient responsiveness. Adding the degradation loop (figure 5.6c)

finally generates the desired robustness and responsiveness. Considering the limited

cellular energies and materials, these performance objectives often form a contradic-

tory set of constraints and bring about various trade-o¤s. For example, a large turn-

over rate for s32 yields necessarily a fast response but comes at the expense of fast

production and degradation, which are mechanisms that require a continuous supply

of cellular materials and energy. High feedback gains also contribute to improving

the transient response while attenuating harmful cellular noise. Implementing these

gains requires, among other things, increased binding specificities that result in highly

complex or specialized proteins. This, again, is not without similarities to trade-o¤s

considered in engineering systems where typical design requirements include the si-

multaneous minimization of the deviation from some desired operation and of the

control e¤ort needed to accomplish that behavior, obviously competing objectives.

Drawing a parallel to the heat-shock response, this would correspond to the objective

Figure 5.6
Hypothetical design models for the heat-shock response system. (a) Simple open-loop design. The feedfor-
ward element achieves temperature sensing. (b) Closed-loop design with feedforward and sequestration
loop to regulate the activity of s32. (c) Closed-loop design with feedforward, sequestration, and degrada-
tion of s32 loop, which corresponds to the wild-type heat-shock response system.
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of limiting the deviation from an optimal number of unfolded proteins using a mini-

mal number of chaperones and proteases. Adding transient performance and noise

rejection considerations requires additional architectural complexity.

5.4 The Cytoplasmic Heat-Shock Response is One of Many Stress Responses in

Bacteria

An array of coordinated stress response systems has evolved to tackle the multiple

challenges a bacterium constantly faces. These stress response systems react to the

damage induced by various environmental perturbations, and coordinate (cross-

talk) with each other in order to mount an appropriate response that restores the

necessary homeostasis in di¤erent cellular compartments. The heat-shock response,

discussed above, uses the sigma factor s32 to increase the expression of chaperones

and proteases in response to misfolded proteins exclusively in the cytoplasm. In addi-

tion, the protein health of the periplasmic compartment of an E. coli cell is also

monitored and regulated. Indeed, the envelope stress response (ESR) controlled by

the sigma factor sE has recently moved to the spotlight as the counterpart of the

s32 system for alleviating the protein-folding problem in the periplasmic space and

maintaining the integrity of the cell envelope (Grigorova et al., 2004). Reacting to

heat-induced damage, however, is not the only type of stress that bacteria can tackle.

Bacterial cells have, for example, the ability to trigger cold-shock responses. These

responses govern the expression of RNA chaperones and ribosomal factors, ensuring

accurate translation at low temperatures. Bacteria further sense, among other things,

the nutritional content of their environment and trigger stringent responses to reduce

the cellular protein synthesis capacity and control further global responses upon

nutritional downshift.

Similar to cytoplasmic stress responses, all bacterial stress systems are imple-

mented through intricate gene regulatory networks that endow them with the dynam-

ical properties that are appropriate for their operation. Moreover, although these

networks can make autonomous decisions, they also coordinate intimately with other

stress networks to mount the appropriate integrated responses. For example, the

periplasm and cytoplasm communicate their folding status through interdependence

of their s-factors, one aspect of which is the control of s32 synthesis by sE . Thus,

even though much has been learned in recent years about the mechanisms of action

of single components in various stress responses, the main challenge for the future

is to understand the interactions of these components and systems under di¤erent

physiological conditions. It is becoming increasingly clear that the most promising

vehicle for such an understanding is an approach based on the investigation of stress

responses as integrated control systems. This approach will help delineate the
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dynamical properties supported by particular circuit topologies, feedback loops, and

parameter regimes of individual systems and investigate their coupling to other sys-

tems. Ultimately, this integrated systems approach will be invaluable for the under-

standing of pathogenic bacteria and their persistence in the hostile environment of

host cells. It also holds the promise of generating novel nontrivial predictions about

parts of bacterial stress circuits that need to be targeted or rewired for therapeutic

purposes.
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6 Synthetic Biology: A Systems Engineering Perspective

Domitilla Del Vecchio and Eduardo D. Sontag

This chapter reviews some of the design challenges found in biomolecular systems

from a systems engineering perspective, in particular, the problem of modularity.

If components behave modularly, that is, if their behavior does not change upon

interconnection, then one can predict the behavior of a circuit directly from the be-

havior of the composing units. In two instances of oscillating synthetic biomolecular

systems, we demonstrate that, because of loading e¤ects called ‘‘retroactivity’’ at

interconnections, modularity does not necessarily hold in biomolecular systems. We

propose a framework for quantifying retroactivity at interconnections between tran-

scriptional circuits and present a mechanism, inspired by the design of electronic

noninverting amplifiers, to counteract retroactivity.1

6.1 Background

Although biologists have long employed phenomenological and qualitative models

to help discover the components of living systems and to describe their behaviors,

the analysis of the dynamical properties of complex biomolecular reaction networks

requires a more quantitative and systems-level approach. Thus, in recent years, the

field of systems biology has emerged, whose focus is the quantitative analysis of cell

behavior, with the goal of explicating the basic dynamic processes, feedback control

loops, and signal-processing mechanisms underlying life. Complementary to systems

biology is the new engineering discipline of synthetic biology, whose goal is to extend

or modify the behavior of organisms, and to induce them to perform new tasks

(Andrianantoandro et al., 2006; Endy, 2005). Through the de novo construction of

simple elements and circuits, the field aims to foster an engineering framework for

obtaining new cell behaviors in a predictable and reliable fashion. The ultimate goal

is to develop synthetic biomolecular circuitry for a wide variety of applications from

targeted drug delivery to the construction of biomolecular computers. In the process,

synthetic biology helps us improve our quantitative and qualitative understanding



of biological systems through designing and constructing instances of these systems

in accordance with hypothesized models. Discrepancies between expected behavior

and observed behavior highlight research issues that need more study, gaps in our

knowledge, or inaccurate assumptions in models. One of the fundamental building

blocks employed in synthetic biology is the process of transcriptional regulation. A

transcriptional network is composed of a number of genes that express proteins that

then act as transcription factors for other genes. The rate at which a gene is tran-

scribed is controlled by the promoter, a regulatory region of DNA that lies upstream

of the coding region of the gene. RNA polymerase binds a defined site (a specific

DNA sequence) on the promoter. The quality of this site specifies the transcription

rate of the gene (the DNA sequence at the site determines its chemical a‰nity for

RNA polymerase). Although RNA polymerase acts on all of the genes, each tran-

scription factor modulates only a particular set of target genes. Transcription factors

a¤ect the transcription rate by binding specific sites on the promoter region of the

regulated genes. When bound, they change the probability per unit time that RNA

polymerase binds the promoter region. Transcription factors thus a¤ect the rate at

which RNA polymerase initiates transcription. A transcription factor can act as a

repressor when it prevents RNA polymerase from binding to the promoter site. A

transcription factor acts as an activator if it facilitates the binding of RNA polymer-

ase to the promoter. Such interactions can be generally represented as nodes con-

nected by directed edges. Synthetic biomolecular circuits are typically fabricated in

Escherichia coli, by cutting and pasting together coding regions and promotors (nat-

ural and engineered) according to designed structures. Because the expression of a

gene is under the control of the upstream promoter region, this technique allows the

production of any desired circuit of activation and repression interactions among

genes. Early examples of such circuits include an activator-repressor system that can

display toggle switch or clock behavior (Atkinson et al., 2003), a loop oscillator

called the ‘‘repressilator’’ obtained by connecting three inverters in a ring topology

(Elowitz and Leibler, 2000), a toggle switch obtained by connecting two inverters in

a ring fashion (Gardner et al., 2000), and an autorepressed circuit (Becskei and Ser-

rano, 2000; figure 6.1).

Several scientific and technological developments over the past four decades have

set the stage for the design and fabrication of early synthetic biomolecular circuits.

An early milestone in the history of synthetic biology was the discovery in 1961 of

mathematical logic in gene regulation (Jacob and Monod, 1961). Only a few years

later, special enzymes that can cut double-stranded DNA at specific recognition sites,

known as restriction sites, were discovered (Arber and Linn, 1969). These enzymes,

called restriction enzymes, were a major enabler of recombinant DNA technology.

One of the most celebrated products of such technology is the large-scale production

of insulin by E. coli bacteria, which serve as cellular factories (Villa-Komaro¤ et al.,
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1978). The development of recombinant DNA technology along with the demonstra-

tion in 1970 that genes can be artificially synthesized, provided the ability to cut and

paste natural or synthetic promoters and genes in almost any fashion on plasmids of

compatible size through the cloning process (Alberts et al., 1989). The polymerase

chain reaction (PCR), devised in the 1980s, allows the exponential amplification of

small amounts of DNA into amounts large enough to be used for transfection and

transformation in living cells (Alberts et al., 1989). Today, commercial synthesis of

DNA sequences and genes has become cheaper and faster, often costing less than $1

per base pair (Baker et al., 2006). Fluorescent proteins, such as GFP and its genetic

variations, allow the in vivo measurement of the amount of protein produced by any

target gene, providing a readout of gene circuit behavior. Circuit design also allows

for external inputs in the form of inducers, used to probe the system. Inducers act by

disabling repressor proteins, thus modulating the levels of transcription.

One of the current directions of the field is to create circuitry with more complex

functionalities by assembling simpler circuits, such as those in figure 6.1. This ten-

dency reflects the history of electronics after the bipolar junction transistor (BJT)

was invented in 1947. In particular, a major breakthrough occurred in 1964 with the

invention of the first operational amplifier (OPAMP), which led the way to standard-

ized modular and integrated circuit design. By comparison, synthetic biology may be

moving toward a similar development of modular and integrated circuit design. This

Figure 6.1
Early transcriptional circuits that have been fabricated in the bacterium E. coli: the self-repression circuit
(Becskei and Serrano, 2000), the toggle switch (Gardner et al., 2000), the activator-repressor clock (Atkin-
son et al., 2003), and the repressilator (Elowitz and Leibler, 2000). Each node represents a gene and each
arrow from node Z to node X indicates that the transcription factor encoded in z, denoted Z, regulates
gene x. If z represses the expression of x, the interaction is represented by Z a X. If z activates the expres-
sion of x, the interaction is represented by Z! X (Alon, 2007)

Synthetic Biology 103



is witnessed by several recent e¤orts toward formally characterizing between-module

interconnection mechanisms, loading (or impedance) e¤ects, and OPAMP-like de-

vices to counteract loading problems (Del Vecchio et al., 2008b; Hartwell et al.,

1999; Rubertis and Davies, 2003; Saez-Rodriguez et al., 2004, 2005; Sauro and

Ingalls, 2007; Sauro and Kholodenko, 2004).

Section 6.2 describes the fundamental modeling assumption made for circuit anal-

ysis and design: modularity, which guarantees that building blocks maintain their be-

havior unchanged after interconnection. This property is fundamental for predicting

the behavior of a complex system by the behavior of the composing units. Section 6.3

shows how the two synthetic oscillators of figure 6.1 can be designed assuming mod-

ular composition of their building blocks. Section 6.4 shows that modularity does not

necessarily hold in transcriptional circuitry in the same manner as it occurs in many

other engineering systems (Willems, 1999). Here we introduce the concept of retroac-

tivity to characterize any change in the dynamics of a building block due to intercon-

nection. We describe a procedure for quantifying retroactivity and thus for designing

an interconnection so as to have low retroactivity, when possible. In section 6.5, we

propose the concept of an insulation device as a system that enforces modularity by

working as a bu¤er between a component that sends a signal and one that receives

the signal. Large amplification and feedback gains are the key mechanisms for the

design of insulation devices in many other engineering systems. We show that simple

cycles, involving phosphorylation and dephosphorylation, which are ubiquitous in

natural signal transduction systems, enjoy intrinsic insulation properties, and thus

have the potential to serve as synthetic biomolecular insulation devices.

6.2 The Modularity Assumption

Each node y of a transcriptional network is usually modeled as an input-output mod-

ule taking as input the concentrations of transcription factors that regulate gene y

and giving as output the concentration of protein expressed by gene y, denoted Y.

The transcription factors regulating y appear as inputs of the transcriptional module

through their association/dissociation with the promoter site of gene y. We will de-

note by X the protein, by X the average protein concentration, and by x the gene

expressing protein X. The internal dynamics of the transcriptional module are deter-

mined by the processes of transcription and translation, which are much slower

than the dynamics of transcription factor binding (Alon, 2007). The binding of tran-

scription factors to the promoter site reaches equilibrium in seconds, whereas tran-

scription and translation of the target gene take minutes to hours. This time-scale

separation, a key feature of transcriptional circuits, leads to the following central

modeling simplification.
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According to the modularity assumption, the dynamics of transcription factor/

DNA binding are considered at equilibrium, and each transcription factor concentra-

tion enters the input-output transcriptional module through a static input function

that drives the transcription and translation dynamics (figure 6.2).

In the simplest case of one input acting as repressor or activator, the transcription

regulation functions f ðX Þ take the Hill function form. When the transcriptional

component takes several transcription factors as inputs, more complicated forms

can be constructed from first principles (Alon, 2007).

Consider a transcriptional module with input function f ðX1; . . . ;XnÞ. The internal
dynamics of the transcriptional module usually model mRNA and protein dynamics

through the processes of transcription and translation. Protein production is bal-

anced both by decay, through degradation, which occurs when the protein is

destroyed by specialized proteins in the cell that, for example, recognize a specific

part of the protein and destroy it, and by dilution, which is caused by the reduction

in concentration of the protein due to the increase of cell volume during growth. In a

similar way, mRNA production is also balanced by degradation and dilution. Thus

the dynamics of a transcriptional module are often well captured by the following or-

dinary di¤erential equations:

drY ðtÞ
dt

¼ f ðX1ðtÞ; . . . ;XnðtÞÞ � a1rY ðtÞ; ð6:1aÞ

dY ðtÞ
dt
¼ grY ðtÞ � a2YðtÞ; ð6:1bÞ

in which rY denotes the concentration of mRNA translated from gene Y , the con-

stants a1 and a2 indicate the mRNA and protein decay rates, and g is a constant

that establishes the rate at which the mRNA is translated.

To engineer a system with prescribed behavior, one must be able to change the

physical features so as to change the values of the parameters of the model. This is

Figure 6.2
Transcriptional module modeled as an input-output system with input function given by the transcription
regulation function f ðXÞ and with internal dynamics established by the transcription and translation
processes.
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often possible. For example, the binding a‰nity of a transcription factor to its site on

the promoter can be a¤ected by single or multiple base pair substitutions. The pro-

tein decay rate (constant a2 in equation [6.1b]) can be increased by adding degrada-

tion tags at the end of the gene expressing protein Y. Tags are genetic additions to

the end of a sequence that modify expressed proteins in di¤erent ways such as mark-

ing the protein for faster degradation. Combinatorial promoters, which can accept

multiple input transcription factors to implement regulation functions that take mul-

tiple inputs, can be realized by combining the operator sites of several simple pro-

moters (Cox et al., 2007).

6.3 Design of Genetic Circuits under the Modularity Assumption

Based on the modeling assumptions outlined in the previous section, a number of

synthetic genetic circuits have been designed and fabricated by composing transcrip-

tional modules through input-output connection (figure 6.1). With such a procedure,

one seeks to predict the behavior of a circuit from that of its composing units, once

these have been well characterized in isolation. This approach is standard also in the

design and fabrication of electronic circuitry.

6.3.1 The Repressilator

Elowitz and Leibler (2000) constructed the first operational oscillatory genetic cir-

cuit, which consists of three repressors arranged in ring fashion, and called it the

‘‘repressilator’’ (figure 6.1). The repressilator exhibits sinusoidal, limit cycle oscilla-

tions in periods of hours, slower than the period of the E. coli cell-division cycle.

The state of the oscillator is transmitted between generations from mother to daugh-

ter cells. In the repressilator, the protein lifetimes are shortened to approximately two

minutes (close to mRNA lifetimes). A dynamical model of the repressilator can be

obtained by composing three transcriptional repression modules in a loop fashion:

drAðtÞ
dt
¼ �drAðtÞ þ f1ðCðtÞÞ; dAðtÞ

dt
¼ rAðtÞ � dAðtÞ; ð6:2aÞ

drBðtÞ
dt
¼ �drBðtÞ þ f2ðAðtÞÞ; dBðtÞ

dt
¼ rBðtÞ � dBðtÞ; ð6:2bÞ

drCðtÞ
dt

¼ �drCðtÞ þ f3ðBðtÞÞ; dCðtÞ
dt
¼ rCðtÞ � dCðtÞ: ð6:2cÞ

We will consider two di¤erent cases for the input functions fi: the symmetric case,

with three identical repressions, and the nonsymmetric case, with two identical acti-

vations and one repression. For the symmetric case, we assume that
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f1ðpÞ ¼ f2ðpÞ ¼ f3ðpÞ ¼ a2

1þ pn
:

As the regulatory functions all have negative slope, and there is an odd number of

them in the loop, there is only one equilibrium. One can then invoke well-known the-

orems of Mallet-Paret and Smith (1990) or of Hastings et al. (1977) to conclude that,

if the equilibrium point is unstable, the system admits a nonconstant periodic orbit.

Thus, to obtain periodic behavior, one can search for parameter values to guarantee

the instability of the equilibrium point, a procedure followed in the design of the

repressilator (Elowitz and Leibler, 2000). In particular, one can show that the sym-

metric repressilator in equation (6.2) has a periodic solution if the parameters a, d,

and n satisfy

a2=d2 >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4=3

n� 4=3

n

s
1þ 4=3

n� 4=3

� 	
:

This relationship is plotted in figure 6.3a. When n increases, the existence of an un-

stable equilibrium point is guaranteed for larger ranges of the other parameter val-

ues. Equivalently, for fixed values of a and d, as n increases, the robustness of the

circuit oscillatory behavior to parametric variations in the values of a and d also

increases. Of course, this ‘‘behavioral’’ robustness does not guarantee that other

Figure 6.3
Repressilator (symmetric case). (a) Space of parameters that give rise to oscillations for the repressilator in
equation (6.2). (b) Period as a function of d and a.
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important features of the oscillator, such as the period value, are insensitive to

parameter variation. Numerical studies indicate that the period T approximately

follows T z 1=d, and varies only slightly with a (figure 6.3b). From the figure, we can

note that, as the value of d increases, the sensitivity of the period to the variation of d

itself decreases. However, increasing d would necessitate an increase of the coopera-

tivity n. This analysis indicates a potential trade-o¤ that should be taken into account

in the design process in order to balance system complexity and the robustness of the

oscillations.

A similar result for the existence of a periodic solution can be obtained for the

nonsymmetric case, in which the input functions of the three transcriptional modules

are modified to

f1ðpÞ ¼ a23
1þ pn

; f2ðpÞ ¼ a2pn

1þ pn
and f3ðpÞ ¼ a2pn

1þ pn
;

that is, two interactions are activations and one is a repression. One can verify that

there is only one equilibrium point and again invoke the theorems of Mallet-Paret

and Smith (1990) or Hastings et al. (1977) to conclude that if the equilibrium point

is unstable, the system admits a nonconstant periodic solution. We can thus obtain

the condition for oscillations again by establishing conditions on the parameters

that guarantee an unstable equilibrium. These conditions are reported in figure 6.4.

One can conclude that it is possible to design the circuit to be in the region of param-

eter space that gives rise to oscillations. It is also possible to show that, as the number

of elements in the oscillatory loop increases, the value of n su‰cient for oscillatory

behavior decreases. The design criteria for obtaining oscillatory behavior are sum-

marized in figures 6.3 and 6.4.

6.3.2 The Activator-Repressor Clock

Consider the activator-repressor clock diagram shown in figure 6.1, which is an ex-

ample of a relaxation oscillator. The transcriptional module for A has an input func-

tion that takes two arguments: the activator concentration A and the repressor

concentration B. The transcriptional module B has an input function that takes only

the activator concentration A as its input. Let rA and rB represent the concentration

of mRNA of activator and repressor, respectively. We consider the following four-

dimensional model describing the rate of change of the species concentrations:

drAðtÞ
dt
¼ �d1=�rAðtÞ þ F1ðAðtÞ;BðtÞÞ; dAðtÞ

dt
¼ nð�dAAðtÞ þ k1=�rAðtÞÞ;

drBðtÞ
dt
¼ �d2=�rBðtÞ þ F2ðAðtÞÞ; dBðtÞ

dt
¼ �dBBðtÞ þ k2=�rBðtÞ;
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in which the parameter n regulates the di¤erence of time scales between the repressor

and the activator dynamics, and � is a parameter that regulates the di¤erence of time

scales between the mRNA and the protein dynamics. The input functions F1 and F2

are given by

F1ðA;BÞ ¼ K1A
n þ KA0

1þ g1A
n þ g2B

n
and F2ðAÞ ¼ K2A

n þ KB0

1þ g3A
n

;

in which K1 and K2 are the maximal activated transcription rates, while KA0 and KB0

are the basal transcription rates when no activator is present. The parameters 1=gi
are the activation coe‰cients and are related to the a‰nity of the protein to the pro-

moter site. The Hill coe‰cient is chosen to be n ¼ 2.

The number of equilibria of the system is not influenced by the values of � and of n

but is dependent on the other model parameters. The set of values of Ki, ki, di, gi, dA,

and dB that result in the existence of a unique equilibrium can be determined by

employing graphical techniques. In particular, one can plot the curves corresponding

to the sets of A, B values for which drB=dt ¼ 0 and dB=dt ¼ 0 and the set of A, B

Figure 6.4
Space of parameters that give rise to oscillations for the repressilator (nonsymmetric case; El Samad et al.,
2005).
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values for which drA=dt ¼ 0 and dA=dt ¼ 0 as in figure 6.5. The intersection of these

two curves provides the equilibria of the system and conditions on the parameters

can be determined that guarantee the existence of one equilibrium only.

We introduce scaled parameters:

K1 ¼ K1

d1=�
; KA0 ¼ KA0

d1=�
; K2 ¼ K2

d2=�
; and KB0 ¼ KB0

d2=�
:

In particular, we require that the basal activator transcription rate when B is not

present, which is proportional to KA0, is su‰ciently smaller than the maximal

transcription rate of the activator, which is proportional to K1. Also, KA0 must be

nonzero. In the case that K1 gKA0, one can verify that AMAK1=2g1 and thus

MAK1=2
ffiffiffiffiffiffiffiffiffi
g1g2
p

. As a consequence, if K1=g1 increases, then so must K2=g3. This

implies that the maximal transcription rate of the repressor divided by its protein

and mRNA decay rates must be larger than the maximal transcription rate of the

activator divided by its protein and mRNA decay rates. Finally, AmA0, and mAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KA0=g2Am

q
. As a consequence, the smaller KA0 becomes, the smaller KB0 must be

(see Del Vecchio, 2007, for details).

Given that the values of Ki, ki, di, gi, dA, and dB have been chosen so that there is a

unique equilibrium, we numerically study the occurrence of periodic solutions as the

di¤erence in time scales between protein and mRNA, �, and the di¤erence in time

scales between activator and repressor, n, are changed. In particular, we perform bi-

furcation analysis with � and n, the two bifurcation parameters. These bifurcation

results are summarized by figure 6.6 (see Del Vecchio, 2007, for the details of the nu-

merical analysis).

Figure 6.5
Shape of the curves in the A, B plane corresponding to drB=dt ¼ 0, dB=dt ¼ 0, and to drA=dt ¼ 0,
dA=dt ¼ 0 as function of the parameters.
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Figure 6.6
Design chart for the relaxation oscillator: For values of n su‰ciently large, one obtains sustained oscilla-
tions beyond the Hopf bifurcation, independently of the di¤erence of time scales between the protein and
the mRNA dynamics. Note also that there are values of n for which a stable point and a stable orbit co-
exist and values of n for which two stable orbits coexist. The interval of n values for which two stable orbits
coexist is too small to be able to set n numerically in such an interval. Thus this interval is not practically
relevant. The values of n for which a stable equilibrium and a stable periodic orbit coexist, known as hard
excitation, is instead relevant.
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The situation described in figure 6.6 corresponds to the hard excitation condition

(Leloup and Goldbeter, 2001) and occurs for realistic values of the separation of

time scales between protein and mRNA dynamics. This simple oscillator motif

described by a four-dimensional model can thus capture the features that lead to the

long-term suppression of the rhythm by external inputs. Birhythmicity (Goldbeter,

1996) is also possible even if practically not relevant due to the numerical di‰culty

of moving the system to one of the two periodic orbits (see Del Vecchio, 2007; Con-

rad et al., 2008, for details). In terms of the � and n parameters, it is thus possible to

design the system to achive oscillatory behavior: as the time scale of the activator

dynamics increases with respect to the repressor dynamics, the system parameters

move across a Hopf bifurcation and stable oscillations will arise. From a fabrication

point of view, this can be achieved by adding suitable degradation tags to the activa-

tor protein. The region of the parameter space in which the system exhibits almost

sinusoidal damped oscillations is on the left-hand side of the curve corresponding to

the Hopf bifurcation. As the data of Atkinson et al. (2003) exhibit almost sinusoidal

damped oscillations, it is possible that the clock is operating in a region of parameter

space on the ‘‘left’’ of the curve corresponding to the Hopf bifurcation. If this were

the case, increasing the separation of time scales between the activator and the

repressor, n, may lead to a stable limit cycle.

6.4 Beyond the Modularity Assumption: Retroactivity

The circuit design process outlined thus far relies deeply on the modularity assump-

tion, by virtue of which the behavior of the circuit topology can be directly predicted

by the properties of the composing units. For example, the monotonicity of the input

functions of the transcriptional modules composing the repressilator was a key to

formally showing the existence of periodic solutions. The form of the input functions

in the activator-repressor clock design enabled easy predictions of the location and

number of equilibria as the parameters were changed. The modularity assumption

implies that, when two modules are connected to one another, their behavior does

not change upon interconnection. However, a fundamental systems-engineering issue

that arises when interconnecting subsystems is how the process of transmitting a sig-

nal to a downstream component a¤ects the dynamic state of the sending component.

Indeed, after designing, testing, and characterizing the input-output behavior of an

individual component in isolation, it is certainly desirable if its characteristics do

not change when another component is connected to its output channel. This prob-

lem, the e¤ect of loads on the output of a system, is well understood in many fields of

engineering, for example, in electrical circuit design. It has often been pointed out

that similar issues arise for biological systems. Modules should have special features
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Figure 6.7
Activator-repressor clock behavior can be disrupted by a load on the activator A. As the number of down-
stream binding sites for A, pTOT, is increased in the load, the activator and repressor dynamics lose their
synchronization, and ultimately the oscillations disappear.
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that allow them to be easily embedded in any system, such as zero output impedance

and infinite input impedance. An extensive review on problems of loads and modu-

larity in signaling networks can be found in Sauro (2004); Sauro and Ingalls (2007);

Sauro and Kholodenko (2004), where the authors propose concrete analogies with

similar problems arising in electrical circuits.

These questions are especially delicate in synthetic biology. For example, consider

the activator-repressor clock of figure 6.1. Assume we want to employ this clock (up-

stream system) to drive one or more components (downstream systems), by using as

its output signal the oscillating concentration AðtÞ of the activator. From a systems/

signals point of view, AðtÞ becomes an input to the second system. The terms up-

stream and downstream reflect the direction in which we think of signals as traveling,

from the clock to the systems being synchronized. This is only an idealization, how-

ever, because the binding and unbinding of A to promoter sites in a downstream sys-

tem competes with the biochemical interactions that constitute the upstream block

(retroactivity) and may therefore disrupt the operation of the clock itself (figure

6.7). One possible approach to avoid disrupting the behavior of the clock, motivated

by the approach used with reporters such as GFP, is to introduce a gene coding for a

new protein X, placed under the control of the same promoter as the gene for A, and

to use the concentration of X, which presumably mirrors that of A, to drive the

downstream system. This approach, however, has still the problem that the behavior

of the X concentration in time may be altered and even disrupted by the addition of

downstream systems that drain X. The net result is still that the downstream systems

are not properly timed.

6.4.1 Modeling Retroactivity

We broadly call retroactivity the phenomenon by which the behavior of an upstream

system is changed upon interconnection to a downstream system. As a simple exam-

ple, consider a transcriptional component whose output is connected to downstream

processes, which can be, for example, other transcriptional components (figure 6.8).

Figure 6.8
The transcriptional component takes as input u protein concentration Z and gives as output y protein con-
centration X .
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The activity of the promoter controlling gene x depends on the amount of Z bound

to the promoter. If Z ¼ ZðtÞ, such an activity changes with time. We denote it by

kðtÞ. By neglecting the mRNA dynamics, which are not relevant for the current dis-

cussion, we can write the dynamics of X as

dXðtÞ
dt
¼ kðtÞ � dX ðtÞ; ð6:3Þ

in which d is the decay rate of the protein. We refer to equation (6.3) as the isolated

system dynamics. Now assume that X drives a downstream transcriptional module

by binding to a promoter p with concentration p (figure 6.8). The reversible binding

of X with p is then described by

Xþ pÐkon
ko¤

C;

in which C is the protein-promoter complex and kon and ko¤ are the association and

dissociation rates. Because the promoter is not subject to decay, its total concentra-

tion pTOT is conserved so that we can write pþ C ¼ pTOT. The new dynamics of X

are therefore governed by the equations

dXðtÞ
dt
¼ kðtÞ � dX ðtÞ þ ko¤CðtÞ � konðpTOT � CðtÞÞX ðtÞ ; ð6:4aÞ

dCðtÞ
dt
¼ �ko¤CðtÞ þ konðpTOT � CðtÞÞXðtÞ; ð6:4bÞ

in which the terms in the box represent the signal

sðtÞ ¼ ko¤CðtÞ � konðpTOT � CðtÞÞXðtÞ; ð6:4cÞ
that is, the retroactivity to the output. We can interpret s as a mass flow between the

upstream and the downstream system. When s ¼ 0, equation (6.4a) reduces to the

dynamics of the isolated system given in equation (6.3).

The e¤ect of the retroactivity s on the behavior of X can be very large (figure 6.9).

This is undesirable in a number of situations where we would like an upstream sys-

tem to ‘‘drive’’ a downstream one, as is the case, for example, when a biological os-

cillator has to time a number of downstream processes. If, due to the retroactivity,

the output signal of the upstream process becomes too low or out of phase with the

output signal of the isolated system (as in figure 6.9), the coordination between the

oscillator and the downstream processes will be lost. Here we focus on the retroactiv-

ity to the output s.
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In general, we will model retroactivity by a signal that travels from downstream to

upstream. We thus model a system by adding an additional input, s, to model any

change in the system dynamics that may occur upon interconnection with a down-

stream system. Similarly, we add to a system a signal r as another output to model

the fact that, when such a system is connected downstream of another system, it will

send upstream a signal that will alter the dynamics of the upstream system. More

generally, we define a system S to have internal state x, two types of inputs (I), and

two types of outputs (O): an input u (I), an output y (O), a retroactivity to the input r

(O), and a retroactivity to the output s (I) (figure 6.10). We will thus represent a sys-

tem S by the equations

dxðtÞ
dt
¼ f ðxðtÞ; uðtÞ; sðtÞÞ; ð6:5aÞ

yðtÞ ¼ YðxðtÞ; uðtÞ; sðtÞÞ; ð6:5bÞ
rðtÞ ¼ RðxðtÞ; uðtÞ; sðtÞÞ; ð6:5cÞ
in which the functions f , Y , and R can take any form and the signals x, u, s, r, and y

may be scalars or vectors. In such a formalism, the input-output model of the iso-

lated system is recovered from equations (6.5) by eliminating r and setting s ¼ 0.

Figure 6.9
Dramatic e¤ect of interconnection. Simulation results for the system in equation (6.4). The lighter line rep-
resents XðtÞ as described by equations (6.3) (no retroactivity), while the darker line represents XðtÞ
obtained by equation (6.4) (with retroactivity). Both transient and longtime behaviors are di¤erent. Here
kðtÞ ¼ 0:01ð1þ sinðotÞÞ with o ¼ 0:005 in panel a, and o ¼ 0 in panel b, kon ¼ 10, ko¤ ¼ 10, d ¼ 0:01,
pTOT ¼ 100 and Xð0Þ ¼ 5. The choice of protein decay rate (in min�1) corresponds to a half-life of about
one hour. The oscillations are chosen to have a period of about 12 times the protein half-life in accordance
to what is experimentally observed in the synthetic clock of Atkinson et al. (2003).
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Let system Si have inputs ui and si and outputs yi and ri. Let S1 and S2 be two

systems with disjoint sets of internal states. We define the interconnection of an up-

stream system S1 with a downstream system S2 by setting y1 ¼ u2 and s1 ¼ r2. We

will only consider the interconnections of systems that do not have internal states in

common.

6.4.2 Quantification of the Retroactivity to the Output

An operative quantification of the retroactivity to the output can be obtained by

exploiting the di¤erence of time scales between the dynamics of the output of the up-

stream module and the dynamics of the input stage of the downstream module. This

separation of time scales is always encountered in transcriptional circuits as discussed

in section 6.3. We quantify the di¤erence between the dynamics of X in the isolated

system (6.3) and the dynamics of X in the connected system (6.4) by establishing

conditions on the biological parameters under which the two systems exhibit similar

behavior. This is achieved by exploiting the di¤erence of time scales between the pro-

tein production and decay processes and the binding and unbinding process at the

promoter p. By virtue of this separation of time scales, we can approximate system

(6.4) by a one-dimensional system describing the evolution of X on the slow mani-

fold (Kokotović et al., 1999). This reduced system takes the form

dXðtÞ
dt
¼ kðtÞ � dX ðtÞ þ sðtÞ;

where X is an approximation of X and s is an approximation of s, which can be writ-

ten as s ¼ �RðX ÞðkðtÞ � dXÞ with

RðX Þ ¼ 1

1þ ð1þ X=kdÞ2
pTOT=kd

; ð6:6Þ

where kd is the dissociation constant for transcription factor binding, kd ¼ ko¤=kon
(see Del Vecchio et al., 2008b, for details). The expressionRðXÞ quantifies the retro-
activity to the output on the dynamics of X after a fast transient, when we approxi-

mate X with X in the limit where d=ko¤ A0. The retroactivity measure is thus low

if the a‰nity of the binding sites p is small (kd large) or if the signal X ðtÞ is large

enough compared to pTOT. Thus the form ofRðXÞ provides an operative quantifica-

tion of the retroactivity: such an expression can in fact be evaluated once the associ-

ation and dissociation constants of X to p, the concentration of the binding sites

pTOT, and the range of operation of the signal X ðtÞ that travels across the intercon-

nection are all known. Thus the modularity assumption introduced in section 6.2

holds if the value ofRðXÞ is low enough.
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6.5 Insulation Devices to Enforce Modularity

Of course, it is not always possible to design an interconnection such that the retro-

activity is low. This is, for example, the case of an oscillator that has to time a down-

stream load: in general, the load cannot be included in the design as the oscillator

must perform well in the face of unknown and possibly variable loads. That said, as

with electrical circuits, one can design a device, to be placed between the oscillator

and the load, such that the output of the device is una¤ected by the load and the de-

vice itself does not a¤ect the behavior of the upstream oscillator. Specifically, con-

sider a system S as shown in figure 6.10 that takes u as input and gives y as output,

designed in such a way that

1. the retroactivity r to the input is very small;

2. the e¤ect of the retroactivity s to the output on the internal dynamics of the sys-

tem is very small;

3. its input-output relationship is about linear.

A system like this is said to enjoy the insulation property and will be called an insu-

lation device. Indeed, it will not a¤ect an upstream system because rA0 and it will

keep the same output signal y independently of any connected downstream system.

Other researchers have considered the insulation from external perturbations and

robustness properties of amplifiers in the context of biochemical networks (Sauro

and Ingalls, 2007; Sauro and Kholodenko, 2004). Here we revisit the amplifier mech-

anism in the context of gene transcriptional networks with the objective of mathe-

matically and computationally demonstrating how suitable biochemical realizations

of such a mechanism can attain properties 1, 2, and 3.

In electrical circuits, the standard insulation device is the operational amplifier, or

OPAMP. In electronic amplifiers, r is very small because the input stage of an

OPAMP absorbs almost no current. This way, there is no voltage drop across the

output impedance of an upstream voltage source. Equation (6.6) quantifies the e¤ect

of retroactivity on the dynamics of X as a function of biochemical parameters

that characterize the interconnection mechanism with a downstream system. These

parameters are the a‰nity of the binding site 1=kd , the total concentration of the

Figure 6.10
System S input and output signals. The dotted arrows denote signals originating by retroactivity upon
interconnection.
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promoter, pTOT, and the level of the signal X ðtÞ. To reduce retroactivity, we can

choose kd large (low a‰nity) and pTOT small, for example. Having a small value for

pTOT, low a‰nity, or both implies that there is a small ‘‘flow’’ of protein X toward its

target sites. Thus we can say that a low retroactivity to the input is obtained when

the ‘‘input flow’’ to the system is small. This interpretation establishes a nice analogy

to the electrical case, in which low retroactivity to the input is obtained by a low in-

put current.

In an electronic amplifier, the e¤ect of the retroactivity to the output s on the am-

plifier behavior is reduced to almost zero by virtue of a large (theoretically infinite)

input amplification gain and a negative output feedback. Such a mechanism can be

illustrated in its simplest form by figure 6.11a, which is very well known to control

engineers. For simplicity, we have assumed in such a diagram that the retroactivity

s is just an additive disturbance. That the e¤ect of the retroactivity s to the output is

negligible for large gains G can be verified through the following simple computa-

tion. The output y is given by y ¼ Gðu� KyÞ þ s, which leads to

y ¼ u
G

1þ KG
þ s

1þ KG
:

As G grows, y tends to u=K , which is independent of the retroactivity s. To attenuate

the retroactivity e¤ect at the output of a component one (1) amplifies the input of the

component through a large gain and (2) applies a large negative output feedback (fig-

ure 6.11b). We next illustrate this idea in the context of the transcriptional example.

Consider the approximated dynamics of X . Let us assume that we can apply a gain

G to the input kðtÞ and a negative feedback gain G 0 to X with G 0 ¼ KG. This leads

to the new di¤erential equation for the connected system given by

dXðtÞ
dt
¼ ðGkðtÞ � ðG 0 þ dÞX ðtÞÞð1�RðX ðtÞÞÞ: ð6:7Þ

Figure 6.11
(a) Basic feedback/amplification mechanism by which amplifiers attenuate the e¤ect of the retroactivity to
the output s. (b) Alternative representation of the same mechanism, which will be employed to design bio-
logical insulation devices.
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It can be shown (see Del Vecchio et al., 2008a, for details) that, as G and thus as

G 0 grows, the signal X ðtÞ generated by the connected system given by equation (6.7)

becomes close to the solution X ðtÞ of the isolated system

dXðtÞ
dt
¼ GkðtÞ � ðG 0 þ dÞXðtÞ; ð6:8Þ

that is, the presence of the disturbance term RðX Þ will not significantly a¤ect the

time behavior of XðtÞ. A key question arises: How can we obtain a large amplifica-

tion gain G and a large negative feedback G 0 in a biological insulation component?

This question is addressed in the following section, in which we show that a simple

phosphorylation/dephosphorylation cycle has remarkable insulation properties (for

additional designs of biomolecular insulation devices, see Del Vecchio et al., 2008b).

6.5.1 A Biomolecular Realization of an Insulation Device through Protein

Phosphorylation

In this design, we propose to obtain input amplification through a fast phosphoryla-

tion reaction and negative feedback through a fast dephosphorylation reaction. In

particular, this is realized by having the input Z activate the phosphorylation of a

protein X, which is available in the system in abundance. That is, Z is a kinase for a

protein X. The phosphorylated form of X, Xp, binds to the downstream sites, where-

as X does not. A negative feedback on Xp is obtained by having a phosphatase Y

activate the dephosphorylation of protein Xp. Protein Y is also available in abun-

dance in the system. This mechanism is depicted in figure 6.12. A similar design has

been proposed by Sauro and Kholodenko (2004) and Sauro and Ingalls (2007), in

which a MAPK cascade plus a negative feedback loop that spans the length of the

MAPK cascade is considered as a feedback amplifier. Our design is much simpler,

involving only one phosphorylation cycle and requiring no additional feedback loop.

Figure 6.12
Insulation device (dotted box).
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To convey the idea of how this device realizes the insulation function, we consider

the one-step reaction model for the phosphorylation reactions analyzed by Heinrich

et al. (2002):

ZþX!k1 ZþXp and YþXp !k2 YþX:

We assume that there is plenty of protein X and of phosphatase Y in the system and

that these quantities are conserved. The conservation of X gives X þ Xp þ C ¼
XTOT, in which X is the inactive protein, Xp is the phosphorylated protein that binds

to the downstream sites p, and C is the complex of the phosphorylated protein Xp

bound to the promoter p. The Xp dynamics can be described by the first equation in

the following model:

dXpðtÞ
dt

¼ k1XTOTZðtÞ 1� XpðtÞ
XTOT

� CðtÞ
XTOT

 !

� k2YðtÞXpðtÞ þ ko¤CðtÞ � konXpðtÞðpTOT � CðtÞÞ ; ð6:9Þ
dCðtÞ
dt
¼ �ko¤CðtÞ þ konXpðtÞðpTOT � CðtÞÞ: ð6:10Þ

The boxed terms represent the retroactivity s to the output of the insulation system

of figure 6.12. For a weakly activated pathway, Xp fXTOT (Heinrich et al., 2002).

Also, if we assume that the total concentration of X is large compared to the con-

centration of the downstream binding sites, that is, XTOT g pTOT, equation (6.9) is

approximated by

dXpðtÞ
dt

¼ k1XTOTZðtÞ � k2YðtÞXpðtÞ þ ko¤CðtÞ � konXpðtÞðpTOT � CðtÞÞ:

If we denote G ¼ k1XTOT and G 0 ¼ k2Y and again exploit the di¤erence of time

scales between the Xp dynamics and the C dynamics after a fast initial transient, we

can approximate the dynamics of Xp accurately by

dXpðtÞ
dt

¼ ðGðtÞZðtÞ � G 0ðtÞXpðtÞÞð1�RðXpðtÞÞÞ; ð6:11Þ

in whichRðXpÞ is the measure of the retroactivity s to the output after a short tran-

sient. Therefore, for G and G 0 large enough, XpðtÞ is well described by the isolated

system dXpðtÞ=dt ¼ GðtÞZðtÞ � G 0ðtÞXpðtÞ. As a consequence, the e¤ect of the retro-

activity to the output s is attenuated by increasing k1XTOT and k2Y . That is, to

obtain large input and feedback gains, one should have large phosphorylation/

dephosphorylation rates, large amounts of protein X and phosphatase Y in the sys-

tem, or both.
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To highlight the roles of the various parameters for attaining the insulation prop-

erties, we can consider a more complex model for the phosphorylation and dephos-

phorylation reactions and perform parametric analysis. In particular, let us consider

a two-step reaction model such as that of Huang and Ferrell (1996). According to

this model, we have the following two reactions for phosphorylation and dephos-

phorylation, respectively:

Xþ ZÐ
b1

b2
C1 !k1 Xp þ Z; ð6:12Þ

and

YþXp Ð
a1

a2
C2 !k2 XþY; ð6:13Þ

in which C1 is the complex of protein X with kinase Z and C2 is the complex of phos-

phatase Y and protein Xp. Additionally, we have the conservations YTOT ¼ Y þ C2,

XTOT ¼ X þ Xp þ C1 þ C2 þ C, because proteins X and Y are not degraded. The

di¤erential equations modeling the insulation system of figure 6.12 thus become

dZðtÞ
dt
¼ kðtÞ � dZðtÞ

�b1ZðtÞXTOT 1� XpðtÞ
XTOT

� C1ðtÞ
XTOT

� C2ðtÞ
XTOT

� CðtÞ
XTOT

 !
þ ðb2 þ k1ÞC1ðtÞ ; ð6:14Þ

dC1ðtÞ
dt

¼ �ðb2 þ k1ÞC1ðtÞ

þ b1ZðtÞXTOT 1� XpðtÞ
XTOT

� C1ðtÞ
XTOT

� C2ðtÞ
XTOT

� CðtÞ
XTOT

 !
; ð6:15Þ

dC2ðtÞ
dt

¼ �ðk2 þ a2ÞC2ðtÞ þ a1YTOTXpðtÞ 1� C2ðtÞ
YTOT

� 	
; ð6:16Þ

dXpðtÞ
dt

¼ k1C1ðtÞ þ a2C2ðtÞ � a1YTOTXpðtÞ 1� C2ðtÞ
YTOT

� 	

þ ko¤CðtÞ � konXpðtÞðpTOT � CðtÞÞ ; ð6:17Þ
dCðtÞ
dt
¼ �ko¤CðtÞ þ konXpðtÞðpTOT � CðtÞÞ; ð6:18Þ

in which C is the complex of Xp with the downstream promotor p, and the expres-

sion of gene z is controlled by a promoter with activity kðtÞ. The terms in the large
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box in equation (6.14) represent the retroactivity r to the input, while the terms in the

small box in equation (6.14) and in the boxes of equations (6.15) and (6.17) represent

the retroactivity s to the output. A detailed analysis of the system in equations (6.14–

6.18) also provides analytical relationships among the parameters that indicate how

to obtain small retroactivity to the input r and linear input-output behavior (see Del

Vecchio et al., 2008b, for details). As for the simplified model, we have again that

Gz k1XTOT and G 0z k2YTOT.

The system in equations (6.14–6.18) was simulated with and without the down-

stream binding sites p, that is, with and without the terms in the small box of equa-

tion (6.14) and in the boxes of equations (6.17) and (6.15). This analysis highlights

the e¤ect of the retroactivity to the output s on the dynamics of Xp. The simulations

Figure 6.13
Simulation results for system described by equations (6.14–6.18). In all plots, pTOT ¼ 100, ko¤ ¼ kon ¼ 10,
d ¼ 0:01, kðtÞ ¼ 0:01ð1þ sinðotÞÞ, and o ¼ 0:005. In subplots A and B, k1 ¼ k2 ¼ 50, a1 ¼ b1 ¼ 0:01,
b2 ¼ a2 ¼ 10, and XTOT ¼ YTOT ¼ 1;500. Panel a shows the signal XpðtÞ without the downstream binding
sites p (solid line) and the same signal with the downstream binding sites p (dashed line). The small error
shows that the e¤ect of the retroactivity to the output s is attenuated very well. Panel b shows the signal
ZðtÞ without X, to which Z binds (solid line), and the same signal ZðtÞ with X present in the system (dashed
line). The small error confirms a small retroactivity to the input.
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validate our theoretical study indicating that, when XTOT g pTOT and the time scales

of phosphorylation/dephosphorylation are much faster than the time scale of decay

and production of the protein Z, the retroactivity to the output s is very well attenu-

ated (figure 6.13a). Similarly, the time behavior of Z was simulated with and without

the terms in the large box of equation (6.14), that is, with and without X to which Z

binds, to verify whether the insulation component exhibits retroactivity to the input

r. In particular, the accordance of the behaviors of ZðtÞ with and without its down-

stream binding sites on X (figure 6.13b) indicates that there is no substantial retro-

activity to the input r generated by the insulation device.

6.6 Conclusions and Future Challenges

We have reviewed some design methods employed in synthetic biology that rely on

the modularity assumption according to which modules maintain their dynamic be-

havior unchanged upon interconnection. By virtue of this assumption, one can first

characterize a module in isolation and then predict the behavior of a circuit directly

by the behavior of its composing modules. This is a powerful approach to circuit

design, which is employed also in other engineering areas, such as electronics. We

pointed out, however, that, just as in several other engineering systems, because of

loading e¤ects at interconnections, modularity does not necessarily hold in biomolec-

ular systems. As with historical developments in electronics, where researchers fo-

cused on characterizing impedance (loading) e¤ects and on counteracting them with

the aid of operational amplifiers, similar e¤orts are currently taking place in the area

of biomolecular circuit design.

Biomolecular circuit design presents many challenges to systems and control engi-

neers. We need to address problems of loading e¤ects at interconnections between

general biomolecular systems, such as signaling systems, as opposed to purely tran-

scriptional systems. These include not only the e¤ects of loads but also impedance-

matching problems and frequency sensitivity analysis. We need to consider energetic

constraints in the design of active devices such as insulation devices, which could

possibly impose tough requirements on the cell, as well as possible trade-o¤s between

the need for large gains in the design of insulation devices and the e¤ects of such

large gains on biological noise. Finally, to these engineering challenges must be

added the scientific challenge of uncovering design principles that are already

employed by natural systems for coping with similar problems.

Note

1. A significant portion of the contents of this chapter appeared in Del Vecchio et al., 2008b.
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7 Graphs and the Dynamics of Biochemical Networks

David Angeli and Eduardo D. Sontag

Because biochemical networks may give rise to complex dynamical behaviors, their

analysis is often di‰cult. Several tools based on testing graph-theoretical properties

of these networks are useful in that context. This chapter discusses two approaches,

one based on bipartite graphs and Petri net concepts, and another based on decom-

positions into order-preserving subsystems.

7.1 Dynamical Behavior

Models of biochemical networks studied in the literature are often asymptotically

‘‘well behaved’’: upon external stimulation—such as presentation of a ligand to a

receptor—and after transient activity, variables approach simple steady-state behav-

iors, and seldom enter ‘‘chaotic’’ regimes. One may thus ask, what is special about

such networks when viewed in the context of more general dynamical systems? On

the one hand, precise quantitative information (parameters, exact forms of reactions)

is often unavailable; on the other, qualitative information (network structures show-

ing how chemical species interact) is much more abundant. This motivates the devel-

opment of analysis tools that e¤ectively combine sparse quantitative with more

readily available qualitative information, in the form of graphs. In the present chap-

ter, we review two such tools. The presentation will be kept informal so as to empha-

size intuition; references will be provided for the precise mathematical results. For

definiteness, we will restrict attention to deterministic systems described by ordinary

di¤erential equations (ODEs), but similar approaches can be developed for systems

described by partial di¤erential equations, such as those discussed in chapter 3.

Thus we will consider systems described by sets of simultaneous ODEs of the follow-

ing general form:



_xx1ðtÞ ¼ dx1ðtÞ
dt

¼ f1ðx1ðtÞ; . . . ; xnðtÞ; u1ðtÞ; . . . ; umðtÞÞ;

..

.

_xxnðtÞ ¼ dxnðtÞ
dt

¼ fnðx1ðtÞ; . . . ; xnðtÞ; u1ðtÞ; . . . ; umðtÞÞ;

yðtÞ ¼ hðx1ðtÞ; . . . ; xnðtÞÞ;
or, in vector form, _xx ¼ f ðx; uÞ and y ¼ hðxÞ (the argument t is often omitted from

now on), where the variables xiðtÞ represent the concentrations of chemical species

(proteins, mRNA, metabolites), the variables uiðtÞ are inputs (stimuli, external sig-

nals, controls, forcing functions), and the coordinates of the vector yðtÞ represent
outputs (responses, measurements, readouts, reporter variables), at any given time t.

The problem of combining qualitative and quantitative information can be ap-

proached in several ways. We single out two of them: (1) species-reaction (s/r) repre-

sentations and (2) input-output (i/o) decompositions.

The species-reaction approach is based on the representation of chemical reaction

networks by bipartite species-reaction graphs. For systems that can be modeled by

ordinary di¤erential equations, such a representation translates algebraically into

the factorization of the state evolution equations _xx ¼ f ðx; uÞ in the form

_xx ¼ GRðx; uÞ;
where G denotes the stoichiometry matrix of the reaction, Rðx; uÞ is the vector of re-
action rates (which may depend on external inputs u), and x is a vector that describes

the concentrations of the various species that take part in the reaction, at each time

t. Feinberg-Horn-Jackson deficiency theory (Feinberg, 1987; Horn, 1974), and the

closely related work of Craciun and Feinberg (2005, 2006), as well as methods based

on Petri net formalisms (Angeli et al., 2007) all rely on the species-reaction formal-

ism. In this chapter, as an illustration, we will briefly survey some mathematical

results based on Petri net methods.

The input-output component or modular approach is based on viewing larger net-

works as made up of several subnetworks (‘‘subsystems’’ in control theory, or mod-

ules), interconnected through input and output variables, as illustrated in figure 7.1.

This approach may be particularly useful when the component subsystems have

low dynamical complexity, for example, when they are monostable (discussed be-

low), in which case all the complexity of the overall system arises from interconnec-

tions, especially if conclusions about global behavior can be drawn using only simple

input-output ‘‘black box’’ information on components (also discussed below). Two

examples are (1) methods based on the notion of passivity (Angeli, 2006; Arcak

and Sontag, 2006, 2008; Sontag, 2006); and (2) methods based on order-preserving
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(‘‘monotone’’) flows (Angeli and Sontag 2003, 2004; Enciso and Sontag, 2006). In

this chapter, as an illustration, we will briefly survey some mathematical results

based on monotone methods.

An important caveat when employing input-output interconnection approaches to

analyze biochemical networks (or, for that matter, any physical system) is that the

input-output formalism ignores the possible ‘‘impedance’’ or ‘‘retroactivity’’ e¤ects

that arise from the actual interconnections (for details of this most important issue,

see chapter 6 and Del Vecchio et al., 2008b).

Each of the methods discussed in this chapter relies on a di¤erent graphical repre-

sentation of chemical reactions. In the case of species-reaction methods, and the

analysis based upon Petri nets in particular, we make use of a bipartite graph in

which there are two types of nodes, one representing reactions and the other repre-

senting species. The definition of monotone systems, or to be more precise orthant-

monotone systems, relies on a graph that shows the interactions (positive or negative)

among the di¤erent species.

This chapter is organized as follows. Section 7.2 reviews the basic formalism

used for modeling biochemical networks. Section 7.3 reviews some results that use

bipartite graphs, and specifically Petri nets. As a motivation for the consideration of

methods based upon monotone input-output systems, section 7.4 postulates a quasi-

steady-state reduction principle (QSSRP) and asks the question, for what types of

components is the QSSRP a valid mathematical tool? Section 7.5 provides a (partial)

answer to this question, after introducing monotone systems.

7.2 Chemical Network Formalism

Let us first review a formalism that allows us to write up di¤erential equations asso-

ciated with chemical reactions easily. In general, we consider a collection of chemical

reactions that involves a set of ns species:

Figure 7.1
Larger system made up of interconnected input-output subsystems.
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Sj; j A f1; 2; . . . nsg:
Although these species may be ions, atoms, or molecules (even large molecules, such

as proteins), we will call them ‘‘molecules,’’ for simplicity. In general, a chemical re-

action network (CRN) is a set of chemical reactions Ri, i A f1; 2; . . . ; nrg:

Ri :
Xns
j¼1

aijSj !
Xns
j¼1

bijSj; ð7:1Þ

where the aij and bij , as nonnegative integers, are the stoichiometry coe‰cients.

The species with nonzero coe‰cients on the left-hand side of the equation are usu-

ally referred to as the reactants, and the ones on the right-hand side are called the

products, of the respective reaction. (Zero coe‰cients are not shown in diagrams.)

The interpretation is that, in reaction 1, a11 molecules of species S1 combine with

a12 molecules of species S2, and so forth, to produce b11 molecules of species S1, b12
molecules of species S2, and so forth, and similarly for each of the other nr � 1 reac-

tions. The forward arrow means that the transformation of reactants into products

only happens in the direction of the arrow.

It is convenient to arrange the stoichiometry coe‰cients into an ns � nr matrix,

called the stoichiometry matrix, G ¼ Gij , defined as follows:

Gji ¼ bij � aij ; i ¼ 1; . . . ; nr; j ¼ 1; . . . ; ns: ð7:2Þ

(Note the reversal of indices.) The matrix G has as many columns as there are reac-

tions. Each column shows, for all species (ordered according to their index i), the net

‘‘produced–consumed.’’ The graphical information given by reaction diagrams is

summarized by the matrix G.

We now describe how the state of the network evolves over time, for a given chem-

ical reaction network. We need to find a rule for the evolution of the column vector:

xðtÞ ¼
x1ðtÞ
..
.

xnsðtÞ

2
664

3
775;

where xiðtÞ represents the concentration of the species Si at time t. The variables xi
take only nonnegative values.

Another ingredient that we require is a formula for the actual rate at which the in-

dividual reactions take place. We denote by RiðxÞ the algebraic form of the jth reac-

tion rate as a function of species concentrations. The most common assumption is

that of mass-action kinetics, where
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RiðxÞ ¼ ki
Yns
j¼1

x
aij
j ; for all i ¼ 1; . . . ; nr;

which says simply that the reaction rate is proportional to the product of the con-

centrations of the reactants, with higher exponents when more than one molecule

is needed. The coe‰cients ki are called ‘‘reaction constants’’; they usually label the

arrows in diagrams. We introduce a column vector of reactions

RðxÞ ¼
R1ðxÞ

..

.

RnrðxÞ

2
664

3
775:

With these conventions, the system of di¤erential equations associated to the chemi-

cal reaction network is given as follows:

dx

dt
¼ GRðxÞ: ð7:3Þ

This formalism assumes that none of the species xi are inputs to the system. On the

other hand, in some experimental situations, there may be species whose concentra-

tion is a¤ected by inflows from outside the reaction vessel, or whose values may be

assumed to be clamped externally. To model such external input signals, one needs

to extend the formalism. This can be done by omitting the di¤erential equation for

the species in question, and considering this concentration instead as a forcing func-

tion, that is, as part of the input channels u in a system _xx ¼ f ðx; uÞ. For simplicity,

we will discuss only reactions having no such external inputs.

By way of illustration, let us consider the following set of chemical reactions:

E þ S0 Ð
k1

k�1
ES0 !k2 E þ S1; ð7:4aÞ

F þ S1 Ð
k3

k�3
FS1 !k4 F þ S0; ð7:4bÞ

which may be thought of as a model of the activation of a protein substrate S0 by an

enzyme (a kinase denoted by E); ES0 is an intermediate complex, which dissociates

either back into the original components or into a product (activated protein) S1 and

the enzyme. The second reaction transforms S1 back into S0, and is catalyzed by

another enzyme (a phosphatase denoted by F ). A system of reactions of this type

is sometimes called a ‘‘futile cycle,’’ and reactions of this type are ubiquitous in

cell biology (Samoilov et al., 2005). The mass-action kinetics model is obtained as

Graphs and the Dynamics of Biochemical Networks 129



follows. Denoting concentrations with the same letters as the species themselves, we

have the following vector of species, stoichiometry matrix G and vector of reaction

rates RðxÞ:

x ¼

S0

S1

E

F

ES0

FS1

2
666666664

3
777777775
; G ¼

�1 1 0 0 0 1

0 0 1 �1 1 0

�1 1 1 0 0 0

0 0 0 �1 1 1

1 �1 �1 0 0 0

0 0 0 1 �1 �1

2
666666664

3
777777775
; RðxÞ ¼

k1E � S0

k�1ES0

k2ES0

k3F � S1

k�3FS1

k4FS1

2
666666664

3
777777775
:

From here, we can write the equations (7.3). For example,

dS0

dt
¼ ð�1Þðk1E � S0Þ þ ð1Þðk�1ES0Þ þ ð1Þðk4FS1Þ

¼ k4FS1 � k1E � S0 þ k�1ES0:

Conservation Laws

Let us consider the set of row vectors c such that cG ¼ 0. Any such vector gives rise

to a (linear) conservation law in the sense that

dðcxÞ
dt
¼ c

dx

dt
¼ cGRðxÞ ¼ 0;

for all t, and therefore

cxðtÞ ¼ constant

along all solutions (a first integral of the motion). The set of such vectors forms a lin-

ear subspace D (of the vector space consisting of all row vectors of size ns). The exis-

tence of conservation laws is important in the analysis of dynamics since a‰ne

subspaces orthogonal to D are invariant for motions.

Thus, in the example cited above, we have that, along all solutions,

S0ðtÞ þ S1ðtÞ þ ES0ðtÞ þ FS1ðtÞ1 constant

because ½1; 1; 0; 0; 1; 1�G ¼ 0. Likewise, because we have two more linearly indepen-

dent conservation laws, namely, ½0; 0; 1; 0; 1; 0� and ½0; 0; 0; 1; 0; 1�,
EðtÞ þ ES0ðtÞ and F ðtÞ þ FS1ðtÞ
are also constant along all trajectories. Since G has rank three (easy to check) and has

six rows, its left-nullspace has dimension three. Thus, a basis of the set of conserva-

tion laws is given by the three that we have found.
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7.3 Petri Nets and Persistence Analysis

As an example of the use of species-reaction representations and associated graph-

theoretic concepts in biochemical systems analysis, we will briefly review recent

work employing Petri net notions (since no interconnections are studied, we will not

consider input and output variables here). Petri nets, also called place/transition nets,

are a popular mathematical and graphical modeling tool, typically used for repre-

senting processes in which data (tokens) are concurrently handled by asynchronous

and distributed processors. They are widely employed in fields as diverse as reliability

engineering, work-flow management, and software design. Although most Petri net

models are discrete, continuous Petri nets are usually studied also. The modeling of

chemical reaction networks using Petri net formalism was pioneered by Reddy et al.

(1993); see also the more recent work of Zevedei-Oancea and Schuster (2003).

We associate to a chemical reaction network a bipartite directed graph (i.e., a

directed graph with two types of nodes) with weighted edges, called the species-

reaction Petri net (SR net). Formally, this is a quadruple ðVS;VR;E;WÞ, where VS

is a finite set of nodes, each one associated to a species, VR is a finite set of nodes

(disjoint from VS), each one corresponding to a reaction, and E is a set of edges as

described below. (We write S or VS interchangeably, or R instead of VR, by identify-

ing species or reactions with their respective indices.) The set of all nodes is V :¼
VR WVS. The edge set EHV � V is defined as follows. For every reaction Ri:X
j A S

aijSj !
X
j A S

bijSj ;

we draw an edge from Sj A VS to Ri A VR for each species Sj such that aij > 0. That

is, ðSj;RiÞ A E exactly when aij > 0, and we say in this case that Ri is an output reac-

tion for Sj. Likewise, ðRi;SjÞ A E whenever bij > 0, and we say that Ri is an input re-

action for Sj. The SR net is a bipartite graph: edges only connect species to reactions

and vice versa; they never connect two species or two reactions to each other. The

notion of an SR net is very closely related to that of an SR graph (Craciun and Fein-

berg, 2005, 2006). The only di¤erence is that an SR net is a directed graph, whereas

an SR graph is not and that reversible reactions in an SR net are represented by two

distinct reaction nodes, whereas only one reaction node appears in the SR graph for

a reversible reaction. The function W : E ! N associates to each edge a positive in-

teger according to the rule: WðSj ;RiÞ ¼ aij and WðRi;SjÞ ¼ bij .

For a vector v, we write vb 0 if each entry of v is nonnegative, v > 0 if vb 0 and

v0 0, and vg 0 if vi > 0 for all i. In the Petri net literature, a conservation law, that

is, a row vector c > 0 such that cG ¼ 0, is called a P-semiflow. (The terminology is

unfortunate because these vectors do not correspond to fluxes in the system.) The

support of c is the set of indices fi A VS : ci > 0g. A Petri net is said to be conservative
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if there exists a P-semiflow cg 0. (Petri net theory views Petri nets as ‘‘token-

passing’’ systems, and, in that context, P-semiflows, also called place invariants,

amount to conservation relations for the ‘‘place markings’’ of the network, that

show how many tokens there are in each ‘‘place,’’ the nodes associated to species in

SR nets. We do not make use of that interpretation here.) The net is said to be con-

sistent if there exists a vg 0 (a T-semiflow) such that Gv ¼ 0. The vector v may be

viewed as a set of fluxes that is in equilibrium (Zevedei-Oancea and Schuster, 2003).

A nonempty set SHVS is called a siphon if each input reaction associated to S is

also an output reaction associated to S. A siphon is said to be minimal if it does not

contain (strictly) any other siphons.

Persistence

The persistence property for di¤erential equations defined on nonnegative variables is

the requirement that solutions starting in the positive orthant do not approach the

boundary of the orthant. For chemical reactions and population models, this trans-

lates into the nonextinction property: provided that every species is present at the

start of the reaction, no species will tend to be eliminated in the course of the reac-

tion. Mathematically, this property can be equivalently expressed as the requirement

that the o-limit set of any trajectory which starts in the interior of the positive

orthant (all concentrations positive) does not intersect the boundary of the positive

orthant: oðx0ÞX qO ns
þ ¼ j for each x0 A intðO ns

þ Þ.
Angeli et al. (2007) provide checkable conditions for persistence of chemical spe-

cies in reaction networks, using concepts and tools from Petri net theory, and verify

these conditions on various systems which arise in the modeling of cell signaling

pathways. Besides its applied interest, persistence is a key enabling theoretical prop-

erty because it may be used in conjunction with other techniques in order to guar-

antee convergence of solutions to equilibria. For example, if a strictly decreasing

Lyapunov function exists on the interior of the positive orthant (see, for example,

Feinberg and Horn, 1974; Horn, 1974; Sontag, 2001, for classes of networks where

this can be guaranteed), persistence allows such a conclusion. For complex networks,

determining persistence, or lack thereof, is in general an extremely di‰cult mathe-

matical problem. In fact, the study of persistence is a classical one in the (mathemat-

ically) related field of population biology, where species correspond to individuals

of di¤erent types instead of chemical units (see, for example, Butler and Waltman,

1986; Gard, 1980).

The main persistence theorems from Angeli et al., 2007, are as follows:

1. A necessary condition: A conservative and persistent chemical reaction network has

a consistent Petri net.

2. A su‰cient condition: If its associated Petri net is conservative, and each siphon

contains the support of a P-semiflow, then the chemical reaction network is persistent.
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As an example of application of the su‰ciency condition, let us consider the

following set of reactions:

E þ S0 $ ES0 ! E þ S1 $ ES1 ! E þ S2;

F þ S2 $ FS2 ! F þ S1 $ FS1 ! F þ S0:

These model a double futile cycle, similar to the one discussed in section 7.2, except

that now two rather than one enzymatic modifications are produced; ES0 represents

the complex consisting of E bound to S0 and so forth. We denote reversible reactions

by a ‘‘$’’ in order to avoid having to write them twice. The network comprises nine

distinct species, labeled S0, S1, S2, E, F , ES0, ES1, FS2, and FS1. Its associated Petri

net is shown in figure 7.2. This net is indeed consistent: to see this, we order the spe-

cies and reactions by the obvious order obtained when reading the equations from

left to right and from top to bottom (e.g., S1 is the fourth species, and the reaction

E þ S1 ! ES1 is the fourth reaction), introducing G and then verifying that

Gv ¼ 0; when v ¼ ½2 1 1 2 1 1 2 1 1 2 1 1�T :
Also, there are three minimal siphons, fE;ES0;ES1g, fF ;FS1;FS2g, and fS0;S1;S2;

ES0;ES1;FS2;FS1g, each of which contains the support of a P-semiflow, which arise

from the following three independent conservation laws: E þ ES0 þ ES1 ¼ const1,

Figure 7.2
Associated Petri net.
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F þ FS2 þ FS1 ¼ const2, and S0 þ S1 þ S2 þ ES0 þ ES1 þ FS2 þ FS1 ¼ const3. Since

the sum of these three conservation laws is also a conservation law, the network is

conservative and, by the cited su‰ciency theorem, also persistent.

7.4 A Quasi-Steady-State Reduction Principle

We next turn to input-output decompositions, and specifically decompositions into

monotone subsystems. As discussed earlier, we will impose the requirement that

components be ‘‘dynamically simple.’’

Specifically, we will assume that each subsystem is monostable, in the following

sense: a system _xx ¼ f ðx; uÞ with inputs u and outputs y ¼ hðxÞ has a well-defined

steady-state response to step inputs if, for each step input uðtÞ1 u there is a (neces-

sarily unique) globally asymptotically stable steady state xu of the system (see figure

7.3; consult Angeli and Sontag, 2003, 2004; Enciso and Sontag, 2006, for precise def-

initions). The map kðuÞ ¼ hðxuÞ will be called the input-output characteristic of the

system. Often, input-output characteristics may be obtained from experimental data

by presenting systems with constant inputs, letting them relax to steady state, and

then measuring the value of the reporter variable (or more generally variables, if y

is a vector whose components indicate the measured quantities). Characteristics

are also called, depending on the context, ‘‘nonlinear DC gains,’’ ‘‘dose-response

curves,’’ ‘‘receptor activity plots,’’ and so forth.

The only ‘‘quantitative’’ information required by the results to be discussed below

is the plot of the characteristics of the individual subsystems. The requirement of

monostability can be weakened to some extent (see, for example, Enciso and Sontag,

2008).

A Reduction Principle

Suppose that two single-input, single-output systems, having respective characteris-

tics k and g, are placed in a feedback loop as shown in figure 7.4. Let us perform

the following thought experiment, ignoring dynamics. First, we suppose that a step

signal u with constant value uðtÞ1 u1 is applied to the system with characteristic k,

letting this system relax to steady state, and taking note of its steady-state output

Figure 7.3
Steady-state response to constant inputs.
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y1 ¼ kðu1Þ (leftmost panel in figure 7.4). Next, we apply the constant input y1 to the

system with characteristic g, and take note of its steady-state output u2 ¼ gðy1Þ
¼ gðkðu1ÞÞ, which we write as Fðu1Þ, where F is the return map for the loop. Like-

wise, we apply the resulting u2 as an input to the k-system (middle panel in figure

7.4). Iterating, let us suppose that we converge to a pair of values, uy; yy ¼ kðuyÞ.
This process would make physical sense if there were a theoretically infinite time-

scale separation between the speed of response of the individual systems and the rate

of change of the external signals, which is clearly unrealistic. Nonetheless, we may

still ask the following question, is it possible to find all true asymptotic behaviors in

this fashion? More precisely, we ask whether the following quasi-steady-state reduc-

tion principle (QSSRP) holds: suppose that generic trajectories of the discrete itera-

tion u 7! FðuÞ converge to one of kb 1 stable points u1; . . . ; uk; is it then true that,

generically, bounded trajectories of the closed-loop system, obtained as the feedback

interconnection of the two subsystems, globally converge to one of k possible steady

states, corresponding in 1-1 fashion to the u1; . . . ; uk?

Provided that the QSSRP holds for a class of feedback structures, the only infor-

mation needed to characterize the stability of equilibria is what is encapsulated in the

graphs of the characteristics of the individual systems, and this is true even for sys-

tems involving large numbers of variables (chemical species). When the input and

output signals u and y are scalar, this type of analysis is especially simple. Of course,

one must have access to the graphs of the characteristics k and g, to begin with, and

this may be di‰cult in particular instances. On the other hand, such steady-state re-

sponse information can often be approximated on the basis of experimental data,

and such data on steady-state responses is often far easier to obtain than data on

the internal parameters (e.g., kinetic constants) that describe the component sub-

systems. Thus, it is most interesting to ask for what types of systems the QSSRP is

valid.

To explore this question, we consider a simple example, in which each system is

linear and one-dimensional, with respective equations as follows:

Figure 7.4
Iteration of characteristics, ignoring dynamics.
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_yy ¼ �yþ kðuÞ;
_uu ¼ �uþ gðyÞ;
where both functions k and g are increasing (positive feedback). It is clear that both

systems admit characteristics, and these are precisely k and g, respectively. To find

steady states of the interconnection, we plot the graphs of both k and g on the

ðu; yÞ-plane (to be more precise, the graph of g�1), as shown in figure 7.5. Observe

that the discrete iterations of F ¼ g � k converge to those points where the graphs in-

tersect, and the slope of k is less than the slope of g�1, marked ‘‘S,’’ and unstable

points of the iteration are marked ‘‘U,’’ as is easy to verify through a standard ‘‘cob-

webbing’’ argument, as illustrated in figure 7.5. (In this informal presentation, we

ignore delicate technical issues that arise at those points where the intersections are

not transversal, that is, points where the two curves meet tangentially; see the cited

papers for details.)

In this example, the QSSRP is valid. Indeed, local stability of the closed-loop

steady state ðu; kðuÞÞ holds when k 0ðuÞ < ðg�1Þ0ðuÞ (the trace of the Jacobian is al-

ways negative, and the determinant is positive when this condition holds). Moreover,

drawing nullclines and directions of flow confirms global stability, as sketched in fig-

ure 7.6. Of course, one cannot expect the QSSRP to hold for arbitrary systems. A

counterexample is as follows. Consider the following two-species system:

_xx ¼ xð�xþ yÞ;

_yy ¼ 3y �xþ cþ bu4

K þ u4

� 	
;

Figure 7.5
Two characteristics for the example.
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which is monostable, with the following characteristic:

kðuÞ ¼ cþ bu4

K þ u4
:

(To be precise, there are also steady states with x ¼ 0 or y ¼ 0. One may, however,

restrict the state space of the system to the interior of the positive orthant, x > 0,

y > 0, or one may consider a slight perturbation of the system, replacing the x in

the first equation by xþ e, and y in the second by yþ e, for e > 0 su‰ciently small.)

For the feedback system, we pick a memoryless unity feedback u ¼ gðyÞ ¼ y. See

Figure 7.6
Phase plane for the example.

Figure 7.7
Characteristics for the counterexample.
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figure 7.7 for the superimposed plots of k and g�1. If the quasi-steady-state reduction
principle were true for this interconnection, then one would predict that generic solu-

tions of the closed-loop system

_xx ¼ xð�xþ yÞ;

_yy ¼ 3y �xþ cþ by4

K þ y4

� 	
;

must globally converge to one of two stable states (and there is also a saddle-

point unstable steady state). This is not true, however. For example, picking these

Figure 7.8
Trajectories for the counterexample.

Figure 7.9
Phase plane for the counterexample.
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parameters: c ¼ 0:8, b ¼ 50=14, K ¼ 405=14, one sees that generic trajectories are

relaxation-like oscillations (see figure 7.8 for a plot with initial conditions xð0Þ ¼ 1,

yð0Þ ¼ 2 and figure 7.9 for the phase plane associated to this system, which shows

two unstable spirals in heteroclinic connection with a saddle, as well as a limit cycle).

The counterexample illustrates that finding conditions for validity of the QSSRP is

nontrivial. This leads us to the study of monotone systems (see also Angeli, 2007,

for yet another class of systems to which QSSRP applies).

7.5 Monotone Input-Output Components

Monotone input-output systems generalize monotone dynamical systems (with no

external inputs nor outputs) as introduced by Morris Hirsch (1983) and further

developed by many, notably Hal Smith (Hirsch and Smith, 2005; Smith, 1995). A

monotone input-output system is one for which trajectories preserve partial orders on

states, inputs, and outputs. Given partial orders in spaces of input and output values

and states (species), a monotone system satisfies the following axiom: for any two in-

put signals u and v for which uðtÞa vðtÞ for all times t, and for any two states x, z

such that xa z, it follows that jðt; x; uð�ÞÞa jðt; z; vð�ÞÞ for all t, where jðt; x; uð�ÞÞ
is the solution at time t if the initial state is x and the input is u, and similarly for

jðt; z; vð�ÞÞ. (The ‘‘a’’ signs must be interpreted as referring to the respective orders.)

The output mapping h should likewise preserve orders. For example, suppose that

the ordering picked for states is the ‘‘northeast’’ (NE) order, in which x ¼ ðx1; x2Þ
a z ¼ ðz1; z2Þ is defined by the requirement that both x1 a z1 and x2 a z2, as shown

in figure 7.10. Monotonicity strongly constrains dynamics. As an extremely simple

illustration of these constraints, let us show that no periodic orbits can exist in a sys-

tem that is two-dimensional ðn ¼ 2Þ, under the above NE order. (There are no inputs

u in this example.) Our proof by contradiction is as follows. Suppose that there

would exist some counterclockwise trajectory (the argument is similar in the clock-

wise case). Suppose that, on this trajectory, two initial conditions xð0Þ < zð0Þ are
chosen, as shown in figure 7.11. There is some time T > 0 such that xðTÞ ¼

Figure 7.10
Monotonicity.
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jðt; xð0ÞÞ has a maximal x1-coordinate, as shown. Since (under standard regularity

assumptions) solutions may not cross, the state zðTÞ ¼ jðT ; zð0ÞÞ fails to satisfy

xðTÞa zðTÞ, contradicting the monotonicity assumption.

More generally (not merely for two-dimensional systems and the NE order),

monotone systems have ‘‘low dynamical complexity’’ and, in that sense, constitute a

good class of elementary components for a decomposition approach. They behave in

many ways like one-dimensional systems, in that, for constant inputs, no ‘‘chaotic

attractors’’ (or even stable oscillations) can occur and, generically, (bounded) solu-

tions converge to steady states as t!y. More precisely, these statements are true

under an additional technical condition of irreducibility (strong monotonicity), which

is often satisfied. A precise version is given by one of the fundamental results in the

field, Hirsch’s generic convergence theorem (Hirsch, 1983; Hirsch and Smith, 2005;

Smith, 1995).

Systems that are in an appropriate sense ‘‘close’’ to monotone share some of these

global properties. For example, if nonmonotone behavior occurs at a faster time

scale, generic convergence to steady states is still valid (see the singular perturbation

result in Wang and Sontag, 2008). In that sense, fast regulatory negative feedback

loops do not a¤ect regularity of behavior. Monotonicity (or even closeness to monot-

onicity) may be far too strong a requirement when analyzing large systems, but it is

useful as a constraint on components, in an interconnection approach, because the

quasi-steady-state reduction principle does indeed hold for several feedback configu-

rations involving monotone systems, as discussed below.

An important subclass of monotone systems is that of orthant-monotone systems,

defined mathematically as monotone with respect to a conic order, where the cone

is an orthant. A far more concrete and transparent, but equivalent, definition is as

follows. Associate to each system a species graph in which there are nþmþ p nodes

vi, one per species, input, and output variable. If vi and vj are vertices corresponding

to state variables, we draw an edge from vj to vi (only when i0 j) if qfi=qxjðx; uÞD 0.

If vj is associated to an input variable and vi to a state variable, we draw an edge

Figure 7.11
No periodic orbits.
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from vj to vi if qfi=qujðx; uÞD 0 (where uj is the jth coordinate of the input). Fi-

nally, if vi is associated to an output variable and vj to a state variable, we draw

an edge from vj to vi if qhi=qxjðx; uÞD 0. We label edges as positive or negative if

qfi=qxjðx; uÞb 0 for all ðx; uÞ or qfi=qxjðx; uÞa 0 for all ðx; uÞ, respectively, (and
likewise for edges involving inputs or outputs). If the sign is ambiguous, that is, if

qfi=qxjðx; uÞ > 0 for some ðx; uÞ and also qfi=qxjðx; uÞ < 0 for some ðx; uÞ (and simi-

larly for edges involving inputs or outputs), we label the edge with an ‘‘ambiguous’’

sign. We will say that a system has ‘‘well-defined signs of interactions’’ if there are

no ambiguous edges; this is often the case with biochemical models. An orthant-

monotone system is one in which every undirected cycle (that is, every cycle in which

the direction of arrows is ignored) has a net positive parity, meaning that there are

no ambiguous labels in the path, and the product of the labels is positive.

It is easy to see that, if a system has well-defined signs of interactions, then it can

be thought of as an interconnection of monotone components. This simple idea is

illustrated in figure 7.12a, which shows a system that fails the positive loop test, for

example, because the triangular path shown at the bottom has three negative edges.

We may, however, remove the diagonal vertex and incident edges, and think of the

system as an interconnection, using negative (inhibitory) feedback, of two monotone

subsystems (figure 7.12b).

Decompositions into monotone components are particularly useful if one can

decompose a system of interest into a small number of such components. The

minimal such number is the solution of an integer programming problem associated

to the system species graph (labeled ‘‘max-cut problem’’), which is also related to

the question of ‘‘balancing’’ in signed graphs and to the ‘‘degree of frustration’’ of

Ising spin-glass models (see Sontag, 2007, for details). It is noteworthy that some

gene regulatory networks can be decomposed into a smaller number of monotone

Figure 7.12
Decomposing into monotone subsystems.
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components than would be expected from random graphs with the same character-

istics (Sontag, 2007).

Two Quasi-Steady-State Reduction Principle Theorems

There are several theorems that validate the QSSRP for interconnections of mono-

tone systems with well-defined characteristics. The basic theorem for positive feed-

back analyzes an interconnection of two systems

_xx1 ¼ f1ðx1; u1Þ; y1 ¼ h1ðx1Þ;

_xx2 ¼ f2ðx2; u2Þ; y2 ¼ h2ðx2Þ;

each of which has an increasing characteristic, denoted by k and by g, respectively.

(A special case occurs when one of the systems is memoryless, for example, if there

are no state variables x1 and y1 is simply a static function y1ðtÞ ¼ kðu1ðtÞÞ.) The

‘‘positive feedback interconnection’’ of these two systems is formally defined by let-

ting the output of each of them serve as the input of the other (u2 ¼ y1 ¼ y and u1 ¼
y2 ¼ u), For simplicity of exposition, we restrict here to systems with scalar inputs

and outputs (see Enciso and Sontag, 2005, for a generalization to vector inputs and

outputs). As in the discussion of the QSSRP, we plot the graphs of k and g�1 to-

gether. It is quite obvious that there is a bijective correspondence between the steady

states of the feedback system and the intersection points of the two graphs. More-

over, just as in the general discussion, let us attach labels to the intersection points

between the two graphs as follows: a label ‘‘S’’ is placed at those points at which

the slope of k is smaller than the slope of g�1, and a label ‘‘U ’’ if the slope of k is

larger than the slope of g�1. (We assume that the graphs do not intersect tangen-

tially.) Under mild nondegeneracy technical conditions (transversality and notions

related to controllability and observability in control theory), one can conclude that

‘‘almost all’’ (in a measure-theoretic or a Baire-category sense) bounded solutions of

the feedback system must converge to one of the steady states corresponding to inter-

section points labeled with an S. This theorem, which instantiates the QSSRP for

feedback loops of two monotone systems with scalar inputs and outputs, is proved

by Angeli and Sontag (2004; see also Enciso and Sontag, 2008, for additional work,

which weakens the assumed technical conditions and extends the result to vector

input-output signals).

We now turn to negative feedback. One mathematical way to define negative feed-

back in the context of monotone systems is to say that the orders on inputs and out-

puts are ‘‘inverted’’ (for example, an inhibition term of the form V
Kþy , as usual in

biochemistry). Equivalently, and more conveniently, we may incorporate the inhibi-

tion into the output of the second system, which is then seen as an ‘‘antimonotone’’

input-output system, and this is how we proceed from here on. We emphasize that

the closed-loop system that results is generally not monotone.
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The basic theorem, proved by Angeli and Sontag (2003), is as follows, still assum-

ing that inputs and outputs are scalar (Enciso and Sontag, 2006, generalizes these

results). We once again plot together k and g�1, and consider the discrete iteration

uiþ1 ¼ ðg � kÞðuiÞ: The theorem states that, provided that solutions of the closed-

loop system are bounded, if this iteration has a globally attractive fixed point u,

then the feedback system has a globally attracting steady state. (An equivalent con-

dition, as shown in Enciso and Sontag, 2006, is that the iteration have no nontrivial

period-two orbits.) Note that, for negative feedback loops involving systems with

scalar inputs and outputs, there is never more than one intersection of the plots, since

k is increasing and g�1 is decreasing; thus the QSSRP has been shown to be valid in

this case.

7.6 Discussion

Several mathematical examples of applications of the quasi-steady-state reduction

principle theorems discussed can be found in published papers, and many of them

are surveyed by Sontag (2007), including mathematical models of MAPK cascades,

blood testosterone levels, and the Lac operon system. From an experimental perspec-

tive, the QSSRP has been recently validated using tools from synthetic biology: in the

2007 International Genetically Engineered Machines competition, Thattai’s group

project (Rai et al., 2008; Thattai, 2007) showed that one recovers the closed-loop

behavior from the intersections of characteristics for a genetically engineered system

constructed for that purpose. Many theoretical questions remain open, among them

the formulation of precise theorems that instantiate the QSSRP for general networks

(not only feedback loops).

Graphs and the Dynamics of Biochemical Networks 143





8 A Control-Theoretic Interpretation of Metabolic Control Analysis

Brian P. Ingalls

In this chapter, the main results of metabolic control analysis (MCA) are reinter-

preted from the point of view of engineering control theory. To begin, the standard

model of metabolic systems is identified as redundant in both state dynamics and in-

put e¤ects. A key feature of these systems is that, whereas the dynamics are typically

nonlinear, these redundancies appear linearly, through the stoichiometry matrix.

This means that the e¤ect of the input can be linearly decomposed into a component

driving the state and a component driving the output. A statement of this separa-

tion principle is shown to be equivalent to the main theorems of MCA. Presenting a

control-theoretic treatment of stoichiometric systems, the chapter arrives at an alter-

native derivation of some of the fundamental results in the theory of control of bio-

chemical systems.

8.1 Background

Biochemical mechanisms for implementation of feedback control were first dis-

covered in the biosynthetic pathways of metabolism (Pardee and Reddy, 2003), and

it was within the study of metabolism that a quantitative theory of the control and

regulation of biochemical networks was first developed. In the 1970s, researchers

on both sides of the Atlantic, led by Michael Savageau in the United States and by

Henrik Kacser and Reinhart Heinrich in Europe, elucidated theoretical frameworks

for addressing issues of regulation in metabolic networks. A fundamental tool used

by both groups was local parametric sensitivity analysis, applied primarily at steady

state. The European camp, whose theory was dubbed metabolic control analysis

(MCA), or sometimes metabolic control theory (MCT), made use of a standard lin-

earization technique in addressing steady state behavior (Heinrich and Rapoport,

1974a,b; Kacser and Burns, 1973). Savageau’s work, known as biochemical systems

theory (BST), makes use of a more sophisticated log linearization that provides an

improved approximation of nonlinear dynamics (Savageau, 1976). With respect to

local parametric sensitivity analysis, the two approaches yield identical results.



The analysis in the present chapter follows the linearization method used in meta-

bolic control analysis, which provides a direct connection between these biochemical

studies and the general theory of local parametric sensitivity analysis. Moreover, lin-

earization leaves intact the stoichiometric relationships that are exploited in studies

of these networks. Indeed, as will be shown below, it is this stoichiometric nature

that distinguishes the mathematics of metabolic control analysis from that of stan-

dard sensitivity analysis. As first shown by Reder (1988), an application of some

basic linear algebra provides an extension of sensitivity analysis that captures the fea-

tures of stoichiometry. Beyond these mathematical underpinnings, the field of meta-

bolic control analysis deals with myriad intricacies of application to biochemical

networks that demand careful interpretation of experimental and theoretical results

(surveyed in Fell, 1992, 1997; Heinrich and Schuster, 1996).

Local parametric sensitivity analysis addresses the behavior of dynamical systems

under small perturbations in system parameters. Such analysis plays an important

role in control theory, and several texts on sensitivity analysis have been written

with control applications in mind (see, for example, Frank, 1978; Rosenwasser and

Yusupov, 2000; Tomović, 1963; and Varma et al., 1999).

The analysis in this chapter is based on the standard ordinary di¤erential

equation–based description of biochemical systems (chapter 1) in which the states

are the concentrations of the chemical species involved in the network and the inputs

are parameters influencing the reaction rates. In addressing metabolic systems,

researchers commonly take enzyme activity as the parameter input. This choice of

input channel typically results in an overactuated system—with more inputs than

states. Additionally, the reaction rates are important outputs. Because they depend

directly on the parameter inputs, these rates enjoy some autonomy from the state

dynamics and can, to a degree, be manipulated separately.

The discussion that follows highlights a procedure for making explicit the separa-

tion between manipulating metabolite concentrations, on the one hand, and reaction

rates, on the other, which complements investigations of metabolic ‘‘redesign’’ that

have appeared in the literature (Dean and Dervakos, 1998; Hatzimanikatis et al.,

1996; Torres and Voit, 2002). Within the metabolic control analysis community, a

significant step in this direction was taken by Kacser and Acerenza (1993), who

described a ‘‘universal method’’ for altering pathway flux. Later, the goal of increas-

ing specific metabolite concentrations was taken up by Kacser and Small (1994). A

local description of the combined problem was given by Westerho¤ and Kell (1996).

These results can all be seen as contained within the ‘‘metabolic design’’ approach

described by Kholodenko et al. (1998, 2000). In the sections that follow, equivalent

results are derived from a control-engineering viewpoint, culminating in a control-

theoretic interpretation of the main results of metabolic control analysis: the summa-

tion and connectivity theorems.
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8.2 Redundancy in Control Engineering

The results presented here are a consequence of redundancies that appear in stoichio-

metric systems. Before addressing these, let us briefly review the standard manner in

which such redundancies are treated in control engineering.

8.2.1 State Redundancy: Nonminimal Realizations

Recall from chapter 1 the standard description of a linear, time-invariant system:

d

dt
xðtÞ ¼ AxðtÞ þ BuðtÞ; ð8:1aÞ

yðtÞ ¼ CxðtÞ þDuðtÞ; ð8:1bÞ
where x A Rn0 , u A Rm0 , y A Rp0 and A, B, C and D are constant matrices of the

appropriate dimensions. In systems theory, one is often interested primarily in the

input-output behavior associated with this system, characterized by the output trajec-

tories that arise from various choices of the input uð�Þ with initial condition xð0Þ ¼ 0.

Given a particular system of the form (8.1), the associated input-output behavior can

be equally generated from a whole class of systems of this form. That is, the repre-

sentation, or realization, of these input-output behaviors is not unique.

A realization is said to be minimal if there are no alternative systems of smaller

order that represent the same behavior. Nonminimal realizations exhibit redundancy

(typically due to a symmetry or to decoupled behavior); they can be improved by re-

moval of the redundant components. A simple instance of nonminimality is when

there is a redundancy among the state variables, regardless of the input or output

structure. Biochemical systems typically exhibit such simple redundancies, as will be

seen in section 8.3.

8.2.2 Input Redundancy: Overactuation

In control engineering, much e¤ort has gone into the analysis of system (8.1) in the

underactuated case (n0 > m0), where one attempts to manipulate a system for which

there are fewer input channels than degrees of freedom. In the case that the number

of input channels equals the number of degrees of freedom (n0 ¼ m0) the system

is fully actuated, and much of that analysis is trivial. Finally, if n0 < m0, the system is

overactuated, in which case a redundancy in the control inputs presents an embar-

rassment of riches to the control designer; the state dynamics can be controlled with-

out completely specifying the input. The additional degrees of freedom in the input

can then be used to meet further performance criteria (Härkegård and Glad, 2005).

In the overactuated case, system (8.1) can be treated as follows. For simplicity,

take the case that B has rank n0 (so there are exactly n0 �m0 redundancies among
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the inputs). Because B does not have full column rank, it can be factored as

B ¼ B0B1, where B0 is n0 � n0 and has full rank, while B1 is n0 �m0 and has rank

n0. The control input u can them be mapped to a virtual control input ~uu A Rn0 by

~uu ¼ B1u, resulting in the fully actuated system

d

dt
xðtÞ ¼ AxðtÞ þ B0~uuðtÞ;

where two di¤erent control inputs u1 and u2 whose di¤erence lies in the nullspace of

B1 (and hence of B) have an identical e¤ect on the state dynamics because they give

rise to the same virtual input ~uu.

This redundancy can be made explicit by writing u as the sum of two terms that lie

inside and outside of the nullspace of B, respectively:

uðtÞ ¼ Ka1ðtÞ þMa2ðtÞ;

where the columns of matrix K form a basis for the nullspace of B and the columns

of M are linearly independent of one another and of the columns of K . Through this

decomposition, the state dynamics can be manipulated by the choice of a2ð�Þ, while
a1ð�Þ can be chosen to satisfy other design criteria. In particular, if the system output

involves a feedthrough term (that is, D in system (8.1) is nonzero) then the choice of

a1 may reveal itself in the output. Stoichiometric systems, as defined in the next sec-

tion, have this property, allowing the separate design of strategies for controlling

state and output behavior.

8.3 Stoichiometric Systems

Consider n chemical species involved in m reactions in a fixed volume. The concen-

trations of the species make up the n-dimensional vector s. The rates of the reactions

are the elements of the m-vector v. These rates depend on the species concentrations

and on a set of parameter inputs that are collected into vector p. The network topol-

ogy is described by the n�m stoichiometry matrix N , whose i; jth element indicates

the net number of molecules of species i produced in reaction j (negative values indi-

cate consumption).

The system dynamics are described by

d

dt
sðtÞ ¼ NvðsðtÞ; pðtÞÞ; for all tb 0: ð8:2Þ

In addition to the state, sð�Þ, and the input pð�Þ, the variables of primary interest in

this system are the reaction rates vðs; pÞ. Thus, in interpreting (8.2) as a control sys-

tem, we will choose the vector of reaction rates as the system output:
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yðs; pÞ ¼ vðs; pÞ: ð8:3Þ
Systems of the form of equations (8.2) and (8.3) can be defined as stoichiometric sys-

tems precisely because the reaction rates v in (8.2) are outputs of interest.

As will be shown below, the structure of the stoichiometry matrix can be exploited

to yield insights into the behavior of the concentration and reaction rate variables.

The key to exploiting the stoichiometric structure of (8.2) is to describe how depen-

dencies among the rows and columns of N have consequences for the input-output

behavior of the system.

Linearly dependent rows within the stoichiometry matrix correspond to integrals

of motion of the system: quantities that do not change with time. Each redundant

row identifies a chemical species whose dynamics are completely determined by the

behavior of other species in the system. Biochemically, such structural constraints

most often appear as conserved moieties, where the concentration of some species is

a function of the concentration of others due to a chemical conservation. (A simple

example is a system that models the interconversion of two chemical species A and B,

but does not incorporate the production or consumption of either species. In this

case, the total concentration ½A� þ ½B� is conserved.) An extensive theory has been

developed to determine preferred conservation relations from algebraic descriptions

of the system network (section 3.1 in Heinrich and Schuster, 1996).

The consequences of linear dependence among the columns of N will be explored

below. If the stoichiometry matrix has full column rank then steady state can only be

attained when vðs; pÞ ¼ 0. Biochemical systems typically admit steady states in which

there is a nonzero flux through the network. These correspond to reaction rate vec-

tors v that lie in the nullspace of N . The dimension of this nullspace determines the

number of degrees of freedom in these steady-state reaction profiles.

8.4 Rank Deficiencies

Networks that describe metabolic systems often have highly redundant stoichiome-

tries. As an example, consider a metabolic map from Escherichia coli published by

Reed et al. (2003) that has a 770� 931 stoichiometry matrix of rank 733. Clearly,

in attempting an analysis of such a system, it is worthwhile to begin with a reduction

a¤orded by linear dependence.

8.4.1 Deficiencies in Row Rank

As mentioned, structural conservations in the reaction network reveal themselves as

linear dependencies among the rows of the stoichiometry matrix N . Let r denote the

rank of N . Following Reder (1988), we relabel the species so that the first r rows of

N are independent. The species concentration vector can then be partitioned as
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s ¼ si

sd

� �
;

where si A Rr is the vector of independent species and sd A Rn�r contains the depen-

dent species. Next, we partition N into two submatrices. Calling the first r rows NR,

we can write N ¼ LNR, where the matrix L, referred to as the row link matrix, has

the form

L ¼ I r

L0

� �
:

System (8.2) can then be written as

d

dt

siðtÞ
sdðtÞ
� �

¼ I r

L0

� �
NRvðsðtÞ; pðtÞÞ:

It follows that

d

dt
sdðtÞ ¼ L0

d

dt
siðtÞ; for all tb 0:

Integrating gives sdðtÞ ¼ L0siðtÞ þ ~TT, for all time, where ~TT ¼ sdð0Þ � L0sið0Þ. Finally,
concatenating ~TT with 0r A Rr, we define T ¼ ½0T

r ;
~TT T �T , and write

sðtÞ ¼ LsiðtÞ þ T: ð8:4Þ
As a consequence of this decomposition, attention can be restricted to a reduced

version of (8.2), namely,

d

dt
siðtÞ ¼ NRvðLsiðtÞ þ T; pðtÞÞ: ð8:5Þ

It follows that the n-dimensional state enjoys only r degrees of freedom, because the

n� r dependent species are fixed by the behavior of the r independent species. From

an input-output perspective, we conclude that, provided r < n, the original descrip-

tion in terms of n state variables is a nonminimal realization of the system’s input-

output behavior, regardless of the form of the reaction rates.

8.4.2 Deficiencies in Column Rank

Recalling that r denotes the rank of the stoichiometry matrix N , we relabel the reac-

tions so that the first m� r columns of N are linearly dependent on the remaining r.

We partition the vector of reaction rates v correspondingly into m� r independent

(vi) and r dependent (vd ) rates as
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v ¼ vi

vd

� �
:

Following the procedure outlined above, one might hope to reach a reduced descrip-

tion of the system dynamics in which some of these reaction rates are eliminated, but

this is an impossible task. Such an elimination could, for instance, decouple an input

channel from the dynamics.

As with the construction of the row link matrix, we let NC denote the submatrix of

N consisting of the last r columns, from which N can be recovered as N ¼ NCP,

where the column link matrix P is of the form

P ¼ ½P0 I r�:
The column link matrix can be determined by constructing a matrix of the form

K ¼ Im�r
�P0

� �
;

whose columns span the nullspace of N , forming a basis for the nullspace of P, and

hence of N . To realize an alternative system description, we write

d

dt
sðtÞ ¼ NvðsðtÞ; pðtÞÞ

¼ NCPvðsðtÞ; pðtÞÞ

¼ NC ½P0 I r�vðsðtÞ; pðtÞÞ: ð8:6Þ
At steady state, this factored description reveals a dependence among the reaction

rates. Denoting the steady-state rate vector by vss ¼ J (for system flux), we have a

partitioning of J into dependent and independent components:

J ¼ J i

Jd

� �
:

From equation (8.6), steady state occurs when Jd ¼ �P0J i. As described by, for

example, Heinrich and Schuster (1996), this steady-state dependence can be written

as

J ¼ KJ i ¼ Im�r
�P0

� �
J i: ð8:7Þ

Note that Heinrich and Schuster (1996) refer to the submatrix �P0 as K0. The nota-

tion proposed here is dual to the notation used in addressing row redundancy.

A Control-Theoretic Interpretation of Metabolic Control Analysis 151



The partitioning of reaction rates is nonunique, and the advantages of one choice

over another are not addressed here. A straightforward procedure for choosing inde-

pendent reaction rates as the ‘‘entry’’ and ‘‘exit’’ points from the network is outlined

by Westerho¤ et al. (1994).

8.4.3 Complete Reduction

The two types of dependence described above lead to complementary system decom-

positions. Reducing the system by eliminating redundancies in rows and columns

leads to an alternative description of the dynamics:

d

dt
sðtÞ ¼ LNC

R PvðsðtÞ; pðtÞÞ

¼ I r

L0

� �
NC

R ½P0 I r�vðsðtÞ; pðtÞÞ; ð8:8Þ

where the factored form of the original n�m stoichiometry matrix involves the

invertible NC
R , defined as the upper right r� r submatrix of N .

8.5 Overactuation

We now consider the consequence of these linear dependencies on input-output be-

havior. To begin with, observe that, if the reaction rates were considered as inputs

(that is, u ¼ v) then, restricting to the nonredundant dynamics, system (8.5) would

be an overactuated system of the form (8.1) (with A ¼ 0, referred to as a driftless sys-

tem). Identifying B with NR, B0 with NC
R and B1 with P, we could define the corre-

sponding virtual input as ~uu ¼ Pv and any input satisfying Pv ¼ 0 would have no

e¤ect on the state dynamics. Of course, because the reaction rates depend on the spe-

cies concentrations, they cannot be treated directly as inputs. Nevertheless the behav-

ior resulting from this supposition can be realized from both biochemical and control

design viewpoints.

One is often interested in the case where the system inputs (to be manipulated by

an experimenter or through inherent regulation) are the activity levels of the enzymes

associated with the reactions in the network. In most kinetic models, each reaction

rate varies linearly with the activity of the corresponding enzyme, and there is one

specific enzyme associated with each reaction. In such cases, we may write for each

reaction

vkðs; pÞ ¼ pkwkðsÞ;
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where the function wk is referred to as the turnover rate for reaction k. In this frame-

work, the parameter inputs can be identified directly with the reaction rates in two

ways. If one is interested in the e¤ect of relative changes in reaction rates, then

changes in the input are equivalent to changes in the reaction rate, for example, a

1% change in pk amounts to a 1% change in vk. Alternatively, one can follow a stan-

dard procedure in control engineering known as input redefinition by setting

~uukðtÞ ¼ pkðtÞwkðsðtÞÞ;
so the system dynamics become simply

d

dt
sðtÞ ¼ N~uuðtÞ:

The system overactuation can then be analyzed as follows. Any change in ~uu that lies

in the nullspace of the stoichiometry matrix N , or equivalently of the column link

matrix P, will have no e¤ect on state dynamics; the redefined input can be decom-

posed into a component that lies in the nullspace of P and another that does not, as

discussed in section 8.2.2. Recall that the columns of K form a basis for the nullspace

of P. We take M to be an independent extension of the columns of K to a basis for

Rm. Then we can decompose

~uuðtÞ ¼ KavðtÞ þMasðtÞ; ð8:9Þ
where av A Rm�r and as A Rr, and where an input ~uu has no e¤ect on the state exactly

when as ¼ 0. Because this holds regardless of the choice of M , the question arises as

to which form of M will make the decomposition most useful. We will consider two

alternatives.

8.5.1 Input Decomposition: General Dynamics

We first take

M ¼M ¼ 0ðm�rÞ�r
ðNC

R Þ�1
" #

:

With this decomposition in place, the independent state dynamics take the form

d

dt
siðtÞ ¼ NR~uuðtÞ

¼ NC
R PðKavðtÞ þMasðtÞÞ

¼ NC
R PMasðtÞ
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¼ NC
R ½P0 I r�

0ðm�rÞ�r
ðNC

R Þ�1
" #

asðtÞ

¼ NC
R ðNC

R Þ�1asðtÞ

¼ asðtÞ; ð8:10Þ
indicating that concentration dynamics are manipulated directly by the choice of the

coe‰cients of asð�Þ.
The dynamics of the reaction rates, though also of interest, do not appear in such a

simple form. The decomposition with M leads to

vðtÞ ¼ viðtÞ
vdðtÞ
� �

¼ avðtÞ
�P0avðtÞ þ ðNC

R Þ�1asðtÞ
� �

; ð8:11Þ

which provides a dynamic generalization of equation (8.7) and confirms that manip-

ulation of the state variables has been decoupled from the independent reactions’

rates, which can be manipulated directly through the coe‰cients of avð�Þ.
Equations (8.10) and (8.11) indicate that, once outputs are taken into consider-

ation, it is inappropriate to refer to the system as overactuated. Since the number of

input channels (m) corresponds exactly to the number of degrees of freedom of the

system (r for the independent species dynamics and m� r for the independent reac-

tion rates), the system can be interpreted as fully actuated. An equivalent conclusion

can be reached when attention is restricted to local analysis, as we next consider.

8.5.2 Input Decomposition: Local Steady-State Analysis

Fixing a particular parameter input value p0 and a corresponding steady state s0,

which is assumed asymptotically stable, we can describe the local e¤ect of the input

on concentrations and fluxes through a linearization around this steady state. The

treatment of local input response is equivalent to a local parametric sensitivity

analysis.

For an arbitrary input parameter vector p, if qv
qp is invertible at the steady state,

then changes in the parameter input can be identified with changes in the reaction

rates by redefining the input as

~uu ¼ qv

qp
ðp� p0Þ; ð8:12Þ

where the derivatives are evaluated at the steady state.

We require that qv
qp be invertible so that we can recover p from ~uu. This redefined

input realizes the direct connection between rate and input in a local sense since
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qv

q~uu
¼ qv

qp

dp

d~uu
¼ qv

qp

qv

qp

� 	�1
¼ Im:

Following the construction above, we decompose this redefined input as ~uuðtÞ ¼
KavðtÞ þMasðtÞ with

M ¼ � qv

qs
L;

where the derivatives are evaluated at the nominal steady state s0. (The negative sign

is chosen to follow convention.) The independence of K and M follows from the fact

that NR
qv
qs L is the Jacobian of system (8.5) at s0, which is invertible by the assump-

tion of asymptotic stability.

Now, to consider the steady-state response of the system to changes in the re-

defined input ~uu, we note that, at steady state:

0 ¼ NRvðLsi þ T; pÞ: ð8:13Þ
Under the assumption of asymptotic stability, equation (8.13) yields a local implicit

description of si as a function of p, with siðp0Þ ¼ s0i . To determine the e¤ect of small

parameter changes on this steady state siðpÞ, we di¤erentiate equation (8.13) with re-

spect to p at the nominal point to yield

0 ¼ NR
qv

qs
L
dsi
dp
þ qv

qp

� 	
:

Solving, we arrive at

dsi
dp
¼ � NR

qv

qs
L

� 	�1
NR

qv

qp
; ð8:14Þ

which is a vector comprising local sensitivity coe‰cients. To determine the e¤ect of

the redefined input on the state, we compute

dsi
d~uu
¼ dsi

dp

dp

d~uu

¼ � NR
qv

qs
L

� 	�1
NR

qv

qp

qv

qp

� 	�1

¼ � NR
qv

qs
L

� 	�1
NR: ð8:15Þ

Considering the e¤ect of the individual components of the decomposed form of ~uu

(that is, ~uu ¼ Kav � qv
qu Las), we arrive at
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qsi
qas
¼ dsi

d~uu

q~uu

qas

¼ � NR
qv

qs
L

� 	�1
NR � qv

qs
L

� 	
¼ I r;

indicating a direct e¤ect on the independent species concentrations, while

qsi
qav
¼ dsi

d~uu

q~uu

qav

¼ � NR
qv

qs
L

� 	�1
NRK

¼ 0r�ðm�rÞ;

so that changes in av have no e¤ect on the state, as expected from the construction in

section 8.5. Extending to the complete species vector gives

qs

qas
¼ L and

qs

qav
¼ 0n�ðm�rÞ:

Considering the steady-state response in the flux J, we find

dJ

d~uu
¼ qv

qs

ds

d~uu
þ qv

qp

dp

d~uu

¼ qv

qs
L
dsi
d~uu
þ qv

qp

qv

qp

� 	�1

¼ � qv

qs
L NR

qv

qs
L

� 	�1
NR þ Im: ð8:16Þ

Then

qJ

qas
¼ dJ

d~uu

q~uu

qas

¼ � qv

qs
L NR

qv

qs
L

� 	�1
NR þ Im

 !
� qv

qs
L

� 	
¼ 0m�r;
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so that, locally, changes in as have no e¤ect on the steady-state reaction rates J, while

qJ

qav
¼ dJ

d~uu

q~uu

qav

¼ � qv

qs
L NR

qv

qs
L

� 	�1
NR þ Im

 !
K

¼ K ;

which is a local description of the direct dependence of J on av shown earlier in equa-

tion (8.11). In particular, the first m� r rows of these matrix equations give

qJ i

qas
¼ 0ðm�rÞ�r and

qJ i

qav
¼ Im�r:

These results are summarized in the following section.

8.5.3 Separation Principle for Stoichiometric Systems

Given a stable steady state of system (8.2), if the system input is written as

p ¼ p0 þ qv

qp

� 	�1
Kav � qv

qp
Las

� 	
;

then the local e¤ect of the input on the steady-state independent concentration and

flux is

dsi
dav
¼ 0r�ðm�rÞ;

dJ i

dav
¼ Im�r;

dsi
das
¼ I r;

dJ i

das
¼ 0ðm�rÞ�r:

The response of the complete set of systems variables is

ds

dav
¼ 0n�ðm�rÞ;

dJ

dav
¼ K ; ð8:17aÞ

ds

das
¼ L;

dJ

das
¼ 0m�r: ð8:17bÞ

Note that, if the parameters appear linearly and specifically in the reaction rates (e.g.,

as enzyme activities), then qv
qp

� �1
is simply a diagonal matrix of scaling factors.

Such separation principles are powerful aids to design in control engineering since

they allow the engineer to treat two aspects of a single system independently of one
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another. As described at the outset of this chapter, the implications for metabolic

‘‘redesign’’ have been addressed in the metabolic control analysis literature (Kholo-

denko et al., 1998).

This separation principle recapitulates the summation and connectivity theorems

of metabolic control analysis (MCA). Those results were originally derived from a

rather di¤erent viewpoint, which will be treated following an illustrative example.

8.6 An Illustrative Example

Consider the simplified model of the glycolytic pathway shown in figure 8.1, modified

from an example in Heinrich and Schuster (1996). The system consists of six chemi-

cal species involved in eight reactions. With the list of species identified as

ðs1; s2; s3; s4; s5; s6Þ ¼ ðG6P;F6P;TP;F2;6BP;ATP;ADPÞ;
and the reactions numbered as in figure 8.1, the stoichiometry matrix is

N ¼

�1 �1 0 1 0 0 0 0

1 0 1 0 �1 0 �1 0

0 0 0 0 2 �1 0 0

0 0 �1 0 0 0 1 0

0 0 0 �1 �1 2 �1 �1
0 0 0 1 1 �2 1 1

2
666666664

3
777777775
:

Figure 8.1
Simplified glycolytic reaction scheme. Abbreviations: G6P, glucose 6-phosphate; F6P, fructose 6-
phosphate; TP, triose phosphate; F2,6BP fructose 2,6-bisphosphate; ATP, adenosine triphosphate; ADP,
adenosine diphosphate. The source (glucose) and sinks (glucose 1-phosphate and pyruvate) are not
included in the model.
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This 6� 8 matrix has rank 5, indicating that there is one dependent species and three

independent reactions.

8.6.1 Row Reduction

The reaction scheme reveals a conserved moiety. ATP and ADP are interchanged,

but are neither produced nor consumed, and so their total concentration is constant

throughout the motion of the system. Either of these can be chosen as the dependent

species. In this case, the species have been numbered so that ADP (s6) corresponds to

the last row of N . As a result, the choice of ADP as the dependent species allows us

to truncate this row to reach the 5� 8 (full row rank) reduced stoichiometry matrix

NR. We set si ¼ ðs1; s2; s3; s4; s5ÞT and sd ¼ ðs6Þ. The row link matrix takes the form

L ¼ I5

L0

� �
; where L0 ¼ ½0 0 0 0 �1�:

The structural constraint s5 þ s6 ¼ ~TT is then formalized as sd ¼ L0si þ ~TT .

8.6.2 Column Reduction

To exploit redundancy in the columns, we begin by identifying independent and de-

pendent reactions. Again, the numbering has been chosen with this goal in mind—

the first three columns of N are dependent on the remaining five. Consequently, we

can set

vi ¼ ðv1; v2; v3Þ and vd ¼ ðv4; v5; v6; v7; v8Þ;
and proceed with the reduction as outlined in section 8.4.

We begin by finding a basis of the nullspace of N with the appropriate form:

K ¼

1 0 0

0 1 0

0 0 1

1 1 0

1 0 0

2 0 0

0 0 1

2 �1 �1

2
66666666666664

3
77777777777775
:

The columns of K correspond to pathways through the network in which flux could

be altered without a¤ecting the species concentrations. Specifically, an appropriately

coordinated change in v4, v1, v5, v6, and v8 could increase flux through the central

pathway without any e¤ect on the state dynamics. Likewise for the triples v4, v2, v8
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and v3, v7, v8. (This last would change the flux, not through the network, but rather

through the cycle composed of v3 and v7.)

This illustrates the ability to manipulate the reaction rates without a¤ecting the

state dynamics. From the form of K , each of these pathways involves exactly one

independent reaction rate. Consequently, if one can manipulate the reaction rates di-

rectly (through ~uu ¼ v), then, with any decomposition of ~uu in the from (8.9), the choice

of av influences the independent reaction rates directly since vi ¼ av. With as ¼ 0, we

have

vðtÞ ¼ KavðtÞ ¼ avðtÞ
�P0avðtÞ
� �

:

Having addressed reaction rate control by the choice of K , we now consider two pos-

sibilities for treating manipulation of the species concentrations.

8.6.3 State Dynamics

The first possibility is to complete the decomposition (8.9) by choosing

M ¼M ¼ 0ðm�rÞ�r
ðNC

R Þ�1
" #

;

where NC
R is the top-right 5� 5 submatrix of N . In this case,

ðNC
R Þ�1 ¼

1 0 0 0 0

0 �1 0 �1 0

0 �2 �1 �2 0

0 0 0 1 0

�1 �3 �2 �4 �1

2
6666664

3
7777775:

The entries of this matrix provide a procedure for controlling the independent species

concentrations individually, using only the dependent reactions as inputs. In the

product Mas, each coe‰cient of as is multiplied by a column of ðNC
R Þ�1. The col-

umns of this matrix thus specify which dependent reaction rates should be perturbed

to e¤ect a change in each species concentration. For instance, the first column indi-

cates that the concentration of s1 can be manipulated by increasing rate v4 and simul-

taneously decreasing rate v8 by the same amount. The amount by which v4 is

increased corresponds to the rate of increase of s1 (which would be the first entry of

as following the notation in section 8.5.2). The corresponding decrease in v8 is

required to balance the increased consumption of ATP. The other columns of

ðNC
R Þ�1 indicate corresponding procedures for manipulating the other four indepen-

dent species.
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8.6.4 Local Steady-State Behavior

Rather than manipulate the reaction rates directly, the second possibility is to define

locally the input ~uu by equation (8.12), in which case the decomposition (8.9) pre-

scribes the choice of

M ¼ � qv

qs
L:

The specific value of qv
qs depends on the reaction kinetics, but the form of this ma-

trix can be attained from knowledge of which metabolites influence which reactions.

To illustrate, we will consider the simplest case in which reactions depend only on

their substrates. In this case,

� qv

qs
L ¼ �

qv1
qs1

0 0 0 0

qv2
qs1

0 0 0 0

0 0 0 qv3
qs4

0

0 0 0 0 qv4
qs5

0 qv5
qs2

0 0 qv5
qs5

0 0 qv6
qs3

0 � qv6
qs6

0 qv7
qs2

0 0 qv7
qs5

0 0 0 0 qv8
qs5

2
666666666666666664

3
777777777777777775

:

As before, each column of this matrix indicates a set of perturbations which will in-

fluence the steady-state concentration of exactly one independent species, in this case

leaving all reaction fluxes unchanged at steady state. The coe‰cients in each column

indicate the relative strengths of the simultaneous perturbations that are required to

elicit a change in the corresponding species concentration. For instance, to e¤ect an

increase of D in species s1, the first column of this matrix indicates that we can make

a decrease of Dðqv1=qs1Þ in reaction v1 and a simultaneous decrease of Dðqv2=qs1Þ in
reaction v2. So long as these perturbations are small enough (i.e., the local linear

approximation remains valid), then these changes will elicit the predicted system

response.

This local analysis takes an elegant form when posed in terms of relative perturba-

tions and responses, for which, for example, a Dðqv1=qs1Þ% decrease in v1 and a

Dðqv2=qs1Þ% decrease in reaction v2 lead to a D% increase in the steady-state concen-

tration of s1. These relative sensitivities are the primary objects of study in metabolic

control analysis, to which we now turn.
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8.7 Metabolic Control Analysis

The field of metabolic control analysis (MCA) was born in the mid-1970s out of the

work of Kacser and Burns (1973) and Heinrich and Rapoport (1974a,b). These two

groups independently arrived at an analytical framework for addressing questions

of control and regulation of metabolic networks. Specifically, their papers outline

a parametric sensitivity analysis around a steady state and address linear reaction

chains in detail. In addition to deriving sensitivities, the authors also present relation-

ships between the sensitivity coe‰cients. These relations, known as the summation

and connectivity theorems, have been used to provide valuable insights into the

behavior of metabolic networks. Mathematically, they amount to descriptions of sen-

sitivity invariants (as described in Rosenwasser and Yusupov, 2000), and are conse-

quences of the stoichiometric nature of the system.

Because these theorems were originally derived by intuitive arguments rather than

rigorous mathematical analysis, they were not immediately generalized to more com-

plicated networks. Such generalizations first appeared in Fell and Sauro (1985). Sub-

sequently, a number of papers provided the theorems with a rigorous foundation

(Cascante et al., 1989a,b; Giersch, 1988a,b; Reder, 1988). In particular, Reder (1988),

provides a general mathematical framework in which to address sensitivity analysis

and the resulting sensitivity invariants. The historical development of metabolic con-

trol analysis (both theoretical and experimental) has been treated in Fell (1997; and

more concisely, in Fell, 1992).

The primary motivation for the development of MCA was the need to describe

how biochemical pathways respond to perturbation. In particular, the results pro-

vided by metabolic control analysis were instrumental in defeating the notion of

‘‘rate-limiting step,’’ in which control over the rate of a single reaction was perceived

to allow authority over an entire reaction chain. In its place was installed an under-

standing that system behavior is dependent on all of the components of the network.

Since its inception, MCA has been used successfully in the study of a great many

metabolic systems. In addition to elucidating these biochemical mechanisms, this

sensitivity analysis allows prediction of the e¤ects of intervention. As such, it is a

powerful design tool that has been adopted by the metabolic engineering community

(Cornish-Bowden and Cárdenas, 1999; Kholodenko and Westerho¤, 2004; Stepha-

nopoulos et al., 1998) and has been used in rational drug design (Cascante et al.,

2002; Cornish-Bowden and Cárdenas, 1999).

The main theorems of metabolic control analysis will be addressed in section

8.7.1. The required preliminaries, which follow below, amount to a straightforward

parametric sensitivity analysis. Although the material itself is standard, the MCA

community makes use of a specialized terminology and notation, which we will in-
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troduce, following the formalism developed by Reder (1988; see also Heinrich and

Schuster, 1996, and Hofmeyr, 2001).

As in section 8.5.2, we assume given a nominal parameter input p0 and a corre-

sponding (asymptotically) stable steady state s0 for system (8.2). Repeating the deri-

vation in section 8.5.2, we arrive at the sensitivities in species concentration (equation

(8.14)), referred to as unscaled independent concentration-response coe‰cients:

Rsi
p ¼

d

dp
siðpÞ ¼ � NR

qv

qs
L

� 	�1
NR

qv

qp
; ð8:18Þ

which can be extended to the complete concentration vector s by defining Rs
p ¼ LRsi

p .

The use of the specialized term response for the coe‰cients in (8.18) was introduced

to distinguish these system sensitivities (total derivatives) from component sensitiv-

ities (partial derivatives) that will be introduced below as elasticities.

In addition to this sensitivity in the state variables, the sensitivities of the steady-

state fluxes, referred to as the unscaled flux-response coe‰cients, are also of interest:

RJ
p ¼

d

dp
vðsðpÞ; pÞ ¼ � qv

qs
L NR

qv

qs
L

� 	�1
NR

qv

qp
þ qv

qp
:

The first m� r rows of this matrix constitute the independent unscaled flux-response

coe‰cients RJ i
p ¼ d

dp viðsðpÞ; pÞ.
These response coe‰cients represent absolute sensitivities. In application, it is the

relative sensitivities, reached through scaling by the values of the related variables,

that provide more useful measures of system behavior. These scaled concentration-

and rate-response coe‰cients are given by

Rs
p ¼ ðDsÞ�1Rs

pD
p ¼ d ln s

d ln p
;

RJ
p ¼ ðDJÞ�1RJ

p D
p ¼ d ln J

d ln p
;

where Dz is the diagonal matrix composed from the vector z. Although, in the bio-

chemical literature (and especially in addressing experimental data), the scaled ver-

sions are preferred, from a mathematical point of view, the unscaled sensitivities can

be seen as more fundamental. For that reason, we will deal primarily with unscaled

coe‰cients in what follows, allowing the interested reader to translate the results to

relative sensitivities through the appropriate scaling factors.

The response coe‰cients describe the asymptotic response of the linearized system

to (step) changes in the parameter vector p. As such, they can be used to predict the
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steady-state e¤ect of small changes in the parameter values. On the other hand, in

using sensitivity analysis to address the inherent behavior of a network, it is often

more useful to ignore the details of the actuation and identify the reaction rates di-

rectly with the parameters, as was done in section 8.5 through the input redefinition

~uu. In addressing absolute (unscaled) sensitivities, this amounts to supposing that the

reaction rates depend on the parameter inputs specifically and directly: qv
qp ¼ Im (i.e.,

p ¼ ~uu, in the notation of section 8.5). As mentioned earlier, if the parameter inputs

appear linearly and specifically in the reaction rates (e.g., as enzyme activities), then

this condition holds automatically for the scaled sensitivities. Under this assumption,

the response coe‰cients defined above are referred to as the unscaled control coe‰-

cients of the system. The control coe‰cients are the primary objects of interest in

metabolic control analysis because they provide a means to quantify the dependence

of system behavior on the individual reactions in the network. The unscaled control

coe‰cients are defined by

C s ¼ �L NR
qv

qs
L

� 	�1
NR; ð8:19aÞ

C J ¼ � qv

qs
L NR

qv

qs
L

� 	�1
NR þ Im; ð8:19bÞ

and were derived in section 8.5.2 as the sensitivities to the redefined input ~uu, equation

(8.15) and equation (8.16). The scaled control coe‰cients

C s ¼ ðDsÞ�1C sDJ and C J ¼ ðDJÞ�1C JDJ

are used to address relative sensitivities.

The description of system behavior in terms of response and control coe‰cients

has proven immensely useful in the analysis of biochemical systems. These sensitiv-

ities can be measured directly from observations of the intact system or can be

derived from measurements of the component sensitivities, that is, the partial deriva-

tives of v. When it is possible to reproduce individual reactions in vitro, these compo-

nent sensitivities can often be measured with a high degree of accuracy. The system

sensitivities can then be derived from the definitions given above.

To make the distinction between component and system sensitivities explicit, the

partial derivatives of v are referred to as the elasticities of the system. Specifically,

we define the scaled and unscaled substrate elasticity es and parameter elasticity ep by

es ¼ qv

qs
; es ¼ ðDJÞ�1 qv

qs
Ds;
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ep ¼ qv

qp
; ep ¼ ðDJÞ�1 qv

qp
Dp:

Using this notation, we can organize the relation between response coe‰cients and

parameter elasticities into the partitioned-response equations

Rs
p ¼ C sep and RJ

p ¼ C Jep; ð8:20Þ

which hold in the scaled variables as well.

Although an important tool for the study of biochemical networks, this sensitivity

analysis fails to distinguish metabolic control analysis as a theoretical field of study.

It is in the treatment of sensitivity invariants, to which we now turn, that MCA pro-

vides an extension of standard sensitivity analysis.

8.7.1 Sensitivity Invariants: The Theorems of Metabolic Control Analysis

In applications of sensitivity analysis, it is sometimes found that the structure of the

system imposes restrictions on the sensitivity coe‰cients. When these restrictions

take the form of algebraic relations among the sensitivities that do not depend on

the state or parameter values they are referred to as sensitivity invariants (Rosen-

wasser and Yusupov, 2000).

The stoichiometric nature of a biochemical network imposes sensitivity invariants

on the system. Descriptions of these invariants originally appeared in the work of

Kacser and Burns (1973) and Heinrich and Rapoport (1974a,b) and have since been

generalized and extended. These relations are described by the summation theorem

and the connectivity theorem, which will be addressed below. In each case, the clas-

sical statement will be given before the general result is stated.

8.7.2 The Summation Theorem

The original development of the summation theorem (Heinrich and Rapoport,

1974a; Kacser and Burns, 1973) addresses an unbranched chain of reactions, as in

figure 8.2. At steady state, mass balance dictates that the reaction rates are all equal.

If the reaction rates are simultaneously increased by a factor a (e.g., by increasing

each enzyme’s activity by the same relative amount), then the species concentrations

will not change because the di¤erence between the rates of production and consump-

tion for each species is unaltered. Moreover, the reaction rates themselves will have

Figure 8.2
Unbranched reaction chain.
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increased precisely by a because there is no systemic response to this perturbation.

Describing this situation in the language of sensitivities, we address a perturbation

in a scalar parameter p satisfying

ep ¼ ðDvÞ�1 qv
qp

p ¼

a

a

..

.

a

2
66664
3
77775:

That is, changes in the parameter p correspond to simultaneous coordinated changes

in all of the enzyme activity levels. Consider the scaled version of the partitioned-

response property (8.20). Addressing metabolite sj, we have

0 ¼ Rsj
p ¼ C sj ep ¼ C

sj
1 aþ C

sj
2 aþ � � � þ C

sj
nþ1a ¼ a

Xnþ1
l¼1

C
sj
l ;

where C
sj
l is the lth element of the vector of control coe‰cients associated with spe-

cies sj. Because the relative change in the flux through each reaction is a, we find,

considering reaction vk,

a ¼ RJk
p ¼ C Jk ep ¼ C Jk

1 aþ C Jk
2 aþ � � � þ C Jk

nþ1a ¼ a
Xnþ1
l¼1

C Jk
l :

Dividing by a, we arrive at the concentration and flux summation theorems: for each

j ¼ 1; . . . ; n and k ¼ 1; . . . ; nþ 1:

Xnþ1
l¼1

C
sj
l ¼ 0 and

Xnþ1
l¼1

C Jk
l ¼ 1: ð8:21Þ

The flux summation theorem was instrumental in helping to clarify the identifica-

tion of ‘‘control points’’ along a pathway. Because all control coe‰cients are non-

negative in many cases of interest, there is only rarely a true ‘‘rate-limiting step’’

with control coe‰cient of one. More commonly, the coe‰cients range between zero

and one, with sensitivity distributed throughout the pathway.

General statements of the summation theorems are given in Reder (1988), where it

is observed that, if the matrix K is chosen as in section 8.3 so that the columns of K

lie in the nullspace of N , then

C sK ¼ 0n�ðm�rÞ and C JK ¼ K ; ð8:22Þ

which follow directly from the definitions of the control coe‰cients (8.19). These

observations are explicit generalizations of the classical statement of the summation
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theorems, as follows. Given the unbranched chain in figure 8.2, the stoichiometry

matrix has a one-dimensional kernel spanned by the vector of ones. Expanding the

matrix multiplication in (8.22) gives, for each species sj, j ¼ 1; . . . ; n, and each reac-

tion flux Jk, k ¼ 1; . . . ; nþ 1,

Xnþ1
l¼1

C
sj
l ¼ 0 and

Xnþ1
l¼1

C Jk
l ¼ 1:

Scaling gives the statements in equations (8.21). In general, equations (8.22) cap-

ture all such constraints imposed by the stoichiometry, regardless of the network

structure.

8.7.3 The Connectivity Theorem

Kacser and Burns (1973) describe the relationship between flux control coe‰cients

and substrate elasticities. The result is illustrated with the system shown in figure 8.3.

Consider a perturbation that has the e¤ect of simultaneously increasing v2 and

decreasing v1. This will lead to a decrease in the concentration of s1, which will, in

turn, lead to a decrease in v2 and an increase in v1. If the perturbation were chosen

appropriately, the steady-state e¤ect could be that v1 and v2 would return to their

preperturbation levels, the concentration of s1 would remain depressed, and there

would be no e¤ect on the steady state of the rest of the network. Locally, this e¤ect

is achieved by perturbation of a parameter p satisfying qv=qp ¼ ðs1=pÞðqv=qs1Þ, that
is: ep ¼ es1 .

Because such a perturbation has no steady-state e¤ect on the flux, we have

0 ¼ RJ1
p ¼ C J1

1 e1p þ C J1
2 e2p ¼ C J1

1 e1s1 þ C J1
2 e2s1 ;

where e j is the j-th component of e. An analogous statement holds for RJ2
p . These are

statements of the flux connectivity theorem. Written in the form

C J1
1

C J1
2

¼ C J2
1

C J2
2

¼ � e2s1
e1s1

;

this constraint indicates that the ratios of these control coe‰cients depend only on

the ratio of elasticities of the species s1 that ‘‘connects’’ the reactions of interest.

Figure 8.3
Two reactions linked by a single species.
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Westerho¤ and Chen (1984) provided the analogous statement for concentration

control coe‰cients, which says that for the same choice of parameter p:

�1 ¼ Rs1
p ¼ C s1

1 e
1
p þ C s1

2 e
2
p ¼ C s1

1 e
1
s1
þ C s1

2 e
2
s1
;

while

0 ¼ Rsj
p ¼ C

sj
1 e

1
p þ C

sj
2 e

2
p ¼ C

sj
1 e

1
s1
þ C

sj
2 e

2
s1
;

for j0 1.

Reder (1988) generalized these results into the algebraic statements

C sesL ¼ �L and C JesL ¼ 0; ð8:23Þ
which follow directly from equations (8.19). As with the summation theorem, these

matrix equations can be scaled and written out as sums to recover the classical

statements.

8.7.4 Relation to Separation Principle

The separation principle derived in section 8.5.2 recapitulates the summation and

connectivity theorems from a design perspective. Reder’s statements of the metabolic

control analysis theorems (8.22) and (8.23) describe the result of postmultiplying the

control coe‰cients with specific matrices. Referring to the partitioned-response equa-

tion (8.20), these can be understood as response coe‰cients for perturbations of spe-

cific types. Interpreted in this manner, these theorem statements indicate the response

to perturbations p for which ep ¼ K or ep ¼ esL.

In the notation of section 8.4.2, those two cases are achieved precisely when the

parameter input is perturbed through av or as respectively. Consequently, the separa-

tion principle (8.17) can be seen as a recapitulation of the theorem statements (8.22)

and (8.23). When stated together as in (8.17), the theorem statements are referred to

as the control matrix equation (Hofmeyr and Cornish-Bowden, 1996).

8.8 Conclusion

This chapter has highlighted the role of stoichiometry in the control of metabolic sys-

tems. The separation principle derived above is a control-theoretic statement of the

avenues for redesign in these networks. Such results can be valuable both in the ma-

nipulation of system behavior and in the investigation of inherent network regula-

tion. The derivation in this chapter also serves to bridge the gap between the fields

of metabolic control analysis and engineering control theory, with the intent of

encouraging further cross-fertilization between these complementary fields.
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9 Robustness and Sensitivity Analyses in Cellular Networks

Jason E. Shoemaker, Peter S. Chang, Eric C. Kwei, Stephanie R. Taylor, and

Francis J. Doyle III

Mathematical models provide a convenient framework to collect and store experi-

mental observations and ultimately allow experimenters to probe biological systems

for nonintuitive and unexpected behaviors. To understand biochemical networks pre-

dictively, however, such models must overcome the innate complexity of cellular

signaling. Although it is unlikely researchers will ever produce a model capable of

predicting all feasible phenotypic outputs to all possible environments, conditions,

and genomic perturbations, models do exist that can reproduce phenotypic expres-

sion in response to several thousand genetic perturbations. Typically, models are

built and their parameters are fit to time trace experiments. To complement the exer-

cise of model building, model analyses are performed to gauge the accuracy of the

model and to help determine points for e‰cient control. Secondary characteristics

such as sensitivity analysis can identify model inconsistencies, optimal points to

perturb (and control) network response, and optimal experimental conditions to min-

imize parameter variation and optimize the information content for each measure-

ment. By applying cost functions with sensitivity analyses, researchers can identify

regulation and optimization motifs that may provide further insight into the princi-

ples guiding network evolution. In this chapter, we introduce the useful model-

analytic tools of both sensitivity analysis and structured singular-value analysis and

their application to cellular networks.

9.1 Sensitivity Analysis and the Fisher Information Matrix

Maximizing information extracted from a biological system is important because

biological experiments are often time consuming and costly. When a preliminary

model structure and a parameter set exist for a system, optimal experimental design

can be used to maximize parameter information from that system; two ways to do

this are by manipulating the input to the system and by choosing a proper set of sys-

tem states for measurement. Sensitivity analysis, specifically the Fisher information

matrix (FIM), can be used to distinguish between a variety of input profiles and



measurement selections for optimal design of experiments. Sensitivity analysis quan-

titatively investigates the change in response of a system with changes in parameter

values. For a system of ordinary di¤erential equations, perturbation of a parameter

pj may cause a change in state xi; the magnitude of this change is captured by a sen-

sitivity coe‰cient, Sij :

SijðtÞ ¼ qxiðtÞ
qpj

: ð9:1Þ

Taking these arrays of sensitivity coe‰cients and estimations of measurement

error and assuming that measurements have Gaussian distributions, the Fisher infor-

mation matrix generates a set of metrics of the parameter information that can be

extracted from these measurements. For discrete time steps, the FIM is calculated

as follows (Zak et al., 2003):

FIM ¼
XNt

k¼1
ST ðtkÞV�1ðtkÞSðtkÞ; ð9:2Þ

where Nt is the total number of time steps and V , which describes estimates of mea-

surement covariance, is a diagonal matrix with elements

Vi ¼
s2
i ðt1Þ 0 0

0 . .
.

0

0 0 s2
i ðtkÞ

2
664

3
775;

s2
xi
ðtkÞ ¼ REixiðtkÞ þ AEi:

ð9:3Þ

REi is a relative error in state i, while AEi (absolute error) is a small but nonzero

number to prevent the matrices V from being singular.

One of the important uses of the Fisher information matrix is to optimize param-

eter estimation accuracy from a set of proposed experimental protocols, by using the

FIM to estimate lower bounds on the variance of parameter estimation, s2
pj

(Zak

et al., 2003):

s2
pj
bFIM�1

jj : ð9:4Þ

One can then use the size of standard deviations for each parameter of interest to se-

lect between experimental protocols. In the application below, if the 95% confidence

interval around a nominal parameter value, ½pnominal � 1:96sp; pnominal þ 1:96sp� does
not contain zero, a parameter is taken to be identifiable. For equivalent numbers

of identifiable parameters, one possible optimization is to choose the experimen-
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tal protocol that minimizes the average normalized 95% confidence interval

(ð1=NpÞ
P

j 1:96spj=pj) over all identifiable parameters, a condition known as A-

optimality. Other identifiability and optimality conditions may be used as well. Using

formulations of identifiability and optimality, one can then design experiments to

maximize the accuracy of parameter estimation.

9.1.1 Application to Insulin Signaling

The optimal input and measurement selection outlined above was applied to a

detailed published model of the insulin-signaling pathway (Sedaghat et al., 2002).

Two variations of the model were proposed—one without feedback mechanisms

and one with feedback mechanisms. Di¤erential equations, largely mass action in na-

ture, were used to describe the concentrations or relative abundances of 21 state vari-

ables, as illustrated in figure 9.1.

Figure 9.1
Model with feedback, adapted from Sedaghat et al., 2002.
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The Sedaghat model comprises three submodels. The first one describes both

insulin-receptor binding and recycling. The second submodel describes the post-

receptor signaling cascade and also contains both positive and negative feedback

loops. The third submodel describes the e¤ects of the postreceptor signaling on

GLUT4 translocation between vesicles and the cell surface.

The Sedaghat model, with slight modifications for ease of sensitivity analysis, was

compiled in XPP and solved with numerical integration over a 60-minute ‘‘experi-

ment’’ (Kwei et al., 2008). Following Sedaghat, the nominal ‘‘experimental’’ insulin

input concentration went from 0 M to 10�7 M and returned to 0 M in a 15-minute

pulse. Thirty parameters for the variant model with feedback and 28 parameters for

the one without were perturbed by 1% of their nominal values to calculate sensitiv-

ities for all states for each time step. This sensitivity analysis was conducted using

BioSens (Taylor et al., 2008c). For models in XPP, BioSens uses a centered di¤erence

approximation to calculate sensitivity coe‰cients numerically:

SijðtkÞA
xiðtkÞjpjþDpj � xiðtkÞjpj�Dpj

2Dpj
: ð9:5Þ

In general, when all 21 states were ‘‘measured,’’ the relative error for each state

(RE) was set to 1%, while absolute error (AE) was set to 10�7 to ensure that V could

be inverted. When necessary to remove state i from the set of measured states (see

below), REi was set to 107% to simulate a highly noisy measurement.

Optimal Input Selection

Varying insulin input to the system is one method to maximize parameter estimation

accuracy. Simple insulin input profiles were analyzed for maximum parameter iden-

tification in the model with feedback (table 9.1). The peak value for each insulin in-

Table 9.1
Parameter identification from di¤erent input selections

Input description Parameters

1

Np

X
j

1:96spj=pj

1-minute pulse 21 9.84%

5-minute pulse 21 9.98%

0.5-minute pulse 21 11.2%

15-minute pulse 20 6.58%

Ramp up 20 7.61%

Ramp down 20 11.3%

Two 1-minute pulses 19 7.37%

Step 19 15.1%

Note: Input selections are ranked by number of identifiable parameters followed by average width of nor-
malized 95% confidence interval for identifiable parameters
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put was chosen to be 10�7 M, as in the Sedaghat model, to compare similar insulin

dosages. The inputs were ranked first by number of identifiable parameters, then by

A-optimality, with a Fisher information matrix including all 21 states, measured

nearly continuously.

The number of identifiable parameters ranges from 19 to 21 for this variety of in-

sulin inputs, with the best result being the 1-minute pulse (table 9.1). Generally, the

same parameters are found to be identifiable for each input profile considered. We

therefore conclude that input dynamics should have a small but quantifiable e¤ect

on the identifiability of model parameters for this system.

Although the model with feedback is larger than the one without, the model with

feedback is more readily identifiable. For example, for the 15-minute insulin pulse in-

put, 65% of the parameters can be identified in the model with feedback, compared

to 62% for the model without feedback. This observation is also true for the insulin

step input, with 61% of parameters identifiable for the model with feedback com-

pared to 52% for the model without. The model with feedback is more identifiable

because measurements of early states in the signaling pathway contain information

about parameter values for reactions involved in feedback that occur further down

the pathway.

Optimal Measurement Selection

For ease of calculation, because insulin input dynamics did not seem to have a signif-

icant e¤ect on parameter identifiability, measurement selection was carried out only

on the 1-minute pulse, which had 21 identifiable parameters. Measurements of as

many states as possible were removed from the Fisher information matrix while

maintaining the same number of identified parameters. The FIMs including all per-

mutations of the remaining states were then calculated, with the results ranked first

by number of identified parameters and then by A-optimality. The optimal measure-

ment selection for each number of allowed measurements is given in table 9.2.

A measurement of five states (x15, x17, x19, x20, and x21) gives 21 identifiable

parameters; nearly all of the parameter information content available is included in

Table 9.2
Parameter identification from optimized measurement selections

State measurement Parameters

1

Np

X
j

1:96spj=pj

x2; x3; . . . ; x21 21 9.84%

x15; x17; x19; x20; x21 21 11.7%

x15; x17; x19; x20 21 16.5%

x15; x17; x20 20 23.0%

x15; x17 14 25.1%

x17 9 46.3%
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these five states, all of which are near the end of the signaling pathway (see Kwei

et al., 2008, for more information). It makes sense that a sparse measurement selec-

tion of a signaling cascade can yield high parameter information content because

measurements of later states in the signaling pathway can contain parameter infor-

mation from reactions involving previous states. Indeed, measuring just one state

(x17) allows one to identify 9 parameters. Note that there is no guarantee that the

above measurement selections will actually yield the most parameter information

for an arbitrary insulin input profile.

9.2 Phase-Sensitivity Analysis for Biological Oscillators

Although classical sensitivity analysis has many advantages, it falls short when phase

behavior of biological oscillators becomes a more appropriate performance metric

(Bagheri et al., 2007). Sensitivity measures of the phase of a system due to state and

parametric perturbations have been developed for limit cycle models of biological

oscillators. Taylor et al. (2008a) developed the parametric impulse phase-response

curve (pIPRC) to reliably predict responses to stimuli manifested as perturbations

in the parameters.

9.2.1 Parametric-Impulse Phase-Response Curve

A multistate oscillator can be reduced to a single ordinary di¤erential equation limit

cycle oscillator model based on phase (Kuramoto, 1984; Winfree, 2001), called the

phase-evolution equation. This approach has been used to track single and multiple

oscillators. A limit cycle oscillator model consisting of a set of ODEs with an attract-

ing orbit g can be represented by

_xxðtÞ ¼ f ðxðtÞ; pÞ; ð9:6Þ
where x is the vector of states and p represents the vector of parameters. The solution

about the limit cycle, xgðtÞ, has period t, that is, xgðtÞ ¼ xgðtþ tÞ. The limit cycle is

a one-dimensional structure; movement along the limit cycle can be reduced to a sin-

gle variable, f, that tracks the internal time of the oscillator and progresses at the

same rate as time. However, a stimulus changes the rate of progression with respect

to time, leading to a separation between internal and external time. The phased-

based model follows the phase of the system, taking into account perturbations in

one of two forms—either to the state’s dynamics directly, or to a parameter. The

e¤ects of state perturbations are predicted by the state impulse phase-response curve

(sIPRC), given for the kth state by

sIPRCkðtÞ ¼ qf

qx
g
kðtÞ

; ð9:7Þ
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where an infinitesimal perturbation in state k at time t leads to an infinitesimal

change in phase. The sIPRC is computed by solving the adjoint linear variational

equation corresponding to the system represented by equation (9.6) (Brown et al.,

2004; Kramer et al., 1984). The phase equation incorporating the sIPRC is

df

dt
¼ 1þ sIPRCðfÞ � Gðf; tÞ; ð9:8Þ

where G is the stimulus. Equations (9.7) and (9.8) can be used to arrive at the phase

equation accounting for perturbations in parameters:

pIPRCjðtÞ ¼ d

dt

df

dpj
ðtÞ; ð9:9Þ

which leads to the following phase equation:

df

dt
¼ 1þ pIPRCjðtÞDpjðtÞ: ð9:10Þ

The pIPRC can be expressed in terms of the sIPRC by

pIPRCjðtÞ ¼
XN
k¼1

sIPRCkðtÞ qfk
qpj
ðtÞ: ð9:11Þ

Equation (9.11) has been used to predict the response of circadian oscillators to arbi-

trary stimuli that ultimately lead to changes in parameter values (Taylor et al.,

2008a).

9.2.2 Application to Circadian Clocks

Organisms have evolved to adapt to the light/dark cycle caused by the revolution of

the Earth. In order to survive, they have developed sustained internal oscillators with

periods of approximately 24 hours. Environmental cues, such as light, entrain circa-

dian oscillators that, in turn, influence organism behavior. The heart of these cir-

cadian clocks is believed to lie in gene regulatory networks involving transcription/

translation feedback loops.

Analysis of circadian clock models reveals that circadian systems are relatively in-

sensitive to parametric perturbations, and that the phase appears to be a key attri-

bute that is modulated to entrain to the local environment. Models such as that

of Becker-Weimann et al. account for the influence of light on the circadian clock

(Becker-Weimann et al., 2004; Geier et al., 2005). Light is incorporated into this

model by modulating the induction rate of Per mRNA.
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The Becker-Weimann model uses molecular information about the circadian clock

in mammals. The molecular clock consists of genes, mRNA, and proteins involved in

a transcription/translation feedback loop (Reppert and Weaver, 2002). Per1, Per2,

Cry1, and Cry2 genes are lumped into one state, Per/Cry. Per/Cry protein inhibits

the induction of its mRNA, forming a negative feedback loop, and also promotes

the induction of Bmal1 mRNA, whose protein promotes induction of Per/Cry, which

forms the positive feedback loop. In the Becker-Weimann model, the light input pro-

motes the induction of Per/Cry through the inclusion of a parameter LðtÞ, whose ef-

fect is gated by a clock component, which allows the light to have an e¤ect at certain

times of the day.

A standard tool in circadian study is the phase-response curve (PRC), which mea-

sures the phase shift in response to a specific signal. Typically, creating a numerical

PRC requires stimulating the system at di¤erent circadian times, simulating the tra-

Figure 9.2
Phase-response curves (PRCs) to light. Phase shifts were calculated for varying intensity and duration of
light. The light signal is sinusoidal, lasting one hour for the first row, three hours for the second row, and
six hours for the third row. The signal maximum is at 10%, 50%, and 100% of full light, respectively.
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jectory of all the states in the model, and calculating the resulting phase shift after the

oscillator has returned to its limit cycle orbit. The phase evolution equation simplifies

the task by requiring the solution of only one ordinary di¤erential equation. Taylor

et al. (2008a) reduced the above model to a phase evolution equation (as in equation

(9.10)) to predict the phase response to a half-sinusoidal light signal. Parametric im-

pulse phase-response curve analysis provides additional insight into the timekeeping

properties of intracellular processes. By computing the pIPRC for each parameter in

a model, we learn which processes are most capable of shifting the clock at what

times during the cycle. Comparing relative pIPRCs reveals which parameters domi-

nate the clock’s timing and which play minimal roles. Taylor et al. (2008b) used

pIPRC analysis to predict which feedback loops were critical and which were unnec-

essary for proper behavior of the mammalian clock. Figure 9.2 compares the results

from the traditional method and the phase evolution equation. Note that the phase-

response curves predicted by the phase equation (solid gray line) are in good quanti-

tative agreement with the numerical PRCs (pluses). Although the magnitude of the

maximum delay is overestimated as the intensity and duration of light are increased,

the timing of the maximum delay and advance agree well with the numerical PRC.

9.3 Target Identification Using Structured Singular-Value Analysis

A primary goal of systems biology is to better understand biochemical networks and

to manipulate them for therapeutic applications, yet realizing this goal is complicated

by the innate di‰culties of system identification in a highly variable environment.

With generation-to-generation variability, possibly severe di¤erences between macro-

and microenvironments, stochastic noise due to low copy number, parameter vari-

ability, and so on, one might suppose that the innate uncertainty in biology would

prevent any meaningful model development. Yet, despite these challenges, by prop-

erly exploiting the robust features that have evolved in biological systems to protect

and maintain critical network features, models with great predictive power can be

derived.

Although the definition of robustness varies in the systems biology literature

(Kitano, 2007), where the term is often generalized, in control engineering, it does

not: robust performance (RP) is defined as the ability to maintain performance de-

spite network and environmental uncertainties (Stelling et al., 2004b). Application

of robust performance requires the proper development of performance specifications

as well as a suitable description of system uncertainties. For example, healthy pheno-

type maintenance is a robust process because, even though the human genome su¤ers

approximately 120 irreparable mutations each generation, these mutations generally

do not a¤ect the health of the individual. If robustness to deletions is the perfor-

mance metric, more the 80% of the yeast genome is robust (Tong et al., 2001). At
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the intracellular signaling level, an example of robust performance is precise adap-

tion in Escherichia coli chemotaxis, where adaptation precision was shown to be ro-

bust to parameter uncertainty even though adaptation time was fragile (Barkai and

Leibler, 1997). A tool widely used for evaluating system performance in the face of

uncertainty is the structured singular value (SSV), which has become crucial to un-

derstanding and designing proper flight control algorithms, and which has recently

been applied to understanding parametric uncertainty in biochemical networks (Ma

and Iglesias, 2002; Schmidt and Jacobsen, 2004). When applied to an apoptotic sig-

naling model, SSV analysis identified known fragilities in the FasL apoptosis archi-

tecture and determined that the apoptotic output is best manipulated by targets

upstream of apoptosome formation (Shoemaker and Doyle, 2008).

Before introducing structured singular value analysis for robust performance

below, let us review the Nyquist stability criterion and extend it to conditions guar-

anteeing robust stability (RS), which may be viewed as the absolute minimum perfor-

mance metric for any given dynamical system. Indeed, it can be shown that RP for

any definable performance specification is identical to robust stability with an added

perturbation block. Once we have established conditions for RP, we will apply SSV

analysis to a generalized kinase cascade model.

9.3.1 Nyquist Stability Criteria

The origins of structured singular-value analysis are rooted in the Nyquist stability

criterion, which determines whether an open-loop system is stable when closed under

negative or positive feedback. Both the Nyquist stability criterion and SSV analysis

are applied in the frequency domain (readers unfamiliar with frequency domain anal-

ysis who wish to delve deeper into the topic are referred to Skogestad and Post-

lethwaite, 2005, or to Seborg et al., 1989, although unfamiliarity with this topic

should not limit the general understanding of robust performance analysis). Su‰ce

it to say, as discussed in chapter 1, the frequency response is the system’s oscillatory

response to a sine wave input of fixed amplitude. The frequency response of a

dynamical system o¤ers analytical advantages over step- or impulse-based analyses

because dynamic behavior is considered over all frequencies.

To create a Nyquist plot, the real part of the frequency response is plotted against

the imaginary part over frequencies from �y to þy (the amplitude of the input

remains fixed). If the open-loop system, GOL, has P unstable poles (unstable eigen-

values), then the closed-loop system is stable under negative feedback if the Nyquist

plot encircles �1 precisely P times (Skogestad and Postlethwaite, 2005). Figure 9.3

illustrates the use of the Nyquist stability criterion. The open-loop system (details

not shown) has one unstable eigenvalue and must encircle �1 once to ensure stability

under negative feedback. A gain (k) of 0.8 is insu‰cient to stabilize the system, but,

by increasing the gain to 1.5, stability can be ensured.
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9.3.2 Robust Stability

Considering figure 9.3, let us assume the open-loop transfer function is stable and

allow some uncertainty in the gain of the negative feedback such that k A ½klow; khigh�.
If one starts with a stable, nominal system GOL ðP ¼ 0Þ, robust stability (RS) is guar-

anteed so long as the Nyquist plots for all possible values of the perturbation be-

tween klow and khigh never encircle the critical point �1. This is the concept of

robust stability. A system is robustly stable if stability is maintained despite varia-

tions due to system uncertainty. Now one needs only a method to determine the size

of the perturbation that destabilizes the feedback system.

The first step to applying structured singular-value analysis is the proper construc-

tion of the uncertainty system. The structure of the uncertainty comes from applying

uncertainty perturbations to specific interactions within the network. Figure 9.4 illus-

trates how a nominal system with uncertainty about two of the internal transfer func-

tions is shaped into the PD block in which the uncertainties are lumped into the

diagonal D block. The uncertainties are first designed to be of size 1 (kdikinf a 1),

and the frequency-dependent weighting blocks (W1 and W2) are used to manipulate

the e¤ective magnitude of the uncertainty. Producing the necessary weighting blocks

to distribute the uncertainties properly about the system is not always a trivial proce-

dure, and toolboxes exist to assist with the construction and wiring (Balas et al.,

2001).

Assuming the nominal system without uncertainty is stable, then the only way

for instabilities to enter the system is via the uncertainty feedback through the P11

subblock. Thus stability is maintained in the full, uncertain system so long as the

Figure 9.3
Nyquist stability. For an open-loop system with one unstable eigenvalue, the Nyquist plot must encircle
�1 exactly one time. A feedback gain of 0.8 is not su‰cient to stabilize the system, but a feedback gain
of 1.5 ensures closed-loop stability.
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closed-loop P11D system is stable. Applying the Nyquist stability criterion to the

P11D block structure, one finds the D that shifts at least one stable eigenvalue to

the imaginary axis, and reports m, defined formally as

mðP11Þ�1 ¼ min
D
fsðDÞ j detðI� P11DÞ ¼ 0; for structured Dg; ð9:12Þ

where sðDÞ is the maximum singular value of D. Remembering that the system has

been designed such that kdikinf a 1, we see that a value of m < 1 means the destabi-

lizing perturbation is outside of the predefined uncertainty ranges (the destabilizing

perturbation necessarily satisfies kDkinf > 1). The calculation of m is an NP-hard

problem (interested readers are referred to the original citations, Braatz et al., 1994;

Doyle et al., 1992, for details). For 2� 2 input-output systems, exact solutions exist,

but for larger systems, lower and upper bounds on m are calculated to bound the true

value of m.

9.3.3 Robust Performance

Extending m-analysis to robust performance is a simple matter because robust per-

formance, under the proper construction, is equivalent to robust stability for linear

systems (for explicit proofs of the equivalence of RP and RS, see Skogestad and Post-

lethwaite, 2005). To apply structured singular-value analysis for robust performance,

we first normalize the input-output channels to be of size 1, and apply some perfor-

mance weight, Wp. The input-output channels are then closed through a full-block

Figure 9.4
Nominal feedback system with uncertainty, di , assigned to separate components. The system is restructured
into the PD structure for robust stability and robust performance analysis.
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uncertainty matrix, Dp, whose size has again been designed to satisfy kDpkinf < 1.

This system can be lifted (through linear fractional transformation) to the ND block

structure where the D is now a block-diagonal matrix composed of the original D,

which accounts for the system uncertainties, and Dp, which bounds the system perfor-

mance (figure 9.5). The same criterion for robust stability is then applied to the ND

block structure:

mðNÞ�1 ¼ min
D
fsðDÞ j detðI�NDÞ ¼ 0; for structured Dg:

Whereas, in engineering, performance weight design is generally determined by

safety standards, product quality specification, and so on, there is no general or uni-

versal method for choosing performance specifications for a biological system. Ide-

ally, variation within the data can provide meaningful bounds on the input-output

behavior. Allowing variation in protein counts can account for stochasticity inherent

in biochemical networks, and stochastic models may be used to understand better the

allowable extremes in performance by correlating the variability with reaction vol-

ume. For biological systems, it is often more significant to analyze the potential, ob-

servable performance in order to generate or invalidate hypotheses or, for a fixed

performance, to determine the maximum variability in parameter space which may

be allowed while maintaining the desired performance. These applications require

the use of skewed-m, in which the uncertainty and performance weights are iteratively

adjusted until performance is precisely met (m ¼ 1).

As with any analytical tool, structured singular-value analysis is limited in its appli-

cation. It is generally applicable to linear systems; its extensions to nonlinear systems

only apply to a limited class of problems. Furthermore, SSV analysis is a conserva-

tive tool, both in its calculation and its application. Because the distance between the

upper and lower bounds means additional uncertainties must be considered during

the performance analysis, the calculation of m is conservative. Because performance

criteria in the time domain do not easily translate into the frequency domain, time

Figure 9.5
By closing the input-output channels of the uncertain system and redesigning the system into the ND block
structure, robust performance of the uncertain system can be assessed by evaluating the robust stability of
the ND block structure.
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domain behaviors must be approximated. Yet it remains a powerful tool for analyz-

ing systems that may be well approximated by a linear description, and for analyzing

regions of behavior for which linear descriptions work well.

9.3.4 Application to a Simplified Kinase Cascade

During signal transduction, a receptor signal at the cell surface must be detected,

verified, and amplified to ensure proper downstream transcription factor activation.

As shown in figure 9.6, the signal processing consists of a sequence of kinase and

phosphatase mediated reaction steps of phosphorylation and dephosphorylation, re-

spectively (Heinrich et al., 2002). In this application (Doyle and Stelling, 2005), the

key performance attributes are (1) speed at which the signal arrives to destination, (2)

duration of signal, and (3) signal strength. Ultimately, translating these three attrib-

utes into formal control specifications is possible, but only as an approximation be-

cause structured singular-value analysis is in the frequency domain.

If one assumes a low degree of phosphorylation, individual steps in the kinase cas-

cade obey linear kinetics:

dXi

dt
¼ aiXi�1 � biXi;

where ai is the phosphorylation rate constant, bi is the dephosphorylation rate con-

stant, and Xi is the phosphorylated version of kinase i. If one further assumes that

the cascade is fourth-order, that the rates for phosphorylation and dephosphoryla-

tion are constant for each step and that, at the cell surface, receptor deactivation is

suitably approximated as a simple exponential decay, one can simplify the overall

kinase signaling response to the following transfer function:

Figure 9.6
Receptor (R) activation at the cell surface (dashed line) activates a cascade of phosphorylation and dephos-
phorylation steps, ultimately resulting in a cellular response. Adapted from Heinrich et al., 2002.
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Y ðsÞ ¼ s

l�1sþ 1

� 	
a4

ðsþ bÞ4
 !

RðsÞ; ð9:13Þ

where RðsÞ is the signal input at the cell surface, and l is the exponential decay time

constant.

Under these assumptions, one can derive explicit expressions for the performance

metrics in question (Heinrich et al., 2002). The signal duration is found to be

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

l2
þ
Xn
i¼1

1

b2
i

s
;

the signal amplitude is given by

S ¼
S0

Pn
k¼1

ak
bkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ l2
Pn
i¼1

1
b2
i

s ;

and the signaling time through the entire network is

t ¼ 1

l
þ
Xn
i¼1

1

bi
:

We consider parametric uncertainty by assigning relative uncertainty to a and b such

that

a ¼ ~aa� ð1þ radaÞ;
b ¼ ~bb � ð1þ rbdbÞ:

ð9:14Þ

Recalling that kDkinf a 1, we apply perturbations ra and rb to manipulate the e¤ec-

tive magnitudes of the uncertainties. The remaining step is the design of our perfor-

mance weight/filter. Although, ideally, data are available to define the appropriate

bounding volumes of the system response, in the case of biological systems, they are

often too scarce to develop truly meaningful filters. In this scenario, one can design

a simple performance weight that allows a small di¤erence margin between the un-

certain response of the system (the actual cellular response) and the system nominal

response. Here the performance filter is defined as a tracking error:

Wp ¼ ðsþ 0:2Þ2
0:3ðsþ 0:001Þ :
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At frequencies for which the cascade signal is most active, the performance demands

are tight, demanding an absolute error di¤erence of 1.3 between the cellular response

and nominal response, although performance demands are loosened for low- and

high-frequency signals.

Structured singular-value analysis is applied for the parameter set (a ¼ 1:0,

b ¼ 1:1, and l ¼ 1) and the relative error for the rates of phosphorylation and

dephosphorylation, ra and rb, is 14.0%. For these conditions, we see that the mag-

nitude of m is less than 1 for all frequencies, and thus we are guaranteed robust

performance when there is a 14.0% uncertainty in the rates of phosphorylation/

dephosphorylation (figure 9.7). We then further analyze performance by plotting the

permutations of the extreme ends of the uncertainty to observe how the perturbations

Figure 9.7
Results from m-analysis of a simplified kinase cascade. The upper panel plots the value of m versus
input frequency. The lower two panels plot the system’s performance in the time and frequency domain,
respectively.
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a¤ect signaling behavior. As can be seen in the kinase time response, the cascade sig-

nal is most sensitive when the dephosphorylation and phosphorylation steps are per-

turbed in opposite directions. In the frequency domain, these perturbations push the

system performance closest to the allowed specifications. If skewed-m is applied, we

find that the system can support a maximal 16.2% parameter uncertainty and main-

tain performance.

9.4 Hypothesis Generation, Validation, and Invalidation

Biological intuition complements the tools previously mentioned. Once a model is

built and the associated parameter values calibrated, the model can be used to do

in silico experiments. With a model, one can explore the e¤ect of a mechanism on a

given system’s behavior by comparing the results in the absence of the mechanism.

Indeed, one can perform a wider range of ‘‘experiments’’ than one could on the real

system, facilitating generation of hypotheses, predictions, and explanations of exper-

imental results. In silico experiments involve changing parameter values, model struc-

tures, and initial conditions mimicking gene knockouts, over- and underexpression

of genes, creating variability in populations, and generating disease states. Because

the resulting hypotheses or explanations can be highly model dependent, one should

carefully consider the assumptions and simplifications used to create the model when

interpreting results. The interplay of model results with experiment is critical in

assessing the validity of the model and the assumptions and simplifications used to

create it.

9.4.1 Application to Population of Synchronized Neurons

The master clock in mammals is believed to reside in the area of the hypothalamus

called the suprachiasmatic nucleus. Synchronization of the cellular rhythms is critical

in establishing a coherent phase to output signals to other peripheral oscillators in

the mammal. Applying the genetic regulatory feedback network model created by

Leloup and Goldbeter (2003), To et al. (2007) generated a mathematical model of a

population of circadian oscillators that synchronized their rhythms through intercel-

lular coupling. Their model included more detail, such as protein phoshorylation and

transport between the nucleus and the cytosol, than the Becker-Weimann model.

Coupling between neurons in the suprachiasmatic nucleus (SCN) was modeled

through release and binding of vasoactive intestinal polypeptide (VIP) among cells

in the SCN (Maywood et al., 2006). This model incorporates signaling pathways

initiated by the binding between VIP and its putative receptor, VPAC2. The VIP

binding event is modeled in rapid equilibrium. The VIP/VPAC2 complex initiates

an increase in intracellular calcium, which activates the transcription factor CREB.
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Binding of CREB causes induction of Per mRNA. Release of VIP from a cell was

assumed to have a profile similar to its concentration of Per mRNA. A population

of cells was modeled on a two-dimensional square grid where the contribution of

VIP released from a cell to target cells is inversely related to the distance from those

target cells.

Rhythmic expression of VPAC2 mRNA in slices of the suprachiasmatic nucleus

was observed by Cagampang et al. (1998). Although modulation of VPAC2 receptor

is not needed for synchronization of circadian rhythms in the model, this variation in

receptor expression may play a role in the response of the population to exogenous

VIP. The model was altered to include rhythmic expression of VPAC2 to the cell sur-

face, dependent on a clock component. Numerical phase-response curves were gener-

ated for 1-hour pulses of 10 mM VIP. In figure 9.8, the resulting phase-response curve

shows regions of phase advance and delay, and a region where little response to VIP

stimulation is observed. Omitting clock control of VPAC2 expression resulted in

phase-response curves with a large region where no phase shift is observed while an

advance is observed at approximately 18–24 hours in circadian time. These results

yield testable hypotheses that could be verified by experiment.

One can also explore the response of a single cell to applications of VIP. Currently,

no data is available that characterizes the single cell behavior of suprachiasmatic

nucleus neurons under VIP application. Although a single clock component was

modeled to influence expression of VPAC2, the identity of the clock component is

Figure 9.8
Population phase-response curves for vasoactive intestinal polypeptide (VIP). Phase shifts of synchronized
population were calculated for 10 mM pulse of VIP for one hour. VPAC2 expression is regulated by the
clock (left) or unregulated and expressed constitutively (right).
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unknown. Here the identity and the type of regulation on VPAC2 expression was

varied. Figure 9.9 shows the resulting single-cell phase-response curves to 10 mM

VIP for one hour.

The VIP phase-response curves are qualitatively di¤erent; presumably this di¤er-

ence arises from the varied phase di¤erences between the time traces of total Per pro-

tein and VPAC2 expression. Regions of phase advance and delay can be eliminated

and the location of nearly no response can be shifted in circadian time. On the other

hand, the order of the regions does not appear to change. These single-cell models

can now be expanded to population models to explore the impact of the character

of the coupling on synchronization and response properties.

Figure 9.9
Single-cell VIP phase-response curves. Phase shifts to VIP were calculated for models that had di¤erent
clock components positively or negatively regulating the expression of VPAC2 receptor. Cells were pulsed
with 10 mM VIP for one hour.
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9.5 Conclusion

Control-theoretic tools, such as sensitivity analysis and phase sensitivity, provide

powerful means for network elucidation and manipulation in biological systems. As

in experimentation, however, every tool has its limitations. Proper network identifi-

cation requires a collection of tools for optimal experimental design, proper data fil-

tering (e.g., for microarray analyses), target identification and hypothesis generation.

Although sensitivity analysis identifies the network components most sensitive to

small perturbations, these results are not guaranteed for large perturbations (gene

knockdowns, knockouts) and do not consider network components being perturbed

simultaneously. Structured singular-value analysis can overcome both of these limita-

tions but is constrained by both the complexity and conservativeness of the calcula-

tion. Thus one may use sensitivity analysis to constrain the number of scenarios

considered during SSV analysis. In conclusion, using tools from control theory to

guide both mathematical modeling and experimental design can facilitate the itera-

tive paradigm of systems biology and shed light on the complex network behavior

underlying biological organisms.
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10 Structural Robustness of Biochemical Networks: Quantifying
Robustness and Identifying Fragilities

Camilla Trané and Elling W. Jacobsen

In contrast to traditional parametric robustness analysis, this chapter considers ex-

plicit perturbations of the network structure. Applying dynamic perturbations to the

direct interactions between the network nodes, we compute the smallest relative per-

turbation that will qualitatively change the network behavior, using results from ro-

bust control theory. Structural robustness analysis plays an important role both in

determining the potential importance of unmodeled phenomena, such as intermedi-

ate reaction steps and transport mechanisms, and in identifying specific fragilities

of given biological functions. We show how it can also be used to reduce nonlinear

models and to elucidate the mechanisms underlying a given function. To illustrate

our method, we consider models of the MAPK signaling cascade, metabolic oscilla-

tions in white blood cells, and the mammalian circadian clock.

10.1 Background

Robustness, the ability to maintain functionality in the presence of internal and ex-

ternal perturbations, is a fundamental property of biological systems (Kitano, 2004;

Stelling et al., 2004b). Uncovering the mechanistic and structural properties of bio-

logical robustness is a key issue in systems biology (Kitano, 2007). Detecting specific

network fragilities will help us determine not only the sources of disease states but

also strategies for fighting those which have developed robustness.

Robustness has important implications for modeling the biochemical networks

that underlie biological functions. First, it implies that even models with relatively

high levels of parametric and structural uncertainty can describe the target function

well. Biochemical network models typically postulate a set of biochemical compo-

nents and reactions from which a corresponding set of di¤erential equations is for-

mulated. Because the knowledge of the underlying processes is incomplete, the set

of equations will not completely match the biological system and this structural un-

certainty will in most cases be significant. Moreover, the formulated model will usu-

ally involve a number of unknown parameters that need to be fitted to limited



amounts of experimental data. Second, that a real biological function is known to be

robust implies that robustness analysis can be used to validate a model of that func-

tion. In particular, if a model is found to be unrobust to biologically probable pertur-

bations, then it must be refined to determine whether the lack of robustness is caused

by a flaw in the model or by an important fragility of the biological function itself.

Robustness analysis is well established as a validation tool in modeling biochemi-

cal networks. Moreover, it has been used to elucidate the principles underlying

robustness of specific biological functions (Locke et al., 2008; Stelling et al., 2004a;

Wagner, 2005). Thus far, however, the focus has been almost exclusively on paramet-

ric robustness; that is, on the impact of uncertainty in model parameters such as ki-

netic rate constants (Chen et al., 2005; Cross, 2003; Morohashi et al., 2002; Wilhelm

et al., 2004). In contrast, the impact of structural uncertainty is rarely addressed,

most likely because methods for this purpose are not readily available, or perhaps

because models robust to parametric perturbations are also believed to be robust to

structural perturbations. As we demonstrate in this chapter, however, parametric

robustness does not by any means imply structural robustness.

We start by providing a clear definition of robustness, a general formulation of the

structural robustness problem for nonlinear ODE models, and the motivation for

using linearized perturbed models for robustness analysis. We then transform the

perturbed model into an input-output feedback model, consistent with the most com-

mon system representation employed in classical and robust control theory. Using

results from control theory on robust stability of feedback systems, we determine

the smallest structural perturbation that will change the qualitative behavior of the

model. With computations performed in the frequency domain, we show how to

translate the computed perturbations into a set of di¤erential equations that, when

combined with the original nonlinear model, can verify the results of the linear anal-

ysis. We employ a simple example, the Goodwin oscillator, to explain the method in

a biological context. We then present three case studies to demonstrate the usefulness

of our proposed method.

10.2 Defining Robustness of Biological Functions

Kitano (2007) defines biological robustness as ‘‘a property that allows a system to

maintain its functions against internal and external perturbations.’’ To clarify this

definition, we need to determine what is implied by ‘‘function,’’ ‘‘maintaining func-

tion,’’ and ‘‘perturbations.’’

10.2.1 Biological Functions in the Context of Dynamical Systems

Here we consider functions generated by biochemical reaction networks, described

by a set of ordinary di¤erential equations, that is,
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dxðtÞ
dt
¼ f ðxðtÞ; pÞ; x A Rn; p A Rm; ð10:1Þ

where xðtÞ denotes a vector of state variables, such as concentrations of biochemical

components, and p denotes the parameters, such as kinetic rate constants. In this

context, a biological function is defined to correspond to a particular stationary be-

havior on an attractor of system (10.1) Local stationary behaviors of relevance to

biological functions include steady states, corresponding to equilibrium attractors

for which dxðtÞ=dt ¼ 0, and stable periodic oscillations, corresponding to limit cycle

attractors for which xðtþ TÞ ¼ xðtÞ, for T > 0. The maintenance of stable steady

states is typical for homeostatic functions, aimed at providing specific intracellular

conditions, and corresponds to the setpoint control problem typically considered in

technical control systems. Functions such as heat-shock response and bacterial che-

motaxis are other examples of steady-state setpoint control problems. Contrary to

technical control systems, biological systems frequently employ sustained oscilla-

tions, corresponding to limit cycles, to provide functionality. Typical examples in-

clude circadian timekeeping, oscillatory calcium signaling, and embryonic cell cycle

control.

Steady states and limit cycles are examples of local stationary behaviors. A global

behavior involving multiple attractors of significant relevance to biological systems is

the existence of multiple stable steady states for a given value of the parameter vector

p. In particular, bistability is employed to provide irreversible switching between dis-

tinct steady states. An example is apoptosis, programmed cell death, in which the fi-

nal death decision corresponds to a bistable switch (see, for example, Eissing et al.,

2005).

10.2.2 Robust Stability and Robust Performance

Having defined what is implied by a function in the context of dynamical systems, we

next need to define robustness in the sense of function maintenance. First, it is impor-

tant to distinguish between robustness and sensitivity, which are often used inter-

changeably in the literature. Sensitivity quantifies the e¤ects of a given perturbation

on the function properties, such as steady-state concentrations or oscillation periods,

within a biological system, whereas robustness quantifies the largest perturbations,

within a given class, the system can tolerate. In the latter case, one should distinguish

between robust stability and robust performance, corresponding to the e¤ect on qual-

itative and quantitative behavior, respectively.

Robust stability, the focus of this chapter, refers to persistence of a qualitative be-

havior, corresponding to the biological function in question, in the face of perturba-

tions. An analysis of robustness in terms of robust stability quantifies the largest

perturbations the model (10.1) can tolerate, while the qualitative stationary behavior,

for example, a stable steady state, stable limit cycle, or bistability, persists.
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Robust performance refers to the attainment of a desired quantitative behavior of

a biological function in the face of perturbations. Any biological function has quan-

tifiable function properties, such as response time and steady-state concentration

changes in the case of steady-state homeostasis, or period, amplitude, and phase shift

in the case of sustained oscillations. Given a performance specification, such as main-

taining an oscillation period within a given range, robust performance quantifies the

largest perturbations the model (10.1) can tolerate while satisfying the performance

specifications.

Defining Perturbations

Living cells face numerous external perturbations, such as changes in the physico-

chemical environment, as well as internal perturbations, notably in the form of gene

mutations. Ideally, all relevant perturbations can be specified together with a proba-

bility of occurrence; by applying these, the robustness of the modeled function can

then be evaluated. In reality, however, relatively little is known about most of the

specific perturbations the function should withstand. It is therefore usually more rele-

vant to define a general class of perturbations and then determine the subset within

this class that the function will withstand. The size of the subset then provides a

quantitative measure of the robustness. As stated above, robustness analysis of bio-

chemical network models is frequently used in the context of model validation. In

this case, it is the robustness of the model predictions to model uncertainties that is

of interest. Again, because the precise uncertainties are not known, it is most relevant

to define a class of uncertainties and then determine the subset within this class that

satisfies the robustness criteria.

To define properly which classes of perturbations to consider, one must address the

modeling process and its relation to the underlying biochemical system. Models of

intracellular functions are usually based on postulating the biochemical components,

cellular compartments, biochemical reactions, and transport mechanisms involved in

generating the function. The reaction kinetics are usually described using standard-

ized models, such Michaelis-Menten or Hill kinetics. Based on mass balances, a set

of di¤erential equations is then formulated. In principle, the presence of spatial gra-

dients implies that partial di¤erential equations should be used, while the relatively

small copy number of the involved components implies that stochastic models should

be used. In practice, however, these e¤ects are usually neglected, and deterministic

ordinary di¤erential equations employed. The result is then a set of ordinary di¤er-

ential equations with a number of unknown parameters that need to be fitted to ex-

perimental data or prior knowledge of the system behavior. The outcome of this

modeling process is thus a model structure that is uncertain due to incomplete knowl-

edge of the involved components and reaction kinetics as well as to assumptions

concerning spatial distributions and stochastic e¤ects. Moreover, the fitted model
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parameters will be uncertain since the available data are limited and corrupted by

measurement uncertainty. Thus model uncertainty is, in general, a combination of

parametric and structural uncertainty, implying that robustness analysis for model

validation should consider both parametric and structural perturbations.

Because the external and internal perturbations a¤ecting a function can be seen as

corresponding to changes in both the parameters and the structure of the model used

to describe the function, parametric and structural uncertainty should also be consid-

ered when using validated models to analyze the robustness of a biological function.

For instance, a temperature change will a¤ect most kinetic parameters. Similarly, a

gene mutation may fundamentally change the reaction kinetics or modify the trans-

port properties of a protein, thereby e¤ectively changing the corresponding model

structure. In the next section, we discuss appropriate frameworks for analyzing the

robustness to parametric and structural uncertainty.

10.3 Parametric and Structural Perturbations

Consider again the nominal model

dxðtÞ
dt
¼ f ðxðtÞ; pÞ; x A Rn; p A Rm:

Parametric robustness analysis involves perturbing the parameter vector p. That is,

the perturbed model can be written

dxðtÞ
dt
¼ f ðxðtÞ; p� þ DpÞ; ð10:2Þ

where p� is the nominal parameter vector and Dp ¼ p� p� is the parameter pertur-

bation. Considering persistence of function, that is, robust stability, the aim of the

robustness analysis is to determine the range of Dp such that the qualitative behavior

of equation (10.2) remains unchanged. The robustness is usually quantified by the

smallest norm kDpk for which the perturbation qualitatively changes the behavior

of the model.

As most network models are nonlinear and too complex to allow for any rigorous

analytical studies, numerical approaches based on continuation methods combined

with bifurcation analysis are usually employed in parametric robustness analysis

(Seydel, 1994). These numerical methods cannot, in general, deal with multiple pa-

rameter perturbations, implying that the robustness analysis is employed for each in-

dividual parameter pi in the parameter vector p, that is, varying only one parameter

at a time (Cross, 2003; Forger and Peskin, 2003; Leloup and Goldbeter, 2004; Ma

and Iglesias, 2002; Wong et al., 2007).
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Ma and Iglesias (2002) and Kim et al. (2006) proposed an approach to robustness

analysis for biological oscillators based on multiple simultaneous parameter pertur-

bations using methods from robust control theory and hybrid optimization tech-

niques (see chapter 11). As they demonstrate on a model of cAMP oscillations,

models that are robust to single parameter variations can be unrobust to multiple pa-

rameter perturbations.

To account for structural perturbations of the model (10.1), we propose a per-

turbed model of the form

dxðtÞ
dt
¼ f ðxðtÞ; pÞ þ fDðxðtÞ; zðtÞ; pÞ; x A Rn; ð10:3aÞ

dzðtÞ
dt
¼ gDðxðtÞ; zðtÞÞ; z A Rm: ð10:3bÞ

This type of perturbation is termed a dynamic structural perturbation because the per-

turbation introduces new dynamic states zðtÞ in the perturbed model. The extra states

account for dynamics, such as delays and intermediate reactions steps, not captured

by the original model. If no additional dynamic states are introduced by the pertur-

bation, that is m ¼ 0, then fDðxðtÞ; pÞ represents a static structural perturbation.

Considering persistence of function, the aim of the robustness analysis is now to de-

termine the smallest distance between the perturbed model (10.3) and the nominal

model (10.1) such that their qualitative behaviors di¤er; in other words, if the nomi-

nal model produces stable sustained oscillations, for example, to determine the small-

est perturbation that removes the oscillations. Solving this problem for a general

class of nonlinear functions fD and gD is in general not feasible. As we show below,

however, the problem can be reduced to a linear problem for which there exist pow-

erful solution methods in classic and robust control theory. Also, within the linear

framework, it is easy to impose restrictions on the structure of the perturbations fD
and gD so as to not introduce biologically irrelevant network interactions in the per-

turbed model. Before presenting the robustness analysis, let us briefly consider the

relation between persistence of function, stability, and bifurcations of dynamical

systems.

10.4 Robustness Analysis Based on Inducing Bifurcations

In order to show how structural robustness of biochemical network models can be

formulated as a linear robust stability problem, we need to briefly review bifurcations

of nonlinear dynamic models (for a more detailed theoretical exposition of bifurca-

tion theory, see Guckenheimer and Holmes, 1986; for a more practical introduction,

see Seydel, 1994). Considering robustness in the sense of persistence of function, we
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are concerned with finding perturbations of the nominal model dx=dt ¼ f ðxðtÞ; pÞ
such that the qualitative behavior di¤ers from the nominal behavior. As discussed

above, the nominal behavior will, in general, correspond to a specific attractor in

state space, such as an equilibrium point or a limit cycle, or a set of attractors, such

as multiple stable equilibria. A qualitative change of behavior thus corresponds to a

change in the number and type of attractors. The critical point in state-parameter

space at which a nonlinear dynamic system changes its qualitative behavior is called

a bifurcation point. Bifurcations can be either local or global, depending on the ex-

tent of behavior from which they can be determined. We are only concerned with lo-

cal bifurcations here, in particular with those involving equilibrium points and limit

cycles.

As discussed in chapter 1, a local bifurcation point corresponds to a point at which

a local stationary behavior, or attractor, changes stability. For equilibrium points,

local stability is determined from the eigenvalues of the Jacobian, A, obtained from

linearization of the model about the equilibrium point x�:

A ¼ qf

qx

����
x �;p

; f ðx�; pÞ ¼ 0: ð10:4Þ

A bifurcation occurs when some eigenvalues of A cross the imaginary axis in the

complex plane as the parameter p is changed. If a real eigenvalue crosses through

the origin, then it corresponds to a static bifurcation at which there is a change in

the number of equilibrium attractors. The generic form of a static bifurcation is the

so-called saddle-node bifurcation, at which an unstable and a stable equilibrium meet

and collapse. Saddle-node bifurcations lead to bistability in biochemical networks,

such as those underlying apoptosis (Eissing et al., 2005). A complex pair of eigen-

values crosses the imaginary axis at a Hopf bifurcation point where a limit cycle

emerges from an equilibrium point, resulting in coexistence of an equilibrium point

and a limit cycle close to the bifurcation point. Hopf bifurcations underlie the oscil-

lations seen in many models of intracellular oscillators, such as circadian clock

models.

For sustained oscillations, corresponding to limit cycle attractors, there exist two

principal types of local bifurcations. The first is the multicycle bifurcation, at which

multiple limit cycle attractors emerge. Analysis of such bifurcations requires lineari-

zation of f ðx; pÞ along a limit cycle, leading either to a discrete map or to a time-

varying Jacobian AðtÞ. The second type of bifurcation is the Hopf bifurcation at

which a limit cycle collapses into an equilibrium point. This bifurcation can be ana-

lyzed based on the time-invariant Jacobian A, equation (10.4), obtained at the equi-

librium point.

From the discussion above, we conclude that robustness of a biochemical network

model (10.1) can be analyzed based on determining the smallest perturbation, within

Structural Robustness of Biochemical Networks 195



a given class, that translates a steady-state solution of equation (10.1) into a bifurca-

tion point.

Inducing a bifurcation at the nominal steady state of equation (10.1) corresponds

to perturbing the Jacobian A so that it has one or two eigenvalues at the imaginary

axis, with the remaining eigenvalues in the complex left half plane so that the bifur-

cation point corresponds to a shift in stability, corresponding to a saddle-node or

Hopf bifurcation, respectively. For the structurally perturbed model (10.3), it is thus

su‰cient to consider the linearization

dxðtÞ
dt
¼ AxðtÞ þ BDxðtÞ þ FDzðtÞ; x A Rn; ð10:5aÞ

dzðtÞ
dt
¼ GDzðtÞ þHDxðtÞ; z A Rm; ð10:5bÞ

where A, BD, FD, GD and HD are constant matrices of appropriate dimensions. The

robustness problem is now reduced to determining BD, FD, GD, HD and m such that

the perturbed system with Jacobian

AD ¼ Aþ BD FD

HD GD

� �
ð10:6Þ

has eigenvalues on the imaginary axis, with the remaining eigenvalues in the complex

left half plane, while the distance between equation (10.5) and the nominal system

dxðtÞ=dt ¼ AxðtÞ is minimized. As shown below, this problem can be solved by cast-

ing it as a linear feedback control problem and employing frequency response-based

methods. However, to make the problem as formulated in equation (10.5) meaning-

ful in the context of biochemical networks, it is necessary to impose restrictions on

the perturbation matrices. In particular, a typical biochemical network is sparse, in

the sense that there exist relatively few direct interactions between the biochemical

components, corresponding to a sparse Jacobian matrix A. If no restrictions are

imposed on the matrices BD, FD, GD, and HD, then the perturbed model will, in gen-

eral, contain direct interactions between all components corresponding to a full AD.

To impose reasonable restrictions on the allowable class of perturbations, we con-

sider first putting the perturbed model (10.5) in input-output form so as to see the

e¤ect of the perturbations directly on the network interactions.

10.5 Putting the Perturbed Network Model in Feedback Form

Using the Laplace transform, the linear perturbed model (10.5) can be written in

input-output form
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xðsÞ ¼ ðsI � AÞ�1A|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
MðsÞ

xDðsÞ; ð10:7aÞ

xDðsÞ ¼ A�1ðBD þ FDðsI � GDÞ�1HDÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DðsÞ

xðsÞ; ð10:7bÞ

where xDðtÞ ¼ A�1ðBDxðtÞ þ FDzðtÞÞ. We have assumed that the nominal Jacobian A

has no eigenvalues at the origin. The perturbed model hence corresponds to a closed

feedback loop with loop transfer function MðsÞDðsÞ in which MðsÞ is the nominal

model and DðsÞ is the perturbation (see figure 10.1). Note that the eigenvalues of the

Jacobian A in equation (10.4) now correspond to the poles of MðsÞ, while the eigen-

values of the perturbed Jacobian AD (equation [10.6]) are given by the poles of the

closed-loop transfer function ðI �MðsÞDðsÞÞ�1.
The robustness problem now corresponds to determining the smallest size pertur-

bation kDk such that the closed-loop in figure 10.1 becomes marginally stable with

a real eigenvalue at zero, corresponding to a saddle-node bifurcation in the corre-

sponding nonlinear model, or a conjugate pair of imaginary eigenvalues, correspond-

ing to a Hopf bifurcation point. Although results from classical and robust control

theory can be used to solve this problem, we can significantly simplify the task if we

first write the feedback loop in a form in which all loop transfer functions are stable.

For this purpose, we impose that the perturbation DðsÞ should be stable, and rewrite

the transfer function for the nominal model MðsÞ as a feedback system composed of

stable subsystems.

To rewrite the nominal model MðsÞ as a feedback system with a stable open-loop

transfer function, we rewrite the nominal linearized model

dxðtÞ
dt
¼ AðxðtÞ þ xDðtÞÞ;

corresponding to MðsÞ, in the form

Figure 10.1
Perturbed model in feedback form with loop transfer function MðsÞDðsÞ, where MðsÞ is the nominal model
and DðsÞ is the perturbation.
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dxðtÞ
dt
¼ ~AAxðtÞ þ ðA� ~AAÞðxðtÞ þ xDðtÞÞ; ð10:8Þ

where ~AA is a diagonal matrix with negative elements. All eigenvalues thus lie strictly

in the left half plane. In most biochemical models, the self-dynamics of the biochem-

ical components (states) will be stable due to self-degradation and lack of autocata-

lytic e¤ects, and hence the diagonal elements of A will all be negative. A natural

choice for ~AA is then to let its diagonal be equal to the diagonal of A. Note that equa-

tion (10.8), with ~AA equal to the diagonal of A, corresponds to letting the perturbation

xD a¤ect the interactions between the components only, while the self-dynamics are

left unperturbed. The Laplace transform of equation (10.8) yields

xðsÞ ¼ ðsI � ~AAÞ�1ðA� ~AAÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
LðsÞ

ðxðsÞ þ xDðsÞÞ; ð10:9Þ

where LðsÞ is stable. As shown in figure 10.2, the system (10.9) corresponds to a feed-

back loop with LðsÞ as the loop transfer function. The corresponding nominal model

is then

MðsÞ ¼ ðI � LðsÞÞ�1LðsÞ:
Note that the formulation in equation (10.9) and figure 10.2 is a representation of the

perturbed model from which one can easily make interpretations in terms of relative

perturbations of the direct network interactions. In the unperturbed model, the direct

interactions between the network components are given by LðsÞ. For instance, ele-

ment LijðsÞ gives the e¤ect of a change in component xj on component xi when all

other components are held constant. Note that we are using the terms ‘‘state’’ and

‘‘component’’ interchangeably, assuming that the states correspond to concentrations

of biochemical components. Thus LijðsÞ is nonzero only if there exists a direct con-

nection from xj to xi. For the perturbed model, the direct interactions are given by

LD ¼ LðsÞðI þ DðsÞÞ. Thus, DðsÞ can be interpreted as a relative perturbation of the

Figure 10.2
Perturbed model as a feedback system with a stable open-loop transfer function LðsÞ. DðsÞ is a stable
perturbation.
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direct interactions. Moreover, if DðsÞ is restricted to be a diagonal matrix, only exist-

ing interactions are perturbed and network connections that do not exist in the nom-

inal network model are not introduced in the perturbed model. Having put the

perturbed network model in the form shown in figure 10.2, the smallest kDk that

will translate the nominal steady state of equation (10.1) into a saddle-node or Hopf

bifurcation point can be determined using the generalized Nyquist criterion intro-

duced below.

10.6 The Generalized Nyquist Stability Criterion for Biochemical Networks

Consider the linearized network model in feedback form in figure 10.2, which is a

multivariable feedback loop with loop transfer function

LDðsÞ ¼ LðsÞðI þ DðsÞÞ:
The generalized Nyquist stability criterion is based on the frequency response de-

scription LDð joÞ of the loop transfer function (Skogestad and Postlethwaite, 2005).

Theorem 10.1: Generalized Nyquist Stability Let Pol denote the number of unstable

poles in the loop transfer function LDðsÞ. Then the closed-loop system with positive

unity feedback around LD is stable if and only if the image of detðI � LDð joÞÞ in the

complex plane, for o A ½�y;y�,
1. makes Pol counterclockwise encirclements of the origin, and

2. does not pass through the origin. n

Because the open-loop system LDðsÞ here is stable by construction, that is, Pol ¼ 0,

the condition for stability is that the image of detðI � Lð joÞÞ should not encircle

0. To refine the criterion, note that the determinant of any square matrix L can be

written in terms of the eigenvalues liðLÞ as:

detðLÞ ¼
Y
i

liðLÞ:

Then, since

liðI � LÞ ¼ 1� liðLÞ;
the stability condition becomes that no eigenvalue locus liðLDð joÞÞ for o A ½�y;y�
should encircle the point þ1 on the positive real line in the complex plane. Note that

the classical Nyquist theorem usually has �1, rather than þ1, as the critical point

since a negative feedback structure is assumed for technical control systems. Because

any real system is strictly proper, implying that limo!y LDð joÞ ¼ 0, an encirclement
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of the þ1 point implies that the image crosses the real axis to the right of þ1 for

o A ½0;y�.
We are mainly interested in determining a structural perturbation DðsÞ such that

the perturbed system (10.7) becomes marginally stable, corresponding to a bifurca-

tion point in the nonlinear system (10.3). Thus we seek a perturbation D such that

one eigenvalue locus satisfies

liðLDð jo�ÞÞ ¼ 1; ð10:10Þ
for some i and some frequency o�. If condition (10.10) is satisfied at frequency

o ¼ 0, corresponding to steady state, then the perturbed system has a Jacobian AD

with a real eigenvalue at zero, that is, lkðADÞ ¼ 0 for some k. This corresponds to

a saddle-node bifurcation in the corresponding perturbed nonlinear model (10.3). If

instead, condition (10.10) is fulfilled at a nonzero frequency o ¼ o� > 0, then the

perturbed system has a Jacobian AD with a pair of purely imaginary eigenvalues at

lk; lðADÞ ¼Gjo�. This corresponds to a Hopf bifurcation in the corresponding per-

turbed nonlinear model (10.3).

If the nominal steady state is stable, corresponding to a stable MðsÞ, then equation

(10.10) is a necessary and su‰cient condition for inducing a bifurcation in the sys-

tem. If the nominal steady state is unstable, which is the case when considering

robustness of limit cycles, then the condition is necessary but not su‰cient. This is

because some locus of the nominal loop ljðLð joÞÞ is encircling the þ1 point, and a

perturbation D may move some other locus liðLð joÞÞ, i0 j to the þ1 point, imply-

ing that there still is encirclement. As shown below, however, this can easily be

checked and, if it is the case, then the computed perturbation will provide a lower

bound on the size of the perturbation required to make the system marginally stable.

By introducing M ¼ ðI � LÞ�1L, we may write the loop in figure 10.2 in the form

of figure 10.1, and the condition for marginal stability becomes

liðMð joÞDð joÞÞ ¼ 1; ð10:11Þ
for some o and some i. Based on equation (10.11) and classical results from robust

control theory, we can now compute the smallest perturbation Dð joÞ at each fre-

quency o required to make the system marginally stable, corresponding to inducing

a bifurcation point.

If Dð joÞ is allowed to be a full complex matrix, then the smallest D at each fre-

quency that will satisfy equation (10.11) will have size (see, for example, Skogestad

and Postlethwaite, 2005):

sðDð joÞÞ ¼ 1

sðMð joÞÞ ;
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where s denotes the maximum singular value. The smallest size perturbation is then

kDmink ¼ min
o

sðDð joÞÞ ¼ min
o

1

sðMð joÞÞ :

As discussed above, a full D corresponds to introducing interactions between all net-

work components in the perturbed model and is usually not biologically relevant.

If D is restricted to be a diagonal matrix DI , it corresponds to relative individual

perturbations of the activities of each component in the network

xD
i ¼ ð1þ DI ; iiÞxi;

where xi and xD
i denote the unperturbed and perturbed activity of component i, re-

spectively, and DI ; ii is the ith diagonal element of DI . For this case, the smallest kDk
that moves an eigenlocus to þ1 can be computed using the structured singular value

m (Skogestad and Postlethwaite, 2005):

1

mDI
ðMÞ ¼ min

DI

fsðDI Þ j detðI �MDI Þ ¼ 0g; ð10:12Þ

where DI is a diagonal complex matrix. The corresponding smallest perturbation is

then

kDmink ¼ min
o

1

mDI
ðMÞ : ð10:13Þ

Computations of the structured singular value m only provide lower and upper

bounds on the size of D. For the case of a diagonal complex D, however, the bounds

are in general tight (Skogestad and Postlethwaite, 2005). Note that a complex pertur-

bation Dð joÞ in the frequency domain corresponds to a dynamic perturbation in the

time domain. This corresponds to the state-space matrices GD and HD being nonzero

in the perturbed model (10.5). One advantage of using frequency domain computa-

tions is that the dynamics of a system then are uniquely determined by the amplifica-

tion and phase lag at each frequency, and hence the order m of the perturbation does

not need to be specified or computed. Note that the computations of D are performed

frequency by frequency and that the smallest stabilizing D corresponds to the mini-

mal D over all frequencies. As shown below, the corresponding frequency response

can easily be fitted to a general transfer function, which can then be realized as a set

of di¤erential equations corresponding to BD, FD, GD, and HD in equation (10.5).

10.6.1 Perturbing Specific Network Interactions

Although the case with a diagonal perturbation DI is relevant when considering the

overall robustness of a biochemical network, to obtain more detailed information on
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which components and specific interactions are least robust, we need also to consider

more strategic perturbations of specific components and interactions. We first per-

turb the activity of a single component i, as illustrated in figure 10.3. Here we obtain

the open-loop transfer function LiðsÞ by lifting out the e¤ect of state xi on all other

states xj , j0 i and then reintroducing the e¤ect by closing the loop. We can then per-

turb the e¤ect of xi on the other components with a relative dynamic perturbation,

Di, as shown in figure 10.3.

To obtain LiðsÞ from the nominal linearized model
dxðtÞ
dt ¼ AxðtÞ, introduce the ma-

trix P1i, which is obtained from the n� n identity matrix by letting element P1i
ii ¼ 0.

Similarly, let P2i be a 1� n vector with P2i
i ¼ 1 and with all other elements zero to

obtain the loop transfer function

LiðsÞ ¼ P2iðI � LðsÞP1iÞ�1LðsÞðP2iÞT ; ð10:14Þ
where LðsÞ is given by equation (10.9). In this case, the nominal loop transfer func-

tion LiðsÞ is a scalar. Provided LiðsÞ is stable, the condition for marginal stability of

the perturbed system with loop transfer function LD; i ¼ Lið1þ DiÞ is that the fre-

quency response LD; ið joÞ must pass through the point þ1 on the positive real axis

in the complex plane. The Di that satisfies this is given at each frequency by

Dið joÞ ¼ 1

Lið joÞ � 1: ð10:15Þ

The smallest stabilizing perturbation is obtained by minimizing jDið joÞj over all

frequencies

kDi;mink ¼ min
o

1

Lið joÞ � 1

����
����:

It is also of interest to consider perturbing the direct interactions between two spe-

cific components xi and xj. The corresponding perturbed feedback loop is shown in

figure 10.4. Here LijðsÞ is obtained from the full network by removing the e¤ect of

Figure 10.3
Perturbing the activity of a single component i.
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changes in xj on xi, and then the loop is closed by introducing a perturbed xj. Intro-

duce the n� n matrix C ij with C
ij
ij ¼ 1 and with all other elements zero to obtain the

scalar loop transfer function

LijðsÞ ¼ P2jðsI � Aþ C ijATC ijÞ�1C ijATC ijðP2jÞT : ð10:16Þ
Provided LijðsÞ is stable, the perturbation

Dijð joÞ ¼ 1

Lijð joÞ � 1 ð10:17Þ

will make the network steady state marginally stable. The smallest stabilizing pertur-

bation is obtained by minimizing jDijð joÞj over all frequencies:

kDij;mink ¼ min
o

1

Lijð joÞ � 1

����
����: ð10:18Þ

The use of these more targeted structural perturbations is important both in detect-

ing and locating specific network fragilities and in elucidating the most important

interactions underlying the modeled function, as will be demonstrated in the three

case studies below (see sections 10.8–10.10). To illustrate the practical use and inter-

pretations of the proposed robustness analysis method, we first consider a simple

gene regulatory feedback loop model.

10.7 The Goodwin Oscillator

In this classic model describing autonomous periodic oscillations in a simple gene

regulatory network (Goodwin, 1965), a gene transcribes mRNA, with concentration

x1, which is translated into protein in the cytoplasm, x2, and subsequently trans-

ported back into the nucleus to act as a transcription factor, x3, regulating gene ex-

pression (see figure 10.5). The Goodwin oscillator can be described by the following

set of equations (Gonze et al., 2005):

Figure 10.4
Perturbing the specific interaction between two components i and j.
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dx1ðtÞ
dt

¼ v1
Kn

1

Kn
1 þ xn

3 ðtÞ
� v2

x1ðtÞ
K2 þ x1ðtÞ ; ð10:19aÞ

dx2ðtÞ
dt

¼ k3x1ðtÞ � v4
x2ðtÞ

K4 þ x2ðtÞ þ �x3ðtÞ; ð10:19bÞ

dx3ðtÞ
dt

¼ k5x2ðtÞ � v6
x3ðtÞ

K6 þ x3ðtÞ : ð10:19cÞ

For illustrative purposes, an �x3 term has here been added to the dynamics of x2. For

the parameter values v1 ¼ 0:7, K1 ¼ 1, n ¼ 4, v2 ¼ 0:2, K2 ¼ 1, k3 ¼ 0:7, v4 ¼ 1:2,

K4 ¼ 1, k5 ¼ 0:7, � ¼ 0:01, v6 ¼ 0:7, and K6 ¼ 1, the Goodwin oscillator generates

self-sustained periodic oscillations, as shown in figure 10.6.

A bifurcation diagram for the Goodwin oscillator is shown in figure 10.7. For

v1 ¼ 0:22, there is a Hopf bifurcation at which the steady state exchanges stability,

Figure 10.5
Goodwin oscillator describing autonomous periodic oscillations in a gene regulatory network. The state x1
corresponds to mRNA, x2 to protein in cytoplasm, and x3 to protein in the nucleus, which acts as a tran-
scription factor for the gene, thereby closing the feedback loop.

Figure 10.6
Periodic oscillations in the concentration of transcription factor x3 of the Goodwin oscillator.
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and a branch of limit cycles emerges. The Hopf bifurcation is supercritical in this

case and the limit cycle is hence stable. For the nominal value of the bifurcation

parameter, v1 ¼ 0:7, there is consequently a stable limit cycle coexisting with an un-

stable steady state. The robustness analysis addresses perturbations that could trans-

late the unstable steady state into a Hopf bifurcation point onto which the limit cycle

collapses, thus resulting in removal of the autonomous periodic solution. Note that

in terms of parametric robustness, the parameter v1 can be changed by 70% without

losing the sustained oscillations. A parametric robustness analysis, perturbing indi-

vidual parameters, reveals that the least robust parameter is v6, which can be

changed by only 35% before the sustained oscillations disappear.

The open-loop network and the recovered closed-loop network of the Goodwin os-

cillator are illustrated in figure 10.8. The arrows connecting the boxes represent direct

interactions between the components, and the robustness analysis involves perturbing

these interactions. Note that the self-dynamics of the components, such as their deg-

radation, will not be perturbed. Perturbing an interaction, such as the direct e¤ect of

component x3 on x1, corresponds to perturbing the dynamic e¤ect of changes in

component x3 on changes in component x1. The resulting change in x1 then propa-

gates to a¤ect all other components in the closed-loop network and some of these

changes are fed back to give a secondary change in x3. We turn next to the minimal

dynamic perturbation that changes the steady-state stability by inducing a Hopf

Figure 10.7
Bifurcation diagram for the Goodwin oscillator, showing stable (solid line) and unstable (dashed line)
steady states, as well as amplitudes of stable limit cycles ( filled circles). The nominal value of the bifurca-
tion parameter is v1 ¼ 0:7. Hopf bifurcations (HB) connect branches of steady states and limit cycles.
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bifurcation at the nominal conditions, and hence changes the qualitative behavior of

the nominal model.

Consider first the case in which the direct interactions between two components

are perturbed. Figure 10.8 illustrates the specific perturbation of the pairwise interac-

tion between transcription factor x3 and gene activity x1 for the Goodwin oscillator.

The perturbation can represent any change in the dynamic e¤ect of the transcription

factor on the mRNA concentration, such as an amplification or a delay of the e¤ect.

The aim of the analysis is to determine the smallest such perturbation that removes

the oscillatory behavior by inducing a Hopf bifurcation at the underlying steady

state.

In terms of the loop transfer function L13ðsÞ, a marginally stabilizing perturbation

at a given frequency will move the Nyquist curve to the point þ1 on the positive real

axis at that frequency. The size of the required perturbation as a function of the fre-

quency, computed from equation (10.17), is shown in figure 10.9, which shows the

inverse of the size of D to highlight the minimum-size perturbation. The minimum-

size perturbation is Dmin;13 ¼ �0:112þ 0:174j with size jDmin;13j ¼ 0:207 at the fre-

quency o ¼ 0:345 rad/h, corresponding to a sinusoidal perturbation with period

T ¼ 2p=o ¼ 18 hours.

Figure 10.10 shows the nominal Nyquist locus for the loop transfer function L13,

as well as three instances of marginally stabilizing perturbations that move the locus

to þ1 at three specific frequencies. Figure 10.10b shows a static (real) perturbation

that moves the point at which the nominal locus crosses the real axis to the þ1 point.

The size of this relative perturbation is kD13k ¼ 0:43. Figure 10.10c shows a pure

phase shift of L13, corresponding to D introducing a pure time delay in the loop.

The size of this perturbation is kD13k ¼ 2. Finally, figure 10.10d shows the e¤ect of

the minimum-size perturbation with kD13k ¼ 0:207 at frequency o ¼ 0:345, com-

puted using equation (10.17).

The smallest stabilizing perturbation of this specific interaction corresponds to a

20% relative change in the e¤ect of the transcription factor on the gene activity. The

Figure 10.8
Addition of a relative dynamic perturbation to the direct e¤ect of the transcription factor x3 on the gene
activity x1 in the Goodwin oscillator.
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Figure 10.10
Nyquist curve L13ð joÞ for the Goodwin oscillator, showing unperturbed (solid lines) and perturbed (dashed
lines) network with di¤erent stabilizing perturbations D13.

Figure 10.9
Size of stabilizing perturbation as a function of frequency when perturbing the specific interaction of x3 on
x1 for the Goodwin oscillator.



minimum perturbation a¤ects both the amplification of changes in the transcription

factor as well as the phase lag of the e¤ect.

Figure 10.11a shows the minimum-size relative perturbation for all pairwise inter-

actions in the Goodwin oscillator. As can be seen, the interactions that form the

main feedback loop all require the same-size perturbations, which is as expected for

a single scalar feedback loop. The local feedback from x3 to x2 requires a signifi-

cantly larger relative perturbation, indicating that this specific interaction has a rela-

tively small impact on the nominal steady-state instability and hence the limit cycle

oscillation.

In figure 10.12, a single component x3 is perturbed by a relative perturbation D3.

The corresponding dynamic network perturbation computed according to equation

(10.15) is shown in figure 10.13. As can be seen, the required perturbation is almost

identical to the one for the specific interaction from x3 to x1 above. This is also as

Figure 10.11
Size of pairwise perturbations (a) and individual component perturbations (b) required to induce a Hopf
bifurcation in the Goodwin oscillator.

Figure 10.12
Addition of a perturbation to the activity of a single component, x3, for the Goodwin oscillator.
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expected since the perturbation now only perturbs the e¤ect of x3 on x2 in addition

to the e¤ect of x3 on x1, and since the former interaction was found to be relatively

robust to perturbations. As shown in figure 10.11b, the required perturbations for all

components when perturbed individually are seen to be 20%. Again, this is expected

since they all form a single feedback loop.

Perturbations a¤ecting the activity of all components simultaneously are illus-

trated in figure 10.14. The required size of the dynamic network perturbation as a

function of frequency, computed according to equation (10.12), is shown in figure

10.15. As can be seen, the smallest stabilizing perturbation has kDk ¼ 0:072, corre-

sponding to a 7.2% simultaneous perturbation in the activity (concentration) of all

network components.

Figure 10.13
Size of stabilizing perturbation when perturbing the activity of the transcription factor x3 in the Goodwin
oscillator.

Figure 10.14
Addition of perturbations to the activity of all components simultaneously for the Goodwin oscillator.
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10.7.1 Perturbing the Nonlinear Model

The dynamic network perturbations Dð joÞ computed above apply to linear dynami-

cal systems with the amplification and phase lag given at a single frequency only. To

implement the perturbations in the nonlinear model, for example, to verify their im-

pact on the network function, they must first be fitted to a system description consist-

ing of a set of linear di¤erential equations.

Any scalar perturbation Dminð jo�Þ at a single frequency o� can be fitted to a sta-

ble second-order transfer function. Since only purely dynamic e¤ects a¤ect the exis-

tence of a limit cycle, the steady-state gain of the transfer function can always be

chosen to be zero such that the steady-state properties of the network are una¤ected

by the perturbations. Imposing also that the transfer function should be strictly

proper, we obtain the third-order transfer function

DTðsÞ ¼ K
�Tsþ 1

Tsþ 1

t1s

t1sþ 1

1

t2sþ 1
; ð10:20Þ

where K adjusts amplification, ð�Tsþ 1Þ=ðTsþ 1Þ adjusts phase, t1s=ðt1sþ 1Þ pro-
vides zero steady-state gain and 1=ðt2sþ 1Þ ensures zero gain at high frequencies.

The parameters K , T , t1, and t2 can be chosen to obtain the correct frequency re-

sponse at o�:

DTð jo�Þ ¼ Dminð jo�Þ;

Figure 10.15
Smallest stabilizing perturbations for simultaneous perturbations of all component activities in the Good-
win oscillator.
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and ensure that the norm of DT equals the norm of Dminð jo�Þ:

max
o
jDTð joÞj ¼ jDminð jo�Þj:

The fitted transfer function DTðsÞ can be realized as a set of three first-order linear

di¤erential equations, which can then be combined with the nonlinear di¤erential

equations of the original model (10.1). Note that the input to the linear perturbation

should be deviations of the network state variables x from their steady-state values,

and that the output of the perturbation system are perturbations added to the state

variables x. The smallest pairwise perturbation, Dmin;13, to transform the unstable

steady state into a Hopf bifurcation point for the Goodwin oscillator was imple-

mented in the nonlinear model (10.19) according to the above procedure. The re-

sponse D13ð jo�Þ ¼ �0:112þ 0:174j at o� ¼ 0:345 was fitted to the transfer function

(10.20) with K ¼ �0:24, T ¼ 2:12, t1 ¼ 5:80 and t2 ¼ 0:58. The transfer function DT

can be realized as a set of linear di¤erential equations:

dz1ðtÞ
dt
¼ 1

t1
ð�z1ðtÞ þ x3ðtÞÞ;

dz2ðtÞ
dt
¼ 1

T
ð�z2ðtÞ þ 2Kðx3ðtÞ � z1ðtÞÞÞ;

dz3ðtÞ
dt
¼ 1

t2
ð�z3ðtÞ þ z2ðtÞ � Kðx3ðtÞ � z1ðtÞÞÞ;

xD
3 ðtÞ ¼ x3ðtÞ � z1ðtÞ;

and the perturbation introduced in the di¤erential equation for x1 as

dx1ðtÞ
dt

¼ v1
Kn

1

Kn
1 þ ðx3ðtÞ þ xD

3 ðtÞÞn
� v2

x1ðtÞ
K2 þ x1ðtÞ : ð10:21Þ

The resulting bifurcation diagram is shown in figure 10.16. As can be seen, the for-

merly unstable steady state at v1 ¼ 0:7 of the nominal Goodwin oscillator (figure

10.7) has been translated into a Hopf bifurcation point, and the limit cycle has col-

lapsed into the Hopf bifurcation. The qualitative behavior of the model has changed

and the autonomous periodic solution is removed by the perturbation Dmin;13.

A simulation of the perturbed nonlinear Goodwin oscillator is shown in figure

10.17. Because, for the first 50 hours, the feedback loop through the perturbation is

not closed, the perturbation does not exhibit its full e¤ect on the nonlinear model. As

can be seen, over this time interval, the perturbation reduces the e¤ect of transcription
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Figure 10.16
Bifurcation diagram for the perturbed Goodwin oscillator. The perturbation has induced a Hopf bifurca-
tion (HB) at the nominal parameter value v1 ¼ 0:7. Compare with the nominal bifurcation diagram before
the perturbation in figure 10.7.

Figure 10.17
Simulation of the perturbed Goodwin oscillator, showing nominal (solid line) and perturbed (dashed line)
state. After 50 hours, the feedback loop is closed, and the perturbation starts a¤ecting the nonlinear model,
resulting in dampened oscillations.
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factor x3 on gene activity x1 by approximately 10% while advancing the e¤ect about

one hour. The phase advance can be seen as a reduction in the delay of the transcrip-

tion reaction. When closing the loop with the perturbation after 50 hours, the peri-

odic oscillations dampen out and the system goes to a stable steady state.

The Goodwin oscillator was presented to shed light on the biological interpreta-

tion of applied perturbations and their impact on the network function. We now

turn to more complex networks to demonstrate the usefulness of our proposed

method in analyzing robustness, detecting fragilities, elucidating key mechanisms,

and reducing models.

10.8 Case Study 1: The MAPK Signaling Cascade

One of the most studied signaling systems in the literature (Qiao et al., 2007), the

mitogen-activated protein kinase (MAPK) signaling cascade is conserved in most

eukaryotic cells. An early mathematical model of the cascade (Huang and Ferrell,

1996) postulates 22 biochemical components and 10 biochemical reactions, and con-

sists of 22 ordinary di¤erential equations with 37 parameters. The presence of 7 moi-

ety conservation relationships implies that the model can be reduced to 15 ODEs

combined with 7 algebraic equations (Qiao et al., 2007). The signaling network is

illustrated in figure 10.18.

Figure 10.18
Mitogen-activated protein kinase (MAPK) signaling cascade.
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Huang and Ferrell (1996) show that the MAPK cascade can produce an input-

output response curve that is ultrasensitive, having a large slope in the transition

from low- to high-output response. The input-output response curve for the nominal

model is shown in figure 10.19. In later papers, Xiong and Ferrell (2003) demonstrate

that adding a positive feedback around the ultrasensitive response curve, from output

to input, can result in a bistable response, and Kholodenko (2000) shows that ultra-

nsensitivity combined with negative feedback can cause sustained oscillations in the

MAPK cascade. More recently, Qiao et al. (2007) show, through an extensive multi-

dimensional parameter search evaluating 20,000 di¤erent parameter sets, that the

original Huang and Ferrell model without external feedback is also capable of dis-

playing bistability and sustained oscillations for specific choices of parameter combi-

nations. Here we analyze the nominal Huang and Ferrell model to determine its

structural robustness: how large the structural perturbations must be to translate the

ultrasensitive response curve into a bistable and oscillating response curve, respec-

tively. We choose E1tot ¼ 4� 10�6 as the nominal input value, corresponding to an

output activity of MAPK-PP ¼ 0:44.

Let us first consider the overall robustness of the network when all 15 states are

perturbed simultaneously, corresponding to a diagonal perturbation matrix DI . The

corresponding minimum-size perturbation, as computed using the structured singu-

lar value m in equation (10.12), is shown as a function of frequency in figure 10.20.

Note that only lower and upper bounds for m can be computed, but that these are

so tight that they cannot be distinguished. The minimum perturbation, correspond-

ing to the maximum mDI
-value, is obtained at frequency o ¼ 0, corresponding to

Figure 10.19
Input-output response curve of the nominal Huang and Ferrell model (1996).
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steady state. Thus inducing a saddle-node bifurcation requires the smallest perturba-

tion. At o ¼ 0, the value of mDI
is 2:2� 104, implying that a relative perturbation

of only 0.005% in the activities of all components is su‰cient to induce a saddle-

node bifurcation. Thus, we can conclude that the model is highly fragile to structural

perturbations.

To obtain more detailed information on the structural fragility of the model, we

compute the required perturbations in single components and specific pairwise inter-

actions as given by equation (10.15) and equation (10.17) respectively. We first con-

sider saddle-node bifurcations, and hence frequency o ¼ 0 only. The results are

shown in figure 10.21. As can be seen, there are 6 components that require small per-

turbations in their steady-state e¤ect on the other components of the network to in-

duce a saddle-node bifurcation. For the pairwise interactions, there are 25 out of a

total of 61 existing direct interactions that can be perturbed by less than 10% to in-

duce a saddle-node bifurcation. For instance, the e¤ect of component 8 (MAPKK-

PP) on component 13 (MAPKK-PP � MAPK-P complex) requires a relative

perturbation D13;8 ¼ 1:63� 10�4 to induce a saddle-node bifurcation for the nominal

input. Implementing this as a static perturbation in the original nonlinear model, that

is, perturbing the di¤erential equation for state x13 according to

dx13
dt
¼ f13ðx1; x2; . . . ; x8 þ D13;8ðx8 � xss

8 Þ; x9; . . . ; x15; pÞ

Figure 10.20
Measure of the overall structural robustness of the Huang and Ferrell model (1996), using a complex diag-
onal perturbation DI corresponding to perturbing all components simultaneously. The minimum-size per-
turbation that induces a bifurcation in the network at E1tot ¼ 4� 10�6 is kDIk ¼ 1=mDI

, thus a large mDI

implies weak robustness.
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yields the response curve shown in figure 10.22a. As can be seen, the small perturba-

tion induces a saddle-node bifurcation at E1tot ¼ 4� 10�6 and another one close to

this point, leading to a small range of bistability. If we double the perturbation, that

is, let D13;8 ¼ 3:26� 10�4, then the bifurcation diagram in figure 10.22b is obtained.

Now the nominal steady state is unstable, with the Jacobian A having a real eigen-

value in the right half plane, and the response curve displays a larger region of bista-

ble behavior.

We next consider the size of a dynamic perturbation required to induce a Hopf bi-

furcation, and thus a limit cycle behavior, in the MAPK model. The results, not

shown here, reveal that several components of the MAPK model can be dynamically

perturbed by a relatively small amount to induce a Hopf bifurcation. For compo-

nent 7 (MAPKKK-P � MAPKK-P complex), we find that a relative perturbation

D7ð jo�Þ ¼ 5:10� 10�4 þ j1:67� 10�4 at the frequency o� ¼ 0:0145 is su‰cient to

induce a Hopf bifurcation at the nominal input E1tot ¼ 4� 10�6. Fitting this fre-

quency response to the transfer function DTðsÞ equation (10.20) and implementing

the resulting linear di¤erential equations in the Huang and Ferrell model yields the

bifurcation diagram in figure 10.23a. As can be seen, the small structural pertur-

bation induces a Hopf bifurcation at the nominal point and makes the steady state

unstable for inputs up to E1tot ¼ 9:8� 10�6 at which point there is another Hopf bi-

furcation. As can be seen from the bifurcation diagram, large amplitude oscillations

exist between the two Hopf points. Figure 10.23b shows a simulation of the oscilla-

tions for E1tot ¼ 4:2� 10�6.

Figure 10.21
Relative static perturbations in single components (a) and pairwise interactions (b) of the MAPK network
required to induce a saddle-node bifurcation at the nominal input value E1tot ¼ 4� 10�6.
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Figure 10.22
Response curve of MAPK network after perturbing the e¤ect of component 8 (MAPKK-PP) on compo-
nent 13 (MAPKK-PP�MAPK-P complex) by a static relative perturbation (a) D13; 8 ¼ 1:63� 10�4 and
(b) D13; 8 ¼ 3:26� 10�4.

Figure 10.23
(a) Response curve of MAPK network after dynamic perturbation of component 7 (MAPKKK-P�
MAPKK-P) by 0.05% at the frequency o ¼ 0:0145, showing amplitude of oscillations between Hopf
points ( filled circles). (b) Simulation of oscillations for E1tot ¼ 4:2� 10�6.
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In conclusion, using the proposed robustness analysis method, we find the struc-

ture of the MAPK model in Huang and Ferrell (1996), to be highly unrobust, and

that small perturbations of the network interactions can induce either saddle-node

bifurcations, leading to bistability, or Hopf bifurcations, leading to sustained oscilla-

tions. Whether this is a weakness of the model, or reflects a feature of the real biolog-

ical system is a question we leave for future studies.

10.9 Case Study 2: Metabolic Oscillations in Activated Neutrophils

The model of the central metabolism of an activated neutrophil (white blood cell)

presented by Olsen et al. (2003) will be referred to here simply as the neutrophil

model. The model’s 16 states, represented by 16 ordinary di¤erential equations with

25 parameters, correspond to concentrations of biochemical substances, divided be-

tween two compartments: the cytosol and the phagosome. That the model has two

conserved moieties implies that it has only 14 independent states. Most of its

reactions are well documented and the rate constants have been determined. A main

feature is the model’s ability to reproduce the temporal oscillations observed in vitro,

as when measuring NAD(P)H through fluorescence techniques. All components of

the model oscillate with the same period, approximately 25 seconds (Olsen et al.,

2003). Although spatial waves that move along the cell interior have also been

observed in experiments (Kindzelskii and Petty, 2002; Petty, 2000), because the neu-

trophil model contains only two compartments, these cannot be captured. When

researchers added di¤usion to the cytosol compartment in an attempt to reproduce

the spatiotemporal oscillations (Cedersund, 2004), they were unable to reproduce

any oscillations in the model, even for relatively large di¤usion coe‰cients. This

was surprising because the model had been shown to be highly robust to parametric

perturbations (Cedersund, 2004; Jacobsen and Cedersund, 2008). That even small

spatial e¤ects completely alter its predicted behavior, however, indicates a severe

structural fragility.

Although Jacobsen and Cedersund (2008) present a complete structural robustness

analysis of the neutrophil model, here we show only the most important results. Fig-

ure 10.24 shows the overall robustness result in terms of mDI
for the case of simulta-

neous perturbations of all 14 states. We can see that the model has some severe

structural fragility from the maximum value mDI
¼ 397 at the frequency o ¼ 0:26

rad/s, corresponding to a 0.25% simultaneous change in the e¤ect of all network

metabolites to induce a Hopf bifurcation.

To identify the specific fragilities, we compute the robustness to specific pairwise

interactions as given by equation (10.17). The results, in terms of the minimum per-

turbation over all frequencies are shown in figure 10.24b: the most severe fragilities
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are in the direct interaction between metabolites 2 and 5, and 2 and 1, all in the

phagosome compartment, requiring perturbations of less than 1% to induce a Hopf

bifurcation. The computed minimum perturbation for the e¤ect of component 1

on component 2 is D2;1 ¼ 0:0032� j0:0089 at o ¼ 0:26 rad/s. We find that this

is mainly a phase-lag perturbation and thus can be fitted to a pure time delay.

That is, we can fit 1þ D2;1 to a transfer function e�ys corresponding to a pure time

delay y in the e¤ect of metabolite 1 on metabolite 2. The fitted value of the time

delay is y ¼ 0:04 s, which should be compared to the oscillation period of about

25 seconds.

Figure 10.25 shows the bifurcation diagram for the unperturbed and perturbed

neutrophil model with a reaction rate constant k12 as bifurcation parameter. The

nominal neutrophil model corresponds to k12 ¼ 30. As shown in figure 10.25, a time

delay y ¼ 0:04 s in the e¤ect of metabolite 1 on metabolite 2 induces a Hopf bifurca-

tion point at the nominal steady state, thereby removing the oscillations in the nom-

inal model. Also shown is the bifurcation diagram when the delay is increased to

y ¼ 0:07 s, with the result that the oscillations are removed for all values of the pa-

rameter k12.

In summary, structural robustness analysis reveals the structure of the model pro-

posed by Olsen et al. (2003) to be highly unrobust. The results serve to explain the

di‰culties in including spatial e¤ects in the model, corresponding to a structural

modification of the model. The main identified fragilities, involving interactions be-

tween metabolites in the phagosome, point to a need to refine this part of the model.

Figure 10.24
(a) Measure of the overall structural robustness of the neutrophil model using a complex diagonal pertur-
bation DI corresponding to perturbing all metabolites simultaneously. (b) Robustness to perturbations of
specific pairwise metabolite interactions.

Structural Robustness of Biochemical Networks 219



Figure 10.25
Bifurcation diagrams for neutrophil model with di¤erent perturbation delays y in the e¤ect of metabolite 1
on metabolite 2 in the phagosome. The nominal parameter value is k12 ¼ 30.
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10.10 Case Study 3: The Mammalian Circadian Clock

To illustrate the use of our proposed method to identify key interactions underlying a

given function, and to reduce models accordingly, we consider the model of circadian

oscillations in mammals presented in Leloup and Goldbeter (2003). Based on experi-

mental observations of intertwined positive and negative gene regulatory feedback

loops in mice, the model consists of five genes and their products. Only three of the

genes are considered to be directly involved in generating the circadian oscillations,

while two genes are assumed to be constantly expressed. As shown by the network in

figure 10.26, the directly involved genes correspond to three genes that are feedback

regulated: per, cry, and bmal1. The model predicts autonomous sustained oscillations

with a period of 23.8 hours in conditions corresponding to continuous darkness,

which are entrained by 12-hour light/dark cycles to have a period of 24 hours (see

figure 10.27). The entrainment is made possible by the fact that the per gene activity

is influenced by light. Here we consider the structural robustness of the model in con-

tinuous darkness, that is, with autonomous oscillations.

Figure 10.28 shows the relative perturbations required in single components and

specific pairwise interactions, respectively, to induce a Hopf bifurcation in the Leloup

and Goldbeter model (2003). We first note that this model, compared to the MAPK

and neutrophil models, is relatively robust in that perturbations of at least 42% in the

concentrations of single components (and of a somewhat greater percentage for per-

turbations of specific interactions) are required to remove the circadian oscillations.

Figure 10.26
Schematic diagram of gene regulatory network proposed by Leloup and Goldbeter (2003). The numbers
refer to the 16 states in the model, corresponding to mRNAs, proteins, and protein complexes in the cyto-
plasm and nucleus; the arrows indicate direct interactions between the components, resulting from bio-
chemical reactions or transport mechanisms.
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Figure 10.27
Circadian autonomous oscillations (solid line) and entrained oscillations to 12-hour light/dark cycles
(dashed line) in the mRNA concentration of the per gene.

Figure 10.28
Minimum relative perturbations of (a) single components and (b) specific interactions required to induce a
Hopf bifurcation in the Leloup and Goldbeter circadian model (2003).
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We also note from the figure that only five components can be perturbed by less than

100% to remove the oscillations by inducing a Hopf point.

Because complete removal of the e¤ect of changes in a single component corre-

sponds to a perturbation Di ¼ �1, if a component requires a perturbation kDik > 1

to induce a bifurcation, this implies that the component can be removed without af-

fecting the presence of the function, in this case, the circadian oscillations. Note that

‘‘removing a component’’ implies replacing it by a constant equal to its nominal con-

centration, that is, removing the dynamic interactions with the other components.

The results in figure 10.28 thus indicate that all but five of the components can be

removed from the model; we say ‘‘indicate’’ since the argument strictly only holds

when single components are removed. The resulting subnetwork with five compo-

nents is shown in figure 10.29, and as can be seen it involves a single feedback loop

around the per gene (component 1). The oscillations predicted by the reduced 5-state

model are shown together with the oscillations of the full 16-state model in figure

10.29; the 5-state model predictions are seen to be close to those of the full 16-state

model. This final case study has demonstrated the usefulness of structural robust-

ness analysis both for detecting key subnetworks underlying given functions and for

performing nonlinear model reduction. Note that a significant advantage of the pro-

posed reduced model is that it retains the biological interpretation of the full model’s

states.

Figure 10.29
(a) Highlighted parts of the network correspond to the components and interactions identified as the mech-
anism underlying the circadian oscillations in the Leloup and Goldbeter model (2003). (b) Simulation of
circadian oscillations with the full 16-state model (solid line) and the corresponding reduced 5-state model
(dashed line).
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10.11 Summary and Conclusions

Biochemical network models are characterized by a high level of parametric and

structural uncertainty, reflecting incomplete knowledge of the underlying processes.

The impact of parametric uncertainty is routinely analyzed to validate models. In

contrast, structural uncertainty is rarely addressed, mainly due to a lack of readily

available methods to quantify its impact. In this chapter, we have proposed a

control-theoretic method for analyzing structural robustness of biochemical network

models. As we have shown, our method can be used not only to quantify structural

robustness, but also to identify specific network fragilities and determine key sub-

structures underlying a given function. We have demonstrated the method by apply-

ing it to models of MAPK signaling, metabolic oscillations in activated neutrophils,

and mammalian circadian clocks. For the MAPK model, it was found that small

structural perturbations can induce bistability as well as sustained oscillations in the

signaling. For the neutrophil model, a specific metabolic reaction was identified as a

severe fragility and a small delay in this reaction was shown to remove the oscillatory

behavior. For the relatively robust circadian clock model, structural robustness anal-

ysis was used to identify a 5-state subnetwork within the full 16-state network chiefly

responsible for the circadian oscillations.
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11Robustness of Oscillations in Biological Systems

Jongrae Kim and Declan G. Bates

The oscillations observed in biological systems display a rich variety of dynamics and

are typically generated by sophisticated multivariable feedback control mechanisms

whose underlying design principles are obscure. It is hardly surprising, then, that the

study of such systems using mathematical techniques, including methods from sys-

tems and control engineering, has a long and varied history (Goldbeter, 1996; Kho-

lodenko et al., 1997; Linkens, 1979; Rapp, 1975). Until recent years, however, most

such analyses of oscillatory biological systems have concentrated on establishing

conditions for nominal stability or performance properties of the oscillations, while

perhaps using phase-plane analysis to investigate the e¤ect of varying individual

parameters. Because many of these studies were undertaken long before the issue of

robustness had come to dominate mainstream control theory, this is hardly surpris-

ing. And because oscillations in physical engineering systems are typically problems

to be avoided, relatively few robust control theorists have been interested in analyz-

ing their robustness. Recent recognition of the potential of robustness analysis meth-

ods to help in the development, refinement, and validation of mathematical models

of biological systems has radically altered this situation, however. Intensive e¤orts

are now under way to develop analytical techniques to quantify the robustness of

models of oscillatory biological systems. This chapter describes a number of promis-

ing methods for the robustness analysis of such systems and shows how such analysis

can shed new light on the underlying design principles of the systems concerned. We

apply the proposed methods to analyze the robustness of oscillations in the concen-

tration of adenosine 3 0; 5 0-cyclic monophosphate (cAMP) observed during the aggre-

gation phase of starvation-induced development in Dictyostelium discoideum. We

also highlight the important roles played by stochastic noise in ensuring the robust-

ness of biological oscillations.

11.1 Robust cAMP Oscillations in Aggregating Dictyostelium Cells

The social amoeba Dictyostelium discoideum normally lives in forest soil, where

it feeds on bacteria (Othmer and Schaap, 1998). Under conditions of starvation,



Dictyostelium cells begin a program of development during which they aggregate and

eventually form spores atop a stalk of vacuolated cells. At the beginning of this

process, the amoebae become chemotactically sensitive to cAMP and, by six to ten

hours, almost all of them acquire competence to relay cAMP signals (Gingle and

Robertson, 1976). After eight hours, a few pacemaker cells start to emit cAMP peri-

odically (Raman et al., 1976). Surrounding cells move toward the cAMP source

and relay the cAMP signal to more distant cells. Eventually, the entire population

collects into mound-shaped aggregates containing up to 100,000 cells (Coates and

Harwood, 2001). The processes involved in cAMP signaling in Dictyostelium are

mediated by a family of cell surface cAMP receptors (cARs) that act on a spe-

cific heterotrimeric G protein to stimulate actin polymerization, and activation of

adenylyl and guanylyl cyclases, among other responses (Parent and Devreotes,

1996). Most of the components of these pathways have mammalian counterparts,

and much e¤ort has been devoted in recent years to the study of signal transduc-

tion mechanisms in these simple microorganisms, with the eventual aim of improv-

ing understanding of defects in these pathways that may lead to disease in humans

(Williams et al., 2006).

Laub and Loomis (1998) proposed a network model of interacting proteins that

can account for the spontaneous oscillations in adenlylate cyclase activity that are

observed in homogeneous populations of Dictyostelium cells four hours after the ini-

tiation of development (see figure 11.1). Analyses of the numerical solutions of the

nonlinear di¤erential equations making up the model suggest that it faithfully repro-

duces the observed periodic changes in adenosine 3 0; 5 0-cyclic monophosphate

(cAMP). In particular, periods, amplitudes, and phase relations between oscillations

in enzyme activities and internal and external cAMP concentrations were seen to

agree well with experimental observations (Laub and Loomis, 1998).

The Laub and Loomis model for the cAMP oscillations is given by a set of seven

nonlinear coupled ordinary di¤erential equations as follows:

dx1
dt
¼ k1x7 � k2x1x2; ð11:1aÞ

dx2
dt
¼ k3x5 � k4x2; ð11:1bÞ

dx3
dt
¼ k5x7 � k6x2x3; ð11:1cÞ

dx4
dt
¼ k7 � k8x3x4; ð11:1dÞ

dx5
dt
¼ k9x1 � k10x4x5; ð11:1eÞ
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dx6
dt
¼ k11x1 � k12x6; ð11:1fÞ

dx7
dt
¼ k13x6 � k14x7; ð11:1gÞ

where t is time, x1 is adenlylyl cyclase of aggregation (ACA), x2 is the protein kinase

A (PKA), x3 is the MAP kinase ERK2 (extracellular signal-regulated kinase 2), x4 is

intracellular phosphodiesterase RegA, x5 is internal cAMP, x6 is external cAMP,

and x7 is the high-a‰nity cell surface cAMP receptor CAR1. The nominal values

for the kinetic constants, ki, are given in table 11.1. Note that all quantities are given

as micromolar concentrations. As shown in figure 11.1, after external cAMP binds

to the cell surface receptor CAR1, CAR1 activates adenylyl cyclase ACA and the

mitogen-activated protein kinase ERK2. ACA then stimulates the production of

intracellular cAMP, which in turn, activates the protein kinase PKA. PKA inhibits

ACA and ERK2, forming two negative feedback loops controlling the level of inter-

nal cAMP. PKA activity is decreased as the internal cAMP is hydrolyzed by RegA.

The internal cAMP is secreted to the outside of the cell and di¤uses between cells.

Thus, when external cAMP binds to CAR1, this forms a positive feedback loop.

Figure 11.1
Dictyostelium discoideum cAMP oscillation network (Laub and Loomis, 1998), showing activation or self-
degradation ( pointed arrows) and inhibition (blunted arrows).
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In the remainder of this chapter, three di¤erent approaches for the robustness

analysis of uncertain systems are applied to the above network model. Here robust-

ness is defined as the ability of the biochemical network model to reproduce the ex-

perimentally observed oscillations in cAMP, ACA, and so on in the presence of

realistic levels of variation in multiple kinetic parameters. The first method measures

local stability robustness properties of the oscillations using the structured singular

value m, a tool developed in the field of robust control theory to measure the robust-

ness of feedback control systems to multiple forms of uncertainty. The second

method uses a global optimization algorithm to search for the smallest variation

in the nonlinear model parameters that drives the states of the system to a nonoscil-

latory behavior. Finally, a stochastic analysis is performed using Monte Carlo simu-

lation to highlight the significant e¤ect that intracellular noise can have on the

robustness of biomolecular networks.

11.2 Deterministic Robustness Analysis

11.2.1 Local Robustness Analysis

The structured singular-value or m-analysis method is a standard tool for the robust-

ness analysis of linear systems in feedback control engineering (Balas et al., 2008). To

make it easier to understand the basic concepts and formulations of m-analysis, con-

sider the following simple ordinary di¤erential equation:

dxðtÞ
dt
¼ kxðtÞ; ð11:2Þ

where xðtÞ is the concentration of some molecular species that degrades (for k < 0)

with rate k. Let the rate be given by k ¼ �2ð1þ dÞ, where d is the uncertainty in the

estimate of the kinetic rate constant. The concentration of x converges to zero expo-

Table 11.1
Nominal values of the kinetic constants

Parameter Nominal value Parameter Nominal value

k1 [1/min] 2.0 k8 [1/(mM min)] 1.3

k2 [1/(mM min)] 0.9 k9 [1/min] 0.3

k3 [1/min] 2.5 k10 [1/(mM min)] 0.8

k4 [1/min] 1.5 k11 [1/min] 0.7

k5 [1/min] 0.6 k12 [1/min] 4.9

k6 [1/(mM min)] 0.8 k13 [1/min] 23.0

k7 [mM/min] 1.0 k14 [1/min] 4.5
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nentially as t increases if k is strictly less than zero, as the solution to the di¤erential

equation is given by xðtÞ ¼ x0e
�2ð1þdÞt, where x0 is the initial concentration of x. The

necessary and su‰cient condition for xðtÞ to converge to zero, that is, for the system

to be stable, is that the exponent be strictly less than zero; in this case, that d be

greater than �1.
We now consider the vector case

dxðtÞ
dt
¼ KðdÞxðtÞ; ð11:3Þ

where xðtÞ is an n-dimensional nonnegative real vector, whose elements represent the

concentration of di¤erent molecular species, and KðdÞ is a kinetic rate matrix whose

dimension is n� n and whose value is a function of the uncertain vector d whose di-

mension is p. Again, the solution is given by

xðtÞ ¼ eKðdÞtx0;

where, for the vector case, the exponential is the matrix exponential (chapter 1). Sim-

ilar to the scalar case, the necessary and su‰cient condition for xðtÞ to converge to

zero as t increases is that all the real parts of the eigenvalues of KðdÞ be strictly less

than zero (section 1.4). It is well known, however, that eigenvalues are often poor

measures of robustness (Doyle and Stein, 1979). That is, there are many cases where

a tiny perturbation could make the trajectories diverge to infinity for a specific un-

certainty, even when the eigenvalues are far away from the positive real region. In

robust control theory, the following alternative approach is usually adopted to avoid

this problem (Balas et al., 2008). Consider the scalar example, equation (11.2), for k

equal to �2ð1þ dÞ. It can be rewritten as follows by decoupling the known part and

the uncertain part:

dxðtÞ
dt
¼ �2xðtÞ þ wðtÞ; ð11:4aÞ

zðtÞ ¼ �2xðtÞ; ð11:4bÞ
where the uncertain part wðtÞ is given by dzðtÞ. Hence the above system considers the

e¤ect of the uncertain part, wðtÞ, as an input to the system and wðtÞ is given by

the product of the system output, zðtÞ, and the uncertain gain, d. This decoupling is

always possible when the uncertain parameter, d, appears as a rational polynomial

function, and the resulting form is called a linear fractional transformation (LFT).

Using the Laplace transform, equation (11.4) may be transformed as follows:

ZðsÞ ¼MðsÞWðsÞ; ð11:5Þ
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where s denotes the Laplace transform variable, ZðsÞ and WðsÞ are the Laplace

transforms of zðtÞ and wðtÞ, respectively, and

MðsÞ ¼ � 2

sþ 2
: ð11:6Þ

The linear fractional transformation forms a feedback loop, as shown in figure

11.2. MðsÞ can be considered as a system with input wðtÞ and output zðtÞ. Because
MðsÞ is a linear system, it can be characterized completely by its frequency response.

Suppose that we disconnect d and wðtÞ, thus breaking the feedback loop of figure

11.2. Suppose, also, that we introduce the sinusoidal input wðtÞ ¼ e jot, where j ¼ffiffiffiffiffiffiffi�1p
and o is the frequency which ranges from 0 to infinity. For each choice of fre-

quency, zðtÞ will eventually reach an oscillatory steady state given by

zðtÞ ¼Mð joÞe jot ¼Mð joÞwðtÞ:
Equivalently,

Zð joÞ ¼Mð joÞWð joÞ:
We can now close the feedback loop by setting Wð joÞ ¼ dZð joÞ and observe how

the internal signal changes. In particular, this leads to

½1�Mð joÞd�Zð joÞ ¼ 0: ð11:7Þ
From equation (11.7), if 1�Mð joÞd0 0, then Zð joÞ must be equal to zero. On the

other hand, if 1�Mð joÞd ¼ 0, then Zð joÞ is undefined. This represents the bound-

ary between the stable and unstable regions of the feedback system.

For the vector case, where the uncertain parameters ðdiÞ are real numbers, d is

replaced by a diagonal matrix, D, whose diagonal terms are given by the uncertain

parameters. Moreover, the singularity condition of equation (11.7) is replaced by

det½I �Mð joÞD� ¼ 0; ð11:8Þ

Figure 11.2
M-D structure for m-analysis.
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where I is the identity matrix whose dimension is the same as Mð joÞD. Equation
(11.8) characterizes perturbations D under which the system is unstable. Hence we

want to calculate the uncertainty matrix, D, that makes the determinant equal to

zero. Of course, in general, there will be an infinite number of matrices D that satisfy

equation (11.8). We are interested in the uncertainty matrix whose magnitude is

smallest among them because this defines the smallest variation in the model param-

eters for which the system loses stability. Although, in theory, this singularity condi-

tion must be checked at all frequencies o A ½0;yÞ, in practice, it is usually su‰cient

to check for a finite number of grid points over the frequency range.

The structured singular value, mðoÞ, is thus defined as

1

mðoÞ ¼ min
D
fsðDÞ j det½I �Mð joÞD� ¼ 0; for D A BDg; ð11:9Þ

for o A ½0;yÞ, where sð�Þ denotes the maximum singular value, and BD is a set

defined by

BD ¼ fD jD ¼ diag½d1I1; d2I2; . . . ; dpIp�g; ð11:10Þ
where diag½ . . . � is a diagonal matrix, di is the uncertain parameter, and Ii is the iden-

tity matrix whose dimension depends on how the uncertain parameter appears in

the equations describing the system. Constructing a linear fractional transformation

that has minimal dimensions for each Ii is sometimes challenging. Moreover, because

calculating the value of m exactly is most often prohibitively expensive from a com-

putational point of view, in practice, lower and upper bounds on m are generally

computed (for more on m-analysis, see Balas et al., 2001; Skogestad and Post-

lethwaite, 2005).

We now describe the process of converting the nonlinear oscillatory model (11.1)

into a form that can be used for m-analysis. Let the original nonlinear di¤erential

equations for the model (11.1) be written in compact form as

dx

dt
¼ f ðx; kÞ; ð11:11Þ

where x ¼ ½x1; x2; . . . ; x7�T , k ¼ ½k1; k2; . . . ; k14�T , and f ð� ; �Þ is given by equa-

tion (11.1). Uncertainty is included in each kinetic parameter by setting:

ki ¼ kið1þ diÞ; ð11:12Þ
for i ¼ 1; 2; . . . ; 14. With the nominal values of the ki (corresponding to all di being

equal to zero) given in table 11.1, the model exhibits stable limit cycle trajectories in

all states.
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To obtain the limit cycle model, we use a harmonic balance method (Ma and Igle-

sias, 2002). First, we write the limit cycle, namely, the nominal trajectory, as

x�i ðtÞ ¼ a0; i þ
Xy
n¼1

an; i cos
2pnt

t
þ fn; i

� 	
; ð11:13Þ

for i ¼ 1; 2; . . . ; 7, where t is the period of the limit cycle. Though, in theory, the sum

in equation (11.13) is infinite, in practice, the upper bound of the summation is lim-

ited to a finite number.

Next, we linearize the nonlinear di¤erential equation about the nominal trajectory,

x�ðtÞ ¼ ½x�1 ðtÞ; x�2 ðtÞ; . . . ; x�7 ðtÞ�T , writing the model as a linear periodically time-

varying di¤erential equation:

dxpertðtÞ
dt

¼ AðtÞxpertðtÞ þ BðtÞwsðtÞ; ð11:14aÞ

zsðtÞ ¼ CðtÞxpertðtÞ þDðtÞwsðtÞ; ð11:14bÞ
where AðtÞ ¼ Aðtþ tÞ, BðtÞ ¼ Bðtþ tÞ, CðtÞ ¼ Cðtþ tÞ, DðtÞ ¼ Dðtþ tÞ, and each

element of the vector xpert is the displacement of the corresponding state from x�i for

i ¼ 1; 2; . . . ; 7. To transform this model to a linear, time-invariant system, the model

is discretized. Using a technique called ‘‘lifting’’ (Ma and Iglesias, 2002), we then

convert the resulting periodic state-space matrices to constant matrices.

For a fixed time, tk, which is an element of ½t; tþ tÞ, equation (11.14) is discretized

as follows:

xpertðtkþ1Þ ¼ FðtkÞxpertðtkÞ þ GðtkÞwsðtkÞ; ð11:15aÞ
zsðtkÞ ¼ HðtkÞxpertðtkÞ þ JðtkÞwsðtkÞ; ð11:15bÞ
where

FðtkÞ ¼ eAðtkÞh; ð11:16aÞ

GðtkÞ ¼
ð h
0

eAðtkÞh dh
� 	

BðtkÞ; ð11:16bÞ

HðtkÞ ¼ CðtkÞ; ð11:16cÞ
JðtkÞ ¼ DðtkÞ; ð11:16dÞ
where tk ¼ kt=ndsc, for k ¼ 0; 1; . . . , and t0 is set to zero without loss of generality.

The approximation error can be reduced by increasing the number of discretization
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points, ndsc, but because this also increases the dimension of the problem and hence

the computational burden of the m bound calculations, in practice, a sensible trade-

o¤ is required. We now convert this to a discrete-time, time-invariant system through

lifting. To demonstrate the lifting procedure, we first set k to zero. Then

xpertðt1Þ ¼ Fðt0Þxpertðt0Þ þ Gðt0Þwsðt0Þ: ð11:17Þ
For k ¼ 1,

xpertðt2Þ ¼ Fðt1Þxpertðt1Þ þ Gðt1Þwsðt1Þ
¼ Fðt1ÞðFðt0Þxpertðt0Þ þ Gðt0Þwsðt0ÞÞ þ Gðt1Þwsðt1Þ

¼ Fðt1ÞFðt0Þxpertðt0Þ þ ½Fðt1ÞGðt0Þ Gðt1Þ� wsðt0Þ
wsðt1Þ
� �

:

Subsequently, accumulating all wsðtkÞ from t0 to tndsc�1, and propagating the state

xpertðt0Þ to xpertðtndscÞ, we obtain a time-invariant discrete-time system. A similar pro-

cedure is also applied for zsðkÞ and the corresponding matrices.

Finally, using a zero-order hold or some other sampling method (Chen and Fran-

cis, 1996), we transform the linear, time-invariant discrete-time system back to the

continuous-time domain to give

dxpertðtÞ
dt

¼ AxpertðtÞ þ BwðtÞ; ð11:18aÞ

zðtÞ ¼ CxðtÞ þDwðtÞ; ð11:18bÞ
where xpertðtÞ is a small displacement from x�ðtÞ, wðtÞ is equal to DzðtÞ, and wðtÞ and
zðtÞ are the accumulated vectors of wsðtÞ and zsðtÞ from the lifting procedure, respec-

tively (for more on this transformation procedure, see Kim et al., 2006). The system

is now in the standard form for application of m-analysis techniques, and MðsÞ in fig-

ure 11.2 is given by

MðsÞ ¼ CðsI � AÞ�1B þD: ð11:19Þ
The number of discretization points along the limit cycle, ndsc, is set to 39, which is

the minimum number of points guaranteeing that the eigenvalues of A do not change

by more than 0.001 for subsequent increases in ndsc. Note that, as a result of the

transformations described above, the uncertainty matrix D is now made up of 39 re-

peated blocks of 13 real uncertain parameters. Because it is not multiplied by any xi
in equation (11.1), one of the 14 original uncertain parameters, k7, does not appear.

Hence the robustness analysis results derived from this approach could slightly un-

derestimate the e¤ects of uncertainty on the system. Application of the standard
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algorithms for computing bounds on m (Balas et al., 2001) to the system (11.18) pro-

duced the results shown in figure 11.3. The inverse of the peak of the upper bound on

m provides a maximum allowable level of uncertainty for which stable oscillations in

the original nonlinear system are guaranteed to persist. From the figure this corre-

sponds to a maximum allowable percentage variation in the parameters ki of only

1=842A0:12%, which may indicate poor robustness indeed. Unfortunately, owing

to the large number of repeated real parameters in the D matrix, the m lower bound

algorithms fail to converge; for the frequency range in the figure, they are all equal to

zero. It is thus not possible to establish from this analysis whether the indicated lack

of robustness is true (m is close to its upper bound) or not (m is much smaller than the

computed upper bound, that is, the upper bound is conservative). In the next section,

we resolve this issue by means of a global analysis. Note, however, that, despite its

various limitations, m-analysis provides a rigorous and elegant framework for the

robustness analysis of highly complex systems subject to multiple sources of uncer-

tainty. Its main advantage over other methods is that it can provide deterministic

guaranteed robustness bounds, which may easily be used to compare the relative

robustness of di¤erent systems or of di¤erent models of the same system.

11.2.2 Global Robustness Analysis

An alternative approach to robustness analysis is to employ optimization algorithms

directly to search for particular combinations of parameters in the ‘‘uncertain param-

Figure 11.3
m upper bound calculated using m-toolbox at each o (Balas et al., 2008).
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eter space’’ that maximize or minimize a particular cost function, whose value in

some way reflects the level of robustness achieved by the model. Local optimization

methods, for example, sequential quadratic programming (SQP; MathWorks, 2006),

that use gradient information are computationally e‰cient but can easily get locked

into local optima in the case of multimodal search spaces. On the other hand, global

optimization methods such as genetic algorithms (GAs; Goldberg, 1989), use sto-

chastic searches and evolutionary principles to approach the true global optimum, al-

beit at the cost of significantly increased computation. In the recent literature, several

researchers have proposed combining the two approaches (Davis, 1991; Yen et al.,

1995). Lobo and Goldberg (1996) provide some guidelines on designing hybrid ge-

netic algorithms, along with experimental results and supporting mathematical anal-

ysis. In the present application, a probabilistic switching scheme based on that

proposed by Lobo and Goldberg (1996) is used to switch dynamically between local

(SQP) and global (GA) algorithms depending on which algorithm most e¤ectively

optimizes the cost function at each iteration (for full details of the algorithm, see

Menon et al., 2006).

To apply the hybrid algorithm to test the robustness of the model’s limit cycle the

following cost function is minimized:

min
d AD

J ¼ min
d AD

ð tf
t0

_xx2
1 dt; ð11:20Þ

where

D ¼ d ¼ ½d1; d2; . . . ; d14�
���� di ¼ pd

100
� di; for i ¼ 1; 2; . . . ; 14

� �
;

where, in turn, di A ½�1; 1�, for i ¼ 1; 2; . . . ; 14, pd is the percentage level of uncer-

tainty, which will be specified for each optimization, and t0 and tf are chosen as 600

and 1,200 minutes, respectively. Note that, whereas d7 could not be included in the

m-analysis, d now includes all di, from i ¼ 1 to 14. This cost function was chosen be-

cause the state derivative will be zero whenever the states converge to a steady state

and the limit cycle does not exist. The lower limit of integration, t0 ¼ 600 minutes, is

chosen to reduce the e¤ect of initial transient responses. The hybrid algorithm tries

to find a d combination within the given boundary that minimizes the cost function.

After the minimum is found, the nonlinear di¤erential equations should be simulated

over a range of initial conditions with the given values of ki to check whether the

state converges to an equilibrium point. Depending on the result of this test, pd is

then increased or decreased until the minimum pd, denoted p�d , is found. Results of

the application of the hybrid optimization algorithm are displayed in figure 11.4,

which shows ACA trajectories with the optimal combination of uncertainties in the
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set D for three di¤erent values of pd. For all three cases, the optimal d minimizing the

cost J occurs at the same boundary point, that is,

d� ¼ pd

100
½�1;�1; 1; 1;�1; 1; 1;�1; 1; 1;�1; 1;�1; 1�:

Figure 11.4, clearly shows that, even for pd equal to 0.6 (corresponding toG0.6%

variations in the parameters), the optimization algorithm is able to find a parameter

combination that destroys the limit cycle in the network model. As the allowable

variation in the model parameters is increased, the rate of decay of the oscillations

becomes even more rapid—for a G2% variation the oscillations have completely

ceased in less than 6 hours. Thus our results confirm the poor robustness findings of

the previous m-analysis; that is, extremely small changes in the values of the model’s

parameters can destroy the required oscillatory behavior.

11.3 Stochastic Robustness Analysis

The model for cAMP oscillations given in equation (11.1) in terms of ordinary dif-

ferential equations corresponds to set of chemical reactions. Chemical reactions

occur with probabilities proportional to the chances of collision of the molecules

concerned.

Figure 11.4
E¤ect of di¤erent levels of parameter variation on oscillatory behavior. The global optimization was per-
formed on the interval from 10 to 20 hours. The longer simulations are shown to verify the results.
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Let a molecule C be a complex produced by the binding of molecules A and B:

Aþ B!k C: ð11:21Þ
If this reaction is observed in a large volume, such as in a population of Dictyoste-

lium cells, each of the species A, B, and C would be characterized by a concentration

of molecules; if micromolar, the units of the rate constant k would be 1/mM/min. In

that case, the following ordinary di¤erential equation model for concentrations is

valid:

dC

dt
¼ kA� B: ð11:22Þ

If, however, a small volume, say one cell as opposed to a population, is observed,

then A, B, and C should be described by molecule number, and the rate constant

converted into units of 1/(number of molecules)/min. Converting gives

k
1

mM min

� �
¼ k

10�6
l

mole min

� �
;

which leads to

k

10�6V
1

mole min

� �
¼ k

10�6NavV

1

amin

� �
; ð11:23Þ

where Nav is Avogadro’s number, 6:023� 1023, and V is the volume where the reac-

tion occurs, here the volume of the cell.

In a stochastic framework, the probability, P, that the reaction occurs within a

time interval of length dt is given by the product of a propensity function a and dt:

P ¼ a dt;

where the propensity function is given by

a ¼ k

10�6NavV
A� B;

where A and B now represent the number of molecules of the corresponding chemi-

cal species. The length of the time interval between reactions follows an exponential

distribution, and which reaction occurs at that instant depends on the propensity

functions. An exact simulation algorithm, Gillespie’s direct method, can be used to

realize the given chemical master equation (Gillespie, 1977; for details of the algo-

rithm, see chapter 2).

Variations of equation (11.22) are treated as follows. If A is more abundant than

both B and C, then the number of molecules of A is not significantly a¤ected by the
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reaction. In this case, A could be considered as a constant and the reaction could be

modified as follows:

B ���������!A�k=Nav=V=10�6
C; ð11:24Þ

that is, C is produced directly from B with a reaction rate that depends on A. If, in

addition, B is also abundant relative to C, then the reaction can be written as

q �����������!A�B�k=Nav=V=10�6
C: ð11:25Þ

Similar rules can be applied for the reactants. Using these rules, we can reconstruct

the chemical reaction network corresponding to the Laub and Loomis model as

follows:

CAR1!k1 ACAþ CAR1

ACAþ PKA ��������!k2=Nav=V=10�6
PKA

cAMPi!k3 PKAþ cAMPi

PKA!k4 q

CAR1!k5 ERK2þ CAR1

PKAþ ERK2 ��������!k6=Nav=V=10�6
PKA

q ���������!k7�Nav�V�10�6
RegA ð11:26Þ

ERK2þRegA ��������!k8=Nav=V=10�6
ERK2

ACA!k9 cAMPiþACA

RegA þ cAMPi ��������!k10=Nav=V=10�6
RegA

ACA!k11 cAMPeþACA

cAMPe!k12 q

cAMPe!k13 CAR1þ cAMPe

CAR1!k14 q;
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where V equal to 3:672� 10�14l is obtained by adjusting the volume so that the

variable representing ligand-bound CAR1 is approximately matched to the known

number of cell receptors on the surface of a Dictyostelium cell (about 40,000; Laub

and Loomis, 1998).

We can employ the above stochastic simulation approach to evaluate the e¤ect of

noise on the robustness of our model. As shown in figure 11.5, a 2% perturbation

from the nominal values of the kinetic parameters in the original deterministic model

is su‰cient to destroy the stability of the oscillation and make the system converge to

a steady state in about 6 hours (Kim et al., 2006). On the other hand, the figure

shows that the stochastic model exhibits persistent oscillations under these perturba-

tions to the nominal model parameters, when the stochastic simulation is performed

using Gillespie’s direct method (Gillespie, 1977). Although these results mirror those

of Vilar et al. (2002) in revealing the qualitative di¤erences in model dynamics that

may result from consideration of noise, it is not yet clear whether the stochastic ver-

sion of the model is actually more robust. It could be the case that a di¤erent worst-

case parameter combination exists for this model. To clarify this issue, we proceed as

follows. The kinetic parameters, the cell volume, and the initial conditions are all

simultaneously perturbed according to

ki ¼ ki 1þ pd

100
di

� 	
; ð11:27Þ

Figure 11.5
Internal cAMP oscillations with the worst-case perturbation for the deterministic and the stochastic
simulations.
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V ¼ V 1þ pd

100
dv

� 	
; ð11:28Þ

xið0Þ ¼ xið0Þ 1þ pd

100
dxi

� 	
; ð11:29Þ

for i ¼ 1; 2; . . . ; 14, where the kinetic parameters are perturbed in the same way as in

the previous section, the nominal cell volume is equal to 3:672� 10�14l, the nominal

initial conditions are as follows:

xð0Þ ¼ ½7;290; 7;100; 2;500; 3;000; 4;110; 1;100; 5;960�T ; ð11:30Þ
and di, dv, and dxi are uniform random number in the range of ½�1; 1�. As shown in

figure 11.5, the number of molecules considered here is relatively large. Conse-

quently, the time between individual reactions is small, thus the progress of the sto-

chastic simulations will be slow. To overcome this problem, we used a variation of

Gillespie’s direct method called the t-leap algorithm (Gillespie, 2001; described in

section 2.3.1). The accuracy of the algorithm is highly dependent on the chosen local

error tolerance. To compare the simulation results from the t-leap and direct meth-

ods, we chose the maximum allowed relative error to be 5� 10�5. For simulating the

cAMP network with the t-leap algorithm, we used a software package called Dizzy,

version 1.11.4 (CompBio Group, Institute for Systems Biology, 2006), which is freely

available.

Finally, 100 Monte Carlo simulations were performed for random variations in

the uncertain parameters for pd ¼ 10% and the time history of each internal cAMP

variable was inspected. The time samples were obtained from 0 to 200 min, with a

sample time of 0.01 min. Then the Fourier transform of the samples was taken using

the fast Fourier transform (FFT) algorithm in Matlab (MathWorks, 2003). Trajecto-

ries for which more than 70% of the frequency content appeared outside of the peak

amplitude were identified as nonoscillatory. Exactly the same scenario was applied

for the deterministic model. The final results are shown in figure 11.6. The bars at

the 20-minute mark on the horizontal axis represent the proportion of nonoscillating

cases among the 100 simulations. For the deterministic model, this is around 13%;

for the stochastic model, it is only 3%. Thus the number of nonoscillating cases is

significantly reduced by including the e¤ects of stochasticity in the robustness analy-

sis. The standard deviation of the period is also significantly reduced for the stochas-

tic case, which is to say, the changes in the period due to the e¤ects of the uncertain

parameters are smaller for the stochastic model than for the deterministic one. Simi-

lar improvements in the robustness of both the period and amplitude of the oscilla-

tions in the stochastic model were observed for a range of di¤erent uncertainty levels

in the kinetic parameters (Kim et al., 2007). It is thus quite clear that stochastic noise
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in the Dictyostelium cAMP network represents an important source of robustness to

variations between di¤erent cells and to changes in their environment.

11.4 Conclusions

In the recent systems biology literature, the concept of robustness has been proposed

as a key validator for models of many types of biological systems. This chapter has

shown how analysis tools from the field of control engineering can be used to provide

insight into the robustness of models of oscillatory biochemical networks. m-analysis

techniques provide allowable levels of parameter variations for which model robust-

ness is guaranteed (something that optimization-based search or statistical methods

can never do). On the other hand, hybrid optimization methods that combine global

and local approaches can overcome the computational complexity of certain robust-

ness analysis problems, and thus compute actual worst-case parameter combinations

that can be used to check the theoretical robustness levels predicted by m-analysis. Fi-

nally, statistical methods based on Monte Carlo simulation allow a rigorous compar-

ison of the robustness of deterministic and stochastic models of oscillatory biological

systems. Such analysis reveals the crucial role played by intracellular noise in en-

suring the robustness of the resulting oscillations. Although in this chapter, we have

focused our analyses on individual Dictyostelium cells, synchronization e¤ects

Figure 11.6
Period distributions for the deterministic and the stochastic simulations. The bars at 20 minutes represent
the proportion of nonoscillating cases.
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between neighboring cells can also have a significant impact on the robustness of the

overall biological system, as shown by Kim et al. (2007). Stochastic simulations of

large numbers of interacting cells require huge amounts of computing power, how-

ever, strongly motivating the development of analytical tools for evaluating the sta-

bility and robustness of stochastic systems (for promising new results in this area, see

Scott et al., 2007; and Kim et al., 2008).
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12 A Theory of Approximation for Stochastic Biochemical Processes

David Thorsley and Eric Klavins

The di‰culties of modeling stochastic processes inside the cell are twofold. A sto-

chastic model must be complex enough to explain and predict the biologically inter-

esting features of a process’s behavior, but not be so large and complex as to make

analysis of the model intractable. The control-theoretic approach to modeling seeks

not to faithfully describe every possible interaction that could a¤ect the process be-

havior but to produce a model that approximates the true system closely enough to

accurately describe key aspects. In this chapter, we propose a method for producing

such approximate models to describe the behavior of stochastic biochemical pro-

cesses. The method uses the mathematical construct known as the Wasserstein pseu-

dometric and is general enough to address many modeling problems of interest, such

as model comparison, parameter estimation, and model invalidation.

12.1 Modeling Stochastic Phenomena

The processes that govern behavior at the cellular level are inherently stochastic

(Mettetal and van Oudenaarden, 2007). In the traditional view of cellular biology,

it was believed that the observed variation in the behavior of cells was due to di¤er-

ences in their genetic material and in their environment (extrinsic noise, di¤erences in

inputs to the system) and that genetically identical cells placed in identical environ-

ments would behave identically. Recent studies have suggested that this is not the

case, however, that the observed variation is also the result of noise intrinsic to all

chemical reactions. Although the large numbers of reacting molecules on a macro-

scale result in noise playing a small enough role that such reactions can be modeled

as deterministic systems, on a nanoscale, where there may only be a few copies of

a particular reacting species, intrinsic noise can cause significant fluctuations (Mc-

Adams and Arkin, 1999) and the reactions must be modeled as stochastic systems.

Moreover, regulatory mechanisms inside the cell do not necessarily attempt to mini-

mize or eliminate this noisy behavior. Exploiting fluctuations can have beneficial

e¤ects for the cell; for example, fluctuations can be used to increase the strength of



a molecular signal (Paulsson et al., 2000). The recognition that stochastic e¤ects play

an important role in cellular behavior has motivated the development of new experi-

mental methods to observe and quantify noisy behavior inside the cell (Elowitz et al.,

2002) and promoted a new appreciation of mathematical techniques to simulate and

analyze cellular processes stochastically (Gillespie, 2007).

This chapter investigates problems that arise when trying to produce a realistic

mathematical model of a stochastic biochemical process. The model of the phage l

lysis-lysogeny decision proposed by Arkin et al. (1998), though an early success of

stochastic modeling and simulation, su¤ers from several limitations. Perhaps the

most significant of these is the size and complexity of the mathematical model, which

includes hundreds of species and hundreds of reactions. Formal analysis of such

enormous models is intractable, and studying such systems through stochastic simu-

lation is time consuming and computationally intensive. Avoiding the di‰culties

associated with enormous models is the objective of model reduction.

Another important task in modeling biochemical processes is parameter estima-

tion, which determines the rates at which the reactions in the system occur. A typical

model of a biochemical process relies on reaction rates that have been collected inde-

pendently by dozens of prior experiments over a period of years (see, for example,

Arkin et al., 1998; de Atauri et al., 2004). When constructing a large model of a

process, it is often the case that some reaction rates have not been experimentally

validated; in such situations, these parameters are estimated to produce models that

best match the expected behavior of the process in an ad hoc approach to parameter

estimation.

There are many approaches to modeling processes based on both the level of detail

desired by the modeler and the amount of a priori knowledge that is available. This

chapter will concentrate on stochastic reaction networks, mechanistic models that

are closely related to the underlying physical and chemical laws that govern the pro-

cesses. Even at this level, there is room for abstraction and approximation: whereas

Arkin et al. (1998) propose a model of stochastic gene expression with hundreds of

defined species and reactions, Swain et al. (2002) consider only 8 species and 11 reac-

tions, and Singh and Hespanha (2008) consider only 2 species and 4 reactions.

Reaction network models are most useful when we have a good idea of the under-

lying biochemistry. Alternative approaches based on the analysis of high-throughput

data produce alternative models such as probabilistic Boolean networks and Baye-

sian networks (Price and Shmulevich, 2007) and stochastic di¤erential equations

(van Kampen, 1981). When confronted with di¤erent models of the same process

that are based on di¤erent formalisms, rely on di¤erent levels of abstraction, and

are constructed from di¤erent first principles (mechanism-driven or data-driven), we

would like to verify whether these di¤erent models are behaviorally equivalent. We

call the task of verifying the equivalence of models model comparison. If it turns out
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that the di¤erent models are not equivalent to each other, we would then want to de-

termine which candidate models are poor representations of the real process, a task

called model invalidation.

Given the complexity of the biochemical processes that we aim to model, finding

compact models that exactly describe the behavior of these systems is likely to be

computationally intractable at best. From a control-theoretic perspective, there is

no need to find an exact model that faithfully explains and predicts every aspect of

a process’s behavior; what matters is to find a model that is ‘‘good enough’’ to solve

a given problem. A less detailed model may be more useful than a more detailed

model if it is much easier to analyze the simpler model and use it to make predic-

tions. The tools we develop in this chapter for model reduction, comparison, and in-

validation are based on the control-theoretic idea that the simplest model su‰cient

for the task at hand is usually the best. Because the simplest model of a stochastic

process may be a reaction network, a Bayesian network, a stochastic di¤erential

equation, or even just a data set, we propose a general method for addressing these

modeling issues that can, in principle, be applied to all of these di¤erent classes of

models.

12.2 The Need for Approximation Metrics

The models used to describe stochastic biochemical processes are based on simplify-

ing assumptions and approximations known not to be fully accurate. Mechanistic

models like reaction networks are based on stochastic chemical kinetics (Gillespie,

2007). The mathematical formulation of stochastic chemical kinetics is based on

several assumptions—the chemical reaction chamber must be a fixed volume, the

reactants must be well mixed within that volume, the system must be at thermal equi-

librium, and most molecular collisions must be nonreactive. These assumptions al-

low us to approximate the molecular positions as uniformly distributed throughout

the reaction chamber and the molecular velocities as governed according to the

Maxwell-Boltzmann distribution; they simplify the analysis and make it easier to un-

derstand the model, thereby making it easier to use it to make predictions about the

system’s behavior. Despite the apparent limitations of the simplifying assumptions

(we know, for example, that processes are a¤ected by spatial e¤ects and by tempera-

ture gradients), models that use the stochastic chemical kinetics formalism are accu-

rate enough to have both explanatory and predictive power.

Our goal for the chapter is to present a theory of approximation that facilitates the

development of simpler models of stochastic biochemical processes and that is appli-

cable to all classes of stochastic models, be they based on mechanistic principles or

empirical observation. To convey what we mean by quality of an approximation,

we introduce and define a notion of distance between stochastic processes. Because
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di¤erent problems have di¤erent essential features, it must be possible to alter the

precise formulation of the distance based on which aspects of a system’s behavior

are the most important for the problem under consideration. Using this distance, we

approach common tasks such as model reduction, parameter estimation, model com-

parison, and model invalidation as problems of finding how ‘‘close’’ a model is—in

some relevant sense—to a set of data or to some other model.

Engineers and mathematicians have developed di¤erent metrics for quantifying the

di¤erences between systems. For example, information theorists use the Kullback-

Leibler divergence to quantify the di¤erence between the distributions defining the

probabilities of various sequences of data. Control theorists have defined the gap

metric to measure the di¤erence in performance that results when unstable systems

are stabilized using feedback; two systems that are close in the gap metric have simi-

lar performance when placed in a feedback loop. The gap metric is thus often used to

evaluate the performance of model reduction and parameter estimation techniques

when the final objective is to design a feedback control system. But when consider-

ing stochastic biochemical processes, the final objective is not as clear. Di¤erent deci-

sions as to what aspects of the system’s behavior are relevant call for di¤erent

metrics. Accordingly, to quantify the di¤erences between stochastic biochemical pro-

cesses, we use the class of Wasserstein pseudometrics, a class broad enough to incor-

porate many di¤erent notions of distance between systems without requiring a

fundamental reworking of the algorithms needed to calculate the distance whenever

a new notion is required.

12.3 Stochastic Processes and Wasserstein Pseudometrics

The stochastic chemical kinetics formalism, described in chapter 2, is commonly used

for modeling stochastic phenomena inside the cell. We use this framework to de-

scribe a stochastic biochemical process and explain how to construct a probability

measure on the set of all trajectories from the reaction network formalism. The

approach we propose here is general enough that it can be applied to other classes

of stochastic models, such as Bayesian networks and stochastic di¤erential equations

(e.g., linear noise approximations and chemical Langevin equations). We begin this

section by expanding on the material presented in section 2.2.1 and specializing the

notation to the problem under consideration.

12.3.1 Stochastic Reaction Networks

A reaction network RN ¼ ðS ;RÞ consists of a set of species S and a set of reactions

R. Each reaction takes the form

n1;LS1 þ � � � þ np;LSk *
c
n1;RS1 þ � � � þ nq;RSk; ð12:1Þ
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where for all i ¼ 1; . . . ; k, Si is a species, and each ni;L and ni;R is a nonnegative inte-

ger. Each reaction has a rate constant c, whose role will be described shortly.

Reaction networks can be interpreted either deterministically or stochastically

(McQuarrie, 1976). To interpret a reaction network stochastically, we first define

the state of RN as a k-dimensional vector xðtÞ ¼ ½N1ðtÞ; . . . ;NkðtÞ�T , where NiðtÞ
denotes the number of the species Si at time t. The probability distribution of the ini-

tial state (at t ¼ 0) is denoted by p0.

The firing of a reaction in R produces a state transition

x 7! x�
n1;L

..

.

nk;L

2
664

3
775þ

n1;R

..

.

nk;R

2
664

3
775; ð12:2Þ

which corresponds to the consumption of reactants and the creation of products.

Reactions in stochastic reaction networks fire at distinct, discrete, instances in time.

If the state of RN is x at time t, the probability that a reaction R will fire in the in-

terval ½t; tþ dtÞ is defined as aRðxÞ dt, where

aRðxÞ ¼ c
Yk
i¼1

Ni

ni;L

� 	
ð12:3Þ

is the propensity function for a reaction R A R. The precise form of the propensity

function relies on kinetic arguments that are described in detail in chapter 2 and in

Gillespie (2007).

The propensity function for each reaction depends only on the current state of the

network and not on any previous states. Stochastic reaction networks therefore sat-

isfy the Markov property. Indeed, a stochastic reaction network can be described and

analyzed using an equivalent continuous-time Markov process (CTMP), which con-

sists of a countable set of states X , a transition rate matrix Q, and an initial proba-

bility distribution p0. If Qij is a nondiagonal element of Q, then the probability of a

transition from xi to xj in the interval ½t; tþ dtÞ is defined as Qij dt; if Qii is a diago-

nal element of Q, we require that Qii ¼ �
P

j0i Qij.

To construct a continuous-time Markov process from a reaction network, we de-

fine the state space X as the k-dimensional lattice of nonnegative integers ðZb0Þk.
Each nondiagonal element of Q is related to the propensity functions according to

the equation

Qij ¼
X

R AR:xj¼xi�½n1;L...nk;L�Tþ½n1;R...nk;R�T
aRðxiÞ:

The initial distribution of the CTMP, p0, is the same as that of the reaction network.
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In practice, because it is not possible to observe the state of a biochemical system

modeled by a stochastic reaction network completely, we introduce a set of outputs

Y and a state output function h : X ! Y to describe our incomplete knowledge of

the full system state. For example, if we are capable of only observing the quantity

of a species Si (e.g., because it is tagged with green fluorescent protein), we would

define the output set Y as the nonnegative integers and the state output function as

hð½N1; . . . ;Nk�T Þ ¼ Ni.

Example The following reaction network is a simple model of gene expression

(Singh and Hespanha, 2008):

R1: q Ðk1
k�1

mRNA;

R2: mRNA!k2 mRNAþ protein;

R3: protein!k3 q:

The set of species is S ¼ fmRNA; proteing; the symbol q is a shorthand that

denotes that no species is present on one side of the reaction. Reaction networks are

often displayed graphically as shown in figure 12.1a. Because there are two species,

Figure 12.1
(a) Graphical version of a reaction network modeling gene expression. (b) Typical state in the continuous-
time Markov process (CTMP) generated by the stochastic interpretation of the reaction network in a. Each
state is indicated by a pair ðnmR; nPÞ, and the labels on each arrow indicate the rate propensity for each
transition in or out of ðnmR; nPÞ.
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the continuous-time Markov process generated by the reaction network above has

the state space X ¼ Zb0 � Zb0, that is, the state space consists of pairs of nonnega-

tive integers. Each state of the CTMP is of the form x ¼ ½nmR nP�. A typical state of

the CTMP is shown in figure 12.1b. The output function h is defined as hð½nmR nP�Þ
¼ nP; this output function describes the situation where we can observe protein num-

ber in the system, which can be accomplished by incorporating a fluorescent marker

into the protein. n

12.3.2 Constructing Probability Measures

Stochastic reaction networks and continuous-time Markov processes comprise spe-

cific classes of stochastic processes, which are collections of random variables defined

on a probability space ðW;F ;PÞ, where W is a sample space,P is a probability mea-

sure, and F is a s-field. The s-field F is the domain of the probability measure and,

intuitively, describes the sets of trajectories that can be distinguished by the available

measurement apparatus. Stochastic reaction networks are used to model dynamic

processes whose behaviors are time-varying trajectories. A trajectory of a stochastic

reaction network associates with each time tb 0 a state x A X and an output

hðxÞ A Y . A trajectory generated by a reaction network is thus a function

o : Rb0 ! Y that assigns an output to each time instant tb 0. The sample space W

is the set of all such trajectories.

It is straightforward to define pseudometrics on the sample space W to capture a

notion of distance between trajectories. A pseudometric d is a function d : W�W!
Rb0 that is always nonnegative (dðo; hÞb 0 for all o; h A W) and satisfies the ‘‘trian-

gle inequality’’ (dðo; jÞ þ dðj; hÞb dðo; hÞ for all o; h; j A W). (We say that d is a

‘‘pseudometric’’ because it only satisfies two of the three conditions necessary to be

a true metric: we do not require d to satisfy the property dðo; hÞ ¼ 0 only if o ¼ h.

A technical restriction on d is that it must be measurable with respect to the s-field

F .) The s-field F is the domain of the probability measure P . A stochastic process

is, fundamentally, a method for defining this probability measure on the space of tra-

jectories W. The procedure by which a probability measure on W is constructed from

a given continuous-time Markov process is described in Breiman (1992, chapter 15).

Because there exists a CTMP corresponding to any stochastic reaction network, it

follows that each stochastic reaction network defines a measure P on the space of

trajectories. Therefore, to define a distance between stochastic reaction networks, it

su‰ces to define a distance between probability measures.

12.3.3 Wasserstein Pseudometrics

For simplicity, we restrict ourselves to pseudometrics of the form

dðo; hÞ ¼ jZðoÞ � ZðhÞj; ð12:4Þ
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where Z : W! R is an arbitrary random variable. We call Z a reporter random vari-

able because it describes, or reports, one interesting aspect of a trajectory. For the

network shown in figure 12.1a, some potential reporter random variables of interest

include

� Z can represent the amount of a protein at a given time t:

ZðoÞ ¼ oðtÞ:
� Z can represent the first time that n proteins are present:

ZðoÞ ¼ minfo�1ðnÞg:
� Z can represent the average amount of protein over an interval ðts; tf Þ:

ZðoÞ ¼ 1

tf � ts

ð tf
ts

oðtÞ dt:

� Z can indicate if more than n proteins are ever present:

ZðoÞ ¼ 1 if nPðtÞ > n for some t A Rb0 and ZðoÞ ¼ 0 otherwise:

Each probability measureP defines a cumulative distribution function (CDF) of Z:

FP ;ZðzÞ ¼PðZ < zÞ: ð12:5Þ
The inverse cumulative distribution function of Z is

F�1P ;ZðyÞ ¼ inffz : FP ;ZðzÞb yg: ð12:6Þ

Let P1 and P 2 denote two probability measures on W. Using F�1P1;Z
and F�1P2;Z

, the

CDFs of Z with respect to the two probability measures, we can define the following

pseudometric to quantify the di¤erence between them.

Definition 12.1 For any p > 0, the Wasserstein pseudometric W
p
d between two

probability measuresP 1 andP 2 on a sample space W equipped with a pseudometric

d defined according to equation (12.4) is

W
p
d ðP 1;P 2Þ ¼

ð1
0

jF�1P1;Z
ðyÞ � F�1P2;Z

ðyÞjp dy
� 	1=p

: ð12:7Þ

n

Intuitively, the Wasserstein pseudometric W 1
d is the area between the inverse

CDFs generated by the two probability measures, as shown in figure 12.2a (the Was-
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serstein pseudometric is defined more generally with respect to an arbitrary distance

d in Dudley, 2002).

12.3.4 Related Concepts

In the Monge-Kantorovich transportation problem, a classical problem of mathe-

matical economics (Vershik, 2006), the two probability distributionsP 1 andP 2 rep-

resent the distributions of locations where a type of good is produced and where it is

consumed, respectively. The goal of the transportation problem is to find an optimal

transportation plan that minimizes the average cost of transporting goods from where

they are produced to where they are consumed. If the locations of the producers and

the consumers are along a straight line, the integral in equation (12.7) is the exact

solution to this problem. The Wasserstein pseudometric is one of many similarly

defined ‘‘transportation metrics’’ that have been proposed as solutions (for a general

definition of the Wasserstein pseudometric, see Dudley, 2002, chap. 11). The equiva-

lence of the general definition and definition 12.1 above is proven for p ¼ 1 in

Vallender (1974); the proof can be easily generalized to the case where p > 1. The

Wasserstein pseudometric is used in many di¤erent application areas and thus has

many di¤erent names: the ‘‘Kantorovich metric,’’ the ‘‘Mallows distance,’’ and the

‘‘earth mover’s distance,’’ among others.

Figure 12.2
(a) Graphical interpretation of the Wasserstein pseudometric as the area between two inverse cumulative
distribution functions (CDFs), shown here as those of a uniform distribution and a truncated Cauchy dis-
tribution. (b) Interpretation of the root-mean-square (RMS) distance as a Wasserstein pseudometric. The
area between the two inverse CDFs is shaded. By squaring the area of each rectangle and summing, we can
find the value of the integral in equation (12.8), which is the square of the RMS distance.
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Wasserstein pseudometrics are generalizations of techniques for quantifying errors

between a noisy data set and a deterministic system or fixed parameter. In particular,

the Wasserstein pseudometric W 2
d is a generalization of the root-mean-square dis-

tance between a parameter y and a set of data fŷy1; ŷy2; . . . ; ŷyng, where each data point

is an estimate of the parameter. We can define the two probability distributions as

P1ðŷyiÞ ¼ 1=n, for all i, to describe the data set, and P2ðyÞ ¼ 1 to describe the fixed

parameter. The Wasserstein pseudometric W 2
d between these two distributions is

W 2
d ðP1;P2Þ ¼

ð1
0

jF�1P1;Z
ðyÞ � F�1P2;Z

ðyÞj2 dy
� 	1=2

: ð12:8Þ

If we plot the two inverse cumulative distribution functions as in figure 12.2b, we

see that the integral can be calculated by finding the area of n rectangles, each of

which has width 1=n. The height of the ith rectangle is jŷyi � yj. The value of the inte-
gral is therefore

W 2
d ðP1;P2Þ ¼

Xn
i¼1

1

n
jŷyi � yj2

 !1=2
; ð12:9Þ

which is the root-mean-square distance criterion. Similarly, the Wasserstein pseudo-

metric W 1
d is a generalization of the mean absolute error.

There is a rich literature on metrics between probability distributions; there are

many di¤erent possible methods for defining such metrics (Gibbs and Su, 2002). An-

other commonly used metric is the total variation distance, defined for discrete sam-

ple spaces as

TVðP 1;P 2Þ ¼ 1

2

X
x AX

jP 1ðxÞ �P 2ðxÞj: ð12:10Þ

For example, Munsky and Khammash (2006) demonstrate the e¤ectiveness of the

finite-state projection method by showing that the total variation distance between

the full chemical master equation model and a reduced master equation model is

small. The total variation distance is equal to the Wasserstein distance W 1
d when the

distance function d is equal to the discrete metric, defined as dðo; hÞ ¼ 1 if o0 h and

dðo; hÞ ¼ 0 otherwise. However, it is possible for the total variation distance between

two stochastic reaction networks to become arbitrarily small while a Wasserstein

pseudometric defined with respect to a di¤erent d remains large. If this new distance

function d represents a biologically interesting feature of the system’s behavior, a

total variation distance criterion may not be su‰cient to decide that two systems

are close. The Wasserstein pseudometric W 1
d has a dual representation, often used

in computer science to define ‘‘bisimulation metrics,’’ which are also used to measure
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the di¤erence between a pair of systems. Desharnais et al. (2004) extend the Wasser-

stein pseudometric to define a bisimulation metric on the space of probabilistic tran-

sition systems; van Breugel and Worrell (2006) take a similar approach and develop

a polynomial-time algorithm for computing the distances between such systems.

12.4 Algorithms for Calculating Wasserstein Pseudometrics

Like van Breugel and Worrell (2006), we are interested in developing e‰cient algo-

rithms for calculating Wasserstein pseudometrics. Because the continuous-time Mar-

kov processes generated from reaction networks may have infinite state spaces,

algorithms that are polynomial in the number of states in the system are of no help.

Calculation of Wasserstein pseudometrics with respect to general distance functions

d is di‰cult; the restriction we make in equation (12.4) reduces the complexity of the

algorithms.

The primary reason for the di‰culty in calculation is that the probability measure

P on ðW;F Þ generated by a continuous-time Markov process is usually too complex

to determine exactly and thus must remain unknown. Moreover, the CTMP is

merely an approximation of a physical process that is also an unknown probability

measure on ðW;F Þ.
We work around this di‰culty by approximating the unknown probability mea-

sureP with an empirical probability measure P̂Pn, generated by taking n independent

samples of W according toP . The empirical probability measure created from these n

samples fo1;o2; . . . ;ong is defined as

P̂PnðoiÞ ¼ 1

n
; for i ¼ 1; . . . ; n:

We calculate a Wasserstein pseudometric between empirical probability distribu-

tions to approximate the pseudometric between the unknown underlying distribu-

tions. The sample data used to make this approximation may be obtained either

from physical processes by performing experiments or from reaction network models

by using the stochastic simulation algorithm (SSA; Gillespie, 1977).

If we specialize equation (12.7) to the case of empirical probability distributions,

we obtain an algorithm for estimating Wasserstein pseudometrics between distribu-

tions. Consider two unknown probability distributions P1 and P 2, and take n in-

dependent samples fo1; . . . ;ong from P 1 and ln independent samples fh1; . . . ; hlng
from P2, where l A N. The empirical cumulative probability distribution functions

of Z with respect toP1 andP 2 are

FP̂P1; n;Z
ðzÞ ¼ jfo : ZðoÞ < zgj

n
and FP̂P2; ln;Z

ðzÞ ¼ jfo : ZðoÞ < zgj
ln

;
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where P̂P1;n denotes our sampled estimate of P 1 and P̂P2;ln denotes our sampled esti-

mate ofP 2.

Without loss of generality, we can sort these sets of samples so that Zðo1Þa
Zðo2Þa � � �aZðonÞ and Zðh1ÞaZðh2Þa � � �aZðhlnÞ. The inverse empirical cu-

mulative distribution functions ofP 1 andP 2 are then of the form

F�1
P̂Pn;Z
ðyÞ ¼ ZðoiÞ; where

i � 1

n
< ya

i

n
: ð12:11Þ

The Wasserstein pseudometric between the underlying probability distributions is

expressed in terms of inverse empirical probability distributions according to the fol-

lowing theorem.

Theorem 12.1 Suppose EP i
ðjZjÞ < y for i ¼ 1; 2. The Wasserstein pseudometric

W 1
d ðP1;P2Þ between two probability distributions P1 and P 2 with respect to a

pseudodistance function dðo; hÞ ¼ jZðoÞ � ZðhÞj on W is equal to

W 1
d ðP1;P2Þ ¼ lim

n!y

1

ln

Xln
i¼1
jZðodi=leÞ � ZðhiÞj ð12:12Þ

almost surely. n

Figure 12.3
Algorithm for estimating the Wasserstein pseudometrics between two probability distributions.
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Theorem 12.1 suggests an algorithm for approximating a Wasserstein pseudo-

metric between two probability measuresP1 andP2 (this algorithm is shown in figure

12.3; for a proof see Thorsley and Klavins, 2008).

To calculate the integral between the two empirical probability measures, we

choose the number of samples taken fromP 2 to be an integer multiple of the number

of samples taken forP1. The reason for this restriction is that it reduces the complex-

ity of the calculation; to compute the area between the two empirical cumulative dis-

tribution functions, we must ensure that the edges of the rectangles whose areas we

are adding together line up as evenly as possible.

The complexity of this algorithm is Oðln log lnÞ, as the rate determining step is

the sorting of the outcomes fh1; . . . hlng. Since generating the samples fo1; . . .ong
and fh1; . . . hlng involves either performing a significant number of experiments or

running the stochastic simulation algorithm a large number of times, the complexity

of estimating a Wasserstein pseudometric from empirical probability measures is

much less than the complexity of generating the data used to construct those

measures.

12.5 Applications to Stochastic Gene Expression

The theoretical results of the previous sections provide tools for calculating and esti-

mating Wasserstein pseudometrics between sample data sets generated by arbitrary

stochastic processes. In this section, we illustrate how these tools are used to address

various problems related to the modeling of biochemical reaction networks.

12.5.1 Model Comparison

Figure 12.4a is the reaction network model of gene expression found in Swain et al.,

(2002). In this model, RNA polymerase binds to a promoter (D), creating a complex

(C) that in turn produces a transcribing polymerase (T). From the transcribing poly-

merase, unbound messenger RNA strands (mRu) are produced. The mRNA can

bind to either a degradasome (mC1) or a ribosome (mC2). If the mRNA strand binds

to a ribosome, it produces a transcribing complex (mT) and then a protein (P). The

mRNA strand is preserved until it binds to a degradasome. In contrast to Swain et al.

(2002), we simplify the model by assuming that the rates are fixed throughout the

process and do not vary with changes in cell size.

Suppose the output of this reaction network is the protein number, which could be

estimated if the protein were, for example, fluorescent. We define a reporter random

variable ZðoÞ ¼ oð1;440Þ, the number of proteins present in the system at t ¼ 1;440

seconds. This is the time at which cell division first occurs in the model proposed by

Swain et al. (2002) and is a reasonable value for the length of the cell cycle in E. coli.

A Theory of Approximation 255



Figure 12.4
(a) Gene expression model from Swain et al., 2002. (b) Histogram showing the values of ZðoÞ for 45,000
stochastic simulations o of the reaction network in a.
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Using the stochastic simulation algorithm, we generated n ¼ 45;000 samples from

the reaction network and computed the value ZðoÞ for each sample. A histogram

generated from the data is shown in figure 12.4b.

A reduced model of gene expression, shown in figure 12.5a is also considered in

Swain et al. (2002). The translation process has been simplified. The transcribing

polymerase T produces an mRNA strand (mR) that either decays or produces a pro-

tein (P). The complexes containing ribosomes and degradasomes are abstracted away

in this model. Again using the stochastic simulation algorithm, we generated n ¼
45;000 samples from this reaction network and computed ZðhÞ for each sample; a

histogram of the data for this reduced system is shown in figure 12.5b.

Using the algorithm shown in figure 12.3, we approximated a Wasserstein pseudo-

metric betweenP 1, the probability measure generated by the full model, andP 2, the

probability measure generated by the reduced model. The value of this approxima-

tion is

W 1
d ðP̂P1;n;P̂P2;nÞ ¼ 5:44 proteins:

As a heuristic, we define the percentage error between the reduced model and the full

model as

eðP1kP 2Þ ¼W 1
d ðP 1;P 2Þ
EP1
ðZÞ :

Because the average protein number in the full system is EP̂P1; n
ðZÞ ¼ 1;080:2, the error

introduced by the reduced model is 5.44/1,080.2, or eðP̂P1;nkP̂P2;nÞ ¼ 0:50%.

Using the bootstrap percentile method (Shao and Tu, 1995), we estimated a 95%

confidence interval for W 1
d ðP 1;P 2Þ. By resampling from the probability measures

P̂P1;n and P̂P2;n, we took 5,000 estimates of W 1
d ðP 1;P 2Þ and arrived at a 95% confi-

dence interval of ð3:63; 7:50Þ. Thus there is approximately a 97.5% probability that

the di¤erence between the full model and the reduced model is e < 7:50=1;080:2 ¼
0:69%. These numbers demonstrate a close agreement between the full and reduced

models (for more on the bootstrap percentile method, see Thorsley and Klavins,

2008).

12.5.2 Parameter Estimation

The simple model in figure 12.1a, with an appropriate choice of parameters, serves as

a reduced model for the reaction network in figure 12.4a. Following Swain et al.

(2002) we assume that the protein decay rate k3 ¼ 6:42� 10�5 s�1 and that k2 ¼
15k�1. Under these constraints, we performed an approximate stochastic gradient

descent using the finite-di¤erence method to estimate the values of k1 and k2 to
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Figure 12.5
(a) Reduced gene expression model from Swain et al., 2002. (b) Histogram showing the values of ZðhÞ of
45,000 stochastic simulations h of the reaction network in a.
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minimize the Wasserstein pseudometric W 1
d ðP 1;P3ðk1; k2ÞÞ, where P 3ðk1; k2Þ is the

probability measure generated by the simple reaction network in figure 12.1a. This

algorithm is an extension of the standard gradient descent method that is used when

the gradient cannot be calculated directly and the objective function can only be

observed with noise. The algorithm is initialized by taking an initial guess as to the

optimal values of k1 and k2. At each iteration, the gradient is estimated by calculat-

ing the Wasserstein pseudometric with the parameters k1 G � and k2 G �. Using the

noisy values of the Wasserstein pseudometric obtained at these points, one estimates

the value of the gradient at ðk1; k2Þ by taking a finite di¤erence estimate of the deriv-

ative (for a thorough treatment of the procedure, see Spall, 2003, chapter 6).

After running the approximate stochastic gradient descent algorithm, we estimated

the optimal values for the parameters k1 and k2 to be

k �1 ¼ 0:0554 mRNA=s and k �2 ¼ 0:17 protein=ðmRNA:sÞ;

and the Wasserstein pseudometric between the full model and the optimized reduced

model to be

W 1
d ðP̂P1;n;P̂P3;nðk �1 ; k �2 ÞÞ ¼ 1:08 proteins:

The di¤erence between the optimized reduced model and the full model is

eðP̂P1;nkP̂P3;nðk �1 ; k �2 ÞÞ ¼ 1:08=1;080:2 ¼ 0:10%. Thus not only does the reaction net-

work in figure 12.1a have fewer species and reactions than the model in figure

12.5a; it is also a closer approximation to the model in figure 12.4a with respect to

the Wasserstein pseudometric W 1
d .

The optimal value of this Wasserstein pseudometric is sensitive to changes in k1,

as shown in figure 12.6. A 10% change in the value of k1 increases the value of

W 1
d ðP̂P1;n;P̂P3;nðk1; k2ÞÞ to about 100, resulting in an error of about 10%. This example

illustrates the di‰culty in finding optimal reduced models by hand, as small changes

in the parameter k1 quickly diminish the accuracy of the reduced model.

12.5.3 Model Invalidation

The values of the transcription and translation rates k �1 and k �2 found by using ap-

proximate stochastic gradient descent have been demonstrated to produce a close

agreement between the reduced model of gene expression and the full model. The

convergence properties and numerical performance of the algorithm do not guaran-

tee, however, that our choice of parameters is optimal; by varying the transcrip-

tion and translation rates, we may find a model that is an even better predictor of

the network’s behavior. Because the estimates of the Wasserstein pseudometric are

noisy, repeated runs of the algorithm give slightly di¤erent values for the optimal

parameters.

A Theory of Approximation 259



The Wasserstein pseudometric we have been using as an objective function cap-

tures only one feature of the system’s behavior—the distribution of the protein num-

ber at t ¼ 1;440 seconds. By considering di¤erent pseudometrics, we can distinguish

between di¤erent estimates of the parameter values that are equally good at predict-

ing this one feature of the behavior by determining which parameter values best pre-

dict other aspects of the behavior.

We considered two variant hypotheses: either the translation rate in the reduced

model could be faster (k2 ¼ 0:3 protein/(mRNA.s)) or it could be slower (k2 ¼ 0:1

protein/(mRNA.s)) than the value k�2 . Using these choices for the translation rate,

we optimized the transcription rates so as to minimize W 1
d :

k1; fast ¼ 0:0541 mRNA=s;

k2; fast ¼ 0:3 protein=ðmRNA:sÞ
�
ðfast translationÞ

and

k1; slow ¼ 0:0581 mRNA=s;

k2; slow ¼ 0:1 protein=ðmRNA:sÞ
�
ðslow translationÞ:

We denoted the previously obtained optimal values as the ‘‘medium translation’’

case and set k1;medium ¼ k �1 ¼ 0:0554 mRNA/s and k2;medium ¼ 0:17 protein/

(mRNA.s). We generated 1,000 samples by simulating each reduced model and

observing the protein number every 10 minutes from t ¼ 0 to t ¼ 1;440. We esti-

Figure 12.6
Sensitivity of the Wasserstein pseudometric W 1

d ðP̂P1; n;P̂P3; nðk1; k2ÞÞ to change in transcription parameter k1.
The translation parameter is held constant at k2 ¼ 0:17 protein/(mRNA.s).
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mated the values of the Wasserstein pseudometrics taken from these data sets with

respect to dðo; hÞ to be

W 1
d ðP full;P fastÞ ¼ 9:608 proteins;

W 1
d ðP full;PmediumÞ ¼ 6:961 proteins;

W 1
d ðP full;P slowÞ ¼ 7:960 proteins:

These values are su‰ciently close to each other that we cannot conclude that the me-

dium translation model is the best model; the di¤erences in the values may be due to

noise from the sampling process. The value of W 1
d ðP full;PmediumÞ is larger here than it

was in the parameter-fitting sample because we are working with fewer samples.

We have observed in experimental simulations that this sample impoverishment

tends to bias our estimates of Wasserstein pseudometrics upward. To determine

which of these models is most likely the best description of the process, we tested

their ability to predict other aspects of the full system’s behavior by evaluating the

Wasserstein pseudometrics between these models and the full model with respect to

other distances on W.

The values of the Wasserstein pseudometrics computed with respect to di¤erent

distances are shown in table 12.1 and figure 12.7. We first evaluated how well each

reduced model predicts the ‘‘start-up’’ time of the process by defining a reporter

random variable Z2ðoÞ ¼ min o�1ð50Þ, the first time along a trajectory at which

Table 12.1
Wasserstein pseudometrics between the full model of figure 12.4 and the reduced model

k1 k2 dðo; hÞ W 1
d ðP full;Pðk1; k2ÞÞ edðP1kP2Þ

0.0554 0.1734 joð1;440Þ � hð1;440Þj 6.961 0.065%

0.0581 0.1 joð1;440Þ � hð1;440Þj 7.960 0.074%

0.0541 0.3 joð1;440Þ � hð1;440Þj 9.608 0.089%

0.0554 0.1734 jmin o�1ð50Þ �min h�1ð50Þj 1.259 7.67%

0.0581 0.1 jmin o�1ð50Þ �min h�1ð50Þj 1.484 9.05%

0.0541 0.3 jmin o�1ð50Þ �min h�1ð50Þj 2.973 18.12%

0.0554 0.1734 jmin o�1ð500Þ �min h�1ð500Þj 0.728 0.99%

0.0581 0.1 jmin o�1ð500Þ �min h�1ð500Þj 3.330 4.54%

0.0541 0.3 jmin o�1ð500Þ �min h�1ð500Þj 2.298 3.13%

Note: The transcription rates were optimized to minimize the Wasserstein pseudometric with respect
to dðo; hÞ ¼ joð1;440Þ � hð1;440Þj. Computing the Wasserstein pseudometric with respect to dðo; hÞ ¼
jmin o�1ð50Þ �min h�1ð50Þj indicates that the fast translation model does a much poorer job of predicting
the distribution of times when 50 proteins are first present. Similarly, the distribution of times when 500
proteins are first present is better predicted by the medium translation model than either of the other
models.
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Figure 12.7
Wasserstein distances between each of the candidate reduced models and the full model are equal to the
areas between the two cumulative distribution functions in each of the panels. In the left column, each
reduced model is compared to the full model using W 1

d2
, the Wasserstein pseudometric with respect to the

‘‘start-up’’ distance d2ðo; hÞ ¼ jZ2ðoÞ � Z2ðhÞj. The fast translation model does very poorly with respect
to this distance. In the right column, the slow and medium translation models are compared to the full
model using W 1

d3
, the Wasserstein pseudometric with respect to the ‘‘midpoint’’ distance. The medium

translation model outperforms the slow translation model with respect to this distance.
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50 proteins are present. We then defined a one-dimensional distance d2ðo; hÞ ¼
jZ2ðoÞ � Z2ðhÞj and evaluated W 1

d2
ðP full;PÞ for each reduced modelP . The value of

W 1
d2
ðP full;P fastÞ was twice as large as the Wasserstein pseudometric between the full-

system model and either of the other two reduced models, indicating that the fast

translation model is a poor predictor of the network’s start-up behavior.

We then evaluated each reduced model’s performance according to a similar ‘‘mid-

point’’ criterion by defining a reporter random variable Z3ðoÞ ¼ min o�1ð500Þ and a

corresponding one-dimensional distance d3. According to this criterion, the medium

translation rate model is superior to the other models as W 1
d2
ðPmedium;P fullÞ is much

smaller than either W 1
d2
ðP full;P fastÞ or W 1

d2
ðP slow;P fastÞ. Because the medium transla-

tion model was a better predictor of both the start-up and midpoint behavior, we

consider it the most likely ‘‘best’’ model of the three possibilities.

Finally, we defined a set of Wasserstein pseudometrics dtðo; hÞ ¼ joðtÞ � hðtÞj for
each t A f0; 10; . . . ; 1;440g. The values of these Wasserstein pseudometrics between

the full model and each reduced model are shown in figure 12.8. These criteria pro-

vide further evidence thatPmedium is the best model as it generally produces the low-

est values of W 1
dt
, although the slow translation rate performs slightly better when t is

Figure 12.8
Wasserstein pseudometrics between the full model and the candidate reduced models with respect to the
distance dtðo; hÞ ¼ minjoðtÞ � hðtÞj for t ¼ f0; 10; . . . ; 1;440g. The medium translation rate model
(dashed-dotted line) produces the smallest Wasserstein pseudometric with respect to most of the distances
dt, although the slow translation model performs better when t is close to zero.
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small. By expanding the class of candidate models, we may be able to produce an

even better model; for example, by making the translation rate time varying (as a re-

sult of the amount of transcribing polymerase T in the full model going from zero

toward its steady-state value), it may be possible to produce an even more precise

and predictive model.

12.6 Future Directions

The overwhelming complexity of biochemical processes requires a method of approx-

imation that will allow scientists and engineers to develop simple models that de-

scribe with su‰cient accuracy the most relevant aspects of a behavior of the system.

Depending on the design goals of the engineer or the hypotheses being tested by the

scientist, the notion of ‘‘relevant aspects’’ may vary not only when di¤erent systems

are being studied, but also when the same system is being studied by investigators

with di¤ering objectives. Wasserstein pseudometrics provide a method for comparing

stochastic processes that e¤ectively captures the idea that the relevant aspects of a

system’s behavior may change depending on the problem under consideration. By

defining and calculating Wasserstein pseudometrics with respect to di¤erent underly-

ing pseudodistances d, we can produce problem-specific approximate models of com-

plex processes. Each choice of a distance d defines a di¤erent performance criterion.

We can use a fixed performance criterion to compare a model to a data set or to a

reference model for model comparison, model reduction, or parameter estimation,

or we can use a set of performance criteria to perform model invalidation.

The Wasserstein pseudometric method proposed in this chapter has been devel-

oped with an eye toward maximum generality; in principle, it can be used with any

class of stochastic model given enough time and enough sample data. This generality

comes at a price. To take a unified approach for di¤erent classes of models, we must

use sampling and simulation; the values of Wasserstein pseudometric that we calcu-

late using this procedure are not as precise as those we would obtain using more an-

alytical methods. An open area of research is to derive more e‰cient algorithms for

approximating specific classes of stochastic processes.
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13 System-Theoretic Approaches to Network Reconstruction

Jorge Gonçalves and Sean Warnick

One of the fundamental aims of systems biology is the discovery of the specific bio-

chemical mechanisms that explain the observed behavior of a particular system.

These mechanisms are composed of complex networks of reactions between various

chemical species; detailing the species and interactions forming such a network can

be an overwhelming task, even for the simplest of biochemical systems.

Our research outlines an experimental process that makes such discovery possible

despite the intrinsic di‰culty of network reconstruction. If nothing is known about

the network connections between measured species, then, for a given network com-

posed of p measured species, p experiments must be performed, with each experi-

ment independently controlling a measured species, that is, control input i must first

a¤ect measured species i. If something is known about the network, then these con-

ditions may be relaxed. The network representation resulting from this process yields

a predictive model commensurate with the data used to create it: steady-state data

yield static network information, whereas time-series data generate a dynamic repre-

sentation of the system suitable for simulation.

We demonstrate that, in the absence of this essential experimental design, the net-

work cannot be reconstructed and every conceivable network structure, from a fully

decoupled to a fully connected network, can be equally descriptive of any particular

set of input-output data. If this correct methodology is not followed, any best-fit

measure for network reconstruction can yield arbitrarily poor and misleading results.

13.1 Motivation: Biochemical Complexity

There are a number of characteristics of biochemical systems that make them com-

plex and di‰cult to understand. One is the sheer number of distinct chemical species

present in a given system. For example, although there are only 20 amino acids from

which all proteins are built, the number of possible proteins composed of n amino

acids grows exponentially, as 20n. Many proteins are composed of hundreds or

thousands of amino acids. Moreover, proteins themselves combine to form chemical



complexes leading to intricate and sophisticated chemical machinery. Also, proteins

form complexes with other molecules, such as RNA in the case of ribosomes, yielding

a nearly unbounded potential for generating distinct chemical species within a system.

Another characteristic of biochemical systems that leads to their complexity is

their dynamic nature. Chemical species react, forming new compounds that, in turn,

interact and a¤ect a changing chemical environment. In such an environment, fluctu-

ating concentrations of one species can critically a¤ect the chemical behavior of

others, thus leading to an ongoing cycle of assembly and disassembly that is asso-

ciated with the resulting phenotype and chemical behavior of the entire biological

system.

In the face of this daunting complexity, there is nevertheless a hope of developing a

real understanding of the mechanisms responsible for the observed system behavior,

since most chemical species interact with a relatively small number of reactants in the

system, so that the torrent of chemical activity characterizing the system is actually

quite structured. This structure is captured in the way chemical concentrations or

molecular counts of one species directly depend on the concentrations or counts of a

limited number of other species. Such dependencies describe the biochemical network

of the system. Once the structure of this network becomes apparent, it is possible to

eliminate numerous interactions and relationships between species that would other-

wise be considered. In this way, knowledge of the structure of the biochemical net-

work can facilitate an understanding of the entire system.

Our work describes fundamental limitations associated with learning network

structure and uses knowledge about these limitations to outline practical methods

for reconstructing biochemical networks from data. Section 13.2 introduces the bio-

chemical network, emphasizing its role in managing the complexity of biochemical

systems and its relationship to system dynamics. Section 13.3 then introduces net-

work reconstruction and discusses its fundamental di‰culties and limitations and

the e¤ect of noise and nonlinearities in a biochemical system. Section 13.4 considers

the case where nothing is known about a network and explains why in this case it is

necessary to design experiments as noted above. It shows how network reconstruc-

tion can be achieved using two common types of experiments based on gene silencing

and overexpression, discusses trade-o¤s between steady-state and time-series data,

and concludes with an illustrative example. Section 13.5 sets forth the chapter’s con-

clusions and section 13.6 its mathematical details.

13.2 Biochemical Networks

Every biological system is rooted in the chemistry that governs the particular se-

quences of reactions that lead to its specific phenotype. This chemistry is described

by the complete list of chemical species in the system and the kinetic processes that
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govern reactions between them. This section describes how these interactions lead

to the notion of a biochemical network. First, it discusses the complete biochemical

network and explains the network’s fundamental role of encoding the essential chem-

istry driving the biochemical system. Next, it introduces an approximation of the

complete network that we describe as network structure, a simplified network that

illustrates the relationships between a subset of the chemical species in the system.

Finally, it discusses the relationship between network structure and the dynamics of

the biochemical system.

13.2.1 The Complete Biochemical Network

Consider the hypothetical situation in which every protein, carbohydrate, lipid, nu-

cleic acid, and other biomolecule capable of being produced by a particular biochem-

ical system is known and enumerated. Chemical kinetics then define the relationship

between each of these chemical species and the rest of the system. There are various

models that have been developed to describe such kinetics, but all of these models

reflect the same underlying causal relationship between species that would define the

complete biochemical network if such an enormous model could be developed. For

example, stochastic models (chapter 2) generally attempt to capture a refined view of

chemical processes by modeling the molecular count of the relevant species. Such

models are important for describing processes that are very sensitive to the presence

of small numbers of particular types of molecules. Probability theory is used to rep-

resent the impact of various dynamic e¤ects, such as thermal noise, on the fluctua-

tions in the numbers of these molecules, and these e¤ects then combine into one

large, coupled, di¤erential equation called the master equation. In this equation, the

structure of the biochemical network is encoded in the algebraic coupling between

variables.

Deterministic models, on the other hand, represent species by their chemical con-

centrations and typically use mass-action assumptions and Michaelis-Menten and

Hill (sigmoidal) equations to represent the subsequent chemical kinetics (chapter 1).

Combining the e¤ects of these dynamics over all species leads to a set of coupled or-

dinary di¤erential equations in which, once again, the structure of the biochemical

network is encoded in the algebraic coupling of these equations. Gillespie (2000)

gives a detailed description of some di¤erences between stochastic and deterministic

models for biochemical systems. In either case, however, the structure of the bio-

chemical network is a fundamental characteristic of the system, encoded in the alge-

braic structure of a dynamic model that considers every species over the entire

system.

One way to conceptualize this network is as a graph, where every node represents

a particular chemical species whose abundance at any particular time is measured by

either concentration or molecular count. The quantity of the species corresponding
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to any particular node fluctuates over time, depending on the quantities of other spe-

cies and on environmental variables such as temperature. This model allows us to

add nodes to our graph for each relevant environmental variable and then draw a

directed edge from every node of influence to the impacted node. The connections

between nodes, known as edges, characterize the dependencies between quantities

that influence the time behavior of species in the system, which is to say, dynamic

relationships between species are defined over the edges in this graph. Since most bio-

molecules are highly specific and target a few specialized reactions, our graph is both

tightly structured and sparse, significantly reducing the number of possible connec-

tions among species.

Figure 13.1 illustrates the graph structure for a network with ten species. Despite

this enormous reduction in complexity, however, the complete biochemical network

is still too large to handle, even for relatively simple biochemical systems. Even with

the advent of remarkable measurement technologies, such as high-throughput DNA

microarrays and mass spectrometry techniques, we still have not been able to mea-

sure every species or collect enough information to build a complete model of an en-

tire system. As a result, scientists have necessarily focused on subsets of the species

in the system and worked toward an in-depth understanding of various pieces of the

complete network.

Figure 13.1
Complete biochemical network for a system with ten distinct species. The network can be viewed as the
interaction of three specific mechanisms, represented by a shaded triangle, diamond, and pentagon. Edges
here indicate direct reactions between species.
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13.2.2 Network Structure: A Simplified Representation

The complete biochemical network is a sparse graph that characterizes dynamic rela-

tionships among all molecules in a biochemical system. Despite its sparsity, the sheer

number of potential species makes even this characterization unwieldy. A simplified

representation is necessary, one that can incrementally reveal more about the com-

plete biochemical network as additional information becomes available.

The traditional approach to dealing with such large, complex problems is to break

them apart and study them in pieces. For example, scientists have targeted specific

mechanisms such as signal transduction, protein synthesis, and cell metabolism and

have identified many of the species and reactions involved in these mechanisms. Al-

though such e¤orts have provided important insights into the local behavior of these

mechanisms, the global behavior is often obscured by a lack of understanding about

the network interactions.

Here we o¤er an alternative to modeling a specific piece of the system in full detail.

Instead, we consider a subset of species in the system, possibly species that have no

direct chemical relationship, and develop a coarse model of the entire system by con-

sidering the causal relationships among these measured species. These causal rela-

tionships may include excitation, inhibition, or some combination; the critical factor

is whether the presence of one species impacts the presence of another. We refer to

this coarse representation of the system as the network structure, as opposed to the

complete biochemical network, and note that it implicitly references a particular set

of measured species.

Like the complete biochemical network, network structure can be represented as

a graph, with nodes of the graph indicating measured species and edges in the graph

indicating a causal relationship between two measured species. We refer to the edge

structure of this graph as the Boolean network structure. Figure 13.2 demonstrates the

Boolean structure of four di¤erent network structures for the complete biochemical

network shown in figure 13.1.

In the network structure, unlike the complete biochemical network, an edge be-

tween two measured species does not necessarily indicate a direct chemical interac-

tion. Since the number of measured species may be considerably smaller than the

total number of species in the system, a large number of unmeasured species may be

present. An edge between measured species may therefore represent a complex chain

of reactions through an entire network of intermediate species so long as none of

these intermediate species is part of the set of measured species that constitute the

nodes of the graph. The presence of an edge in the network structure thus indicates

a direct relationship between the measured species, but may well indicate an indirect

relationship when considering the complete set of chemical species in the system. If

every species in the system were measured, then network structure would coincide
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with the complete biochemical network for the system, but in all other situations

(which we will generally assume to be the case), network structure is a simplification

of the complete network.

This di¤erence between the meaning of edges is apparent in figure 13.2, where

some edges indicate a direct reaction between species, while others may represent an

indirect relationship, so long as the intermediate reactions do not involve any mea-

sured species. This is the reason that a traditional approach to network discovery, fo-

cusing on understanding each mechanism in detail, may have di‰culty obtaining the

network structure. Consider, for example, the mechanism represented by the triangle

in figure 13.1. If we examine the network structure obtained by measuring only the

species (A,B,C) describing this mechanism (figure 13.2a), we note that a traditional

approach to the problem may easily miss the feedback from C to B since this link is

not a direct reaction. This flexible interpretation of an edge as being either a direct

reaction or an indirect chain of unmeasured reactions enables the network structure

to o¤er a coarse view of the entire system rather than a detailed view of a particular

component.

Since network structure o¤ers a view of the whole system, small changes can yield

di¤erent structures in surprising ways. For example, figure 13.2b, d demonstrates two

Figure 13.2
Four possible network structures as simplified representations of the complete biochemical network from
figure 13.1. The network structure di¤ers depending on which species are measured. Unlike the complete
biochemical network, some edges here may represent direct chemical reactions (e.g., A to B in panel a, or
D to B in panel b), whereas others may represent indirect ones, so long as the intermediate reactions only
involve unmeasured species (e.g., C to B, in panel a.)
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distinct structures between representative species from all three mechanisms (triangle,

diamond, and pentagon) of the system in figure 13.1. The structure in figure 13.2b

uses species B as a representative for the triangle mechanism, and this choice results

in the simple ring structure one might expect from the relationship between mecha-

nisms in the complete biochemical network. The structure in figure 13.2d, however,

replaces B with A as the representative species for the triangle mechanism, and now a

pathway from D to H appears in the network structure. This change illustrates

that network structure is providing a view of the whole system, as di¤ering views

of the relationship between D and H appear depending on whether A or B is mea-

sured. This is particularly interesting since the change in structure resulting from the

choice between A or B does not even involve the mechanism (triangle) to which A

and B belong. This global information about the network structure indicates that

investigation of one mechanism can o¤er understanding of other mechanisms in the

system.

On the other hand, the network structure of a system makes no assumptions about

the relationship or structure among unmeasured species in the system. For example,

we note in the network structure for (A,B,C) illustrated in figure 13.2a that C a¤ects

both A and B. The pathways from C to A and C to B, however, are entirely distinct,

and share no common mechanisms or reactions. This is in contrast with the network

structure for (A,D,H) in the same figure (panel d), where D a¤ects both A and H,

but the pathways D! B! C! A and D! B! C! J! H share a number of

intermediate reactions, as seen in figure 13.1. The unmeasured species B and C con-

tribute to both edges in the network structure diagram, whereas the unmeasured spe-

cies J only contributes to the edge between D and H. Thus network structure o¤ers

a global view of the relationship between measured species without saying anything

about the structure or relationship between unmeasured species.

This lack of detail, while retaining the correct relationship between measured spe-

cies, is the critical feature of network structure. It enables an accurate, if incomplete,

view of the entire interconnected system, rather than providing a detailed partial

understanding of one component of the system, disconnected from the rest of the

network. This coarse view of the system remains consistent with more refined repre-

sentations that are generated as more species become available for measurement,

leading to an incremental but e¤ective discovery process (figure 13.3). The incremen-

tal character of this discovery process ensures that the information load necessary to

obtain accurate, if less precise, representations of the system remains bounded by

practical constraints on data availability. Network structure thus o¤ers the simpli-

fied representation necessary to enable a developing understanding of the complete

biochemical system despite technological limitations or the network’s formidable

complexity.
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13.2.3 Network Structure and System Dynamics

Network structure o¤ers a simplified view of the complete biochemical network,

specifying the structural relationships among measured species without defining those

among unmeasured species. It has a Boolean component represented by the presence

or absence of edges between measured species; this Boolean structure remains consis-

tent with refinements as more species in the system become available for measure-

ment. This section formalizes the Boolean representation of network structure and

extends it to include the dynamic properties of the system through the use of dynam-

ical structure functions.

The Boolean component of network structure can be formally represented by the

transpose of its adjacency matrix. For a network structure with p measured species,

this is a p� p matrix M with entries Mij ¼ 1 if species i depends on species j, and

zero otherwise. That is, Mij ¼ 1 if there is an edge from species j to species i. For

example, the Boolean components of the networks in figure 13.3 can be written as

0 0 1

1 0 1

0 1 0

2
64

3
75;

0 0 1 0 0

1 0 0 1 0

0 1 0 0 0

0 0 0 0 1

0 0 1 0 0

2
6666664

3
7777775;

0 0 1 0 0 0 0

1 0 0 1 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 1

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 0 0 0 1 1 0

2
66666666664

3
77777777775
; ð13:1Þ

Figure 13.3
Network structure o¤ers a simplified, but accurate, view of the complete biochemical network. This accu-
racy is reflected in the fact that a coarse network structure (panel a) of the system from figure 13.1 remains
consistent with refinements generated as additional species are measured (panels b and c). Notice that
refinements simply add detail to edges of the coarser structure.
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where these matrices implicitly reference nodes (A,B,C), left; (A,B,C,D,H), middle;

and (A,B,C,D,H,E,F), right. The partitioning of the second and third matrices is

provided to facilitate an easy comparison with each previous matrix, demonstrating

that zeros in the Boolean structure remain present in all refinements. This preserva-

tion of zeros over refinements characterizes the consistency of coarse network struc-

tures with respect to their own refinements.

Nevertheless, the 1s in the matrix representation do not necessarily remain under a

refinement. For example, M23 in the left matrix, representing an edge from C to B, is

not present in either of the next two refinements. Compare this with any of the other

1s in the same matrix, all of which remain present in all refinements. This discrep-

ancy in how edges are handled by this Boolean representation of network structure

occurs because some edges represent indirect reactions, and thus will disappear at

some level of refinement. Other edges represent direct reactions and thus remain in

every refinement down to the complete biochemical network. This inconsistency to-

ward edges, despite the consistency toward zeros, highlights a drawback of the Boo-

lean representation: it uses the same symbol for every edge, even though the nature

of these edges can vary considerably.

Another drawback of the Boolean representation is that it is insu‰cient to char-

acterize the system dynamics. Although the edge structure of a system can reveal

something about its behavior, in and of itself, Boolean structure cannot provide the

details of these dynamics. Moreover, specific details about behavior, such as stoichi-

ometry and reaction rates, are not captured in the Boolean representation of network

structure.

To overcome these drawbacks, consider an alternative representation of network

structure which, like the Boolean representation M, captures the edge structure be-

tween measured species through the zero structure of a p� p matrix. As a result, it

retains the consistency properties of M over refinements, in that zeros are preserved,

although nonzero terms may not be. This new representation replaces each 1 in M

with a characterization of the specific reaction, or chain of reactions, symbolized by

the presence of that edge between measured species in the network structure. In this

way, the dynamics between measured species are specified for each edge; we symbol-

ize these dynamics, which we will describe later, from species j to species i with the

notation Qij . Taken together, the dynamics of the entire system can then be encoded

in this matrix structure, Q, called the internal structure of the system. When exter-

nal control variables are present, we encode the network structure between these m

variables and the p measured species with an additional p�m matrix P, called the

control structure, defined similarly to Q. These two matrices ðQ;PÞ are called the

dynamical structure function of the system; they characterize the network struc-

ture, at the resolution consistent with the number of measured species, as well as the

dynamics of the system—thereby enabling simulation. As an example, consider the
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complete biochemical network in figure 13.1. Suppose, in addition, that an externally

controlled variable is introduced that directly targets species A in the system. If only

species A, B, and C, along with the external control variable, are measured, then the

dynamical structure function of the system becomes:

ðQ;PÞ ¼
0 0 QAC

QBA 0 QBC

0 QCB 0

2
64

3
75; PA

0

0

2
64

3
75

0
B@

1
CA: ð13:2Þ

Notice that the zero structure of ðQ;PÞ describes the Boolean network structure of

the system. This raises the question as to how Qij and Pkl encode the dynamics be-

tween species i and j or between species k and l.

Although a complete derivation can be found in section 13.6 and in Gonçalves and

Warnick (2008), the short answer to this question is that we consider the system to be

near equilibrium and analyze the relationship between species for small deviations

from this steady state. This analysis yields a linearization (as discussed in chapter 1)

of the true chemical dynamics around one particular set of equilibrium values of the

system variables, characterized by the pairwise interactions among measured species

and control variables. Each of these interactions is either a direct reaction or an indi-

rect reaction through a number of unmeasured intermediate species (figure 13.4). In

either case, the dynamics of any pairwise interaction are then ideally described by a

linear, time-invariant (LTI) system with an order that is one greater than the number

of unmeasured intermediate species involved in that particular reaction chain. Each

Figure 13.4
Edge C! B in the network structure (panel a) of the complete biochemical network in figure 13.1 is com-
posed of the subnetwork including all of the intermediate unmeasured nodes (panel b). The impact of C on
B near equilibrium is then given by the transfer function QBC , associated with this subnetwork.
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of these single-input, single-output LTI systems can then be represented by its trans-

fer function, Qij or Pkl . Thus di¤erent edges in the dynamical structure function will

exhibit di¤erent levels of complexity, reflected by the order of their transfer func-

tions, according to the intricacy of the unmeasured components and mechanisms

embedded along that particular pathway. As a result, we will sometimes distinguish

this richer view of network structure from its Boolean component by calling it

dynamical structure. This flexibility suggests that ðQ;PÞ is a powerful way to de-

scribe both the network structure and the dynamic behavior of the system without

attempting to specify every detail or understand every mechanism of its complete

biochemical network.

13.3 The Network Reconstruction Problem

The establishment of dynamical structure as a simplification of both the complete

biochemical network and its inherent dynamics introduces a new paradigm for the

reverse engineering of the biochemical system. Instead of attempting to reconstruct

the complete biochemical network one piece at a time and to somehow correctly con-

nect these pieces, we explore the recovery of the dynamical structure at a particular

resolution. This dynamical structure can then be incrementally refined toward a com-

prehensive understanding of the complete biochemical system as the necessary mea-

surement technology and data become available.

This section describes the nature of this new problem, distinguishing the recon-

struction of dynamical structure from other, well-established reverse engineering

problems: system identification and realization. It then leverages this new perspective

on reconstruction to demonstrate fundamental limitations on network discovery,

even for the partially descriptive, idealized representations captured by dynamical

structure. Finally, it introduces the mechanisms needed to extend our idealized anal-

ysis to the nonlinear, noisy setting that characterizes real biochemical systems.

13.3.1 Reconstruction versus Identification and Realization

There are a number of di¤erent ways to represent a linear, time-invariant dynamical

system. Each representation reveals di¤erent information about the system, and thus

each also requires di¤erent amounts of data—possibly di¤erent kinds of data—

as well as di¤erent computational procedures to be specified from these data. Here

we discuss transfer functions, state-space realizations, and dynamical structure and

use them to contrast the problems of identifying, realizing, and reconstructing sys-

tems. The transfer function of an LTI system is a description of the input-output

behavior of the system. It provides a model capable of simulation; knowing the

transfer function allows one to predict the response of the system to a new input.

System identification uses the time-series data characterizing stimulus and response
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to determine the input-output dynamics of the system. Developing reliable algo-

rithms capable of operating on real (i.e., noisy and limited) data is a research topic

in its own right (see chapter 14). The system identification process reads time-series

data to produce a mathematical expression characterizing the dynamic input-output

behavior of the system; for linear, time-invariant systems, this expression is called the

transfer function. For a system with m inputs and p outputs, the input-output map is

a p�m matrix of transfer functions that is also called the transfer function, with any

ambiguity resolved by context. In this work, we denote the transfer function matrix

GðsÞ and note that each individual element of G is a proper rational complex func-

tion of the complex Laplace variable s.

In contrast to the transfer function, which describes only the input-output behavior

of an LTI system, a state-space model of the system describes the precise network

architecture used to realize a particular input-output behavior. This representation

of the system is a set of coupled ordinary di¤erential equations of the form

_xxðtÞ ¼ AxðtÞ þ BuðtÞ;
for an n� n matrix A, an n�m matrix B, and a vector of m inputs u. In this work,

we assume that p < n states are measured, leading to the additional output equation

yðtÞ ¼ Cx, where C ¼ ½I 0�x (where I is the p� p identity matrix, and 0 is the

p� ðn� pÞ matrix of zeros). This output equation thus indicates that the first p ele-

ments of the state vector x are exactly the measured variables in the system; the

remaining ðn� pÞ state variables are unmeasured ‘‘hidden’’ states. A state-space

model that includes every species in a given chemical system would describe the com-

plete biochemical network; the zero structure of the A and B matrices would exactly

describe the Boolean structure of the network, and the values of these matrices would

encode the dynamics of the system.

In general, there are many state-space realizations that generate the same input-

output behavior, or transfer function. Realization is the process of finding a state-

space model that produces a given system; a state-space model derived from a given

transfer function is called a realization of the transfer function. There is a well-

developed realization theory for linear systems that answers questions such as what

is the minimum number of states, n, needed to describe a given transfer function,

GðsÞ; how to find state-space realizations of particular canonical forms; and how to

relate ðA;B;CÞ to GðsÞ. This theory establishes that beyond the input-output data

used to generate a transfer function, more information is needed to distinguish one

state-space realization from another as a description of a particular system.

One exception to this principle is when all states are measured, that is, when there

are no hidden states. In this situation, we know C is the identity, and there is a

unique state-space realization associated with every transfer function G . This knowl-

edge enables the discovery of a system’s complete network structure from data by

first solving a system identification problem to obtain G , and then solving the system
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realization problem to find ðA;BÞ. The network structure is then encoded in the zero

structure of A and B. Nevertheless, given the complexity of biochemical systems, it is

unreasonable to assume that all states are measured.

Even with just one hidden state, the realization problem becomes ill posed; a trans-

fer function will have many state-space realizations, and each of these may suggest

an entirely di¤erent network structure for the system. This is true even if it is known

that the true system is, in fact, a minimal realization of the identified transfer func-

tion. As a result, failure to explicitly acknowledge the presence of hidden states and

the ambiguity in network structure that results can lead to a deceptive and erroneous

process for network discovery. Consider the following example.

Example: Assuming Full-State Measurements Can Be Deceptive Here we demon-

strate how assuming full-state measurements can lead to erroneous and deceptive

structure results. When full-state measurements are assumed, one approach to net-

work discovery is to first solve an identification problem yielding a transfer function

that fits the observed data well. Then, since full-state measurements are assumed, the

minimal realization corresponding to this transfer function can be found, and this

realization will specify a network structure for the system. Nevertheless, if even one

hidden state is present, this predicted structure can be completely di¤erent from the

true system structure.

What is particularly deceptive about this approach is that one may gain confidence

in the accuracy of the predicted network structure based on the ability of the transfer

function to fit the measured data. Moreover, an excellent fit may be achieved with a

transfer function of an order equal to the number of its outputs, thereby suggesting

that a full-state measurement assumption is reasonable. Thus a high-quality fit can

lead one to think that the resulting network structure is correct when, in fact, it is

not.

Suppose the concentrations of two species are measured at regular intervals during

a particular dynamic transition until the system reequilibrates. The objective of the

experiment is to discover the network structure between the two compounds.

Although one may use various identification techniques to find a model that

explains the measured data, our purpose is not to compare them or even to comment

on the identification step at all. Instead, we are interested in how assuming there are

no hidden states obscures the network reconstruction problem.

Suppose the measured data are as illustrated in figure 13.5. We observe that the

following system fits the data well:

GðsÞ ¼
1:65

sþ 1:65

2:77

sþ 2:77

2
6664

3
7775:
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Although this model may have been derived in a number of di¤erent ways, the im-

portant observation is that it is second order. Since two species are measured and a

transfer function that fits the data well is second order, we might assume that we

have full-state measurements. Moreover, a system with full-state measurements has

a unique state-space realization. The transfer function GðsÞ corresponds to the state-

space model

A ¼ �1:65 0

0 �2:77
� �

and B ¼ 1:65

2:77

� �
:

The state-space realization of a system exposes its network structure. Here the two

measured species are completely decoupled. Nevertheless, the actual system generat-

ing these data is given by

A ¼
�0:1 �0:1 �2:6
1:3 �2:7 �2:2
2:3 1:3 �9:2

2
64

3
75 and B ¼

2:8

3:6

5:6

2
64

3
75;

where only the first two states are measured, and the third state is hidden. The actual

network structure between the measured states is thus fully connected. Thus we see

that the network structure determined by assuming no hidden states can be incorrect,

even when the model’s fit to data is good.

This example illustrates that, even for the simplest of systems, with only two mea-

sured outputs and with knowledge of linear dynamics, failing to acknowledge the

Figure 13.5
Concentration data for two compounds measured during a particular dynamic transition, showing the fit
of a decoupled second-order system (solid line).
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possibility of hidden states can lead to a highly convincing, yet erroneous, estimate of

the network structure between measured states.

Such an error in network reconstruction results from making a full-state measure-

ment assumption when hidden states are present, which fixes a unique realization and

network structure corresponding to the transfer function fit to the data. Because the

presence of even a single hidden state enables many realizations to be compatible

with the same input-output model, if one erroneously assumes full-state measure-

ments when in fact unmeasured states are present, then the actual structure might

well be di¤erent from the one determined by the full-state assumption.

In this way, assuming full-state measurements hides the network reconstruction

problem within the system identification and realization problems; once a model is

identified from data, the network structure is fixed by assumption. Nevertheless, to

find a system’s true structure from data, one must develop a theory of reconstruction

independent from the identification and realization processes, one that explicitly

addresses the presence of hidden states and their subsequent dynamic e¤ects. Such

an approach is developed through the use of dynamical structure and the formula-

tion of the reconstruction problem.

Dynamical structure is a new representation for linear, time-invariant systems.

Like both the state-space representation and the transfer function, dynamical struc-

ture encodes the input-output dynamics of the system. Nevertheless, unlike either

the transfer function, which encodes no information about network structure, or the

state-space realization, which encodes all the information about network structure,

dynamical structure encodes only part of the information about the structure of the

network. In particular, it encodes the structure between measured states while o¤er-

ing no information about the structure among hidden states. Dynamical structure is

a pair of matrices, ðQðsÞ;PðsÞÞ, like the state-space realization ðA;BÞ, but these are

matrices of transfer functions, much like GðsÞ.
Reconstruction is the process of finding ðQðsÞ;PðsÞÞ from input-output data or, if

identification has already been performed, from the transfer function of the system.

It is distinct from both system identification and realization, and its formulation en-

ables an alternative approach to network discovery. This alternative approach solves

the reconstruction problem at a given resolution, and then incrementally refines

the model as more measurements become available. In doing so, even though no

assumptions about full-state measurements are made, the data requirements neces-

sary to reconstruct part of the network structure can be fully controlled through the

choice of resolution.

13.3.2 Fundamental Limitations of Reconstruction

Using dynamical structure functions to formulate precisely the network reconstruc-

tion problem enables us to carefully analyze the nature of its solutions. In particular,
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we are interested in understanding what data, and hence what kinds of experiments,

are necessary to solve this problem. This section describes simplifications that enable

clear analysis, then summarizes the limitations for network reconstruction, even for

these idealized situations. From these limitations, we obtain a clear characterization

of the nature of the experiments necessary to solve the problem.

Formulating the network reconstruction problem hinges on essential simplifica-

tions that expose the central relationships between input-output behavior and net-

work structure. In particular, recall that we have restricted our attention to linear,

time-invariant systems, presumably derived as linearizations of the nonlinear dynam-

ics of the biochemical system developed near particular equilibrium values. More-

over, we have assumed that the noise reflected in the data is su‰ciently small that a

system identification routine is able to deliver the correct transfer function of the sys-

tem. Further, recall that reconstruction itself is a less ambitious objective than real-

ization, in that only the structural relationships between measured states are desired.

With all of these simplifications, we have formulated a problem with the best chance

for a solution. As a result, we can expect that any challenges with the solution of this

simplified problem are fundamental, in that they will also hinder a more ambitious

approach.

Given these simplifications, reconstruction becomes the derivation of ðQ;PÞ given
G . With this formulation, it is possible to show that, in general, not even Boolean

reconstruction is possible without more information about the system. In fact, for

any transfer function GðsÞ, it is possible to find a viable structure ðQðsÞ;PðsÞÞ, con-
sistent with G , for any internal structure QðsÞ. That is, any nontrivial input-output

behavior can be realized by a completely decoupled internal structure, a completely

coupled internal structure, or anything in between. This implies that the information

from input-output data is not su‰cient to determine the network structure of the sys-

tem, even in the idealized scenario of a linear network with perfect knowledge of the

transfer function. This fact is illustrated by the following example.

Example: Minimal Realizations Do Not Specify Unique Structure Consider a system

with the following transfer function:

G ¼ 1

sþ 3

1

sþ 1

1

sþ 2

2
6664

3
7775:

It can be shown that this transfer function is consistent with two systems having quite

di¤erent internal structures, of the form _xx ¼ Axþ Bu, y ¼ Cx given by
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A1 ¼
�1 0 1

0 �2 1

0 0 �3

2
64

3
75; A2 ¼

�2 �1 1

�1 �3 1

0 �1 �1

2
64

3
75;

B1 ¼ B2 ¼ ½0 0 1�T and C1 ¼ C2 ¼ ½I 0�;
where C1, and C2 are 2� 3 matrices. The networks in figure 13.6 correspond to these

two realizations of G . Note that both realizations are minimal. This demonstrates

that knowing that the true system is minimal is not enough to specify even the

Boolean structure of the system; every transfer function GðsÞ admits a consistent

dynamical structure for any internal structure QðsÞ, whether it be perfectly decoupled

or fully connected, as shown here.

Even in this idealized setting, reconstruction is not possible without additional

information about the system. The same analysis that conclusively determines that

input-output data yield no information about internal structure also demonstrates

exactly what additional information is necessary for the transfer function to uniquely

determine the structure. In particular, exactly p elements in each row of the matrix

½Q P�, including the zero on the diagonal of Q, must be known a priori for a transfer

Figure 13.6
The same transfer function yields two di¤erent minimal realizations and two di¤erent network structures:
decoupled internal structure (a,c) and coupled internal structure (b,d). The complete biochemical network
corresponding to each state space realization is shown in panels a and b; measured species are shaded. The
corresponding network structure, characterized by the dynamical structure function, is shown in panels c
and d.
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function to uniquely determine the rest of the dynamical structure function. This

partial structure information is the basis for the experimental design that solves the

reconstruction problem; discovering the fundamental limitations of reconstruction

also sheds light on the solution to this problem.

13.3.3 Robustness: Noise and Nonlinearities

Although the fundamental limitations of network reconstruction are distilled by fo-

cusing on an idealized context for the problem, in practice, we want to ensure that

any reconstruction methodology we develop will work on real biochemical systems.

This implies that the results developed for linear systems, with no noise and perfect

system identification, must be extended to include situations with noise and un-

modeled dynamics, including nonlinearities.

In real biochemical networks, the data are typically very noisy, and some of the

dynamic e¤ects, such as di¤usion and transport, may not be accounted for in a ki-

netic model. As a result, system identification will typically not produce the actual

transfer function of the linearized real system; it will instead generate an approxima-

tion that captures the essence of the dynamics and fits the data well. For a properly

designed experiment with the appropriate partial structure information, this transfer

function will then uniquely specify a particular dynamical structure. Nevertheless,

since the transfer function is an approximation of the true transfer function, the

resulting dynamical structure is also only an approximation of the true structure.

Moreover, this structure will typically be fully connected since it is very unlikely

that noisy data will exactly produce zeros in the appropriate locations to eliminate

edges in the network structure.

To discover the true network structure in this situation, then, one must solve the

network robustness problem, computing the distance from a given transfer function

to all possible Boolean structures. This is done by discovering the smallest perturba-

tion to the transfer function that subsequently yields the desired Boolean structure

when combined with the essential partial structure information. Computing this dis-

tance from the specified transfer function to each Boolean structure enables us to

discover the Boolean structures that are ‘‘closest’’ to the given transfer function

derived from noisy data. This drives the selection of a realistic structure in spite of

noisy data and unmodeled dynamics, and provides a practical reconstruction process

that allows measured data to discover the network structure most descriptive of its

particular dynamic.

13.4 Experimental Design for Reconstruction

Analyzing the dynamical structure function of a system and its relationship to its

transfer function reveals the fundamental limitations of network reconstruction.
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In particular, we discover that perfect knowledge of the input-output dynamics,

reflected by the system’s true transfer function, is insu‰cient to solve the reconstruc-

tion problem, even if only the Boolean structure is desired. Further analysis, how-

ever, reveals that knowledge of exactly p elements in each row of the matrix ½Q P�
is su‰cient additional information to enable us to reconstruct a network from a sys-

tem’s transfer function. This section describes two examples of experiments that can

satisfy this condition and enable network reconstruction.

The critical feature of this experimental process is the design of a set of perturba-

tions that independently target each of the measured chemical species modeled in the

network. Such perturbations are inputs to the system with a special structure to their

control network, P. In particular, if we know that each input only a¤ects the mea-

sured species through one particular targeted species, then we know that exactly one

element in each column of P is nonzero. This implies that exactly p such inputs, one

for each measured species, will result in exactly p� 1 zeros in every row of P. This

partial structure information, along with the knowledge that each diagonal element

of Q is zero, satisfies the condition of knowing exactly p elements in each row of the

matrix ½Q P�. Reconstruction of the rest of the entries of the dynamical structure

function is then possible from perfect knowledge of the system’s transfer function.

In situations where the linear approximation of the actual biochemical system is

su‰ciently descriptive, and where the signal-to-noise ratios enable confidence in the

identified transfer function, this procedure will deliver the network structure of

the system. Moreover, an experimental design that fails to augment knowledge

of the transfer function with knowledge of p elements of each row of ½Q P� cannot
deliver knowledge of the network structure. This experimental design process is es-

sential in that every conceivable internal structure between species, Q, can be equally

descriptive of any particular transfer function. Unless this methodology is followed,

and the essential partial-structure information is obtained through an appropriate ex-

perimental design, any best-fit measure for estimating a possible network structure

can yield poor and misleading results. The results can be poor because the network

estimate can be incorrect, and misleading because the resulting transfer function can

accurately fit the measured data.

In the presence of unmodeled dynamics or significant noise, more work is neces-

sary to recover the network structure. In particular, the network robustness problem

must be solved, which is described in detail in section 13.6. Since the noise and

unmodeled dynamics create a discrepancy between the transfer function identified

from data and the true input-output behavior of the system, one would like to mea-

sure the distance from the identified transfer function to various Boolean network

structures, selecting one that is most parsimonious in a particular sense. Current re-

search indicates that doing so can lead to recovering the actual network structure in

many situations. To make this experimental design more concrete, we discuss specific
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situations where the necessary conditions for reconstruction are satisfied. We explore

the use of microarray techniques for measuring both messenger RNA and protein

concentrations. Finally, we discuss the implications of measuring only steady-state

values. We demonstrate that the network representation resulting from this experi-

mental process yields a predictive model commensurate with the data used to create

it: steady-state data yield static network information, whereas time-series data gener-

ate a dynamic representation of the system suitable for simulation.

13.4.1 Gene Silencing

A relatively easy way to interact directly with a specific gene is to perturb a system

with RNA interference (RNAi), a mechanism that either inhibits gene expression at

the stage of translation or hinders the transcription of specific genes. This leads to

gene silencing, a term generally used to describe the ‘‘switching o¤ ’’ of a gene by a

mechanism other than genetic modification. Gene-silencing experiments are now

commonplace and can be interpreted as modifying the structure of the biological

system.

We first assume that our network has p observed states consisting of mRNA con-

centrations. We model gene silencing by RNAi as an ‘‘operator’’ that adds an addi-

tional state variable and an input to the system. The input represents an RNAi

molecule, and the additional state is the complex resulting from the binding of the

RNAi with the corresponding mRNA molecule. Silencing an mRNA results in tem-

porarily driving its concentration to zero.

Performing a silencing experiment on species yi and measuring the dynamical be-

havior of this modified system yields a column vector transfer function, Gi. The con-

trol structure function, Pi, for this particular experiment is a column vector with only

one nonzero entry, Pii. We know this because the control input, ui, a¤ects only the

new hidden state, which in turn only directly a¤ects the measured state, yi. Note

that yi may then a¤ect other measured states, but the input is specifically designed

to target yi. Thus there is only one unknown transfer function in Pi.

Repeating the gene-silencing experiments on all other p measured mRNA species

gives a transfer function G ¼ ½G1 G2 � � � Gp� and a diagonal P ¼ diagðP11;P22; . . . ;

PppÞ. Because we know that the p� 1 nondiagonal terms on each row of P are zero,

there are enough equations in ðI �QÞG ¼ P to solve all the unknowns in Q, as

explained in section 13.6. Exactly p independent RNAi experiments are required to

reconstruct the network.

Measuring protein concentrations rather than mRNA yields the same dynamics, ex-

cept that now all mRNA amd RNAi are hidden states. In this case, RNAi lowers the

concentration of mRNA, and so, in time, eliminates the associated protein. It follows

that p of these experiments will also enable as to reconstruct the system’s dynamical

structure since, with a similar argument, the control structure P is diagonal.
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13.4.2 Inducible Overexpression

Gene overexpression may be constitutive, where the gene is always being transcribed,

or inducible, where the gene may be externally activated. In a second set of structural

perturbation experiments, we consider the latter. External activation occurs through

the introduction of a transgene into the host specifically designed to temporarily in-

crease the abundance of the desired transcript. The target specificity of these methods

allows the control of the expression of specific genes without directly a¤ecting other

genes in the network.

We can posit a simple model of inducible overexpression in much the same way we

did the model of gene silencing described above. In this case, the input, ui, can be ei-

ther a transcription factor or an activator of a transcription factor for gene i. The

new hidden states can represent one or more states. One example of this is a tran-

scription factor or a complex composed of the transcription factor bound to specific

parts of DNA that increases the a‰nity for RNA polymerase. The concentration of

mRNA corresponding to yi will then increase (if it is not already saturated) and then

possibly a¤ect other measured species. These changes result in a control structure, Pi,

that has, again, only one nonzero entry. Thus inducibly overexpressing all measured

states in a similar way will lead to a diagonal P, making it possible to reconstruct the

dynamical structure of the network. A similar argument follows if protein concentra-

tions are measured instead of mRNA.

13.4.3 Steady-State versus Time-Series Data

Thus far, we have assumed that time-series data are available to perform system

identification and obtain a transfer function. Frequently, however, experimental

costs permit only steady-state measurements. As shown below, most of the connec-

tivity of the network can still be reconstructed, but with no dynamical information.

The advantage, however, is that we can perform a greater number of experiments for

the same time and e¤ort.

Assume that, after some time, the control input concentrations are maintained at a

constant value giving us access to yðtÞ, where t is large. This is equivalent (provided

the system is stable) to knowledge of G0 ¼ Gð0Þ, in other words, GðsÞ evaluated at

s ¼ 0. This follows from the final value theorem (see, for example, Chen, 1999). If

Q0 ¼ Qð0Þ and P0 ¼ Pð0Þ, then ðI �QðsÞÞGðsÞ ¼ PðsÞ evaluated at s ¼ 0 becomes

ðI �Q0ÞG0 ¼ P0. With this equation, all of the above results follow, except in the

case that GðsÞ has a zero at s ¼ 0.

13.4.4 A Nonlinear System with Noise

Here we consider an example where we measure the concentration of three mRNA

molecules. The full network is shown in figure 13.7a. Each mRNA is translated into
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a protein that, together with an external transcription factor (the input), regulates the

transcription of another mRNA. Because they can be administered in large dosages

or replenished often enough, we assume that the inputs are steps. To obtain the net-

work structure, three separate experiments are performed, one for each input, and

mRNA measurements are taken.

The dynamics of the system are linear except for _yy1:

_yy1 ¼ �y1 þ
0:5

0:1þ z33
þ u1;

_yy2 ¼ �2y2 þ 1:5z1 þ u2;

_yy3 ¼ �1:5y3 þ 0:5z2 þ u3;

_zz1 ¼ 0:8y1 � 0:5z1;

_zz2 ¼ 1:2y2 � 0:8z2;

_zz3 ¼ 1:1y3 � 1:3z3:

To each simulation, we add independent Gaussian noise with mean zero and stan-

dard deviation 0.1, as explained in section 13.6.4. The simulations are repeated three

times and only steady-state data are used. The results can be found in table 13.1.

In an attempted reconstruction from the data, candidate networks are compared

by associating a cost to each structure. Most network structures have a very high

cost, which suggests they are not correct. When fit to this data, eight networks have

low and similar costs. These are further di¤erentiated by penalizing connections,

again, as explained in section 13.6.4, and the true network is recovered.

Figure 13.7
(a) Complete network, which includes hidden states (dashed circles). (b) Network structure with only mea-
sured states.
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Moreover, a reconstruction from time-series data would recover QðsÞ and PðsÞ,
which contain all of the dynamical behavior between measured states. This recon-

struction allows for simulation, analysis, and modeling of structural perturbations.

For example, a gene knockout, which turns a gene o¤ constitutively can be modeled

simply by removing the corresponding rows and columns of Q. Alternatively, the ef-

fect of a mutation that causes gene i to lose its sensitivity to transcription factor j is

obtained by making Qij ¼ 0. Such flexibility is not available when working with a

model consisting solely of the transfer function GðsÞ.

13.5 Conclusions

Biological networks play a fundamental role relating a biochemical system’s physical

structure to its dynamic behavior. This chapter introduced network reconstruction as

a problem distinct from system identification or realization and demonstrated its role

in identifying the structure of a networked system. Dynamical structure functions

were presented as a new representation of linear, time-invariant systems that incorpo-

rates exactly the structural information between measured states without fixing struc-

tural relationships between hidden states of the system. This tool enabled a precise

formulation of the reconstruction problem that explicitly acknowledged the presence

of unmeasured states, and thus di¤erentiated reconstruction from system realization.

Moreover, the use of dynamic structure functions revealed the dynamic properties of

structurally perturbed systems, enabling convenient analysis of modified structures.

Through the use of these tools, fundamental limitations of network reconstruction

became apparent. Not even Boolean reconstruction of linear, time-invariant systems

is possible from input-output data alone. To discover a system’s network structure

from data, one must perform structural perturbation experiments, where the experi-

mental design reveals certain structural elements. Subsequent analysis of the nature

Table 13.1
Result of steady state for three di¤erent experiments, from each input to the measured outputs

Experiment 1 Experiment 2 Experiment 3

u1 ! y1 0.4382 0.4504 0.4353

u1 ! y2 0.4372 0.4285 0.4253

u1 ! y3 0.2349 0.2411 0.2264

u2 ! y1 �0.2639 �0.2803 �0.2975
u2 ! y2 0.1455 0.1653 0.1283

u2 ! y3 0.1076 0.0852 0.1077

u3 ! y1 �0.6850 �0.7267 �0.7225
u3 ! y2 �0.7307 �0.6862 �0.7642
u3 ! y3 0.3397 0.2787 0.2055
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of a system’s dynamical structure function revealed how to design these experiments;

gene silencing and inducible overexpression were shown to be e¤ective mecha-

nisms yielding the information necessary for network reconstruction for linear, time-

invariant systems. These results were then extended to develop reconstruction

methods for nonlinear systems through the solution of the network robustness prob-

lem. These techniques thus yield an e¤ective mechanism for obtaining network struc-

ture, and this structural understanding can be iteratively refined as new measurement

capabilities become available.

13.6 Appendix: Mathematical Details

Consider a nonlinear system _xx ¼ f ðx; u;wÞ, y ¼ hðx;wÞ with p measured states y,

hidden states z (potentially a large number of them), m inputs u, and noise w. The

system is linearized around an equilibrium point (a point such that f ðx�; 0; 0Þ ¼ 0)

such that the inputs and noise do not move the states too far from the equilib-

rium and the linearized system remains close to the original nonlinear system. The

linearized system can be written as _xx ¼ Axþ Bu, y ¼ Cx, where x ¼ x� x� and

y ¼ hðx; 0Þ � hðx�; 0Þ. The transfer function of the system is given by GðsÞ ¼
CðsI � AÞ�1B. Typically, we can use data to find a transfer function G with standard

system identification tools (Ljung, 1987).

13.6.1 Dynamical Structure Functions

Like system realization, network reconstruction begins with a transfer function, but

it attempts to determine the network structure between measured states without im-

posing any additional structure on the hidden states. To accomplish this, a new rep-

resentation of linear, time-invariant systems is required. Partition the linear system as

_yy

_zz

� �
¼ A11 A12

A21 A22

� �
y

z

� �
þ B1

B2

� �
u; ð13:3aÞ

y ¼ ½I 0� y

z

� �
; ð13:3bÞ

where x ¼ ðy; zÞ A Rn is the full state vector, y A Rp is a partial measurement of the

state, z are the n� p ‘‘hidden’’ states, and u A Rm is the control input. In this work,

we restrict our attention to situations where output measurements constitute partial-

state information, that is, where p < n. We consider only systems with full-rank

transfer function that do not have entire rows or columns of zeros because such ‘‘dis-

connected’’ systems are somewhat pathological and only serve to complicate the ex-

position without fundamentally altering the conclusions of this work.
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Consider the Laplace transform of the signals in (13.3), yielding

sY

sZ

� �
¼ A11 A12

A21 A22

� �
Y

Z

� �
þ B1

B2

� �
U ; ð13:4Þ

where Y , Z and U are the Laplace transforms of y, z, and u, respectively. Solving for

Z gives

Z ¼ ðsI � A22Þ�1A21Y þ ðsI � A22Þ�1B2U :

Substituting into equation (13.4) then yields

sY ¼WY þ VU ; ð13:5Þ
where W ¼ A11 þ A12ðsI � A22Þ�1A21 and V ¼ A12ðsI � A22Þ�1B2 þ B1. Let D be a

matrix with the diagonal term of W , i.e. D ¼ diagðW11;W22; . . . ;WppÞ. Then
ðsI �DÞY ¼ ðW �DÞY þ VU :

Note that W �D is a matrix with zeros on its diagonal. We then have

Y ¼ QY þ PU ; ð13:6Þ
where

Q ¼ ðsI �DÞ�1ðW �DÞ ð13:7Þ
and

P ¼ ðsI �DÞ�1V : ð13:8Þ
Note that Q is zero on the diagonal.

Definition 13.1 Given the system (13.3), we define the dynamical structure function

of the system to be ðQ;PÞ, where Q and P are the internal structure and control struc-

ture, respectively, and are given as in equations (13.7) and (13.8). n

Note that there are two main reasons we choose to work with ðQ;PÞ instead of

ðW ;VÞ. The first is that by imposing zeros on the diagonal of Q, the matrix Q con-

tains p variables less than the matrix W , which is important in the reconstruction

problem (discussed later). The second reason is that, if all the measured states are

removed from the system except for Yi and Yj, then the transfer function Qij ðQjiÞ
corresponds to the exact transfer function between the states when Yj ðYiÞ is the in-

put and Yi ðYjÞ is the output. The same holds for P in terms of Uj ðUiÞ and Yi ðYjÞ.
In addition, QðsÞ and PðsÞ have important predictive properties that are missing in
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GðsÞ. Having the dynamics in ðQ;PÞ and not just the Boolean structure allows us to

modify or mutate the system at the measured states and obtain the new ðQ;PÞ and
the corresponding new transfer function GðsÞ (lemma 13.1). For example, if a mea-

sured state is eliminated, ðQ;PÞ is obtained by eliminating the associated row and

column in Q and the associated row in P. New data can then be obtained by simula-

tion without the need for new experiments. Note that this could not have been

obtained from just GðsÞ.
Given any system (13.3), its dynamical structure function, like its transfer function,

is uniquely specified. This implies that the state-space description of a system com-

pletely specifies both the dynamical and Boolean structures of the system at every res-

olution level of measurements. We next consider the situation where the state-space

description of the system is not known, and only the transfer function of the system is

available.

Definition 13.2 A dynamical structure function, ðQ;PÞ, is consistent with a particu-

lar transfer function, G , if there exists a realization of G , of some order, of the form

of system (13.3), such that ðQ;PÞ are specified by equations (13.7) and (13.8). n

Definition 13.3 Consider a system characterized by a transfer function G. The

dynamical structure of the system can be reconstructed if there is only one admissible

dynamical structure function, ðQ;PÞ, that is consistent with G . Likewise, the Boo-

lean structure of the system can be reconstructed if all admissible dynamical structure

functions that are consistent with G have the same Boolean structure. Here ‘‘admis-

sible’’ refers to the entries of Q and P being strictly proper rational functions, that Q

is zero on the diagonal, and that ðQ;PÞ satisfy any additional constraint characteriz-

ing the information about the system that is available a priori. n

13.6.2 Fundamental Limitations

We begin by characterizing the situations when reconstruction is possible knowing

only the transfer function of a system. We consider both dynamical and Boolean re-

construction and show that neither is possible except in the degenerate case where

there is only a single measurement, p ¼ 1, thus trivializing the reconstruction prob-

lem. In the next section, we consider what ‘‘extra information’’ would be necessary

and su‰cient to reconstruct the dynamical structure of a system with a known trans-

fer function.

For this section, we assume that no additional information about the system is

available other than its transfer function G . We begin by characterizing the rela-

tionship between a system’s dynamical structure function and its transfer function.

The proofs for the results in this appendix can be found in Gonçalves and Warnick

(2008).
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Lemma 13.1 A dynamical structure function ðQ;PÞ is consistent with a transfer

function G if and only if the following relationship holds:

½G T I � QT

PT

� �
¼ G T ;

where ð�ÞT indicates conjugate transpose. n

We see, then, that the mapping from a system’s dynamical structure function to its

transfer function is a linear transformation, leading immediately to the following

observations.

Lemma 13.2 Given a p�m transfer function G , the operator ½G T I �:
1. has dimension m� ðmþ pÞ;
2. has full row rank; and

3. has a nullspace of dimension p.

Lemma 13.3 Given a p�m transfer function G , every dynamical structure ½ ~QQ ~PP�T
in the nullspace of the operator ½G T I � satisfies
~PP ¼ � ~QQG: n

Lemma 13.4 Given a transfer function G , the set SG of all dynamical structure

functions consistent with G can be parameterized by a p� p internal structure func-

tion ~QQ and is given by

SG ¼ ðQ;PÞ : QT

PT

� �
¼ 0

G T

� �
þ I

�G T

� �
~QQT ; ~QQ A Q

� �
;

where Q is the set of internal structure functions. Moreover, the set SG has p2 � p

degrees of freedom. n

This characterization of dynamical structure functions consistent with a given

transfer function reveals the solution to the reconstruction problem. Note that,

when p ¼ 1, both dynamical and Boolean reconstructions are trivial since the only

admissible Q is Q ¼ 0, thus fixing P ¼ G . Aside from this rather pathological situa-

tion, we characterize the solution to the reconstruction problem with the following

theorem:

Theorem 13.1: Reconstruction from G Given any p�m transfer function G , with

p > 1 and no other information about the system, dynamical and Boolean recon-

struction is not possible. Moreover, for any internal structure Q, there is a dynamical

structure function ðQ;PÞ that is consistent with G . n
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In particular, this shows that both a completely decoupled ðQ ¼ 0Þ and a fully

connected internal structure (among others) are consistent with any given G . This

fact highlights the point that a selection criterion for reconstruction, such as sparsity,

must be justified independently of the input-output data from the system.

13.6.3 Reconstruction with Extra Information

Theorem 13.1 makes it clear that not even Boolean reconstruction is generally possi-

ble from G without additional information. We know from lemma 13.4 that the set

of all dynamical structure functions consistent with a given transfer function has

p2 � p degrees of freedom. The role of additional information, then, is to add

enough constraints to the set of admissible dynamical structure functions so that the

intersection of admissible dynamical structure functions with the set of dynamical

structure functions SG consistent with a given transfer function contains a unique ele-

ment, ðQ;PÞ. The following theorem indicates when partial-structure information,

which refers to knowledge of some of the elements of Q or P, is necessary and su‰-

cient for dynamical reconstruction.

Theorem 13.2: Reconstruction with Partial Structure Given a p�m transfer func-

tion G , dynamical structure reconstruction is possible from partial structure informa-

tion if and only if p� 1 elements in each column of ½Q P�T are known that uniquely

specify the component of ðQ;PÞ in the nullspace of ½G T I �. n

Theorem 13.2 identifies exactly what information about a system’s structure, be-

yond knowledge of its transfer function, must be obtained to recover the rest of its

structure, enabling the design of experiments targeting precisely the extra informa-

tion needed for reconstruction.

In many situations, we have no information on the internal structure Q, but we

may partially know P since we are designing the mechanisms actuating the system.

When there is precisely one more measured state than inputs, m ¼ p� 1, then we ob-

serve that knowing the mp ¼ p2 � p elements of P is su‰cient to fully recover Q, as

the conditions of theorem 13.2 are met. When m < p� 1, however, some knowledge

of Q will be essential for reconstruction.

A special case of theorem 13.2 occurs when p ¼ m and G is full rank. In this situ-

ation, we observe that simply knowing that P is diagonal, that is, that the p2 � p

o¤-diagonal elements of P are zero, is su‰cient for reconstruction. Moreover, we

demonstrate a particularly simple formula for ðQ;PÞ in the following corollary:

Corollary 13.2.1 If m ¼ p, G is full rank, and there is no information about the in-

ternal structure of the system, Q, then the dynamical structure can be reconstructed if

each input controls a measured state independently, that is, without loss of general-

ity, the inputs can be indexed such that P is diagonal. Moreover, H ¼ G �1 charac-

terizes the dynamical structure as follows:
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Qij ¼ �Hij

Hii

and Pii ¼ 1

Hii

: n

Finally, we observe that knowing that full-state measurements are available, that

p ¼ n, is equivalent to knowing the structure of the system. This is because the real-

ization of G with C ¼ I is unique, thereby generating a unique structure ðQ;PÞ con-
sistent with G . Nevertheless, such a situation seems impractical, because the presence

of noise in a system may demand hidden states to model the impact of this noise.

Moreover, as discussed earlier, assuming full-state measurements when unmodeled

dynamics are present can be disastrous for reconstruction.

13.6.4 Robustness

This section gives the mathematical details relating to section 13.3.3. We recall that

data are derived from a noisy nonlinear system, generated according to corollary

13.2.1: that is, each input ui controls first the measured state yi so that P is diagonal.

We use linear system identification to obtain GðsÞ, the best possible fit, in some sense,

to the data. We have to assume we remain close enough to the equilibrium so that

the linearization is still valid. To average out the noise, the experiments are repeated

N times. We want to quantify the distance from all possible Boolean structures to

G . There are several possible ways to quantify such distances, but most lead to non-

convex problems and thus are di‰cult to solve for large systems. With D as a pertur-

bation to the nominal system, the problem would be formulated as the minimization

of kDk such that some of the Qij ¼ 0 and all other Qij and Pii are free but strictly

causal and ðI �QÞðGðDÞÞ ¼ P. There are several uncertainty models and norms

to choose from, and choosing the correct one is key to obtaining a convex problem.

For example, uncertainty that is additive, multiplicative, or in the coprime factors all

lead to nonconvex problems.

Quantifying Distances between Boolean Networks

Let G be the nominal plant obtained from our noisy data using some nonperfect sys-

tem identification algorithm. G also misses unmodeled dynamics such as nonlinear-

ities. Assume we model uncertainty with output (or input) feedback uncertainty, that

is, the true system is given by ðI þ DÞ�1G . This choice of model uncertainty plays an

important role in reaching a convex problem.

The problem is as follows: given a Boolean structure with several Qij ¼ 0 and all

other Qij and Pii free, find the smallest D (in some norm) such that the Q obtained

from ðI þ DÞ�1G has the desired Boolean structure. Basically, we want ðI þ DÞ�1G
¼ ðI �QÞ�1P to have the desired set of Qij ¼ 0 while minimizing kDk2. We can re-

write the above equation as D ¼ GP�1ðI �QÞ � I . Thus we are looking to minimize

kGP�1ðI �QÞ � Ik2 over some free Qij and all Pii. Since P is diagonal, its inverse Pi
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is also diagonal. Multiplying Pi by I �Q results in the ith row of I �Q being multi-

plied by Pi
ii. That means that the diagonal of P�1ðI �QÞ is just the diagonal of Pi,

and all other terms are of the form Pi
iiQij . Define a new variable matrix X with the

same diagonal as Pi and the o¤-diagonal terms equal to Pi
iiQij . Then the problem

can be rewritten as

inf
X
kGX � Ik2;

which is a convex problem. Note that some of the entries in X will be zero, corre-

sponding to those Qij ¼ 0.

This can be cast as a least squares problem. For the free terms in X , write them in

vector form x. Rewrite GX � I in a vector form instead of a matrix form, Ax� b,

where the entries in A are transfer functions derived from G , and b is the vector

form of the identity matrix, obtained column by column. Note that there are at least

three unknowns in x from the diagonal of X , corresponding to the entries of the di-

agonal P, which are not a¤ected by the choice of zeros in Q. If we use the norm

given by kDk2 ¼ sum of all kDijk2y, where k � ky denotes the Ly norm over s ¼ jo,

then the problem reduces to

inf
x
kAx� bk2y ¼ inf

x
sup
o
kAx� bk22

¼ sup
o

inf
x
kAx� bk22

¼ sup
o

bTðAðATAÞ�1AT � IÞ2b;

where, for each o, we use the least-squares solution. When experiments are repeated

N times, A and b are matrices N times taller than with one experiment.

Penalizing Connections

The above methodology has a critical weakness: there are several Boolean networks

with optimal distances smaller than or equal to the optimal distance to the true

network. Take, for example, the fully connected network. The extra degrees of free-

dom allow the optimal distance to be the smallest of all, and zero if the experiments

are performed only once. If the true network has l zero connections, then there are

2 l � 1 networks that have a smaller or equal optimal distance. With no noise and

perfect system identification, this is not a problem since we see from the optimization

that the optimal Qij ¼ 0 for all those l networks and thus recover the true network.

When noise is present, the true network will always have the worst optimal dis-

tance compared to the other l networks; given this limitation, how can we find it?
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With repeated experiments, and small enough noise and nonlinearities, the optimal

distances of the l networks become comparable and much smaller than that of the

other networks. Thus, by penalizing connections, the true network should be

revealed. This can be achieved, for example, with Akaike’s information criterion

(AIC; Akaike, 1974) or some of its variants such as AICc, which is AIC with a

second-order correction for small sample sizes, or with the Bayesian information cri-

terion (BIC; for a review and comparisons of these methods, see Burnham and

Anderson, 2004, and the references therein).

In the example from section 13.4.4, because the network has three elements in Q

equal to zero, we expect that there are 23 ¼ 8 networks with an optimal cost better

than or equal to that of the true network. The important thing is that all other net-

works have an optimal cost over an order of magnitude larger than the true network.

With AIC, the true network is selected; with AICc, it is further di¤erentiated from

the others.
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14 Identification of Biochemical Reaction Networks Using a Parameter-
Free Coordinate System

Dirk Fey, Rolf Findeisen, and Eric Bullinger

A fundamental step in systems biology is the estimation of kinetic parameters such as

association and dissociation constants. Because estimating these from direct mea-

surements of isolated reactions in vivo can be expensive, time consuming, or even

infeasible, researchers often do so from indirect measurements such as time-series

data. This chapter proposes an observer-based parameter estimation methodology

particularly suited for biochemical reaction networks in which the reaction kinetics

are described by polynomial or rational functions. Parameter estimation is performed

in three steps: (1) the system is transformed into a new set of coordinates that makes

it parameter free, which facilitates (2) the design of a standard observer; (3) parame-

ter estimates are obtained in a straightforward way from the observer states, trans-

forming them back to the original coordinates. The methodology is illustrated by

application to a MAPK signaling pathway.

14.1 Biological Processes as Systems

In 1943, when Erwin Schrödinger gave three talks in Dublin, later published as What

Is Life? (Schrödinger, 1944), one of his central, then revolutionary, assertions was

that biological systems follow physical laws and thus can be described by mathemat-

ical models. A decade later, this was achieved for cell membrane potential by Alan

Hodgkin and Andrew Huxley (1952), who explained their experimental data with a

mathematical model, a breakthrough in understanding how neurons function. Denis

Noble (1960) expanded upon their work to produce the first mathematical model of

the heart. Modeling other intracellular systems proved to be quite di‰cult, in partic-

ular owing to the lack of su‰cient suitable experimental data. Advances in biological

experimental techniques of the last decades have led to a rapidly growing number of

models (Le Novère et al., 2006). The main bottleneck in developing dynamical

models of biological systems has been the di‰culty of estimating biological param-

eters, even when structural information like stoichiometry is known.



Unknown parameters are commonly estimated from time-series data in technical

applications. Several peculiarities of biological systems hinder a straightforward ap-

plication of most existing identification methodologies as typically used for technical

systems. Whereas most biological systems have a large number of parameters, often

only a small number of experiments are possible, consisting of a few experimental

steps and scarce time points. Moreover, the noise level is usually significant.

In recent years, control- and system-theoretic viewpoints and approaches have

proven to be valuable tools for gaining a deeper understanding of biological systems

(Gilles, 2002). As outlined above, however, biological systems have particular prop-

erties not often found in technical applications (Sontag, 2005; Sontag et al., 2004);

this situation demands novel methodologies particularly suited for systems biology.

For example, there is a need for approaches that guarantee the positivity of states

and parameters or the monotonicity of their interactions.

To help meet such needs, we propose here an observer-based parameter estimation

algorithm that considers structural information such as the stoichiometry and the

type of flow models. In many practical applications, this information is known or

fixed a priori. Our methodology makes explicit use of this knowledge in the design

of the parameter estimator. Although it has its shortcomings, in particular when

faced with noisy measurements, our approach provides us with insights into the pos-

sibilities and limitations of global parameter estimation.

Section 14.2 introduces the modeling of biochemical reaction networks and the

model class considered. Section 14.3 gives a brief overview of existing parameter es-

timation techniques for these models. Section 14.4 describes the proposed observer-

based parameter estimation methodology, as described above. Section 14.5 applies

the proposed methodology to model the MAPK cascade, while section 14.6 presents

our conclusions.

14.2 Mathematical Description of Biochemical Reaction Networks

A common framework for the modeling of biochemical reaction networks is pro-

vided by sets of reactions of the form

a1S1 þ � � � þ ansSns ! b1P1 þ � � � þ bnpPnp ; ð14:1Þ

where Si denotes substrates that are transformed into the products Pi. The factors ai
and bi denote the stoichiometric coe‰cients of the reactants. Neglecting spatial and

stochastic e¤ects, one can model these reactions with the system of ordinary di¤eren-

tial equations:

dc

dt
¼ Nvðc; pÞ; ð14:2Þ
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where c A Rn
b0 is the vector of concentrations, p A Rm

>0 is the vector of parameters

and the vector of flows v is a function from Rn
b0 � Rm

>0 into R ~mm
b0, where ~mm is the num-

ber of reactions.

The stoichiometric matrix N A Rn� ~mm depends on the coe‰cients ai, bi, and may

also depend on factors compensating for di¤erent units or volumes (for a more

detailed introduction, see, for example, Klipp et al., 2005; Keener and Sneyd, 2001).

Although there is a large variety of possible reaction models (Cornish-Bowden,

2004), here we consider only those most commonly used to describe signaling

networks:

� mass-action: The flow is proportional to each substrate concentration: v ¼
k
Q

i A I ci, where I is a subset of 1; . . . ; n with possibly repeated entries;

� power-law (S-systems, generalized mass-action): The flow is polynomial in the

substrate concentrations: v ¼ k
Q

i A ½1;n� c
ai
i

� Michaelis-Menten or Monod: The flow depends linearly on the substrate concen-

tration s for low concentrations and saturates for high substrate concentrations at

Vmax: v ¼ Vmaxðs=ðKM þ sÞÞ. At a substrate concentration of KM , the flow is half

the maximum rate.

� Hill: The flow is sublinear for low substrate concentrations and saturates for high

substrate concentrations at Vmax: v ¼ Vmaxðsh=ðKh
M þ shÞÞ. The exponent h is larger

than one, and at a substrate concentration of KM the flow is half the maximum rate.

In biochemical reaction modeling, the stoichiometry is usually known, as is the type

of reaction kinetics, as opposed to the often quite uncertain parameters.

14.3 Parameter Identification Approaches for Biochemical Reaction Networks

System identification, a classical area of systems theory, addresses the estimation

of dynamical models based on input-output data. Estimation of the discrete-time

models commonly used in engineering is often achieved by minimizing quadratic

functionals (Gadkar et al., 2005; Ljung, 1987). In systems biology, however, the

models are usually continuous-time, which allows for improved physical insight. As

described in section 14.2, these models are the result of first-principle modeling and

take simple forms. For example, in the case of mass-action kinetics, the models are

linear in the parameters. Additionally, continuous-time models are less sensitive to

the noisy measurements common in biology (Garnier et al., 2003). For these reasons,

continuous-time models are preferable in systems biology, even though there are

only few suitable continuous identification algorithms. Common in systems biology

are global, optimization-based parameter estimation algorithms such as genetic or

branch-and-bound algorithms (Feng et al., 2004; Moles et al., 2003; Singer et al.,
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2006). By formulating parameter estimation as the minimization of the error between

simulated and measured outputs, subject to the model dynamics as constraints, the

resulting optimization problem is usually nonconvex and the complexity grows sig-

nificantly with the size of the parameter space (Polisetty et al., 2006). Alternatives

are local search strategies (Zak et al., 2003), whose main disadvantage is the need

for good initial guesses if one is to obtain good (valid) parameter estimates.

As noted previously, there is a clear need for novel parameter estimation

methodologies particularly suited for systems biology (Ljung, 2003). Examples of

such methodologies are multiple shooting (Peifer and Timmer, 2007) or algebraic

approaches, which take the model structure explicitly into account (Audoly et al.,

2001; Ljung and Glad, 1994; Xia and Moog, 2003), although the latter can be

applied only to small systems. For larger systems, numerical solutions that exploit

structural information are preferable. This chapter proposes such an approach. The

parameter estimation problem is transformed into a state estimation problem, using

a special coordinate transformation, which renders the model parameter free. The

method outlined here is an extension of previous results (Bullinger et al., 2008;

Farina et al., 2006, 2007; Fey et al., 2008) that apply both to a more general class

of systems and to systems with known parameters. The method is illustrated by

applying it to a rather large system, the MAPK pathway.

14.4 An Observer-Based Approach for Parameter Estimation in Biochemical

Reaction Networks

The proposed approach consists of three main steps, depicted in figure 14.1:

1. Transform coordinates into a parameter-free system;

2. Design an observer considering the parameter-free system;

3. Estimate parameters based on the estimated coordinates of the parameter-free

system.

The observer itself may incorporate an additional coordinate transformation. This

section describes the three steps in greater detail.

14.4.1 Parameter-Free System Representation

For a system (14.2), with constant parameter vector p, one can construct a coordi-

nate transformation under which the dynamics of the transformed system do not

depend on the parameters. Rather, the parameters appear as functions of the trans-

formed state variables and can therefore be identified through estimation of these

new system states.
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Mass-Action Flows

To simplify the presentation, we first consider only mass action flows; the general

case of rational reaction kinetics is discussed below. To exploit the structure of bio-

chemical reaction networks, it is helpful to split the stoichiometry into the di¤erence

of two matrices with nonnegative entries:

N ¼ Np �N s; ð14:3Þ
where Np denotes the product part of the stoichiometry and N s the substrate part

(Farina et al., 2006). Then

v ¼ diagðpÞ

Q
c
N si1

i

..

.

Q
c
N sim

i

2
6664

3
7775; ð14:4Þ

where N sij is the i; jth element of the substrate stoichiometry matrix N s. The trans-

formation to a parameter-free system begins by treating the parameters as state vari-

ables. Assuming constant parameters, one can expand the state vector with the

additional vector di¤erential equation

dp

dt
¼ 0;

resulting in an extended state vector containing the concentrations c and the param-

eters p. The dependence of the equations for c on the unknown parameters p

Figure 14.1
Overview of the proposed parameter estimation, depicting the direct (dotted line) and proposed observer’s
(dashed line) way of estimating the parameter, as well as the unavailable direct observation (dashed-dotted
line). The proposed approach first transforms the system into parameter-free coordinates, using the map-
ping Cð�Þ, then transforms it again to simplify the observer design, using Fð�Þ. The proposed observer esti-
mates these states, x̂xðtÞ, which are transformed back into the original coordinates, recovering first x̂xðtÞ and
then the original parameters pðtÞ. The primary di‰culty herein is finding a nonlinear observer.
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impedes the design of appropriate observers. For biochemical reaction networks, it is

advantageous to transform the extended system by using concentrations c and fluxes

v as states. The coordinate transformation requires the biologically reasonable as-

sumption of positivity of the concentrations and is described in the following theo-

rem.

Theorem 14.1 Let the concentrations c be strictly positive and all flows modeled

according to mass action. Then the system

dc

dt
¼ Nvðc; pÞ; ð14:5aÞ

dp

dt
¼ 0 ð14:5bÞ

is equivalent to

dc

dt
¼ Nv; ð14:6aÞ

dv

dt
¼ diagðvÞN T

s ðdiagðcÞÞ�1Nv: ð14:6bÞ
n

The main advantage of (14.6) is that the right-hand side does not depend on

parameters, but only on the stoichiometry and the states. The parameters are hidden

in the initial conditions because each flux vi is proportional to the parameter pi (see

equation (14.4)). A further advantage of the transformed system is that the measure-

ments are often a subset of the coordinates c and v as fluxes can be measured, for

example, using 13C labeling (Costenoble et al., 2007). This simple output function

also helps in the observer design.

Flows with Rational Terms

Although theorem 14.1 applies only to systems with mass-action kinetics, the pro-

posed approach can be extended to cope with more complex flow models, allowing

for fluxes of the form

vi ¼ ki
Yn
j¼1

c
nij
j

K
hij
ij þ c

hij
j

; ð14:7Þ

where K ij > 0, nij b 0 and hij b 0. (If hij ¼ 0, then the arbitrary parameter K ij shall

be set equal to 1.) The general form of (14.7) includes mass-action kinetics, general-

ized mass-action kinetics, Michaelis-Menten and Hill kinetics as well as products of

these kinetic terms. For example, setting hij ¼ 0 leads to a mass-action model.
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To simplify the presentation, define the following matrix-valued function M

M ij ¼ K
hij
ij þ c

hij
j : ð14:8Þ

As in the mass-action case, one can find an extended system that is free of

parameters.

Theorem 14.2 Let the concentrations be strictly positive and the flows be of the

form (14.7), with known exponents nij and hij. Then the following two systems are

equivalent:

dc

dt
¼ Nvðc; pÞ; ð14:9aÞ

dp

dt
¼ 0 ð14:9bÞ

with

p ¼ ½k1 � � � km K11 � � � Kmn�T ; ð14:9cÞ
and

dc

dt
¼ Nv; ð14:10aÞ

dM ij

dt
¼ hijc

ðhij�1Þ
j eTj Nv; ð14:10bÞ

dv

dt
¼ diagðvÞðnðdiagðcÞÞ�1Nv� ~mmÞ; ð14:10cÞ

where

~mmi ¼
X
j

hijc
ðhij�1Þ
j eTj Nv

M ij

: n

To summarize, any biochemical reaction model consisting of flows modeled as in

(14.7) can be transformed into a system that is free of parameters. This system has

an extended-state vector and depends only on structural properties of the original

system.

Remark 14.1 If some parameter values are already known, the proposed methodol-

ogy can be adjusted in a straightforward way to avoid estimating them. There are
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two cases. First, if the parameter is a Hill or Michaelis-Menten constant K ij , then

there exists a state M ij that depends on K ij and on some concentrations. Conse-

quently, there is an algebraic equation which specifies this dependence and can re-

place the di¤erential equation corresponding to this parameter. In the second case,

if the parameter is proportional to a flow, that is, ki in a flow vj, then this flow con-

tains no unknowns, and can be written as a function of the other state variables. In

either case, these dependent states can easily be eliminated, thus reducing the state-

space dimension by the number of known parameters. n

The extended state is denoted by

x ¼
c

m

v

2
4

3
5; ð14:11Þ

where m is the vector of all nonconstant entries of ½M11 � � � Mm1 M12 � � � Mmn�T .
The extended system can be written

dx

dt
¼ f ðxÞ; ð14:12aÞ

y ¼ hðxÞ; ð14:12bÞ
where h is the output map.

To simplify the observer design, we introduce the assumption that the output

is a subset of the concentrations and flows. This is the case in many biological

applications.

Assumption 14.1 The output yðtÞ A Rny is a subset of the concentrations c and the

flows v:

y ¼ h

c

m

v

2
4

3
5

0
@

1
A ¼ Hc 0 0

0 0 Hv

� � c

m

v

2
4

3
5; ð14:13Þ

where the columns of Hc and of Hv are a subset of the columns of the corresponding

identity matrices. n

14.4.2 Observer Design

The parameter-free system (14.10) simplifies the design of an observer because the

system does not contain any unknown parameters on the right-hand side. The esti-

mation of the parameters of the original system requires the estimation of the

extended-state vector of the transformed system. In systems theory, this estimation

is carried out by the use of observers, which are mathematical systems often consist-
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ing of an (approximated) copy of the true system and feedback injection of the pre-

dicted output error.

In contrast to the linear observers discussed in chapter 1, the complexity of the pa-

rameter estimation problem here requires more advanced nonlinear observer struc-

tures. The design uses a nonlinear analog to the observability matrix given by

equation (1.20). The observability map Fð�Þ is used to transform the system into

observability canonical coordinates (see figure 14.1). The transformation requires a

suitable choice of outputs and a number of their derivatives such that F is invertible.

In the transformed coordinates, the states correspond to the output y and its first ri
derivatives (see figure 14.2).

The corresponding state-space description is

dx

dt
¼ Jxþ BjðxÞ; ð14:14aÞ

y ¼ Cx; ð14:14bÞ
where

J ¼
J1

. .
.

Jny

2
664

3
775; J i ¼

0 1 0

. .
.

1

0 � � � � � � 0

2
66664

3
77775A R ri�ri ;

B ¼
B1

. .
.

Bny

2
664

3
775; Bi ¼ ½0 � � � 0 1�T A Rri�1;

Figure 14.2
Sketch of the observer canonical form.
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C ¼
C1

. .
.

Cny

2
664

3
775; C i ¼ ½1 0 � � � 0� A R1�ri :

The nonlinearities are concentrated in the function jðxÞ (for a detailed discussion,

see, for example, Xia and Zeitz, 1997; Scha¤ner and Zeitz, 1999).

The transformation into the observability canonical form (14.14) is only possible if

Fð�Þ is invertible. Moreover, although jð�Þ is continuous and bounded on the true

trajectory, it might not be elsewhere (Bullinger et al., 2008). To resolve the problem,

Vargas and Moreno (2005) proposed a continuous extension of Fð�Þ, which may

prove di‰cult to achieve in practice. Here we bound the nonlinearity jð�Þ directly,
as illustrated in figure 14.3, where the true trajectory corresponds to x̂x1 ¼ x̂x2. This is

possible because parameter estimation does not require convergence of the state esti-

mate in physical coordinates x, but in observability coordinates x. Theorem 14.3 dis-

cusses the properties of a high-gain observer whose states converge with arbitrary

precision to the states of the system in observability canonical form, based on the de-

sign proposed by Vargas and Moreno (2005).

Theorem 14.3 Choose coe‰cients l
ðiÞ
j in such a way that sri þP l

ðiÞ
j s j is a Hurwitz

polynomial, or equivalently, that J � LC with Li ¼ ½l ðiÞri�1; . . . ; l
ðiÞ
0 � is a Hurwitz ma-

trix and a bounded approximation ĵjð�Þ such that ĵjðxÞ ¼ jðxÞ on the true trajectory

xðt; x0Þ. Then, for any � > 0, there exists a y > 0 such that the observer

dx̂x

dt
¼ J x̂xþ Bĵjðx̂xÞ þYLðy� C x̂xÞ ð14:15aÞ

Figure 14.3
Contour plot of an approximation ĵjð�Þ of the discontinuous function jðx̂x1; x̂x2Þ ¼ �ðx̂x1 � 1Þ2=ðx̂x2 � 1Þ. The
approximation ĵjð�Þ is equal to jð�Þ on x̂x1 ¼ x̂x2 (thick line) and globally bounded, with magnitude 30.
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x̂x ¼ F�1ðx̂xÞ ð14:15bÞ

Y ¼
Y1

. .
.

Yny

2
664

3
775; L ¼

L1

. .
.

Lny

2
664

3
775;

Yi ¼ diagðy; . . . ; yriÞ;
estimates the state x with " precision in finite time. In other words, there exists a

T b 0 such that

kx̂xðtÞ � xðtÞka "; for all tbT : n

The proof of theorem 14.3 is similar to the one of Vargas and Moreno (2005). Al-

though the high-gain parameter y can be used to tune the speed of convergence, y

also amplifies the noise in the data and should thus not be chosen too high.

One of the main disadvantages of the proposed methodology is the necessity of

transforming the extended system into observability canonical form. Another dis-

advantage is the sensitivity to noise inherent to high-gain observers. Nevertheless, as

shown in section 14.5, the methodology can be applied to relatively complex systems.

14.4.3 Parameter Estimation

The final step of the proposed methodology is the actual parameter estimation. The

observer coordinates can be transformed back into the coordinates of the original

system through the inverse of the observability map F�1:

x̂x ¼ F�1ðx̂xÞ: ð14:16aÞ
For each time point t, x̂xðtÞ can be calculated, leading directly to estimates of the con-

centrations ĉc. Using (14.8), the parameters K ijðtÞ can be estimated:

K̂K ijðtÞ ¼ ðM̂M ijðtÞ � ĉcjðtÞÞ1=hij ; for hij > 0;

1; for hij ¼ 0:

(
ð14:16bÞ

Finally, the estimation of the parameters kiðtÞ is possible using (14.7)

k̂kiðtÞ ¼ v̂viðtÞ
Ync
j

M̂M ijðtÞ
ĉcjðtÞnij : ð14:16cÞ

The presence of output noise or measurement errors demands that the estimates

of the parameters be filtered, for example using a moving average, which can be

achieved in a pre- or postprocessing step.
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14.4.4 Summary of Proposed Methodology

The parameter estimation methodology we propose here consists of three main steps.

First, the system is transformed into a parameter-free system as described in section

14.4.1. This requires only the knowledge of structural information such as the stoi-

chiometry and the type of reaction kinetics. The second step is the design of an ob-

server for the extended system in observability canonical form (see section 14.4.2).

The third and final step is the back-transformation of the observer states into the

state space of the extended system and is discussed in section 14.4.3. The parameters

can be recovered in a straightforward manner. Contrary to other approaches, the

proposed methodology guarantees the uniqueness of the parameter estimation. Its

drawbacks are the necessity of transforming the extended system into observability

canonical form, the need of continuous-time measurements or approximations there-

of, and the possibility of noise sensitivity. The latter two points can be dealt with

using appropriate measurement filtering. The first point, however, limits the applica-

bility of the methodology to systems of not too large a dimension. Its main advan-

tage is that it explicitly takes into account the structural information.

14.5 Application to the MAPK Cascade

The well-known mitogen-activated protein kinase (MAPK) cascade (Kholodenko,

2000) is an important signaling pathway connecting extracellular signals to the regu-

lation of transcription. The proposed methodology is applied to a pathway model

consisting of 8 states and 10 reactions, with a total of 21 parameters (see figure 14.4).

The reactions describe phosphorylation and dephosphorylation of the proteins

Raf, MEK, and ERK. The latter two can be phosphorylated twice. The system acts

as a three-step signal amplifier (Goldbeter and Koshland, 1981) and noise filter (Rai

Figure 14.4
Reaction scheme of the mitogen-activated protein kinase (MAPK) cascade.
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et al., 2008). The output ERKpp inhibits the input flow v1. This leads to oscillatory

behavior. The substrate concentrations are

c ¼ ½Raf-1 Raf-1p MEK MEKp MEKpp ERK ERKp ERKpp�T ;
and the system dynamics can be described by

dc

dt
¼ Nv;

where

N ¼

�1 1 0 0 0 0 0 0 0 0

1 �1 0 0 0 0 0 0 0 0

0 0 �1 0 0 1 0 0 0 0

0 0 1 �1 1 �1 0 0 0 0

0 0 0 1 �1 0 0 0 0 0

0 0 0 0 0 0 �1 0 0 1

0 0 0 0 0 0 1 �1 1 �1
0 0 0 0 0 0 0 1 �1 0

2
66666666666664

3
77777777777775
;

and the reaction kinetics are of the following form:

v1 ¼ k1K
nI
I

K nI
I þ ERKnI

pp

Raf-1

K1 þRaf-1
; v6 ¼ k6

MEKp

K6 þMEKp
;

v2 ¼ k2
Raf-1p

K2 þRaf-1p
; v7 ¼ k7MEKpp

ERK

K7 þ ERK
;

v3 ¼ k3Raf-1p
MEK

K3 þMEK
; v8 ¼ k8MEKpp

ERKp

K8 þ ERKp
;

v4 ¼ k4Raf-1p
MEKp

K4 þMEKp
; v9 ¼ k9

ERKpp

K9 þ ERKpp
;

v5 ¼ k5
MEKpp

K5 þMEKpp
; v10 ¼ k10

ERKp

K10 þ ERKp
:

The extended-state vector consists of the concentrations c, the flows v and the

denominators of the flows

m ¼ ½m11 m12 m2 m3 � � � m10�T ;
with
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m11 ¼ K nI
I þ ERKnI

pp; m6 ¼ K6 þMEKp;

m12 ¼ K1 þRaf-1; m7 ¼ K7 þ ERK;

m2 ¼ K2 þRaf-1p; m8 ¼ K8 þ ERKp;

m3 ¼ K3 þMEK; m9 ¼ K9 þ ERKpp;

m4 ¼ K4 þMEKp; m10 ¼ K10 þ ERKp;

m5 ¼ K5 þMEKpp:

The parameters values are the same as in Kholodenko (2000), and are listed in table

14.1.

The parameters can be grouped into two vectors k and K :

k ¼

k1K
nI
I

k2

..

.

k10

2
66664

3
77775 and K ¼

KI

K1

..

.

K10

2
66664

3
77775:

The product k1K
nI
I is treated as a single parameter: because K nI

I is estimated sepa-

rately, k1 can also be obtained. The exponent nI is assumed to be known.

By construction, the time derivatives of c and m do not depend on the parameters

K and k. Simple calculations show that this also holds for the time derivatives of v.

For example,

Table 14.1
Parameters of the MAPK model (Kholodenko, 2000)

Parameter Value Parameter Value

nI 2:0 KI 18

k1 2:5 K1 50

k2 0:25 K2 40

k3 0:025 K3 100

k4 0:025 K4 100

k5 0:75 K5 100

k6 0:75 K6 100

k7 0:025 K7 100

k8 0:025 K8 100

k9 1:25 K9 100

k10 1:25 K10 100
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dv1
dt
¼ � k1K

nI
I

ðK nI
I þ ERKnI

ppÞ2
nIERKnI�1

pp

dERKpp

dt

Raf-1

K1 þRaf-1

þ k1K
nI
I

K nI
I þ ERKnI

pp

dRaf-1
dt ðK1 þRaf-1Þ �Raf-1 dRaf-1

dt

ðK1 þRaf-1Þ2

¼ �v1
nI c

nI�1
8

dc8
dt

m11
þ v1

dc1
dt ðm12 � c1Þ

m12c1

¼ �v1 nI c
nI�1
8 eT8 Nv

m11
þ v1

eT1 Nvðm12 � c1Þ
m12c1

:

The extended state vector is given by

x ¼
c

m

v

2
4

3
5:

Using all concentrations c and flows v as outputs, one can construct the following

observability map:

FðxÞ ¼

c
dc
dt

v
dv
dt

d2v1
dt2

2
6666664

3
7777775: ð14:17Þ

This observability mapping in not invertible at all points. At points of noninvertibil-

ity the nonlinearity jð�Þ blows up, and so in the observer construction the mapping’s

values are truncated to

ĵjðxÞ ¼
�d; if jðxÞa�d;
jðxÞ; if �d < jðxÞ < d;

d; if jðxÞb d;

8><
>:

where d ¼ 30.

Following Vargas and Moreno (2000), any time point for which F is nearly non-

invertible is an event. Specifically, these are times when the observability map is ill

conditioned in the following sense:

TEvent ¼ t :
smin

smax
< 10�6

� �
;
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where smin and smax are the smallest and largest singular values of qF=qx. Events

label times at which the procedure is not performing well, and so the estimates pro-

vided by (14.16) are likely not valid.

Applying the estimation methodology to simulated output from the MAPK model

provides a test of its performance since the ‘‘true’’ values of the parameters are

known. Figure 14.5 indicates the overall agreement of the parameter estimates.

For this illustrative application the system outputs are presumed to be measured

continuously.

A close analysis of the estimated parameters and, in particular their fluctuations,

reveals that the parameters of v1, that is, k1, K1, and KI are not well estimated. This

is particularly visible whenever ERKpp (c8) is large. The inhibition term of v1

vI ðERKppÞ ¼ � k1K
nI
I

K nI
I þ ERKnI

pp

ð14:18Þ

is shown in figure 14.6. For ERKpp much larger than KI , its relative sensitivity

SKI
vI
ðERKppÞ ¼ KI

ERKpp

qvI ðERKpp;KI Þ
qKI

ð14:19Þ

approaches zero. Whenever ERKpp is large, the flow v1 and its sensitivity to KI are

significantly reduced, thus the e¤ect of the parameters KI is negligible and the

parameters can hardly be identified, again as shown in figure 14.6.

To circumvent this identifiability problem, an iterative approach is taken. The

three parameters of v1 are estimated when c8 is low, for example, at t ¼ 26:5 min

(V1 ¼ 150:01, K1 ¼ 50:01, KI ¼ 17:95), and the di¤erential equations corresponding

Figure 14.5
(a) Error in observer coordinates. (b) Relative parameter estimation error. The gray markings denote the
events during which the extended system is not identifiable or only poorly so.
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to the extended states are replaced with algebraic equations, as described in remark

14.1. Then the reduced extended-state vector (without v1 as output and without v1,

m11, and m12 as states) is estimated.

Comparing the results with the estimate of the whole parameter vector reveals that

the identifiability problem associated with v1 not only causes large fluctuations in the

estimation, but also increases the domains of nonobservability (gray marking; com-

pare figure 14.7 with figure 14.5). The reduced estimation slightly degrades the esti-

mation error, as shown for k2 and K7 (figure 14.8). This is in particular the case for

the parameters in reactions close to v1, while more downstream reaction parameters

are well estimated (figure 14.8).

Figure 14.6
Poor identifiability of the parameters of v1 for high concentrations of ERKpp (c8). (a) Inhibition term
(black, solid line) and relative sensitivity (gray dashed line) as a function of the inhibitor concentration c8.
(b) Time course of ERKpp (c8, solid line), estimate of KI (dashed line), and true value (dotted line). For
large values of ERKpp, the estimation deteriorates and the system is poorly observable (gray markings).

Figure 14.7
Error of the reduced estimation problem, in observer coordinates (a) and in parameter estimation (b).
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Our result clearly demonstrates the applicability of the proposed parameter esti-

mation method. The parameters can be estimated with relatively small errors. The

application highlights that practical identifiability is often time dependent. Here three

parameters are identified in a first round, before all others are treated in a second

simulation.

14.6 Conclusions

Mathematical models are necessary for a quantitative and dynamic understanding of

biological systems. These models usually depend on many parameters that are un-

known or di‰cult to measure. Major drawbacks of existing parameter estimation

algorithms are that they do not explicitly use structural information, which is often

available, and that they cannot guarantee convergence. The methodology presented

here is tailored for biochemical reaction networks and allows the model structure to

be taken into account directly. It is applicable to reaction networks where flows are

Figure 14.8
Relative estimation error for parameter k2 (top panels) and K7 (bottom panels), for full extended (left) and
reduced (right) state. Gray marking indicate where the trajectory is poorly observable.
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described by polynomial or rational terms and concentrations are nonzero. A major

advantage of the proposed parameter estimation approach is that it performs a

global parameter search and ensures a guaranteed convergence. An important limita-

tion is that it relies on estimates of derivatives of the output, which requires a large

number of outputs or a high order of output derivatives. It is also limited with regard

to time-varying practical identifiability, in which case, an interval-based approach

may be preferable.
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Filtering, measurement, 308
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Kalman, 28
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FIM (Fisher information matrix), 169–174
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Fisher information matrix (FIM), 169–174
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Fluorescence correlation spectroscopy, 66–67
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Flux Connectivity Theorem (Connectivity
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Glycolytic pathway (chain), 15–16, 158
Glycolytic reaction scheme, 158
Goodwin oscillator, 190, 203–213
G6P, 158
Gradient, 46, 48–50, 54, 55, 192, 235, 245, 257,

259
Graph, bipartite, 125–127, 131
Graph-theoretic analysis, 125, 131, viii
Green fluorescent protein (GFP), 68, 103, 114,

248
GroEL, 87
GroES, 87
GrpE, 87
GTP, 54
GTPase, 54
Guanylyl cyclase, 226

Hair follicle spacing, 56
Hard excitation, 112

Heat shock proteins (HSPs), 86–87, 93, 96
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