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Abstract 

The main purpose of this article is to reduce the stress 

concentration factor (SCF) in a plate with central hole. 

For this purpose, two factors stress concentration and 

stiffness that can strongly affect the stress concentration 

is investigated. A three-phase procedure is recommended 

that contain structural optimization methods and 

piezoelectric actuators. Structural optimization phases 

are consisting of topology optimization and shape 

optimization methods that have been formulated to 

increase stiffness and reduce stress in the plate subjected 

to tension. In the last phase of the procedure, to ensure 

that actuators perform the best controllable stress 

reduction, a python code is created based on particle 

swarm optimization algorithm (PSO) and is exerted to 

find that best location of actuators in 12 steps. So a thin 

rectangular plate under tension with central hole is 

considered as a simple of a structure with discontinuity 

and the procedure is performed on it in three different 

cases. In each case, a pattern for best locations of 

actuators is obtained and discussed in detail. Final results 

show acceptable decrease in stress concentration factor 

while stiffness factor is increased in plate, 

simultaneously. Furthermore, additional advantages like 

reduction in weight and volume of plate is observed. Also 

for validating the procedure, results are compared with 

those reported in previous paper. 
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Introduction 

Nowadays along progress of technology, engineers and 

designers have more tendency to use smart structures, 

specifically in situations that they need to be more 

accurate. As a brief definition, a smart structure is a 

system containing multifunctional parts that can perform 

sensing, control, and actuation. In the field of smart 

structures, piezoelectric materials have a remarkably 

usage as the most attractive functional materials for 

sensors and actuators [1]. Matters like optimizing the 

piezoelectric variables and finding the best location for 

placing them to attain the best performance from, have 

been the main objects of recent studies in this field. 

Structural optimization is another recently used 

method to enhance the stiffness by modifying size, 

topology, and shape of a structure [2]. Using structural 

optimization in smart structures, has been resulted in 

increase the performances. Jin Yee Noh, Gil Ho Yoon [3] 

studied on optimizing energy harvesting devices under 

dynamical and static loading by using a topology 

optimization procedure with different penalization. 

Rubio et al. [4] used topology optimization for designing 

functionally graded ultrasonic transducers (FGPUTs) 

that have been made from PZT-5H and PZT-5A. Their 

researches have led to presenting a method for designing 

these transducers. Luo and Tong [5] presented a topology 

optimization method called MIST to extract optimal 

topologies of piezoelectric plates for shape morphing, 

under electrical, mechanical and electro- mechanical 

loadings. Zhang and Kang [6] focused on an active 

control performance that result in reduce dynamic 

transient response in a thin-shell structure by using 

topology optimization of piezoelectric sensor/actuator. 

They avoided considering all situations and using 

methods like genetic algorithm to ensure a global 

optimality but presented just a perspective to have 

conceptual designing in these cases. Xu et al. [7] used 

genetic algorithm to optimize number and placement of 

piezoelectric actuators in order to prevent vibrations. 

They found optimized numbers and placements in a 

coupled modal space based on control effect of an 

independent modal space. They considered two 

experiments on a cantilever and four simple supported 

corner piezoelectric smart plates to show the validation 

of their studies. 

Using piezoelectric actuators in order to reduce stress 

concentration in a plate was studied in 1994 by shah et al. 

[8]. They figured out that if piezoelectric with positive 

strain behavior place in compaction areas, it can make 

changes in stress flow and consequently decries stress 

concentration around the hole. They also investigated an 

isotropic layered plate as a model of laminated plates, 

with variable placement of piezoelectric. By deriving a 

FE formulation, they analyzed different shapes of 

piezoelectric patches on a squared aluminum plate and 

figured out that it has logical relationships between shape 

of patches and stress field in both plate and patches [9]. 

Fesharaki and Golabi [11] studied on reducing stress 
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concentration factor around a hole in a plate under 

tension, by using piezoelectric patches around the hole. 

They presented a procedure to reduce stress 

concentration and developed a code based on particle 

swarm algorithm (PSO) to find the best locations of 

actuators. Their efforts demonstrated optimum 

placements of piezoelectric patches on plate. 

Along these studies, this article is focused on stiffness 

and stress concentration as two parameters that affect the 

stress concentration factors. For this purpose, a python 

code is developed that implement topology optimization 

and shape optimization methods on a host plate and also 

find the best locations for piezoelectric actuators on it, 

based on particle swarm optimization algorithm. 

 

Structural optimization: 

In recent years , by growing finite element methods, 

using  structural optimization as a powerful scheme that 

help engineers to have lightweight, rigid, low-cost and 

more durable design is prepared. Well-known structural 

optimization categories are topology optimization, shape 

optimization and size optimization. In many cases, use a 

combination of these categories can be more effective. 

Here are brief introductions about two optimization 

categories that have been utilized in this article. 

 

Topology optimization: 

Most of the time, topology optimization is the first step 

of a combined structural optimization. It tries to find the 

best material distribution and deliver an optimized 

conceptual design. Therefore it starts to changing 

stiffness and density of elements in a specified design 

space with prescribed loading and boundary conditions. 

These iterative processes will continue to satisfy a 

constraint. 

As we know compliance is the inverse of stiffness in 

a structure .A finite element definition for compliance is 

sum total strain energy of elements. For linear problem, 

it is  ∑𝑟𝑡𝐾𝑟  .  Where k and r are global stiffness matrix 

and displacement vector, respectively. In other hand, 

densities of elements will relate to stiffness of the 

structure. Technically, density is a material existence 

definition in our design space and has value from 0 to 1. 

So a widely used method for topology optimization is 

based on reach to a situation with minimum compliance 

(maximum stiffness) by minimizing strain energy. 

It means that, in each iteration elements with densities 

equal to zero starts eliminating until the constraint has not 

been satisfied. The topology optimization algorithm that 

is used in this article, have minimizing strain energy as 

objective function and a fraction of initial volume as 

constraint. 

 

Shape optimization: 

Basically shape optimization is an iterative method to 

reduce stress concentration points. It tries to homogenize 

stress field in these areas by applying minor changes in 

position of nodes. So it can help to improve extracted 

model when topology optimization is finished. 

 

Introduction about the procedure: 

The procedure is consisted of three phases. In the first 

phase a Solid Isotropic Material with Penalization 

(SIMP) topology optimization scheme is considered. The 

objective function is minimizing the strain energy and 

optimization process will continuous up to satisfy a 

predefined volume constraint. The second phase start 

with a shape optimization method that is designed to 

amend and improve structure after topology 

optimization. It will modify stress concentration situation 

by making slightly changes in the nodes and geometry 

.Finally the optimized structure will extract. In here, 

minor smoothing operations can take place depend on the 

final shape of extracted model and then it will become 

prepared for third and the last phase. In this phase, 

piezoelectric patches will define and PSO start to find the 

best location in each step. Mathematic expressions and 

equations about PSO algorithm and structural 

optimization are avoided [10]. All Procedure’s steps are 

summarized in flowchart of "figure 2" 

 

Problem definition: 
"Figure 1" is show a thin rectangular aluminum plate that 

is considered as a sample of structures with geometrical 

discontinuity which is under tensional mechanical 

pressure load P0=1MPa. 5×5×0.5 mm2 PZT-4 

piezoelectric patches that polarized in thickness direction 

are decided to use as actuators. 

A 5×5 mm2 grid mesh is provided all over the plate 

for piezoelectric patches that specifies design area of 

PSO code. 

 

 

 
Figure 1. Plate loading and geometry 
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Figure 2.  Self-inclusive flowchart of the procedure 

Solving process: 

To solve the problem, a python code has been developed 

to implement the procedure. In topology optimization 

phase, three different volume reduction constraints (N = 

10%, 20% and 30%) is considered in procedure to 

investigate the problem above in three cases. For the last 

phase, applied voltage for each piezoelectric patch is 

constant and is considered about 50 volt. Also voltages 

applied in a form that piezoelectric perform positive 

strain .Since using a thin plate, we can consider a plane 

stress condition for problem, and based on a simple axial 

loading situation that we have, only stresses along load 

direction (S11) is reported. "Figures 3-5" show the result 

of structural optimization for each cases and also best 

location of piezoelectric patches in even steps of PSO 

algorithm. 
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Figure 3. (Case1) The optimum pattern of locating piezoelectric actuators on the plate after 10% volume constraint structural 

optimization 

 

 
Figure 4. (Case 2) Optimum pattern of locating piezoelectric actuators on the plate with 20% volume constraint structural 

optimization 
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Figure 5. (Case 3) Optimum pattern of locating piezoelectric actuators on the plate with 30% volume constraint structural 

optimization

Results and discussions: 

In each three cases, we observe volume reduction in 

top/bottom and middle of the plate after topology 

optimization. After finishing structural optimization 

phases, stiffness of the plate has been increased and stress 

concentration factor has been decreased. That is exactly 

what we have expected to happen after these phases.  

After implementing particle swarm optimization 

algorithm to the plate, if we have a comparison between 

figure 3, 4, and 5, in the first look it will figured out that 

locations of patches in step 1 to 4 of every cases is the 

same. Furthermore, in every case, patches start 

expanding from a point around the hole, not around any 

other discontinuities. In other hand, until step 4, locations 

are completely same as what we had for a simple plate 

without structural optimization [11]. So, it seems in 

primary steps, discontinuities have no effect in order and 

placement of patches in their best locations. In the next 

steps, by expanding patches in best locations, we observe 

that patches are more desired to expand vertically in case 

1. But it is completely inverse in case 2 and case 3 that 

patches are more desired to expand horizontally. 

 

 
Figure 6. Maximum stress of the plate in each step of procedure 
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There is a similar behavior in locating piezoelectric 

patches in all cases (especially from step 4 to 12) that is 

important, and it is avoiding patches from locating 

exactly near the edge of discontinuities. In fact, patches 

never locate exactly in stress concentration areas and they 

always performing stress reduction with a particular 

space from stress concentration points.  

"Figure 6" shows the values of stress concentration in 

each step of the procedure for all three cases. To have a 

better illustrative comparison between a former presented 

procedure [11] and the new procedure, we added result 

of the former procedure when 50volt electrical voltage is 

used for piezoelectric actuators. All maximum stresses 

have been normalized by P0. It can obviously understand 

from the diagram that the new procedure is much more 

effective to control and decrease tension of concentration 

points in compare with the former procedure.  

The result of the third phase of procedure, show us 

nearly same curves that have only difference in start and 

end points. It imply this fact that third phase is not depend 

on extracted shape in previous phases .In other words ,it 

is completely important that we extract a model with the 

lowest stress concentration value during structural 

optimization operations and then use piezoelectric 

actuators to have the most reduction of stress in our 

structures. Total percentage of stress concentration 

reduction in each curve is represented in "figure 7". The 

most stress reduction after structural optimization phases 

and also after placing actuators, is occurred when we 

have volume constrain about 20%. It maybe shows a 

boundary limit of volume reduction. It means that the 

best volume percentage that we are allowed to reduce and 

reach the lowest stress concentration value (not the 

highest stiffness), is between 10 and 30. But determining 

a specific number is covered for us yet.  

 
Figure 7. Maximum stress reduction in three cases and the 

former procedure 

 

Conclusions: 

Preventing from damage and fracture by reducing stress 

concentration factor and increase stiffness 

simultaneously, is the main purpose of studies in this 

article. To achieving this purpose, a three-phase 

procedure has been presented and applied in a defined 

problem in three cases with different constraints. Results 

of performing structural optimization, is increase the 

stiffness factor and decrease in stress concentration 

values, weight and volume of plate. By implementing 

PSO algorithm on each case, an optimum pattern for 

locating piezoelectric actuators in each case has been 

presented. Those show us actuators prefer to have an 

indirect effect to achieve objective function in every 

cases. Evaluating the final results indicates a successful 

decrease in stress concentration values and increase 

stiffness factor in plate at the end of the procedure and 

consequently successful prevention of damage and 

fracture. Moreover, results were compared with data of a 

former procedure to validate the effectiveness. 
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