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Preface

Modern power systems are highly complex and are expected to fulfill the
growing demands of power wherever required, with acceptable quality and
costs. The economic and environmental factors necessitate the location of
generation at places away from load centres. The restructuring of power
utilities has increased the uncertainties in system operation. The regulatory
constraints on the expansion of the transmission network has resulted in
reduction of stability margins and increased the risks of cascading outages
and blackouts. This problem can be effectively tackled by the introduction
of high power electronic controllers for the regulation of power flows and
voltages in AC transmission networks. This allows ’flexible’ operation of
AC transmission systems whereby the changes can be accommodated easily
without stressing the system. Power electronic based systems and other
static equipment that provide controllability of power flow and voltage are
termed as FACTS Controllers.

It is to be noted that power electronic controllers were first intro-
duced in HVDC transmission for not only regulation of power flow in HVDC
links, but also for modulation to improve system stability (both angle and
voltage). The technology of thyristor valves and digital controls was ini-
tially extended to the development of Static Var Compensator (SVC) for
load compensation and voltage regulation in long transmission lines. In
1988,Dr.Narain G. Hingorani introduced the concept of Flexible AC Trans-
mission Systems (FACTS) by incorporating power electronic controllers to
enhance power transfer in existing AC transmission lines, improve voltage
regulation and system security without adding new lines. The FACTS con-
trollers can also be used to regulate power flow in critical lines and hence, ease
congestion in electrical networks. FACTS does not refer to any single device,
but a host of controllers such as SVC, Thyristor Controlled Series Capacitor
(TCSC), Static Phase Shifting Transformer (SPST), and newer controllers
based on Voltage Source Converters (VSC)-Static synchronous Compen-
sator (STATCOM), Static Synchronous Series Compensator (SSSC), Unified
Power Flow Controller (UPFC), Interline Power Flow Controller (IPFC) etc.
The advent of FACTS controllers has already made a major impact on the
planning and operation of power delivery systems. The concept of Custom
Power introduced by Dr.Hingorani in 1995 has extended the application of
FACTS controllers for distribution systems with the objective of improv-
ing power quality. An understanding of the working of individual FACTS
controllers and issues that affect their operation under various conditions is
essential for both students and engineers (in industry) who are interested in
the subject. This book aims to provide detailed information for students, re-
searchers, and development and application engineers in industry. It contains
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comprehensive and up-to-date coverage of the FACTS controllers that have
been proposed and developed both for transmission and distribution. It is
hoped that this book will complement the excellent book on ”Understanding
FACTS-Concepts and Technology of Flexible AC Transmission Systems” by
the pioneers, Dr. Narain G. Hingorani and Dr.Laszlo Gyugyi. The present
book covers many analytical issues that affect the design of FACTS Con-
trollers, which are of interest to academics and application engineers. It can
be used as a text or reference for a course on FACTS Controllers. The author
has been working in the area of HVDC and FACTS Controllers over many
years. He has taught a course on FACTS for graduate students at Indian
Institute of Science and has guided several Masters and PhD students who
have worked on various aspects of different FACTS controllers. He has de-
livered many lectures in short- term intensive courses attended by teachers
from engineering colleges and engineers from industry. He is the author of a
book on HVDC Power Transmission Systems (published by Wiley Eastern
and John Wiley in 1991), which is widely used. Hence, it was natural to
attempt this book based on the expertise and experience gained.

The book is organized into 14 chapters and 4 appendices. The first
chapter introduces FACTS controllers and their application in transmission
and distribution networks in the context of operational problems of modern
power systems involving transmission congestion, loop flows, system secu-
rity and power quality issues. The second chapter reviews the modeling and
steady state characteristics of AC transmission lines. It also covers the anal-
ysis of how an individual FACTS controller can modify the power flow and
voltage profile in a line.

Chapters 3 to 9 cover the various FACTS controllers -SVC, TCSC
and GCSC, Static PST, STATCOM, SSSC, UPFC, IPFC, CSC, IPC and
other devices such as Fault Current Limiter (FCL), Thyristor Controlled
Braking Resistor (TCBR), NGH Damping and Thyristor Controlled Volt-
age Limiter (TCVL). In each case, the function of the FACTS device is
explained with the description of power circuit, associated controllers and
operating modes. The modeling of each FACTS Controller is derived from
first principles and simplifications where appropriate are discussed. The
applications and control interactions involving Subsynchronous Resonance
(SSR), electromagnetic interactions and harmonic interactions are also dis-
cussed in some detail wherever required.

A major function of a FACTS Controller is power oscillation damp-
ing involving low frequency oscillations that threaten system security under
peak power flow conditions. Chapter 10 covers the analysis of this problem
with solutions involving control strategies for voltage and power modulation.
Illustrative examples are included to explain the techniques.

Another important control function is the improvement of transient
stability using bang-bang control technique. This is also termed as discrete
control. The analysis and control strategies for this function are discussed
in detail in chapter 11 with the help of case studies.

Chapter 12 introduces the power quality issues involving voltage fluc-
tuations, flicker, sags and swells, momentary interruptions, unbalance and
harmonics. The measures for power quality are described and introduction
to Custom Power Devices (CPD) is presented. Chapter 13 deals with load
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compensation and application of distribution STATCOM (DSTATCOM) for
fast voltage regulation or reactive power compensation, balancing of source
currents and active filtering. Chapter 14 covers series power quality condi-
tioner involving dynamic voltage restoration and harmonic isolation. The
Unified Power Quality Conditioner (UPQC), which includes both shunt and
series compensators is also described. In all cases considered, the operation
of the individual device is described along with modeling, control algorithms
and simulation of the system to evaluate the performance. The case studies
are presented to illustrate the analysis.

The Appendix A describes the modeling of synchronous machines
for both stability and transient analysis. The mechanical system of rotor
masses and shafts is also modeled. The major Pulse Width Modulation
(PWM) techniques such as Sine PWM and Space Vector modulation are
discussed in Appendix B. The per unit system for a STATCOM is discussed
in Appendix C. The Appendix D lists the abbreviations used.

It is assumed that the reader has an exposure to elementary power
electronics, power systems and basic control theory. Hence, topics on power
semiconductor devices and converters have been deliberately left out. Still,
the book contains more material than what can be covered in a one-semester
course.
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Chapter 1

Introduction

1.1 General

Modern power systems are designed to operate efficiently to supply power
on demand to various load centres with high reliability. The generating
stations are often located at distant locations for economic, environmental
and safety reasons. For example, it may be cheaper to locate a thermal power
station at pithead instead of transporting coal to load centres. Hydropower
is generally available in remote areas. A nuclear plant may be located at a
place away from urban areas. Thus, a grid of transmission lines operating at
high or extra high voltages is required to transmit power from the generating
stations to the load centres.

In addition to transmission lines that carry power from the sources
to loads, modern power systems are also highly interconnected for economic
reasons. The interconnected systems benefit by (a) exploiting load diversity
(b) sharing of generation reserves and (c) economy gained from the use of
large efficient units without sacrificing reliability. However, there is also
a downside to ac system interconnection – the security can be adversely
affected as the disturbances initiated in a particular area can spread and
propagate over the entire system resulting in major blackouts caused by
cascading outages.

1.2 Basics of Power Transmission
Networks

A large majority of power transmission lines are AC lines operating at dif-
ferent voltages (10 kV to 800 kV). The distribution networks generally op-
erate below 100 kV while the bulk power is transmitted at higher voltages.
The lines operating at different voltages are connected through transformers
which operate at high efficiency. Traditionally, AC lines have no provision
for the control of power flow. The mechanically operated circuit breakers
(CB) are meant for protection against faults (caused by flashovers due to
overvoltages on the lines or reduced clearances to ground). A CB is rated for
a limited number of open and close operations at a time and cannot be used
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for power flow control. (unlike a high power electronic switch such as thyris-
tor, GTO, IGBT, IGCT, etc.). Fortunately, ac lines have inherent power
flow control as the power flow is determined by the power at the sending
end or receiving end. For example, consider a trasmission line connecting a
generating station to a load centre in Fig.1.1(a). Assuming the line to be
lossless and ignoring the line charging, the power flow (P ) is given by

P =
V1V2
X

sin(θ1 − θ2) (1.1)

whereX is the series line reactance. Assuming V1 and V2 to be held constants
(through voltage regulators at the two ends), the power injected by the power
station determines the flow of power in the line. The difference in the bus
angles is automatically adjusted to enable P = PG (Note that usually there
could be more than one line transmitting power from a generating station
to a load centre). If one or more lines trip, the output of the power station
may have to be reduced by tripping generators, so as to avoid overloading
the remaining lines in operation.

θ1V1 θ2V2

jX

P = P
G

G

(a) A line transmitting power from a generating station

θ1V1 θ2V2
jX

P = P
L

Load

(b) A line supplying power to a load

Figure 1.1: A transmission line carrying power

Fig. 1.1(b) shows another situation where a line supplies power to a
load located at bus (2). Here also the eq. (1.1) applies but the power flow in
the line is determined by the load supplied. The essential difference between
the two situations is that in Fig. 1.1(a), the load centre is modelled as an
infinite bus which can absorb (theoretically) any amount of power supplied
to it from the generating station. This model of the load centre assumes that
the generation available at the load centre is much higher than the power
supplied from the remote power station (obviously, the total load supplied
at the load centre is equal to the net generation available at that bus).
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The reliability of the power supply at a load bus can be improved by
arranging two (or more) sources of power as shown in Fig. 1.2. Here, P1 is
the output of G1 while P2 is the output of G2 (Note that we are neglecting
losses as before). However, the tripping of any one line will reduce the
availability of power at the load bus. This problem can be overcome by
providing a line (shown dotted in Fig. 1.2) to interconnect the two power
stations. Note that this results in the creation of a mesh in the transmission
network. This improves the system reliability, as tripping of any one line does
not result in curtailment of the load. However, in steady state, P1 can be
higher or lower than PG1 (the output of G1). The actual power flows in the
3 lines forming a mesh are determined by Kirchhoff’s Voltage Law (KVL).
In general, the addition of an (interconnecting) line can result in increase
of power flow in a line (while decreasing the power flow in some other line).
This is an interesting feature of AC transmission lines and not usually well
understood (in the context of restructuring). In general, it can be stated that
in an uncontrolled AC transmission network with loops (to improve system
reliability), the power flows in individual lines are determined by KVL and
do not follow the requirements of the contracts (between energy producers
and customers). In other words, it is almost impossible to ensure that the
power flow between two nodes follows a predetermined path. This is only
feasible in radial networks (with no loops), but the reliability is adversely
affected as even a single outage can result in load curtailment. Consider
two power systems, each with a single power station meeting its own local
load, interconnected by a tie line as shown in Fig. 1.3(a). In this case, the
power flow in the tie line (P ) in steady state is determined by the mismatch
between the generation and load in the individual areas. Under dynamic
conditions, this power flow is determined from the equivalent circuit shown
in Fig. 1.3(b). If the capacity of the tie is small compared to the size
(generation) of the two areas, the angles δ1 and δ2 are not affected much by
the tie line power flow. Thus, power flow in AC tie is generally uncontrolled
and it becomes essential to trip the tie during a disturbance, either to protect
the tie line or preserve system security.

In comparison with a AC transmission line, the power flow in a
HVDC line in controlled and regulated. However, HVDC converter stations
are expensive and HVDC option is used primarily for (a) long distance bulk
power transmission (b) interconnection of asynchronous systems and (c) un-
derwater (submarine) transmission. The application of HVDC transmission
(using thyristor converters) is also constrained by the problem of commuta-
tion failures affecting operation of multiterminal or multi-feed HVDC sys-
tems. This implies that HVDC links are primarily used for point-to-point
transmission of power and asynchronous interconnection (using Back to Back
(BTB) links).
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G1

2G

V1 θ 1

P1

V2 θ 2
PL

P2

Figure 1.2: Two generating stations supplying a load

1V1 V2P
θ2

E1 δ1

θ

Z1

1

jX

V2

Z2

E2 δ 221 θθV

Thevenin equivalent of area 2

(a)Single line diagram

(b)Equivalent circuit

Thevenin equivalent of area 1

Figure 1.3: Two areas connected by a tie line

1.3 Control of Power Flow in AC
Transmission Line

We may like to control the power flow in a AC transmission line to (a)
enhance power transfer capacity and or (b) to change power flow under
dynamic conditions (subjected to disturbances such as sudden increase in
load, line trip or generator outage) to ensure system stability and security.
The stability can be affected by growing low frequency, power oscillations
(due to generator rotor swings), loss of synchronism and voltage collapse
caused by major disturbances.



1. Introduction 5

From eq. (1.1), we have the maximum power (Pmax) transmitted
over a line as

Pmax =
V1V2
X

sin δmax (1.2)

where δmax (30◦–40◦) is selected depending on the stability margins and the
stiffness of the terminal buses to which the line is connected. For line lengths
exceeding a limit, Pmax is less than the thermal limit on the power transfer
determined by the current carrying capacity of the conductors (Note this is
also a function of the ambient temperature). As the line length increases, X
increases in a linear fashion and Pmax reduces as shown in Fig. 1.4.

Pmax

Thermal limit

Stability limit

Line length

Figure 1.4: Power transfer capacity as a function of line length

The series compensation using series connected capacitors increases
Pmax as the compensated value of the series reactance (Xc) is given by

Xc = X(1− kse) (1.3)

where kse is the degree of series compensation. The maximum value of kse
that can be used depends on several factors including the resistance of the
conductors. Typically kse does not exceed 0.7.

Fixed series capacitors have been used since a long time for increas-
ing power transfer in long lines. They are also most economical solutions for
this purpose. However, the control of series compensation using thyristor
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switches has been introduced only 10–15 years ago for fast power flow con-
trol. The use of Thyristor Controlled Reactors (TCR) in parallel with fixed
capacitors for the control of Xc, also helps in overcoming a major problem of
Subsynchronous Resonance (SSR) that causes instability of torsional modes
when series compensated lines are used to transmit power from turbogener-
ators in steam power stations.

In tie lines of short lengths, the power flow can be controlled by
introducing Phase Shifting Transformer (PST) which has a complex turns
ratio with magnitude of unity. The power flow in a lossless transmission line
with an ideal PST (see Fig. 1.5) is given by

P =
V1V2
X

sin(θ ± φ) (1.4)

where θ = θ1 − θ2.

j

V1 θ1

1: e φ

jX

V2 θ2

Figure 1.5: A lossless line with an ideal PST

Again, manually controlled PST is not fast enough under dynamic
conditions. Thyristor switches can ensure fast control over discrete (or con-
tinuous) values of φ, depending on the configuration of PST used. Pmax

can also be increased by controlling (regulating) the receiving end voltage
of the AC line. When a generator supplies a unity power factor load (see
Fig. 1.1(b)), the maximum power occurs when the load resistance is equal
to the line reactance. It is to be noted that V2 varies with the load and can
be expressed as

V2 = V1 cos(θ1 − θ2) (1.5)

Substituting (1.5) in (1.1) gives

P =
V 2
1 sin[2(θ1 − θ2)]

2X
(1.6)

By providing dynamic reactive power support at bus (2) as shown in
Fig. (1.6), it is possible to regulate the bus voltage magnitude. The reactive
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power factor

1 θ1
jX

V2

Qc

Load at unity 

V θ2

Figure 1.6: Transmission line compensated by controllable reactive power
source at receiving end

power (QC) that has to be injected is given by

QC =
V 2
2 − V1V2 cos(θ1 − θ2)

X
(1.7)

Comparing eq. (1.6) with (1.1), it can be seen that the maximum
power transfer can be doubled just by providing dynamic reactive power
support at the receiving end of the transmission line. This is in addition
to the voltage support at the sending end. It is to be noted that while
steady state voltage support can be provided by mechanically switched ca-
pacitors, the dynamic voltage support requires synchronous condenser or a
power electronic controller such as Static Var Compensator (SVC) or STATic
synchronous COMpensator (STATCOM).

1.4 Flexible AC Transmission System
Controllers

1.4.1 General Description

The large interconnected transmission networks (made up of predominantly
overhead transmission lines) are susceptible to faults caused by lightning
discharges and decrease in insulation clearances by undergrowth. The power
flow in a transmission line is determined by Kirchhoff’s laws for a specified
power injections (both active and reactive) at various nodes. While the
loads in a power system vary by the time of the day in general, they are also
subject to variations caused by the weather (ambient temperature) and other
unpredictable factors. The generation pattern in a deregulated environment
also tends to be variable (and hence less predictable). Thus, the power flow
in a transmission line can vary even under normal, steady state conditions.
The occurrence of a contingency (due to the tripping of a line, generator)
can result in a sudden increase/decrease in the power flow. This can result
in overloading of some lines and consequent threat to system security.
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A major disturbance can also result in the swinging of generator
rotors which contribute to power swings in transmission lines. It is possible
that the system is subjected to transient instability and cascading outages
as individual components (lines and generators) trip due to the action of
protective relays. If the system is operating close to the boundary of the
small signal stability region, even a small disturbance can lead to large power
swings and blackouts.

The increase in the loading of the transmission lines sometimes can
lead to voltage collapse due to the shortage of reactive power delivered at
the load centres. This is due to the increased consumption of the reactive
power in the transmission network and the characteristics of the load (such
as induction motors supplying constant torque).

The factors mentioned in the previous paragraphs point to the prob-
lems faced in maintaining economic and secure operation of large intercon-
nected systems. The problems are eased if sufficient margins (in power trans-
fer) can be maintained. This is not feasible due to the difficulties in the ex-
pansion of the transmission network caused by economic and environmental
reasons. The required safe operating margin can be substantially reduced
by the introduction of fast dynamic control over reactive and active power
by high power electronic controllers. This can make the AC transmission
network ‘flexible’ to adapt to the changing conditions caused by contin-
gencies and load variations. Flexible AC Transmission System (FACTS) is
defined as ‘Alternating current transmission systems incorporating power
electronic-based and other static controllers to enhance controllability and
increase power transfer capability’ [1,2]. The FACTS controller is defined as
‘a power electronic based system and other static equipment that provide
control of one or more AC transmission system parameters’.

The FACTS controllers can be classified as

1. Shunt connected controllers

2. Series connected controllers

3. Combined series-series controllers

4. Combined shunt-series controllers

Depending on the power electronic devices used in the control, the
FACTS controllers can be classified as

(A) Variable impedance type

(B) Voltage Source Converter (VSC) – based.

The variable impedance type controllers include:
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(i) Static Var Compensator (SVC), (shunt connected)

(ii) Thyrister Controlled Series Capacitor or compensator (TCSC), (series
connected)

(iii) Thyristor Controlled Phase Shifting Transformer (TCPST) of Static
PST (combined shunt and series)

The VSC based FACTS controllers are:

(i) Static synchronous Compensator (STATCOM) (shunt connected)

(ii) Static Synchronous Series Compensator (SSSC) (series connected)

(iii) Interline Power Flow Controller (IPFC) (combined series-series)

(iv) Unified Power Flow Controller (UPFC) (combined shunt-series)

Some of the special purpose FACTS controllers are

(a) Thyristor Controller Braking Resistor (TCBR)

(b) Thyristor Controlled Voltage Limiter (TCVL)

(c) Thyristor Controlled Voltage Regulator (TCVR)

(d) Interphase Power Controller (IPC)

(e) NGH-SSR damping

The FACTS controllers based on VSC have several advantages over
the variable impedance type. For example, a STATCOM is much more
compact than a SVC for similar rating and is technically superior. It can
supply required reactive current even at low values of the bus voltage and
can be designed to have in built short term overload capability. Also, a
STATCOM can supply active power if it has an energy source or large energy
storage at its DC terminals.

The only drawback with VSC based controllers is the requirement
of using self commutating power semiconductor devices such as Gate Turn-
off (GTO) thyristors, Insulated Gate Bipolar Transistors (IGBT), Integrated
Gate Commutated Thyristors (IGCT). Thyristors do not have this capability
and cannot be used although they are available in higher voltage ratings and
tend to be cheaper with reduced losses. However, the technical advantages
with VSC based controllers coupled will emerging power semiconductor de-
vices using silicon carbide technology are expected to lead to the wide spread
use of VSC based controllers in future.

It is interesting to note that while SVC was the first FACTS con-
trollers (which utilized the thyristor valves developed in connection with
HVDC line commutated convertors) several new FACTS controller based
on VSC have been developed. This has led to the introduction of VSC in
HVDC transmission for ratings up to 300 MW.
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1.4.2 Voltage Source Converter Based Controllers
- An Introduction

This section is aimed at giving a brief introduction to the VSC based con-
troller. The individual controllers are discussed in detail in the following
chapters (6-8). The schematic diagram of a STATCOM is shown in Fig. 1.7
while that of a SSSC is shown in Fig.1.8. The diagram of a UPFC is shown
in Fig. 1.9.

Line

VSC

Figure 1.7: Shunt connected STATCOM

VSC

Line

Figure 1.8: Series connected SSSC

VSC1 VSC2

Figure 1.9: Unified power flow controller
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A six pulse Voltage Source Converter (VSC) is shown in Fig. 1.10.
By suitable control, the phase and the magnitude of the AC voltage injected
by the VSC can be controlled. The Phase Lock Loop (PLL) ensures that
the sinusoidal component of the injected voltage is synchronized (matching
in frequency and required phase angle) with the voltage of the AC bus to
which VSC is connected through an inductor. Often, the leakage impedance
of the interconnecting transformer serves as the inductive impedance that
has to separate the sinusoidal bus voltage and the voltage injected by the
VSC (which contains harmonics). The injection of harmonic voltages can
be minimized by multipulse (12, 24 or 48), and/or multilevel convertors. At
low power levels, it is feasible to provide pulse width modulation (PWM) to
control the magnitude of the fundamental component of the injected volt-
age. The high voltage IGBT devices can be switched up to 2 kHz and high
frequency of sinusoidal modulation enables the use of simple L-C (low pass)
filters to reduce harmonic components.

Vb

V a

Vc

V

2

dc

2

V

dc

Figure 1.10: A three phase, six pulse VSC

The operation of a VSC can be explained with reference to a single
phase (half-wave) convertor shown in Fig. 1.11. This can represent one leg
of the 3 phase VSC.

dcV
2

A+T

A−TdcV
2

N

+

+
A

Figure 1.11: A single phase half wave converter
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TA+ and TA− are controllable switches which can be switched on or
off at controllable instants in a cycle. The diodes ensure that the current
can flow in both directions in the DC capacitor. The switches TA+ and TA−
work in complementary fashion – only one of them is on while the other is
off. If the switch is turned on only once during a cycle, this is called as
the square-wave switching scheme with each switch conducting for 180◦ in a
cycle. The peak value of the fundamental component (VAN1) is given by

VAN1 =
4

π

(

Vdc
2

)

= 1.273

(

Vdc
2

)

(1.8)

The waveform contains odd harmonics with the magnitudes

VANh =
VAN1

h
, h = 3, 5, 7, . . . (1.9)

It is to be noted that in the square wave switching scheme, only the phase
angle of the voltage injected by the VSC can be controlled (and not the mag-
nitude). It will be shown in chapter 6 that in a three phase converter with
3 legs the triplen harmonics will disappear such that the non-zero harmonic
order (h) is given by

h = 6n± 1, n = 1, 2, . . . (1.10)

Increasing the pulse number from six to twelve has the effect of elim-
inating the harmonics corresponding to odd values of n.

The introduction of PWM has the effect of controlling the magnitude
of the fundamental component of the injected voltage by the VSC. For this
case, the waveform of the voltage vAN is shown in Fig. 1.12. Using sinusoidal
modulation (with triangular carrier wave), the peak value of the injected
sinusoidal voltage can be expressed as

VAN1 = m

(

Vdc
2

)

, 0 < m ≤ 1 (1.11)

where m is called the modulation index.

The maximum modulation index can be achieved with space vector
modulation and is given by [10]

mmax =
2√
3
= 1.1547 (1.12)

It is to be noted that the modulation index (m) and the phase angle
(α) are controlled to regulate the injected current by the shunt connected
VSC. Neglecting losses, a STATCOM can only inject reactive current in
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Time  

V AN 

Figure 1.12: Waveform of vAN and the fundamental component

steady state. The reactive current reference can be controlled to regulate
the bus voltage. In a similar fashion the reactive voltage injected by a lossless
SSSC can be controlled to regulate the power flow in a line within limits.
The combination of a STATCOM and a SSSC, in which the STATCOM feeds
(or absorbs) power on the DC side to SSSC, can be used to regulate both
active and reactive power flow in a line (subject to the constraints imposed
by the ratings of the converters in addition to the limits on bus voltages).

1.4.3 A General Equivalent Circuit for FACTS
Controllers

The UPFC (shown in Fig. 1.9) is the most versatile FACTS controller with
3 control variables (the magnitude and phase angle of the series injected
voltage in addition to the reactive current drawn by the shunt connected
VSC). The equivalent circuit of a UPFC on a single phase basis is shown
in Fig. 1.13. The current i is drawn by the shunt connected VSC while
the voltage e is injected by the series connected VSC. Neglecting harmonics,
both the quantities can be represented by phasors I and E.

Neglecting power losses in the UPFC, the following constraint equa-
tion applies.

Re[V1I
∗] = Re[EI∗2 ] (1.13)

Assuming that V̂1 = V1e
jθ1 , Î2 = I2e

jφ2 , Î and Ê can be expressed as

Î = (Ip − jIr)ejθ1 (1.14)
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i

e
V 2V1

i2

Figure 1.13: An equivalent circuit for UPFC

Ê = (Vp + jVr)e
jφ2 (1.15)

where Ip and Ir are ‘real’ and ‘reactive’ components of the current drawn
by the shunt connected VSC. Similarly Vp and Vr and the ‘real’ and ‘re-
active’ voltages injected by the series connected VSC. Positive Ip and Vp
indicate positive ‘real’ (active) power flowing into the shunt connected VSC
and flowing out of the series connected VSC. The positive values of Ir and
Vr indicate reactive power drawn by the shunt convertor and supplied by the
series converter. These conventions will be used throughout this book.

Using eqs (1.14) and (1.15), (1.13) can be expressed as

V1Ip = I2Vp (1.16)

The remaining shunt and series connected FACTS controllers can be
viewed as special cases of a UPFC. For example in a SVC,

Vp = 0, Vr = 0, Ip = 0, Ir = −BSV CV1, (1.17)

There are 3 constraint equations and one control variable (BSV C) in a SVC.
In a STATCOM, Ir is the control variable. Table 1.1 gives the constraint
equations and control variables for all the FACTS controllers. Note that in
a STATCOM or SSSC with an energy source at the DC terminals, there are
2 control variables as Ip or Vp is non-zero.

1.4.4 Benefits with the Application of FACTS
Controllers

Primarily, the FACTS controllers provide voltage support at critical buses
in the system (with shunt connected controllers) and regulate power flow
in critical lines (with series connected controllers). Both voltage and power
flow are controlled by the combined series and shunt controller (UPFC).
The power electronic control is quite fast and this enables regulation both
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Table 1.1: Constraint Equations and Control Variables for FACTS Con-
trollers.

Controller Constraint Equations Control Variable(s)

SVC Vp = 0, Vr = 0, Ip = 0 BSV C

Ir = −BSV CV1

TCSC Ip = 0, Ir = 0, Vp = 0 XTCSC

Vr = XTCSCI2

SPST Ê = V1(e
jφ − 1) ' jV1φ φ

(TCPAR) V1Ip = VpI2, V1Ir = I2Vr

STATCOM Vp = 0, Vr = 0, Ip = 0 Ir

STATCOM with Vp = 0, Vr = 0 Ip, Ir
energy source

SSSC Ip = 0, Ir = 0, Vp = 0 Vr

SSSC with Ip = 0, Ir = 0 Vp, Vr
energy source

under steady state and dynamic conditions (when the system is subjected
to disturbances). The benefits due to FACTS controllers are listed below.

1. They contribute to optimal system operation by reducing power losses
and improving voltage profile.

2. The power flow in critical lines can be enhanced as the operating mar-
gins can be reduced due to fast controllability. In general, the power
carrying capacity of lines can be increased to values upto the thermal
limits (imposed by current carrying capacity of the conductors).

3. The transient stability limit is increased thereby improving dynamic
security of the system and reducing the incidence of blackouts caused
by cascading outages.

4. The steady state or small signal stability region can be increased by
providing auxiliary stabilizing controllers to damp low frequency oscil-
lations.

5. FACTS controllers such as TCSC can counter the problem of Sub-
synchronous Resonance (SSR) experienced with fixed series capacitors
connected in lines evacuating power from thermal power stations (with
turbogenerators).

6. The problem of voltage fluctuations and in particular, dynamic over-
voltages can be overcome by FACTS controllers.
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The capital investment and the operating costs (essentially the cost
of power losses and maintenance) are offset against the benefits provided by
the FACTS controllers and the ‘payback period’ is generally used as an index
in the planning. The major issues in the deployment of FACTS controllers
are (a) the location (b) ratings (continuous and short term) and (c) control
strategies required for the optimal utilization. Here, both steady-state and
dynamic operating conditions have to be considered. Several systems studies
involving power flow, stability, short circuit analysis are required to prepare
the specifications. The design and testing of the control and protection
equipment is based on Real Time Digital Simulator (RTDS) or physical
simulators.

It is to be noted that a series connected FACTS controller (such as
TCSC) can control power flow not only in the line in which it is connected,
but also in the parallel paths (depending on the control strategies). This
will be explained in chapter 4.

1.5 Application of FACTS Controllers in
Distribution Systems

Although the concept of FACTS was developed originally for transmission
network; this has been extended since last 10 years for improvement of Power
Quality (PQ) in distribution systems operating at low or medium voltages.

In the early days, the power quality referred primarily to the continu-
ity of power supply at acceptable voltage and frequency. However, the pro-
lific increase in the use of computers, microprocessors and power electronic
systems has resulted in power quality issues involving transient disturbances
in voltage magnitude, waveform and frequency. The nonlinear loads not only
cause PQ problems but are also very sensitive to the voltage deviations.

In the modern context, PQ problem is defined as “Any problem
manifested in voltage, current or frequency deviations that result in failure
or misoperation of customer equipment” [5].

The PQ problems are categorized as follows

1. Transients

(a) Impulsive

(b) Oscillatory

2. Short-duration and Long-duration variations

(a) Interruptions
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(b) Sag (dip)

(c) Swell

3. Voltage unbalance

4. Waveform distortion

(a) DC offset

(b) Harmonics

(c) Interharmonics

(d) Notching

(e) Noise

5. Voltage Flicker

6. Power frequency variations

More details about these problems are discussed in chapter 12.

Hingorani [7] was the first to propose FACTS controllers for improv-
ing PQ. He termed them as Custom Power Devices (CPD). These are based
on VSC and are of 3 types given below.

1. Shunt connected Distribution STATCOM (DSTATCOM)

2. Series connected Dynamic Voltage Restorer (DVR)

3. Combined shunt and series, Unified Power Quality Conditioner (UPQC).

The DVR is similar to SSSC while UPQC is similar to UPFC. In spite
of the similarities, the control strategies are quite different for improving PQ.
A major difference involves the injection of harmonic currents and voltages
to isolate the source from the load. For example, a DVR can work as a
harmonic isolator to prevent the harmonics in the source voltage reaching the
load in addition to balancing the voltages and providing voltage regulation.
A UPQC can be considered as the combination of DSTATCOM and DVR. A
DSTATCOM is utilized to eliminate the harmonics from the source currents
and also balance them in addition to providing reactive power compensation
(to improve power factor or regulate the load bus voltage).

The terminology is yet to be standardized. The term ‘active filters’
or ‘power conditioners’ is also employed to describe the custom power de-
vices. ABB terms DSTATCOM as ‘SVC light’. Irrespective of the name,
the trend is to increasingly apply VSC based compensators for power quality
improvement.
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Chapter 2

AC Transmission Line and
Reactive Power Compensation

In this chapter, the reactive power control in AC power transmission lines is
examined. The requirements are to

(a) transmit as much power as feasible on a line of specified voltage and

(b) to control the voltage along the line within limits.

The steady-state characteristics of a transmission line are first studied based
on equations derived from first principles. The benefits of reactive power
compensation (both shunt and series) are described with analysis and exam-
ples. Several FACTS controllers (such as STATCOM, SSSC) can be viewed
as fast acting reactive power controllers. Their influence on power angle
characteristics are investigated.

2.1 Analysis of Uncompensated AC Line

2.1.1 General

A transmission line has distributed circuit parameters. We will be assuming
the line to be symmetric in three phases and operating with balanced (posi-
tive sequence) voltages and currents. Hence it is adequate to consider only a
single phase positive sequence equivalent network of the line (see Fig. 2.1).

In Fig. 2.1, it is assumed that the sending end is connected to a
generator and the receiving end is connected to a (unity power factor) load.
The line has series resistance r and inductance l, shunt conductance g and
capacitance c (all parameters expressed per unit length).

2.1.2 Transmission Line Equations

It is assumed that in steady state all the voltages and currents in the line
are sinusoidal of frequency (ω rad/sec) and expressed in phasors.
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V VRS

VR

I

RL

S
I R

0δ

Figure 2.1: A transmission line supplying a unity power factor load

Considering a small element of the line of length (dx) at a distance
x from the receiving end, (see Fig. 2.2) the following equations apply,

I(x+ dx) = I(x) + (ydx)V (x+ dx) (2.1)

V (x+ dx) = V (x) + (zdx)I(x) (2.2)

where y = g + jb, z = r + jx, b = ωc, x = ωl.

V(x+dx)

I(x+dx)

ydx

dx VRI(x)

V(x)

x
z

Figure 2.2: Voltage and current variation in a long line

It is to be noted that both V and I are phasors that are functions of
x. From the above equations, we get the following differential equations for
V and I.
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dV

dx
= zI, (2.3)

dI

dx
= yV (2.4)

Taking derivative of both sides of Eq. (2.3), we get

d2V

dx2
= zyV (2.5)

Similarly, it can be shown that,

d2I

dx2
= zyI (2.6)

The solution of Eq. (2.5) gives

V (x) = A1e
γx +A2e

−γx (2.7)

where
γ =
√
zy = α+ jβ (2.8)

is termed as the propagation constant. α is called the attenuation constant
and β is called the phase constant.

A1 and A2 are constants dependent on the boundary conditions.
Substituting (2.7) in (2.3), we can derive

I(x) =
1

Zc
[A1e

γx −A2e
−γx] (2.9)

where

Zc =

√

z

y
(2.10)

is termed as the characteristic impedance.

The constants A1 and A2 are determined from

VR = V (x = 0) = A1 +A2 (2.11)

IR = I(x = 0) =
(A1 −A2)

Zc
(2.12)

Solving for A1 and A2 from the above and substituting in (2.7) and (2.9),
we have

V (x) = VRcosh(γx) + IRZcsinh(γx) (2.13)

I(x) =
VR
Zc

sinh(γx) + IRcosh(γx) (2.14)
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where cosh(γx) = eγx+e−γx

2 , sinh(γx) = eγx−e−γx
2 .

Normally, the conductance g of a line can be neglected. The series
resistance r has only a secondary effect on the voltage and power flow in the
line and hence can be neglected for simplicity. It is to be noted that r is to
be considered while computing transmission (active power) loss.

Expressions for a Lossless line

Neglecting r and g, the propagation constant γ is purely imaginary
with

γ = jβ = jω
√
lc (2.15)

and the characteristics impedance Zc is purely resistive with

Zc =

√

l

c
= Zn (2.16)

In this case the Zc is termed as surge impedance or natural impedance (Zn).
Substituting (2.15) and (2.16) in (2.13) and (2.14), we get

V (x) = VR cos(βx) + jIRZn sin(βx) (2.17)

I(x) = j
VR
Zn

sin(βx) + IR cos(βx) (2.18)

For the special case when
VR = ZnIR (2.19)

we have,

V (x) = ejβxVR (2.20)

I(x) = ejβxIR (2.21)

This shows that the magnitude of voltage (and current) at any point on
the line is constant but the phase angle varies uniformly as the distance (x)
increases. When x = λ, such that

βλ = 2π (2.22)

λ is defined as the wavelength, which depends on the frequency f . It can be
shown that

λ = uT =
u

f
=
u2π

ω
(2.23)

where u is the velocity of propagation of the (voltage or current) wave given
by

u =
1√
lc

(2.24)
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Typically, the value of u for overhead high voltage transmission lines is
slightly less than the velocity of light (u = 3× 108 m/sec).

Substituting x = d (where d is the length of the transmission line)
in Eqs. (2.17) and (2.18) we have

VS = VR cos θ + jIRZn sin θ (2.25)

IS = j
VR
Zn

sin θ + IR cos θ (2.26)

where

θ = βd = ω
√
lcd =

2π

λ
d (2.27)

is termed as the electrical length of the line expressed in radians.

Remarks

1. Equations (2.25) and (2.26) can be expressed as

[

VS
IS

]

=

[

A B
C D

] [

VR
IR

]

(2.28)

where A = cos θ,B = jZn sin θ, C = j sin θ
Zn

, D = cos θ are the A,B,C,D
constants of the two port network shown in Fig. 2.3.

VS
Network
Two port

IRIS

VR

Figure 2.3: Transmission line as a two port network

2. It is to be noted that D = A and AD − BC = 1, with the result
that VR and IR can be expressed as

VR = VS cos θ − jISZn sin θ
IR = −j VSZn sin θ + IS cos θ

}

(2.29)
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2.1.3 Performance of a Line Connected to Unity
Power Factor Load

Assuming that the sending end voltage of the line is held constant at VS ,
the receiving end voltage VR varies with the load. It will be assumed that
the line is lossless.

It is convenient to represent the line by Thevenin equivalent at the
receiving end. The Thevenin voltage is the open circuit voltage at the re-
ceiving end given by,

VTh =
VS
cos θ

(2.30)

and Thevenin impedance is obtained as

ZTh = −VR
IR
|VS=0 = jZn tan θ (2.31)

The equivalent circuit of the line and the load is shown in Fig. 2.4. The
phasor diagram of the voltages VTh and VR are shown in Fig. 2.5. It can be
seen from Fig. 2.5, that

VR =
VS cos δ

cos θ
(2.32)

and the power flow in the line, P = PR is given by

P =
VThVR sin δ

Zn tan θ
=
V 2
S sin 2δ

Zn sin 2θ
(2.33)

The maximum power (theoretical limit) occurs at δ = 45◦ and is given by

Pmax =
V 2
S

Zn sin 2θ
(2.34)

At this value of power, the receiving end voltage is

VRm =
VS√
2 cos θ

(2.35)

j Zntan θ( )

RLRV

IR
+

ThV

Figure 2.4: Equivalent circuit of the line connected to a unity p.f. load
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VTh

VR

δ

θtanRInZ

Figure 2.5: Phasor diagram of voltages

At no load (PR = 0), the voltage at the receiving end is higher than
the sending due to the line charging. This is termed as Ferranti Effect. The
no load voltage at the receiving end is given by

VR0 =
VS
cos θ

(2.36)

This can be excessive as θ increases. At line lengths approaching quarter
wavelength, VR0 is very high. Note that VR0 is bounded in real lines as the
resistance of the line cannot be ignored at high charging currents.

At no load, the sending end current is the charging current of the
line and is given by

ÎS0 = j
sin θV̂S
Zn cos θ

= j
V̂S
Zn

tan θ (2.37)

This also increases as θ increases and can overload the generator. The no
load reactive power QS0 is obtained as

QS0 = Im[VSI
∗
S0] = −

V 2
S tan θ

Zn

2.1.4 Performance of a Symmetrical Line

To control the receiving end voltage and increase the power transfer capabil-
ity of the line it is necessary to have a generator or a controlled reactive power
source (with fast control) such as a SVC at the receiving end (see Fig. 2.6).
The reactive power injected is −QR. If line is symmetrical (VS = VR = V ),
then from symmetry, QS = −QR. Thus, the reactive power requirements of
the line are shared equally at both ends of the line.

From Fig. 2.6, it can be derived that if the voltage VR is controlled
using a reactive power source in parallel with RL, then the power transfer
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V V

RL−Q
R

+

δS 0R

Figure 2.6: A transmission line with dynamic voltage support at the receiv-
ing end

on the line is given by

P =
V 2

Zn sin θ
sin δ (2.38)

This result can be derived also from the transmission line equation.
The current IR is obtained as

ÎR =
V̂S − V̂R cos θ

jZn sin θ
=
V 6 δ − V cos θ

jZn sin θ
(2.39)

The complex power (SR) at the receiving end is defined by

SR = PR + jQR = V̂RI
∗
R =

V 2 6 − δ − V 2 cos θ

−jZn sin θ
(2.40)

From the above,

P =
V 2 sin δ

Zn sin θ
=
Pn sin δ

sin θ
(2.41)

where Pn is termed as Surge Impedance Loading (SIL) defined by

Pn =
V 2

Zn

and

QR =
V 2

Zn sin θ
(cos δ − cos θ) = −QS (2.42)

The voltage profile along the line varies as the loading varies. For P =
Pn (SIL) the voltage profile is flat. The voltage variation at the midpoint
is maximum for the symmetrical line as the load varies from zero to the
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maximum value. (see Fig. 2.7) To compute the midpoint voltage (Vm) we
can divide the line into two equal sections of half the length. For the line
section connecting the sending end to the midpoint, we have

VS = V 6 δ = V̂m cos
θ

2
+ jÎmZn sin

θ

2
(2.43)

where Im is the current flowing at the midpoint.

n

n

n

VS=V

P<P

P=P

P>P

Vm
=VVR

Figure 2.7: Voltage profile along the line

For the line section connecting midpoint to the receiving end, we
have

VR = V 6 0 = V̂m cos
θ

2
− jÎmZn sin

θ

2
(2.44)

Adding (2.43) and (2.44), we can solve for Vm as

V̂m =
V cos δ/2

cos θ2

6 δ/2 (2.45)

Subtracting (2.44) from (2.43) we can solve for Im as

Îm =
V sin δ/2

Zn sin
θ
2

6 δ/2 (2.46)

Since Im is in phase with Vm we can obtain the power (P ) as

P = VmIm =
V 2 sin δ

Zn sin θ
(2.47)

The no load voltage at the midpoint (Vmo) is given by

Vmo =
V

cos θ/2
(2.48)
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The charging reactive power at no load is given by

QSo = −QRo =
V 2

Zn sin θ
(cos θ − 1) = −V

2

Zn
tan

θ

2
(2.49)

Comparing the expressions for the power, no load voltage and charging re-
active power with those given in the previous section (2.1.3) shows that a
symmetrical line can be viewed as two line sections of half the length each
(see Fig. 2.8). One end of each line section is connected to unity power fac-
tor load and at the other end the voltage is regulated. The load is negative
for one line section and positive for the other line section. The negative load
results in the reversal of power flow.

V

P

V

V
P

P

(a) (b)

V m

0 V 0

−P

δδ Vm

Vm

(δ/2) (δ/2)

(δ/2)

P
P

Figure 2.8: Representation of a symmetrical line

In general, it is not possible to consider the voltages at the two ends
of the line as constants. It is necessary to consider the effects of the systems
connected to the two ends by representing Thevenin equivalents at both ends
as shown in Fig. 2.9. The mutual coupling between xS and xR is neglected.

E
X S

VS VR
XR

ERδ 0S

Figure 2.9: A transmission line with Thevenin equivalent at both ends

For simplifying the analysis we can consider ES = ER = E and
xS = xR = x. In this case, it can be shown that

Vm =
E cos δ/2

cos(θ/2)(1− x
Zn

tan(θ/2))
6 δ/2 (2.50)

and

Im =
E sin δ/2

Zn sin(θ/2)(1 +
x
Zn

cot(θ/2))
6 (δ/2) (2.51)
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The power flow (P ) is obtained as

P = VmIm =
E2 sin δ

Zn sin θ
[

1 + 2x
Zn

cot θ − x2

Z2
n

] (2.52)

The effect of source reactances is to reduce the power flow (compared to the
case with x = 0) when

x

Zn
< 2 cot θ (2.53)

and increase it for higher values of x. However increasing values of x result
in large values of Vm and high reactive power flows. In practical situations,
x
Zn

is generally less than unity.

Performance of uncompensated lines – summary

Based on the analysis given in this and the previous sections, the
following points emerge

1. The dynamic regulation of voltage at the receiving (load) end of the
line by using a controllable reactive source, improves power transfer
and voltage profile along the line.

2. However, even with symmetrical lines (with voltages maintained at
both ends), the power transfer capability is decreased as the line length
increases. Assuming that a line is operated with δmax = 30◦, the
maximum power transfer reduces below SIL for line lengths θ > 30◦

(approximately 500 km long line in systems operating at 50 Hz).

3. The problems of voltage control and charging reactive power (at no
load) become severe as line length increases. For a symmetric line, the
voltage variation is maximum at the mid point of the line.

2.2 Passive Reactive Power Compensation

The transmission line has series inductance which absorbs reactive power
while the shunt capacitance releases (generates reactive power). For light
loads, the absorption is less than the generation and voltage in the line tends
to rise. On the other hand, at loads exceeding Surge Impedance Loading
(SIL), the absorption is higher than the generation and the voltage tends to
fall. By connecting series capacitors and shunt inductors in the line, we can
control the reactive power flow in the line to limit the voltage variations and
increase (active) power transfer capability. To study the effects of passive
reactive compensation, we will first consider the distributed compensation
(which is difficult to arrange, but is easier to analyze) before taking up
discrete compensation (which is practical).
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2.2.1 Distributed Compensation

Let us consider distributed series compensation (capacitive) whose effect, in
steady state, is to counteract the effect of the distributed series inductance of
the line. Similarly, by providing distributed shunt (inductive) compensation,
the effect of line capacitance is reduced.

The phase constant (β ′) of a compensated line is given by

β′ =
√
ωl′ · ωc′ =

√

ωl(1− kse)ωc(1− ksh)

= β
√

(1− kse)(1− ksh) (2.54)

where β is the phase constant of the uncompensated line, kse is the degree
of series compensation and ksh is the degree of shunt compensation. It is
assumed that both kse and ksh are less than unity.

The surge impedance (Z ′
n) of the compensated line is obtained as

Z ′
n =

√

ω`′

ωc′
= Zn

√

(1− kse)
(1− ksh)

(2.55)

From Eqs. (2.54) and (2.55) we note that the electrical length (θ′) of the
compensated line given by

θ′ = dβ′ = θ
√

(1− kse)(1− ksh) (2.56)

is reduced by both series and shunt compensation. On the other hand,
Zn is reduced by series compensation (capacitive) and increased by shunt
compensation (inductive).

For a lossless symmetrical line, the power flow in a compensated line
is given by

P ′ =
V 2

Z ′
n sin θ

′ sin δ '
V 2

Z ′
nθ

′ sin δ =
V 2 sin δ

Znθ(1− kse)
(2.57)

for small values θ′.

The no load voltage at the mid-point (V ′
mo) is given by

V ′
mo =

V

cos θ
′

2

(2.58)

The charging reactive power (Q′
So) at no load is given by

Q′
So = −Q′

Ro = −
V 2

Z ′
n

tan
θ′

2
' V 2

Z ′
n

θ′

2
=
V 2θ

2Zn
(1− ksh) (2.59)

From Eqs. (2.57) to (2.59) we can observe that
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1. The distributed shunt compensation reduces the no load voltage and
charging reactive power, but has little effect on the maximum power
flow in the line.

2. The distributed series compensation reduces the no load voltage and
increases the power transfer capacity, but less little effect on the no
load charging reactive power.

2.2.2 Discrete Passive Compensation

It is not practical to provide distributed compensation. Here, we will con-
sider discrete series and shunt compensation. Before taking this up, it is
instructive to derive an equivalent circuit (in steady state) of the distributed
parameter, uncompensated line. Figure 2.10 shows the equivalent π circuit
of the line.

Vs Y
2

Y
2

VR
jtan (θ/2)

Zn
Y/2=

Z=j Z  sinn θ

Figure 2.10: The exact π equivalent circuit of a lossless uncompensated line

This is obtained by comparing the A and B constants of the line and
the equivalent circuit as given below

A = 1 +
Y Z

2
= cos θ, B = Z = jZn sin θ

We can also express Z and Y as

Z = jXn sin θ

θ
,

Y

2
= j

Bn

2

(

tan θ
2

θ
2

)

where Xn = ωld = Znθ the total (nominal) reactance of the line and Bn =
ωcd = θ

Zn
is the total (nominal) susceptance of the line.

For small values of θ, sin θθ ' 1 and tan θ
2 ' θ

2 . Hence Z ' jXn,
Y ' jBn. With this approximation, this equivalent circuit is called as the
‘nominal’ π circuit of the transmission line.

Note: When we are dealing with single phase equivalent of a balanced
symmetric 3 phase network, the parameters of this circuit are the positive
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sequence parameters while the voltages and currents are assumed to contain
only positive sequence components. As a matter of fact, for symmetric
networks with no zero sequence components, the coupled 3 phase network
can be reduced to 3 uncoupled single phase networks. For example, from
the simple 3 phase network described by







Va
Vb
Vc






=







Zs Zm Zm
Zm Zs Zm
Zm Zm Zs













Ia
Ib
Ic






(2.60)

the network is decoupled if Ia+ Ib+ Ic = 0 and is described by the equation

Vα = (Zs − Zm)Iα, α = a, b or c (2.61)

The positive sequence impedance is (Zs − Zm).

For a lossless transmission line, the shunt susceptance is capacitive
and results in charging reactive power at no load. The shunt reactors at
both ends of the line can be used to fully or partially compensate for this
reactive power. With full shunt compensation (by reactors), the lossless line
is represented by only a series reactance (X) given by

X = Zn sin θ (2.62)

2.3 Compensation by a Series Capacitor
Connected at the Midpoint of the Line

The two cases of the series compensation are considered.

Case 1: Series compensation accompanied by shunt compensation:

The equivalent circuit of the line with the series and (full) shunt
compensation connected at the midpoint in addition to the two ends of the
line (see Fig. 2.11(a)) is shown in Fig. 2.11(b).

The power flow in the compensated line is given by

P =
VSVR

(

2Zn sin
θ
2 −Xc

) sin δ (2.63)

It is to be noted that when VS = VR = V , the no load voltage at the
midpoint of the line is V (and at both terminals of the series capacitor as
the current through the capacitor is zero at no load). The Eq. (2.63) can
also be expressed as

P =
VSVR sin δ

Zn sin θ

[

1
cos θ

2

− Xc

Zn sin θ

] =
VSVR sin δ · cos θ2

Zn sin θ

[

1− Xc

2Zn sin θ
2

] (2.64)
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−j Xc

jZn
tan (θ/4)

jZn

tan (θ/4)

(a) Series capacitor and shunt reactors connected at the midpoint

+

(θ/2) − j X (θ/2)

+
VS V 0Rδ

cj Z  n sin j Z  n sin 

(b) Equivalent circuit of the compensated line

Figure 2.11: Representation of a compensated line

+
 

 

+
2

X
2−j−j

(θ/2) (θ/2)

VR
(θ/2)Vm

P
VS

(θ/2)

δ 0

X cc

j Zn tan j Zn tan

cos cos 

Figure 2.12: Equivalent circuit of a line with pure series compensation

Case 2: With pure series compensation at the midpoint:

If no shunt reactors are used at the terminals the series capacitor,
the equivalent circuit of half the line can be obtained – as shown in Fig. 2.4
and the combined equivalent circuit of the series compensated line is shown
in Fig. 2.12.



34 FACTS Controllers in Power Transmission and Distribution

The power flow (P ) in the line is given by

P =
VSVR sin δ

cos2 θ
2

[

2Zn tan
θ
2 −Xc

] =
VSVR sin δ

Zn sin θ

[

1− Xc

2Zn tan θ
2

] (2.65)

It is to be noted that when VS = VR = V , the midpoint voltage (Vm) is
unaffected by the series capacitor while the midpoint current (Im) is modified
(compared to Eq. (2.46)) to

Isem =
V sin δ

2

Zn sin
θ
2(1− kse)

(2.66)

where

kse =
Xc

2Zn tan
θ
2

(2.67)

It can be shown that both (V̂m) and (Îsem ) are in phase and the power flow
(P ) is

P = VmI
se
m (2.68)

Remarks

Using the equivalent circuits of the uncompensated line sections, the
power flow in a series compensated line, where the series capacitor is located
at any point in the line, can be obtained as

P =
VSVR sin δ

Zn sin θ
[

1− Xc

Zn

(

1
tan θ1+tan θ2

)] (2.69)

where θ = θ1 + θ2.

For small values of θ1 and θ2, the degree of series compensation (kse)
is independent of the location of the capacitor and is given by

kse '
Xc

Znθ
(2.70)

2.4 Shunt Compensation Connected at
the Midpoint of the Line

As mentioned earlier, the control of no load voltage requires a shunt reactor.
On the other hand, increase in the power flow in a line requires shunt ca-
pacitor. Unlike in the case of the series capacitor, the location of the shunt
capacitor is very crucial. The best location is at the midpoint of the line to
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j Z  tann (θ/2)
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j Z n tan(θ/2)

P
VS δ

cos (θ/2)

+
j Bc

2 Vm

j Bc

2
VR 0

(θ/2)cos 

+

1 2

Figure 2.13: Equivalent circuit of a line with shunt capacitor at the midpoint

maximize the power flow in the line. The equivalent circuit of the line with
the shunt susceptance connected at the midpoint, is shown in Fig. 2.13.

The transfer reactance (Xt) between the nodes (1) and (2) is given
by

Xt = 2Zn tan
θ

2
−BcZ

2
n tan

2 θ

2
(2.71)

The power flow (P ) in the line is given by

P =
VSVR sin δ

Xt cos2
θ
2

=
VSVR sin δ

Zn sin θ
[

1−Bc
Zn
2 tan θ

2

] (2.72)

If VS = VR = V , the midpoint voltage (Vm) is given by

V sh
m =

V cos δ2

cos θ2

[

1− ZnBc
2 tan θ

2

] (2.73)

The current (Îm) at the midpoint is given by the same expression as in Eq.

(2.46). It is unaffected by the shunt susceptance. Both V̂ sh
m and Îm are in

phase and hence the power flow is the product of Vm and Im.

Remarks

In deriving expressions for V sh
m and Im, the following circuit relations

are used.

V

cos θ2

6 δ
2
− (Îm + j

Bc

2
V̂m)jZn tan

θ

2
= V̂m (2.74)

V

cos θ2

6 0 + (Îm − j
Bc

2
V̂m)jZn tan

θ

2
= V̂m (2.75)

Adding (2.74) and (2.75) results in (2.73).
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2.5 Comparison between Series and Shunt
Capacitor

The maximum power flow in the line is given by substituting δ = δmax in
the expression for the power flow (P ). δmax is chosen from considerations
of the steady state margin that will not result in the power flow exceeding
limits during a contingency.

For the same amount of maximum power transfer, we obtain the
following relation (comparing (2.65) with (2.72)).

Bc

2
Zn tan

θ

2
=

Xc

2Zn tan
θ
2

(2.76)

While transferring maximum power, the reactive power (Qse) supplied by
the series capacitor (for a symmetric line with VS = VR = V ) is given by

Qse = I2mXc =
V 2 sin2 δmax

2 Xc

Z2
n sin

2 θ
2(1− kse)2

(2.77)

The reactive power (Qsh) supplied by the shunt capacitor (Bc) at P = Pmax

is obtained as

Qsh = V 2
mBc =

V 2 cos2 δmax

2 Bc

cos2 θ
2(1− ksh)2

(2.78)

where

ksh =
BcZn
2

tan
θ

2

Since kse = ksh (from Eq. (2.76)), we get from comparing (2.77) and (2.78),

Qse

Qsh
=

tan2 δmax

2

Z2
n tan

2 θ
2

(

Xc

Bc

)

= tan2
δmax

2
(2.79)

The above relation shows that the series capacitor is much more effective
than the shunt capacitor in increasing power transfer.

Note: The peak voltage (V sh
p ) across the shunt capacitor occurs at no load

and is given by

V sh
p =

V

cos θ2

If this voltage is used instead of Vm, in determining the rating of the shunt
capacitor, then the comparison of the two ratings (of the series and shunt
capacitors) is given by

Qse

Qsh
= sin2

δmax

2
(2.80)
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(a). Series capacitor
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2

XL

2

Bc

(b). Shunt capacitor

Figure 2.14: Equivalent circuits for determining resonance frequencies

Another factor in the comparison of the series and shunt (capacitor)
compensation is the electrical resonance frequency. The comparison can be
made from the Fig. 2.14.

The electrical resonance frequency (f seer ) for the series capacitor com-
pensation

fseer =
1

2π

√

1

LC
= f0

√

Xc

XL
= f0

√

(1− kse) (2.81)

The resonance frequency for the shunt capacitor compensation is obtained
as

fsher = f0

√

4

BcXL
= f0

√

1

(1− ksh)
(2.82)

where f0 is the operating system frequency (50 or 60 Hz).Note that in de-
riving these expression, the equation, XL

2 = Zn tan
θ
2 is used.

It is shown in reference [3] that oscillations of the generator rotor
corresponding to a subsynchronous frequency torsional mode (of frequency,
fm) causes amplitude modulation of the generator voltage. This causes two
side bands of frequency (f0 − fm) and (f0 + fm) of the injected voltage,
which result in a subsynchronous frequency and a supersynchronous fre-
quency current components flowing in the generator armature. While the
subsynchronous frequency current component results in a negative damping
torque, the supersynchronous frequency current results in a positive damp-
ing torque. The electrical resonance at frequency, f0 − fm, increases the
negative damping torque while resonance at f0 + fm, results in increase in
the positive damping torque.
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Comparing (2.82) with (2.81), it is obvious that f sher > f0 while
fseer < f0. This implies that there is no danger of Subsynchronous Resonance
(SSR) with shunt capacitor, while it exists with the series capacitor. On
the other hand, the rating of the shunt capacitor required is high unless the
lines are substantially long resulting in large operating values of δmax. The
cost of a series capacitor is higher (typically by a factor of 2) as it has to be
designed to withstand overvoltages during fault transients.

2.6 Compensation by STATCOM and
SSSC

2.6.1 STATCOM at the Midpoint of the Line

The shunt connected STATCOM draws a pure reactive current if losses are
neglected. Thus, it has similar effects on the bus voltage and power flow as
the shunt connected susceptance. The major difference is that a STATCOM
is more effective at low voltages as it can regulate (at constant value) the
reactive current drawn.

As mentioned earlier, the location of a STATCOM is optimum when
connected at the midpoint.

Fig. 2.15 shows the equivalent circuit of the line with shunt connected
STATCOM (constant reactive current source) at the midpoint. It is assumed
that VS = VR = V . The following equations apply.

+
 

 

+
I

mI

VS δ
(θ/2)

Ir
(θ/2)

VR 0r
2 2

Vm

P

 tannj Z (θ/2) nj Z  tan(θ/2)

cos cos 

Figure 2.15: Equivalent circuit of a line with STATCOM at the midpoint

V 6 δ

cos θ2
− jZn tan

θ

2

(

Îm +
Îr
2

)

= V̂m (2.83)

V 6 0

cos θ2
+ jZn tan

θ

2

(

Îm −
Îr
2

)

= V̂m (2.84)
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where

Îr = −j
V̂m
Vm

Ir (2.85)

(Note: It is assumed that Ir is positive, when it lags the bus voltage. In
other words, inductive reactive current drawn is assumed to be positive).

Adding (2.83) and (2.84) we have

2V cos δ2
cos θ2

6 δ
2
− jZn tan

θ

2
Îr = 2V̂m

Substituting for Îr, (from Eq. (2.85)), we finally get

V̂m =

(

V cos δ2
cos θ2

− IrZn
2

tan
θ

2

)

6 δ
2
. (2.86)

By subtracting (2.84) from (2.83) and simplifying, we get

Îm =
V sin δ

2

Zn sin
θ
2

6 δ
2

(2.87)

From (2.86) and (2.87) we note that V̂m and Îm are in phase and the power
flow (P ) is given by

P =
V 2 sin δ

Zn sin θ
− V Ir sin

δ
2

2 cos θ2
(2.88)

To increase power transfer, Ir should be negative (capacitive) and this is as
expected. The major difference between a shunt capacitor and STATCOM
is that the maximum power for the latter, occurs at 90◦ < δp < 180◦ and is
a function of Ir in addition to the line length.

Remarks

In general, when the power angle relationship is expressed as

P = A sin δ +B sin
δ

2

the angle (δp) at which the power is maximum is defined by

dP

dδ
= 0 = A cos δp +

1

2
B cos

δp
2

Defining x = cos
δp
2 , the above equation can be expressed as a quadratic

equation in x, namely,

A(2x2 − 1) +
1

2
Bx = 0
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The solution of this equation is given by

x = − B

8A
±

√

B2

4 + 8A2

4A

Only the positive solution for x is selected as relevant. Fig. 2.16
shows a typical power angle curve (for Ir = −0.5, θ = 30◦) where P is
expressed in per unit of the SIL.
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Figure 2.16: Power angle curve with STATCOM

2.6.2 SSSC at the Midpoint of the Line

For simplicity, it is assumed that the SSSC is connected at the midpoint
of the line. The SSSC injects a reactive voltage (Vr) in series with the line
(neglecting losses). The reactive voltage is considered to be positive when it
is capacitive.

Assuming VS = VR = V , the following equations can be written from
the circuit shown in Fig. 2.17.

V

cos θ2

6 δ − jZn tan
θ

2
Îm = V̂m −

V̂r
2

(2.89)
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V

cos θ2

6 0 + jZn tan
θ

2
Îm = V̂m +

V̂r
2

(2.90)

where

V̂r = j
Îm
Im
Vr (2.91)

(the voltage (V̂r) leads the current (Îm) as it is assumed to be a voltage rise
in the direction of the current).
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Figure 2.17: Equivalent circuit of a line with SSSC at the midpoint

From the above equations, we can obtain,

V̂m =
V

cos θ2
cos

δ

2
6 δ
2

(2.92)

Îm =

(

V sin δ
2

Zn sin
θ
2

+
Vr

2Zn tan
θ
2

)

6 δ
2

(2.93)

P = VmIm =
V 2 sin δ

Zn sin θ
+
V Vr cos

δ
2

2Zn sin
θ
2

(2.94)

2.6.3 Comparison between STATCOM and SSSC
in Enhancing Power Transfer

The power angle expression for a SSSC is given by

P = A sin δ +B cos
δ

2

It can be shown that P is maximum at δ = δp and 0 < δp < 90◦. On the
other hand, the power is nonzero for δ = 0. A major advantage is that
increase in the power transfer is directly proportional to the reactive voltage
injected for small values of the operating angle δ.
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It can be shown that the rating of SSSC required for the same level
of power enhancement as a STATCOM at the midpoint, can be related to
the STATCOM rating as

QSSSC = tan2
(

δmax

2

)

·QSTATCOM

(Hint: The rating of the STATCOM is given by

QSTATCOM = VmIrmax

while the rating of SSSC is given by

QSSSC = ImVrmax)

2.7 Some Representative Examples

Example 2.1

Consider the system shown in Fig. 2.18, where a generator feeds power to a
load through a line. (Even if there are several lines feeding the load, there is
no loss of generality in representing the system in steady state as shown in
the Figure). There is a fixed capacitor of susceptance BC , connected at the
load bus. Depending on the size, this can compensate not only the power
factor of the load, but also the requirements of the line to boost the load
bus voltage to the rated value. For simplifying the analysis, it is assumed
that the resistance and shunt capacitance of the line are neglected and the
series impedance is assumed to be jX. The normalized voltage (V̄ ) at the
load bus and the normalized power flow (P̄ ) in the line are defined by

V̄ =
V

E
, P̄ =

PX

E2

0E

PL+jQL
BC

V θ−

Figure 2.18: A transmission line feeding a load

Thevenin equivalent at the load bus and the phasor diagram are
shown in Fig. 2.19. From this, we can derive expressions for V and P as

V =
VTh cos(θ + φ)

cosφ
, P =

VThV sin θ

XTh
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Since,

VTh =
E

(1−K)
, XTh =

X

(1−K)
, K = BCX,

we obtain,

V̄ =
cos(θ + φ)

(1−K) cosφ
, P̄ =

1

2(1−K) cosφ
[sin(2θ + φ)− sinφ]

where φ = tan−1 QL

PL
(power factor angle). P̄ is maximum when θ = θm,

such that
dP̄

dθ
= 0

It can be observed that θm = π
4 −

φ
2 . Thus, when φ = 30◦, θm = 30◦.

+

XTh

Load

IL
VTh

V − θ

(a) Thevenin equivalent

θ
φ

VTh

IL V

(b) Phasor diagram

Figure 2.19: Equivalent circuit and phasor diagram

It is interesting to note that the provision of fixed capacitor does not
affect the value of θm which is determined only by φ. By providing dynamic
voltage regulation, it is possible to increase θm to π

2 .

To obtain a specified voltage (V̄ ) at the load bus, the total reactive
power required at the load bus is given by

QC = PL tanφ+
E2

X
Q̄

where Q̄ is the normalized reactive power injected into the line at the load
bus and is expressed by

Q̄ = cosα[V̄ 2 cosα− V̄ cos(θ + α)]
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where α = tan−1 R
X .

In the above expression, the line losses are also considered as they
affect Q̄ (which is increased while P̄ is reduced). For example, for V̄ = 1.0,
θ = 30◦, (i) Q̄ = 0.134 for R = 0 and (ii) Q̄ = 0.182 for R

X = 0.1.

The P̄ − V̄ curves for the three following cases are shown in Fig.
2.20.

(i) BC = 0

(ii) BC = BL where BL is the inductive susceptance of the load

(iii) BC is adjusted to keep V̄ = 1.0 at θ = θm.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

P

V

ii

i

iii

Figure 2.20: Plot of V̄ vs. P̄

It is assumed that the load power factor is 0.866 lagging (φ = 30◦). It
is interesting to observe that in case (i) the maximum value of P̄ is only 0.289
and the corresponding load bus voltage is 0.577. By compensating the power
factor to unity in case (ii), P̄max is increased to 0.5 and the corresponding
V̄ = 0.707. Although the variation of the load requires variation of BC to
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maintain unity power factor, this can be achieved by slow control (using
mechanically switched capacitors) if the load variation is slow. In case (iii)
BC is set at the constant value of

BC =

√
3− 1√
3X

since φ = 30◦, θm = 30◦. For case (iii) it is observed that load rejection
results in overvoltage of 1.73E at the receiving end. Also, P̄max = 0.5 even
though V̄ = 1.0. This shows the limitation of providing fixed capacitors
at load bus for voltage support. Although the voltage is normal at the
operating point of P̄ = 0.5, any incremental increase in the load results in
voltage collapse.

If fast reactive power control using SVC or STATCOM is employed,
V̄ can be regulated at V̄ = 1.0 at all times irrespective of the load. In this
case, P̄max = 1.0 which is double of the value corresponding to case (ii) or
(iii).

This example highlights the importance of reactive power compen-
sation at a load bus if there are no generators in the vicinity to regulate the
bus voltage.

It is interesting to note that reference [4] mentions the possibility of
utilizing the excellent voltage control capability of shunt FACTS controllers
(such as STATCOM) to replace older, less efficient urban generation that is
“must run” for voltage support in that area. This implies importing power
from more efficient and less costly generation. This also helps in meeting
environmental constraints of maintaining strict air quality standards.

Example 2.2

A 400 kV, 50 Hz, 600 km long symmetrical line is operated at the rated
voltage.

(a) What is the theoretical maximum power carried by the line? What is
the midpoint voltage corresponding to this condition?

(b) A series capacitor is connected at the midpoint of the line to double
the power transmitted. What is its reactance?

(c) A shunt capacitor of value 450 ohms is connected at the midpoint of
the line. If the midpoint voltage is 0.97, compute the power flow in
the line corresponding to this operating point.

Data: l = 1 mH/km, c = 11.1× 10−9 F/km.
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Solution

From the data given

Zn =

√

l

c
=

√

106

11.1
= 300ohms

β = ω
√
lc = 2π · 50

√

1× 11.1× 10−12 × 180

π
degrees

= 0.06◦/km

θ = βd = 0.06× 600 = 36◦

Pmax =
Pn
sin θ

=
400× 400

300 sin(36◦)
= 907.4MW

Pmax occurs at δ = δmax = 90◦. The midpoint voltage corresponding to this
condition is

Vm =
V cos δ2
cos θ2

=
400 cos 45◦

cos 18◦
= 297.4kV

(b) Since the power flow with a series capacitor is given by

P =
Pn sin δ

sin θ(1− kse)
If power is to be doubled, kse = 0.5. The expression for kse (when the series
capacitor is connected at the midpoint) is given by

kse =
Xc

2Zn
cot

θ

2

Substituting the values for kse, θ and Zn, we get

Xc = 2kseZn tan
θ

2
= 300× tan 18◦ = 97.48ohms

(c) The midpoint voltage, with a shunt capacitor connected there, is
given by

Vm =
V cos δ2

cos θ2(1− ksh)
, ksh =

BcZn
2

tan
θ

2

Hence,

cos
δ

2
= 0.97× cos 18◦

[

1− 300 tan 18◦

450× 2

]

= 0.823⇒ δ = 69.31◦

The power flow in the line is given by

P =
V Vm sin δ

2

Zn sin
θ
2

=
1× 0.97× sin 34.65◦

sin 18◦
× Pn

= 1.785Pn =
1.785× 400× 400

300
= 952MW



2. AC Transmission Line and Reactive Power Compensation 47

Example 2.3

A SSSC is connected at the midpoint of the lossless, 600 km long described
in example 2.2. At the operating angle of δ = 30◦, the current in the line
(at the midpoint) is same as the current in the line when a series capacitor
of the magnitude calculated in Example 2.2 is connected.

(a) Compute the reactive voltage (Vr) injected

(b) With the constant reactive voltage calculated in (a) what is the
maximum power flow in the line? What is the value of δ at which this
occurs?

(c) Compute the power flow at δ = 0. What are the line voltages at
the two terminals of the SSSC?

Solution

(a) With series capacitor, the current at the midpoint is given by

Im =
V sin δ

2

(1− kse)Zn sin θ
2

, kse = 0.5

At δ = 30◦, Im in per unit is given by

Im = 2× 0.8376p.u.

The current with SSSC is given by

Im =
sin δ

2

sin θ
2

+
Vr

2 tan θ
2

= (0.8376 + 0.8376)p.u.

The injected voltage (Vr) in per unit is given by

V̄r = 2× 0.8376× tan 18◦ = 0.5443p.u.

Vr = 0.5443× 400√
3
= 125.7kV

(b) The power flow with constant reactive voltage injected is

P̄ =
P

Pn
= A sin δ +B cos

δ

2

where

A =
1

sin θ
, B =

V̄r

2 sin θ
2
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Substituting values for V̄r and θ, we get

A =
1

sin 36◦
= 1.7013, B =

0.5443

2 sin 18
= 0.8807

P̄ is maximum when dP̄
dδ = 0

dP̄

dδ
= A cos δ −B sin

δ

2
= 0

If we let x = sin δ
2 , we get a quadratic equation given below.

2Ax2 +Bx−A = 0

The solution (x > 0) of the equation is

x = 0.5894 = sin
δ

2
⇒ δ = 72.24◦

P̄max = A sin(72.24◦) +B cos(36.12◦)

= 2.3316

Pmax = 2.3316× 4002

300
= 1243.52MW

(c) The power flow with SSSC at δ = 0 is

P̄ = B = 0.8807p.u.(469.7MW )

The single line diagram of the line with midpoint connected SSSC is shown
in Fig. 2.21. The voltage at the midpoint (Vm) is same as that without
SSSC.

V̄m =
cos δ2
cos θ2

· For δ = 0, V̄m =
1

cos 18◦
= 1.0515

The voltages V̂1 and V̂2 are given by

V̂1 = Vm 6 0− j Vr
2

= 1.0515 6 0− j 0.5443
2

= 1.086 6 − 14.5◦

V̂2 = Vm 6 0 + j
Vr
2

= 1.086 6 14.5◦

Example 2.4

For the line described in Example 2.2, a STATCOM is connected at the
midpoint instead of a shunt capacitor of 450 ohms. If the operating point
for both cases is same with Vm = 0.97, (a) compute the reactive current
drawn by the STATCOM. (b) What is the maximum power flow in the line
with constant reactive current calculated in (a).
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δ / 2−δ / 2V V1 Vm

I

V20V

m

Figure 2.21: A SSSC connected at the midpoint of the line

Solution

With shunt capacitor of 450 ohms, it was calculated that δ = 69.31◦ when
Vm = 0.97.

(a) To get same operating point, the required Ir is calculated from
the equation,

Vm =
V cos δ2
cos θ2

− IrZn tan
θ
2

2

In per unit, we calculate Ir as

Īr = 2

[

cos 34.65◦

cos 18◦
− 0.97

]

1

tan 18◦
= −0.6466p.u.

Note that Ir = −VmBC = 0.97× 300
450 = −0.6466

(b) The power flow in the line is given by

P̄ =
P

Pn
= A sin δ +B sin

δ

2

where

A =
1

sin θ
, B =

−Īr
2 cos θ2

A =
1

sin 36◦
= 1.7013, B =

0.6466

2× cos 18◦
= 0.3399

From the analysis given in section 2.6.1, P̄ is maximum when

2Ax2 +
B

2
x−A = 0, x = cos

δ

2

The solution of this equation gives x = 0.6826. Hence P is maximum at
δ = 94◦.

The maximum value of P is given by

Pmax = P̄max× 4002

300
, P̄max = A sin 94◦ +B sin 47◦

= 1.9455× 4002

300
= 1037.6MW
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Note that the maximum power flow in the line with a shunt capacitor
of 450 ohms (connected at the midpoint) is given by

Pmax =
V 2

Zn sin θ(1− ksh)
, ksh =

BcZn
2

tan
θ

2

Substituting the values for BC , Zn and θ,

ksh = 0.1083,

Pmax =
4002

300(1− 0.1083) sin 36◦

= 1.9079× 4002

300
= 1017.6MW

The maximum power with STATCOM is higher than with shunt capacitor.
This is due to the fact, the reduction of midpoint voltage (as δ is increased)
is less with STATCOM.
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Chapter 3

Static Var Compensator

In this chapter, the Static Var Compensator (SVC), a first generation FACTS
controller is taken up for study. It is a variable impedance device where
the current through a reactor is controlled using back to back connected
thyristor valves. The application of thyristor valve technology to SVC is an
offshoot of the developments in HVDC technology. The major difference is
that thyristor valves used in SVC are rated for lower voltages as the SVC is
connected to an EHV line through a step down transformer or connected to
the tertiary winding of a power transformer.

The application of SVC was initially for load compensation of fast
changing loads such as steel mills and arc furnaces. Here the objective is
to provide dynamic power factor improvement and also balance the currents
on the source side whenever required. The application for transmission line
compensators commenced in the late seventies. Here the objectives are:

1. Increase power transfer in long lines [1,3,6]

2. Improve stability with fast acting voltage regulation [7,8]

3. Damp low frequency oscillations due to swing (rotor) modes [9–12]

4. Damp subsynchronous frequency oscillations due to torsional modes
[13–15]

5. Control dynamic overvoltages [1,5]

A SVC has no inertia compared to synchronous condensers and can
be extremely fast in response (2-3 cycles). This enables the fast control of
reactive power in the control range.

3.1 Analysis of SVC

The location of SVC is important in determining its effectiveness. Ideally,
it should be located at the electrical centre of the system or midpoint of a
transmission line. For example, consider a symmetric lossless transmission
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line with SVC connected at the midpoint (see Fig. 3.1). Without SVC, the
voltage at the midpoint is given by,

Vmo =
V cos δ/2

cos θ/2
(3.1)

where θ = βl is the electrical length of the line, l is the length of the line
and β is the phase constant given by

β = ω
√
lc = 2πf

√
lc (3.2)

where l and c are positive sequence inductance and capacitance of the line
per unit length, f is the operating frequency.

SVC

P P

Vm V V δ 0δ / 2

ISVC

Figure 3.1: A transmission line with SVC connected at midpoint

It can be shown that the voltage variation in the line (due to varia-
tion in δ) is maximum at the midpoint. SVC helps to limit the variation by
suitable control. The steady state control characteristics of SVC is shown
in Fig. 3.2 where ADB is the control range. OA represents the charac-
teristic where the SVC hits the capacitor limit, BC represents the SVC at
its inductor limit. Note that SVC current is considered positive when SVC
susceptance is inductive. Thus

ISV C = −BSV CVSV C (3.3)

The slope of OA is BC (susceptance of the capacitor) and the slope of OBC
is BL (susceptance of the reactor). A positive slope (in the range of 1-5%)
is given in the control range to

(a) enable parallel operation of more than one SVC connected at the same
or neighboring buses and

(b) prevent SVC hitting the limits frequently.
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0

A

VSVC

refV B

ISVC

C

D

Figure 3.2: Control characteristic of SVC

The steady state value of the SVC bus voltage is determined from
the intersection of the system characteristic and the control characteristic
(see Fig. 3.3). The system characteristic is a straight line with negative
slope and is defined by

VSV C = VTh −XThISV C (3.4)

where VTh and XTh are the Thevenin voltage and reactance viewed from the
SVC bus. For the system shown in Fig. 3.1, we have

VTh = Vmo =
V cos(δ/2)

cos(θ/2)
(3.5)

XTh =
Zn
2

tan(θ/2) (3.6)

where Zn is the surge impedance defined by

Zn =

√

l

c
(3.7)

Expression for Voltage and Power

(a) Control Range: The SVC control range is described by

VSV C = Vref +XsISV C (3.8)
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-

6

ISV CO

VSV C

VSV CO

System characteristics

ISV C

Figure 3.3: Determination of operating point of SVC

where Xs is the slope of the control characteristic. Vref is the SVC voltage
(corresponding to point D) when ISV C = 0.

Combining eqs (3.4) and (3.8), we get

VSV C = Vm =
VThXs

Xs +XTh
+

VrefXTh

Xs +XTh
(3.9)

The expression for power flow in the line is given by

P =
VmV sin(δ/2)

Zn sin(θ/2)
(3.10)

With Vref = V , it can be shown that P is given by,

P = kP0 + (1− k)P1 (3.11)

where

P0 =
V 2 sin δ

Zn sin θ
, P1 =

V 2 sin(δ/2)

Zn sin(θ/2)
(3.12)

and

k =
Xs

Xs +XTh
(3.13)
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Remarks

1. P0 is the power flow in the line without SVC and P1 is the power flow
in the line when SVC maintains a constant voltage V at the midpoint
(Xs = 0)

2. k → 1 as Xs →∞
3. For small values of θ, it can be assumed that sin θ ' θ, sin θ

2 ' θ
2 ,

cos θ2 ' 1.

In this case,

P0 =
V 2

XL
sin δ, P1 = 2

V 2

XL
sin δ/2

where XL = (ωl)d is the total reactance of the line (d is the length of the
line).

(b) At SVC limits: When the SVC hits the limit it can be represented as
a fixed susceptance (BSV C) where BSV C = BC at capacitive limit. At the
inductive limit, BSV C = −BL.

Substituting ISV C from eq. (3.3) in eq. (3.4), we get

VSV C =
VTh

(1−XThBSV C)
=

V cos(δ/2)

(1−XThBSV C) cos(θ/2)
(3.14)

The power flow in the line is given by

P =
P0

(1−XThBSV C)
=

V 2 sin δ

Zn(1−XThBSV C) sin θ
(3.15)

Power Angle Curve for SVC

The power angle curve for SVC is made up of 3 segments correspond-
ing to

(i) BSV C = −BL,

(ii) control range

(iii) BSV C = BC .

For typical value of parameters, the power (expressed in per unit of Pn =
Surge Impedance Load) as a function of δ is shown in Fig. 3.4. The power
angle curve for the line without SVC is also shown in Fig. 3.4 (curve b).
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Figure 3.4: Plot of Power Vs δ

Example 3.1

A three phase, 400 kV, 50 Hz, 900 km long line is operating with VS =
VR = V = 1.0 p.u. and δ = 60◦. A SVC is planned to be connected at the
midpoint of the line to increase power transfer capability. The limits on the
control range correspond to δ = 30◦ and δ = 90◦.

(a) Find the limits of SVC susceptance if the slope (Xs) of the control
characteristic is (i) 0.0 and (ii) 0.05 p.u.

(b) What is the maximum power flow in the line for the two cases, (i)
Xs = 0.0 and (ii) Xs = 0.05 (Data : Zn = 300 ohms, β = 0.06◦/km).

Solution

(a) Without SVC

Vm =
V cos δ2
cos θ2

=
cos 30◦

cos 27◦
= 0.972p.u.

(Note θ = 0.06× 900 = 54◦).
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With SVC, the midpoint voltage (Vm) is given by

Vm = Vm0 −XThIr, XTh =
Zn
2

tan
θ

2

With Zn = Base impedance, XTh = tan 27◦

2 = 0.2548 p.n. The reactive
current (Ir) drawn by SVC, also satisfies the equation Vm = Vref +
XsIr. Hence, we can solve for Ir as

Ir =
(Vmo − Vref )
(Xs +XTh)

In Fig. 3.2 showing the control characteristics of a SVC, the limit
A corresponds to the higher value of power flow. In this example,
the operating angle δ = 90◦. Hence, at the capacitive limit, Vmo =
V cos 45◦

cos 27◦ = 0.7936 p.u. Vref corresponds to δ = 60◦, the operating
point in the line for which we assume Ir = 0.0. Hence

(i) Irmin =
0.7936− 0.972

0.2548
= −0.70 p.u.

(ii) Irmin =
0.7936− 0.972

0.2548 + 0.05
= −0.5853 p.u.

The value of Bmax = −Irmin

VSV C
. For case (i) VSV C = 0.972 and (ii)

VSV C = 0.9427. Hence

BSV Cmax = 0.72 p.u. for case (i)

= 0.621 p.u. for case (ii)

For the inductive limit of SVC corresponding to point B, we have

Vmo =
V cos 15◦

cos 27◦
= 1.0841

Irmax =
1.0841− 0.972

0.2548
= 0.4399 p.u. for case (i)

=
1.0841− 0.972

(0.2548 + 0.05)
= 0.3678 for case (ii)

The SVC bus voltage (VSV C) is 0.972 for case (i), and 0.99 for case
(ii). Hence BSV Cmin is given by

(i) BSV Cmin =
−Irmax
VSV C

= −0.453 p.u. and

(ii) BSV Cmin = −0.372 p.u.

Note that a positive slope in the control characteristic reduces the
ratings of a SVC.



58 FACTS Controllers in Power Transmission and Distribution

(b) The maximum power corresponds to δ = 90◦ as the SVC behaves like
a constant capacitor for δ > 90◦. As

Pmax = Pn
V̄ V̄m sin δ

2

sin θ
2

,

(i)
Pmax

Pn
=

0.972 sin 45◦

sin 27◦
= 1.5139

(ii)
Pmax

Pn
=

0.9427 sin 45◦

sin 27◦
= 1.4683

Note that Pmax = 1.2361 Pn in the absence of SVC. The SVC designed
with 0.05 p.u. slope increases the power limit by 124 MW.

3.2 Configuration of SVC

There are two types of SVC:

1. Fixed Capacitor-Thyristor Controlled Reactor (FC-TCR)

2. Thyristor Switched Capacitor - Thyristor Controlled Reactor (TSC-
TCR).

The second type is more flexible than the first one and requires
smaller rating of the reactor and consequently generates less harmonics.

The schematic diagram of a TSC-TCR type SVC is shown in Fig.3.5.
This shows that the TCR and TSC are connected on the secondary side of
a step-down transformer. Tuned and high pass filters are also connected in
parallel which provide capacitive reactive power at fundamental frequency.
The voltage signal is taken from the high voltage SVC bus using a potential
transformer.

The TSC is switched in using two thyristor switches (connected back
to back) at the instant in a cycle when the voltage across valve is minimum
and positive. This results in minimum switching transients. In steady state,
TSC does not generate any harmonics. To switch off a TSC, the gate pulses
are blocked and the thyristors turns off when the current through them fall
below the holding currents. It is to be noted that several pairs of thyristors
are connected in series as the voltage rating of a thyristor is not adequate
for the voltage level required. However the voltage ratings of valves for a
SVC are much less than the voltage ratings of a HVDC valve as a step down

transformer is used in the case of SVC. To limit
di

dt
in a TSC it is necessary

to provide a small reactor in series with the capacitor.
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Figure 3.5: A Typical SVC (TSC-TCR) Configuration

Thyristor Controlled Reactor [1,4]

The current in a TCR can be continuously varied from zero (corresponding
to zero conduction angle) to maximum (corresponding to conduction angle
of 180◦) by phase control in which the firing angle α (with respect to the
zero crossing of the voltage) is varied from 180◦ to 90◦. The instantaneous
current iTCR over half a cycle is given by

iTCR =
√
2V
XL

(cosα− cosωt), α < ωt < α+ σ

= 0, α+ σ < ωt < α+ π

}

(3.16)

where V is the rms voltage applied, XL is the fundamental frequency reac-
tance of the reactor. The current waveform in a single phase TCR is shown
in Fig. 3.6. The current is non-sinusoidal and contains odd harmonics which
are functions of the conduction angle σ.

The fundamental component of the TCR current, I1 is given by

I1 = BTCR(σ)V (3.17)
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Figure 3.6: Voltage and current waveforms in TCR

where

BTCR =
σ − sinσ

πXL
(3.18)
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The conduction angle σ is related to α by

σ = 2(π − α)

The TCR current contains odd harmonics. The rms value of the nth
harmonic is given by

In =
V

XL
· 2
π

[−2 cosα
n

sin(nα) +
sin(n− 1)α

n− 1
+

sin(n+ 1)α

n+ 1

]

=
V

XL
· 4
π

[

sinα cos(nα)− n cosα sin(nα)

n(n2 − 1)

]

, n = 2k + 1 (3.19)

where k is an integer, 1,2,3,. . ..

The peak values of the individual harmonic currents are shown in
Table 3.1. It is to be noted that In = 0 at both α = 90◦ and α = 180◦. The
variations of I1 and Ih, where

Ih =

[ ∞
∑

n=1

I2n

]1/2

, n = 2k + 1

are shown in Fig. 3.7(a) as functions of α. The variations of I5 and I7 as
functions of α are shown in Fig. 3.7(b).

By connecting the TCR in delta, the triplen harmonics are eliminated
on the line side. The harmonics present in the line current are of the order

n = 6k ± 1 (3.20)

where k is an integer.

It is assumed that the TCR currents are identical in waveform and
magnitude in the three phases and only phase shifted from each other by
120o. This is possible only if α is the same in all three phases. To limit the
harmonics entering the system, some of the fixed capacitors are connected
as series tuned filters. To reduce the harmonics further, it is possible to have
twelve pulse configuration of TCR, in which there are two branches of TCR
supplied by the two sets of secondaries of the step down transformer. One
set of the secondary windings is connected in delta while the other set is
connected in star. In this case, the line currents on the primary side will
have harmonics of the order

n = 12k ± 1 (3.21)

where k is an integer. This happens because the harmonics of the order other
than those defined in (3.21) , generated in the two TCR branches cancel each
other as they flow on the primary side.
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Table 3.1: Peak values of harmonic currents

Harmonic Peak Value
order (Percentage)

3 (13.78)
5 5.05
7 2.59
9 (1.57)
11 1.05
13 0.75
15 (0.57)
17 0.44
19 0.35

Note that the peak values of harmonics are expressed

as a percentage of peak value of I1
(

V
XL

)

Another way of reducing the harmonics generated by TCR is to seg-
ment the TCR into two or more parallel connected branches and operate
all except one of the branches as Thyristor Switched Reactors (TSR) which
do not contribute any harmonics. The controllability is provided by varying
the α (phase control) of one of the TCR branches.

The advantages of TSC-TCR type SVC over FC-TCR type are

(i) the reduction in the reactor size and consequently the harmonics gen-
erated

(ii) greater flexibility in control and

(iii) better performance under system fault conditions. The power losses
in the quiescent operating condition (with SVC output current close
to zero) also tend to be less with TSC-TCR type SVC.

For a FC-TCR type SVC, the rating of TCR covers the entire control
range (AB) in the control characteristics of SVC shown in Fig.3.2. On the
other hand, the rating of the TCR required for a TCS-TCR type SVC is
DB. Although FC-TCR type SVC can generate higher harmonic currents,
existing (fixed) capacitor bank can be designed as a filter. This is not feasible
in the case of TSC-TCR type SVC.

The speeds of response for both types of SVC are similar. Fast
switching of capacitor can be used to reduce overvoltages and for better
control response under faulted conditions.
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Figure 3.8: A TSC with series reactor

Thyristor Switched Capacitor (TSC)

When a capacitor is switched into a sinusoidal voltage source, a large current
surge flows through the capacitor if the initial voltage acrose the capacitor
is different than the supply voltage at the instant of switching. The current
through the capacitor will be finite (corresponding to the steady state value)
if the initial capacitor voltage is equal to the supply voltage at the instant

of switching. However the rate of change of current
(

di
dt

)

will be very high,

beyond the rating of the thyristor devices (acting as switches). To limit the
di
dt , it is necessary to insert a reactor in series with the capacitor, as shown
in Fig. 3.8.

Let the supply voltage v(t) be defined as

v(t) =
√
2V sin(ω0t+ α) (3.22)

and the switch is turned on at t = 0 with the initial conditions, i(0) = 0 and
vC(0) = VCO.

It can be shown that the expression for the current i(t) is given by

i(t) =
√
2IAC cos(ω0t+ α)− nBC

[

VCO −
n2

n2 − 1

√
2V sinα

]

sinωnt

−
√
2IAC cosα cosωnt (3.23)

where

ωn = nω0 =

√

1

LC
, n =

√

XC

XL
, BC = ω0C =

1

XC

IAC =
V BCBL

BL −BC
=
V BCn

2

n2 − 1
, BL =

1

XL
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The reactor value is chosen such that n > 3. In eq. (3.23), the first term in
the R.H.S is the steady-state current component, while the other two terms
are transient current components. (It is to be noted that for simplicity, the
circuit resistance is ignored in the solution for i(t). The presence of the
resistance will result in the decay of the transient components).

If the switching has to be transients free, the following conditions
have to be met.

cosα = 0⇒ sinα = ±1 (3.24)

VCO = ±
√
2
V n2

n2 − 1
= ±
√
2XCIAC (3.25)

In practice, it is not possible to satisfy both conditions. The condition
represented by (3.25) implies that the capacitor has to be precharged and
this is not realistic. In general, the residual voltage on the capacitor (VCO)
can vary from 0 to

√
2V (n2/n2 − 1). There are two switching strategies

depending on the value of VCO.

Switching Strategy 1 (0 < VCO <
√

2V )

α = sin−1 VCO√
2V

(3.26)

The above implies that the capacitor is turned on at the instant when the
supply voltage is equal to VCO.

The transient current component (Itr) where

Itr =
√

a2 + b2

a = nBC

[

VCO −
n2

n2 − 1

√
2V sinα

]

b =
√
2IAC cosα (3.27)

can be derived as

Itr = IAC

√

1−
(

VCO√
2V

)2 (

1− 1

n2

)

(3.28)

Note that Itr = IAC when VCO = 0. The variation of Itr
IAC

as a function of

n for different values of r
(

= VCO√
2V

)

are shown in Fig. 3.9. It is to be noted

that Itr < IAC for all values of sinα 6= 0.
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Figure 3.9: Plot of Itr/IAC as a function of n for different values of r

Switching Strategy 2 (VCO > 0.75
√

2V )

Here, the capacitor is switched on when the supply voltage is at peak. At
this instant

cosα = 0 (3.29)

Itr can be obtained as

Itr = n

[

n2 − 1

n2
VCO√
2V
− 1

]

IAC (3.30)

The variation of
∣

∣

∣

Itr
IAC

∣

∣

∣ as a function of n for different values of r is shown in

Fig. 3.10. It is to be noted that the two expressions (3.28) and (3.30) are

identical for VCO =
√
2V . Also, for VCO =

√
2V n2

n2−1
, Itr = 0 for strategy

2. For low values of r, the transients are high. As a practical scheme for
TSC firing, the two strategies can be combined as follows. If VCO <

√
2V ,

adopt strategy 1, otherwise adopt strategy 2. This is equivalent to the firing
scheme when vT is minimum. (The thyristor that is forward biased is fired
first. The subsequent firings are equidistant).

Although the precharging of capacitors can eliminate the transients,
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Figure 3.10: Plot of Itr/IAC as a function of n for different values of r

this method is not used in the application of TSC for power transmission
lines.

It is to be noted that when the thyristor is switched off, the capacitor
has peak value of the supply voltage across it as the capacitor current be-
comes zero at that instant. The voltage across the thyristor switch reaches
a value of twice the peak voltage when the supply voltage reverses its sign
and reaches a maximum. The capacitor voltage decays slowly depending on
the losses in the circuit. Thus, the thyristors in the TSC have to be rated for
twice the peak voltage (2

√
2V ) whereas the thyristors in a TCR are rated

for the peak voltage (
√
2V ).

Since the TSC continues to conduct when the capacitor is on, there is
no blocking voltage (across the thyristor) available to energize the thyristor
electronics of an optoelectronic gating system (where the gating command
from the ground potential is sent through the optical fibres to the thyristor
level). However, this is not a problem as a current transformer is provided
as the second source of energy.
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3.3 SVC Controller

The block diagram of basic SVC Controller incorporating voltage regulator
is shown in Fig.3.11. This shows that both voltage (VSV C) and current
(ISV C) signals are obtained from potential and current transformers and
then rectified. The AC filter is basically a notch filter to eliminate the
signal component of frequency corresponding to the parallel resonance in
the system viewed from the SVC bus. The line capacitance (in parallel with
SVC capacitance) can result in parallel resonance with the line inductance.
The SVC voltage regulator has a tendency to destabilize this resonant mode
of oscillation and the notch filter is aimed at overcoming this problem. As
a matter of fact, any parallel resonance mode (of frequency below second
harmonic) can have adverse interaction with SVC voltage regulator. If series
capacitors are used along with SVC, then they can cause parallel resonance
with a neighbouring shunt reactor. If the second (parallel resonance) mode
has a lower frequency (say below 20 Hz), a high pass filter in addition to the
notch filter has been suggested [23].

X s
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Σ
F 1(α )
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+

+
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Figure 3.11: SVC Controller

The rectified signal is filtered. The DC side filters include both a
low pass filter (to remove the ripple content) and notch filters tuned to
the fundamental and second harmonic components. The notch filters are
provided to avoid the adverse interactions of SVC caused by second harmonic
positive sequence and fundamental frequency negative sequence voltages on
the SVC bus. For example, second harmonic positive sequence voltages at
the SVC bus cause a fundamental frequency component in the rectified signal
that results in the modulation of SVC susceptance at the same frequency.
This in turn (due to amplitude modulation) results in two components at side
band frequencies (0,2f) in the SVC current. The dc component can result in
unsymmetric saturation of the SVC transformer and consequent increase in
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the magnetization current containing even harmonics. It has been observed
that this adverse harmonic interactions between the SVC and the network
can result in large distortion of the SVC bus voltage and impaired operation
of SVC (termed as second harmonic instability).

The auxiliary signals mentioned in Fig.3.11 are outputs from the
Susceptance (or reactive power) Regulator (SR) and Supplementary Modu-
lation Controller (SMC). The Susceptance Regulator is aimed at regulating
the output of SVC in steady state such that the full dynamic range is avail-
able during transient disturbances. The output of Susceptance Regulator
modifies the voltage reference Vref in steady state. However its operation
is deliberately made slow such that it does not affect the voltage regulator
function during transients.

In contrast to the Susceptance Regulator, the Supplementary Mod-
ulation Controller (SMC) is designed to improve the performance of SVC
during transient conditions and not affect the steady state. SMC has con-
trol input using appropriate signal obtained from local measurements and
provide a limited output at either the summing junction before the voltage
regulator or after it. Thus, it modulates directly either the SVC bus voltage
or susceptance in order to damp oscillations and improve stability.

The gate pulse unit for SVC produces firing pulses for TCR and
TSC. The logic determines whether a TSC is to be switched in or out.

Bref
TCR is calculated from Bref

SV C and if Bref
TCR ≤ 0, then a TSC is switched

in. If Bref
TCR ≥ BL, then a TSC is switched out. In computing Bref

TCR from

Bref
SV C the effect of leakage reactance of the step down transformer is to be

considered as BSV C is given by

BSV C = − Bσ(BC −BTCR)

BC −BTCR −Bσ
=

BC −BTCR

(1− BC−BTCR
Bσ

)
(3.31)

where BC is the capacitance of the fixed capacitor or TSC. Bσ = 1
Xσ
, Xσ is

the leakage reactance of the transformer. If Bσ À BC or BTCR then,

BSV C ' (1 +
BC

Bσ
)BC − [1 +

(2BC −BL)

Bσ
]BTCR = C1 − C2BTCR (3.32)

BL is the reciprocal of XL and is the maximum value of TCR susceptance.
Neglecting leakage reactance of the transformer, the variation of BTCR with
variation of BSV C for a case with two identical TSC’s is shown in Fig.3.12.
This shows that BL (the rating of TCR) is slightly larger than the rating
of either TSC and there is hysteresis in the operation of the TSC. This is
desirable as the switching of a TSC is not well defined if BC1(susceptance of
a TSC) is exactly equal to BL. If BC1 is greater than BL, then the operation
of the SVC is degraded.
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Figure 3.12: Variation of BTCR with BSV C for TSC-TCR type SVC

For stability studies, it is not essential to model GPU. In this case,
the modelling of the controller shown in Fig.3.11 can be simplified greatly by
also assuming that SVC does not generate harmonics. The block diagram of
the controller in this case is shown in Fig.3.13. Here the voltage regulator is
typically a PI controller as shown in Fig.3.14. The proportional gain (KP )
may be set zero unless a faster response is required. The transfer function
Hm(s) represents a low pass filter as given below:

Hm(s)

-

?

¾ Xs
¾ ISV C-+VSV C

?
- -

6

REG -

6

e−sTd

1 + sTb
ΣΣ

Σ

Vref

Vs

+

+

- Bref
SV C

+
Vs

-BSV C+

Figure 3.13: Block Diagram of SVC Voltage Control

First order LP filter:

Hm(s) =
1

1 + sTm
(3.33)
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Figure 3.14: Voltage Regulator for SVC

Second order LP filter:

Hm(s) =
1

1 + 2sζTm + (sTm)2
(3.34)

Tm is typically 2 to 3 ms and ζ = 0.7.

The transport delay, Td is typically

Td =
T

12
(3.35)

where T is the period of the supply voltage. Td arises due to the discrete
nature of the firing pulse. Tb represents the average delay in getting BSV C

from the instant of delivering the order and is given by

Tb =
T

4
(3.36)

It is to be noted that Tb represents maximum (average) delay when

the Bref
TCR changes from maximum (BL) to zero.

In Fig.3.11 or Fig.3.13, the current signal ISV C is used to provide
a positive slope for the control characteristic of SVC. However the current
signal contains harmonics and there are measurement problems particularly
when ISV C is close to zero (the normal operating point) . A solution to this

problem is to take the signal from Bref
SV C instead of ISV C .

In this case, the block diagram of Fig.3.13 can be simplified as shown
in Fig.3.15. Here, assuming KP = 0,

KR =
1

Xs
(3.37)

and

TR =
KR

KI
(3.38)

KR (typically) varies from 20 to 100, whereas TR varies between 20 to 150
ms.
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Figure 3.15: Simplified Block Diagram of SVC Voltage Control

Control Instability and Gain Supervisor [21]

The transfer function between change in the SVC susceptance ∆BSV C and
the change in the SVC voltage ∆VSV C is independent of frequency if only
fundamental component of VSV C is considered. Assuming the operating
voltage at SVC bus as unity, then

∆VSV C ' XTh∆BSV C (3.39)

The loop gain of the control system shown in Fig.3.15 depends on XTh.
The speed of the response depends on the loop gain and increases as XTh

is increased. However for high values of XTh the system can be unstable.
The voltage regulator of SVC is designed to provide the fastest response
corresponding to a contingency condition at which XTh is maximum (in the
range of operating conditions considered) or the short circuit level at the
SVC bus is minimum. However, during abnormal conditions resulting in
tripping of several transmission lines in the system, XTh will be higher than
the design value and the SVC controller can be unstable. In such cases,
it is necessary to reduce the gain of SVC (KI) automatically by detecting
instability. This is called as gain supervisor. The gain is restored to the
normal value when the instability is not present. It is to be noted that
although instability can be avoided by designing the voltage regulator gain
corresponding to the lowest value of short circuit level (highest value of XTh)
this is not an optimal choice as the response of SVC will be slower under
normal conditions.

The transfer function (∆VSV C∆BSV C
) is in general, a function dependent

on frequency if network (electromagnetic) transients are considered. The
magnitude of the transfer function is maximum at frequency, fr defined by

fr = fNp − fo (3.40)
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where fNp is the frequency corresponding to the parallel resonance in the
network and fo is the operating frequency.

The controller gain will be severely restricted even under normal
conditions if fr is within the controller bandwidth. Hence the practical
solution to this problem is to provide a notch filter in the controller (on the
input side) as mentioned earlier.

Susceptance Regulator (SR)

A typical SR is shown in Fig.3.16. Here the output of the voltage regulator,

Bref
SV C and a set reference Bset

SV C are compared. If the error exceeds a thresh-
old, it activates an integrator after an adjustable time delay (of the order of
several seconds). The integrator output is hard limited by a non-wind up
limiter and modifies the voltage reference.

Σ-

6

- - - -
Vref

Vmax

Vmin

KSR

s

DEAD BAND

Bref
SV C

Bset

+

- TIME
DELAY

Figure 3.16: Susceptance Regulator

The SR has to be coordinated with other reactive power controllers in
the vicinity such as HVDC converter control, switched capacitor and reactor
banks, tap changing transformers etc.

Supplementary Modulation Controller (SMC)
[11,19,20,25]

This controller modulates either VSV C or BSV C by processing a signal ob-
tained from local measurements. The objective is to damp critical low fre-
quency inter area or local modes that can affect stability during disturbances.
The control signals are selected on the basis of following criteria

1. The signal should predominantly contain the mode that needs to be
damped.

2. The controller design based on a particular control signal should be
simple and reject noise.

3. The controller should not destabilize modes that are otherwise stable.
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4. The controller should be effective and robust under widely varying
operating conditions.

The control signals that have been used or suggested include: (1) line cur-
rent (2) active and reactive power (3) bus frequency (4) Computed Rotor
Frequency (CRF) and (5) Computed Thevenin voltage. The last two signals
are synthesized from current and voltage measurements at the SVC location.

A typical controller configuration of SMC is shown in Fig.3.17. The
washout circuit is designed to drive the SMC output to zero during steady
state. The gain and phase compensation of SMC are chosen such that it
improves the system response under a wide variety of operating conditions
and different types of disturbances.

1+ sTF

1 K SMC
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1+ s
W
TW

Filter Gain
Washout Phase Lead

u Vs1+ sT 1+ sT

1+ sT1+ sT
1

4

( (

( (

) )

) )
3

2

Figure 3.17: Block Diagram of SMC

Protective Functions of SVC control

The SVC control also has functions to provide protection under faulted or
overload conditions that may affect the equipment or system response. These
are listed below.

1. Undervoltage Strategy

The SVC is ineffective under low voltage conditions due to faults in the sys-
tem. However, the clearing of the fault can result in temporary overvoltages
due to load rejection, particularly under weak system conditions. The re-
sponse of the SVC required immediately after the fault clearing is opposite
of the normal voltage regulator function during a fault. To avoid delay in
the required response of the SVC, the normal voltage regulator action is
deactivated when voltage falls below a threshold (say 60% of the normal

voltage). TSC is blocked and Bref
SV C is frozen at the previous value (prior

to the voltage dip). The normal SVC regulator action is resumed after the
voltage climbs above a certain threshold (say 70%) and remains (above the
threshold) there for sometime (say 30 ms). The blocking of TSC also helps
in reducing the transient by preventing the capacitor discharge.
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2. TCR Overcurrent Limiter

Under high voltage conditions, the SVC will be at its inductive limit and the
TCR current may exceed its rated value. To protect the thyristor valves used
in TCR, it is necessary to limit the current through it by phase control. To
avoid interaction with voltage regulator function, a time delay is introduced
(of the order of 100 ms). The overcurrent limiter takes into account the
short-term overload capability of the TCR.

3. SVC Control Interactions at Subsynchronous Frequencies
[15,26]

The SVC voltage regulator can adversely affect the damping of the sub-
synchronous frequency torsional modes due to turbine-generator rotors and
elastic shafts (constituting a lightly damped mass-spring-damper system).
Unlike in the case of fixed series capacitors, the Torsional Interaction (TI)
problem with SVC is not very significant. It has been suggested that the use
of low pass filter or Transient Gain Reduction (TGR) in conjunction with
the voltage regulator is adequate to overcome the problem.

3.4 Voltage Regulator Design – Some
Issues

3.4.1 Speed of Response as Function of ESCR

As mentioned in the previous section, the voltage regulator is of PI (Pro-
portional - Integral) type. Neglecting limiters, measurement and transport
delays, the voltage regulator loop can be simplified as shown in Fig.3.18.

Here, the transfer function ∆VSV C(s)
∆BSV C(s)

is assumed to be a static gain (KN ),

neglecting the network dynamics.

The expression for KN is obtained from the equivalent circuit shown
in Fig.3.19. It is to be noted that the operating values of the SVC suscep-
tance (BSV CO) is considered as part of the network and XTh is calculated at
the operating point. The SVC bus voltage (VSV C) is obtained from Fig.3.19
as

VSV C =
VTh

(1−XTh∆BSV C)
' VTh(1 +XTh∆BSV C)

From the above, we get ∆VSV C as

∆VSV C = VSV C − VTh = VThXTh∆BSV C

= KN∆BSV C (3.41)

where
KN = VThXTh (3.42)



76 FACTS Controllers in Power Transmission and Distribution

GR (s)
1

1+ s Tb

Vref
B SVCΣ

Σ KN

 IK

+

V
+

+

−

Figure 3.18: Simplified system block diagram

Assuming VTh ' 1.0, we can also write

KN ' XTh =
1

ESCR
=
QSV C

SC
(3.43)

The Effective Short Circuit Ratio (ESCR) is defined as the ratio of the
short circuit level to the rating of the SVC. In defining ESCR it is assumed
that the operating value of BSV C is merged with the network admittance in
computing the short circuit level (in MVA).

VTh

XTh VSVC

BSVC

+

Figure 3.19: An equivalent circuit

In Fig. 3.18, the feedback from ISV C is obtained as KI∆BSV C . This
follows from the relation

−Xs∆ISV C = Xs∆BSV C = KI∆BSV C (3.44)

In deriving (3.44) it is assumed that VSV C ' 1.0 and BSV CO = 0 in lineariz-
ing Eq. (3.3).
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The transfer function of the voltage regulator (GR) is assumed as

GR(s) = KC

(

1 + sTC
sTC

)

(3.45)

By selecting TC = Tb and KC = 1
2(KI+KNmax)

where KNmax corresponds to

the operating point with lowest value of ESCR, we get a regulator with fast
response with good margin of stability. The closed loop transfer function
[Gc(s)] is obtained as

Gc(s) =
∆VSV C(s)

∆Vref (s)
=

KN

KN +KI

(

1

1 + sTw

)

(3.46)

where

Tw =
2(KI +KNmax)

(KI +KN )
Tb (3.47)

As KN increases to KNmax, Tw reduces to a value of 2Tb = T
2 (10 ms for

the nominal frequency of 50 Hz). For a step input in ∆Vref , the variation
in ∆VSV C is given by

∆VSV C(t) =
KN

KN +KI
∆Vref (1− e−t/Tw) (3.48)

The response time (to reach 95% of the final value) is 3Tw. The fastest
response time for the minimum value of ESCR is 30 ms (for the 50 Hz
system).

Remarks

1. The response of the SVC slows down as the ESCR increases. This is
fortunately not a major problem as the speed of SVC is not critical for
strong systems.

2. The choice of the regulator gain (KC) is dependent on the minimum
value of ESCR considered. If too small a value of ESCR is considered (cor-
responding to loss of several lines in the network), this can lead to a sluggish
response of the SVC in normal operating conditions. It is realistic to choose
credible contingencies in determining minimum value of ESCR.

If, under abnormal conditions, the ESCR goes below the design value
(selected in the determination of the regulator gain) there is a possibility of
the controller instability (as the control delays cannot be ignored in prac-
tice and higher gains result in instability with a pair of complex eigenvalues
crossing imaginary axis). The controller instability can be avoided by the
installation of the gain supervisor which automatically reduces the gain as
it detects sustained or growing oscillations in the output of the voltage reg-
ulator.
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Example 3.2

The voltage regulator of a SVC is designed for an ESCR of 2.0. If the slope
of the control characteristics is 0.05 p.u., determine the transfer function of
the regulator. If the operating value of ESCR is 5.0, what is the response
time (to reach 95% of the final value) and the steady state change in the
SVC voltage if Vref is increased by 0.05 p.u. Assume the system frequency
to be 50 Hz.

Solution

From Eq. (3.45), the transfer function of the voltage regulator is

GR(s) =
KC(1 + sTC)

sTC

where TC = Tb =
T
4 ,

KC =
1

2(KI +KN max)
, KN '

1

ESCR

Since the design value of ESCR is 2.0,

KN max =
1

2.0
= 0.5, KC =

1

2(0.05 + 0.5)
= 0.909p.u

Note that the output of the voltage regulator is Bref
SV C in per unit.

The response time is 3Tw where Tw is given by Eq. (3.47)

Tw =
2(KI +KN max)

(KI +KN )
Tb

For ESCR = 5, KN ' 0.2, KI = 0.05, Tw = 4.4Tb. For 50 Hz system,
Tb =

T
4 = 5 ms. The response time is 66 ms (increased from 30 ms at ESCR

= 2.0).

The steady state change in VSV C is given by Eq. (3.48) as

∆VSV C =
KN

KN +KI
∆Vref =

0.2

0.25
× 0.05

= 0.04p.u.

3.4.2 Control Interaction with Network Resonance

It was mentioned in the previous section that any parallel resonance mode (of
frequency below the second harmonic) can result in adverse interactions with
the voltage regulator. In James Bay system involving shunt compensation of
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the 735 kV line, a 90 Hz frequency component is critical and a notch filter is
provided in the voltage measuring circuit [36]. This problem is generic in all
SVC installations used for compensating high voltage transmission lines. A
possible explanation for this phenomenon is given in [44] and is reproduced
below.

Consider a simplified system as seen from the terminals of the static
shunt compensator (shown in Fig. 3.20).

C
V

+

R L

IR

VS

Figure 3.20: A simplified representation for interaction with network reso-
nance

The positive sequence driving point impedance ZTh(s) in the Laplace
domain, at the SVC bus is given by

ZTh(s) =
(R+ sL)

(s2LC + sRC + 1)
(3.49)

The equations in the D-Q (synchronously rotating reference frame)
variables are given by

[

VSD(s)
VSQ(s)

]

=

[

ZDD(s) ZDQ(s)
ZQD(s) ZQQ(s)

] [

IRD(s)
IRQ(s)

]

(3.50)

where

ZDD(s) = ZQQ(s) =
ZTh(s+ jω0) + ZTh(s− jω0)

2
(3.51)

ZQD(s) = −ZDQ(s) = j
ZTh(s+ jω0)− ZTh(s− jω0)

2
= −Im[ZTh(s+ jω0)] (3.52)

The D-Q components of the SVC bus voltage (VS) and current (IR) are
shown in Fig. 3.21.
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Figure 3.21: A phasor diagram

From Fig.(3.21), we have

VSD = VS sin θ, VSQ = VS cos θ (3.53)

From Eq. (3.53), we get

∆VS = sin θ0∆VSD + cos θ0∆VSQ (3.54)

If we assume that the current injected by the SVC is purely reactive, we
have

IRQ = −IR sin θ, IRD = IR cos θ (3.55)

From Eq. (3.55), we get
[

∆IRD(s)
∆IRQ(s)

]

=

[

cos θ0
− sin θ0

]

∆IR(s) + IRo

[

− sin θ0
− cos θ0

]

∆θ(s)

=

[

cos θ0
− sin θ0

]

∆IR(s) (3.56)

We have assumed IRo = 0 as before. Linearizing Eq. (3.50), and substituting
from (3.54) and (3.56), we get

∆VS(s)

∆IR(s)
= ZQD(s) =

KN(s)

D(s)
(3.57)

where N(s) and D(s) are the numerator and the denominator polynomials,
where

K = (ω0L)ω
2
n

D(s) = [s+ σ + j(ω − ω0)][s+ σ − j(ω − ω0)]
×[s+ σ + j(ω + ω0)][s+ σ − j(ω + ω0)]

N(s) = s2 + 2
R

L
s+

R2

L2
+ ω2

0 −
1

LC

σ =
R

2L
, ω =

√

ω2
n − σ2, ωn =

1√
LC
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When R ' 0, then

N(s) ' s2 + ω2
0 −

1

LC
= s2 + ω2

0 − ω2
n (3.58)

Since ωn > ω0, the numerator polynomial N(s) has a pair of real zeros given
by

s = ±
√

ω2
n − ω2

0 (3.59)

Thus, the transfer function ∆Vs(s)
∆Ir(s)

is a non-minimum phase type with a zero

in the R.H.P. (on the positive real axis). The control of plants with non-
minimum phase type is always problematic and requires compensation to
enable the use of P-I control with high gains.

Remarks

1. The four poles of the transfer function ∆VS(s)
∆IR(s)

all lie in the L.H.P. and are

given by

p1, p2 = −σ ± j(ω − ω0), p3, p4 = −σ ± j(ω + ω0)

where −σ ± jω are the poles of the impedance function ZTh(s).

2. For R ' 0, it can be shown that the transfer function reduces to

∆VS(s)

∆IR(s)
' (ω0L)ω

2
n(s

2 − ω2
n + ω2

0)

[s2 + (ωn − ω0)2][s2 + (ωn + ω0)2]
(3.60)

Substituting for s = 0, we get

∆VS
∆IR

= −XTh (3.61)

where

XTh =
ω0L

1− ω2
0LC

=
(ω0L)

ω2
n − ω2

0

ω2
n

is the reactance of the parallel combination of L and C, evaluated at the
operating frequency ω0. Eq. (3.61) can be compared with Eq. (3.41) as
IR = ISV C = −BSV CVSV C . As it is assumed that IRo = 0, VSV Co = VTh
(Note that the subscript ‘o’ indicates the operating value of the variable).

The adverse control interactions with network resonance are func-
tions of the ESCR and the operating point. The lower value of ESCR and
the SVC operation at capacitive region worsen the control stability problem.
The controller gain needs to be reduced to overcome the problem. This may
not be practical as the response of SVC needs to be fast at lower values of
ESCR. One of the solution suggested in [44] is to provide a compensator



82 FACTS Controllers in Power Transmission and Distribution

in cascade with the voltage regulator, that rejects the complement of the
network resonance frequency component. The transfer function of the com-
pensator is assumed to be

Gcomp(s) =
(s+ σ1)

2 + ω2
r

(s+ σ2)2 + ω2
r

(3.62)

where σ1 < σ2. This transfer function represents a notch filter that rejects
the component of frequency of ωr. By arranging ωr = ωn − ω0, the inter-
action between the network resonance (of frequency ωn) and the controller
can be avoided. It is to be noted that a frequency of ωn in the AC volt-
age is transformed to a frequency of ωr after demodulation in the voltage
measurement circuit.

Example 3.3

A voltage regulator with the transfer function GR(s) = −Ki

s is used to
control the reactive current injected into the static compensator bus. The
plant (system) transfer function is given by Eq. (3.57) (Note the gain is
assumed to be negative as the reactive current has opposite sign to that of
the SVC susceptance).

(a) Plot the root loci as Ki varies from zero to a high value

(b) Repeat (a) if a compensator with a transfer function given in Eq. (3.62)
is connected in cascade with the voltage regulator

Data: ω0 = 377 rad/sec, ω0L = 0.5, R = 0.05, ωn = 1.5ω0, σ1 = 30,
σ2 = 300.

Solution

The root loci for case (a) is shown in Fig. 3.22(a). The root loci for the case
(b) is shown in Fig. 3.22(b).

It is interesting to observe that without the compensator, the sys-
tem becomes unstable when Ki > 33.7. The provision of the compensator
increases the value of instability gain to 978. In this case, two complex roots
cross imaginary axis at ω = 292 rad/sec.

The provision of the compensator in the voltage control system is an
alternative to providing a notch filter (tuned to ωn) on the AC side, before
the voltage input signal is demodulated using a rectifier.
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Figure 3.22: Root loci

3.5 Harmonics and Filtering

3.5.1 General

The harmonics in a SVC are generated by the TCR. Neither TSC or TSR
(Thyristor Switched Reactor) generate harmonics. The current harmonics
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generated by TCR can be classified into two categories:

1. Characteristic harmonics which are the harmonics present under ideal
conditions such as sinusoidal, balanced AC voltages, equidistant firing
pulses, and identical values of impedances in the three phases.

2. Uncharacteristic harmonics are the result of non-ideal conditions such
as

(a) Unbalanced AC voltages, also containing harmonics

(b) Tolerances of short circuit impedances of the step-down trans-
former

(c) Tolerances of reactors

(d) Asymmetry of the firing angles in the phases

(e) Asymmetry of the firing angle for positive and negative half cycles
of one phase.

The non-characteristic harmonics are usually less than 1
10 of the char-

acteristic harmonics for ∆L = 5%, ∆α = 1◦ (∆L is the tolerance in the reac-
tors, ∆α is the deviation in the firing angle from equidistant pulse control).
However, these non-characteristic harmonics cannot be neglected. For ex-
ample, a small dc component present in the SVC current (due to firing angle
asymmetry) can drive the connecting transformer into saturation resulting
in large harmonic voltages at the SVC bus.

3.5.2 Harmonic Interactions

A major concern is the possibility of harmonic interactions with the AC
network (Note that this is a separate phenomenon from what was discussed in
the previous section regarding control instability). The problem of harmonic
magnification (of low order such as second or third) has been viewed by some
as ‘harmonic instability’ in the past. The harmonic interactions with the
network can arise from the following factors.

(a) Direct: Effects due to the harmonics present in the bus voltage. These
harmonics influence the harmonics in the TCR current which in turn
affect the harmonic distortion in the bus voltage. Normally such effects
are secondary unless the impedance seen by the TCR current is very
high.

(b) Through voltage regulation loop: The modulation of the TCR admit-
tance at frequency fc, results in the frequencies, f0 ± fc at the SVC
bus which are picked up by the voltage measuring circuit and may
be amplified. This problem can be solved by providing notch filters
in the control circuit. To eliminate the possibility of magnification of
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(positive sequence) second and third harmonics, filters at the funda-
mental frequency (f0) and second harmonic (2f0) are provided. The
voltage unbalance can result in second harmonics on the dc side and
third harmonic on the ac side.

(c) Through gate pulse synchronization: Although the gate pulses are
equidistant in normal steady state, during network faults, there can
be firing angle asymmetries that result in harmonics. In general, gate
pulse synchronization should be insensitive to the presence of harmon-
ics in the bus voltage.

3.5.3 Harmonic Filters

The presence of harmonics (both current and voltage) is viewed as ‘pollution’
affecting the operation of power systems. The injection of current harmonics
by nonlinear loads also results in the distortion of the voltage waveforms due
to the system impedances. The adverse effects of the harmonics include

1. Harmonic over voltages, particularly during a transient which can also
be sustained due to inrush current phenomena in transformers.

2. Increased losses in shunt capacitor banks and rotating machines whose
impedances are much lower at harmonic frequencies than at system
frequency

3. Telephone interference

The single-tuned shunt filters are commonly applied to eliminate
harmonic currents injected by SVCs. The configuration of the single tuned
filter is shown in Fig. 3.23(a) and its impedance characteristics are shown

in Fig. 3.23(b). The normalized impedance
(

Z
Xr

)

magnitude and its phase

angle (φ) are given by

Z

Xr
=

[

(

R

Xr

)2

+

(

f

fr
− fr
f

)2
]1/2

(3.63)

φ = tan−1
[

Xr

R

(

f

fr
− fr
f

)]

(3.64)

where

fr =
1

2π
√
LC

, Xr =

√

L

C

In FC-TCR type SVC, the fixed capacitor branches can also be designed
to operate as tuned filters by inserting a reactor with appropriate Q factor.
Double tuned and damped high pass filters are also used as filters.
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(b) Impedance characteristics

Figure 3.23: Single tuned filter

The filter design is based on the specification of various performance
indices.

1. Voltage distortion factor (Dn) at n
th harmonic

Dn =
Vn
V1
,

where Vn is the rms voltage at frequency f = nf0.
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2. Total harmonic (voltage) distortion factor (THD)

THD =
1

V1

√

√

√

√

N
∑

n=2

V 2
n

N is the highest harmonic order considered.

3. IT product

IT =

√

√

√

√

∞
∑

n=1

(kfpfIn)2

kf = 5nf0, pf = weighing factor.

4. Telephone Interference Factor (TIF)

TIF =
1

V

√

√

√

√

∞
∑

n=1

(kfpfVn)2

V =

√

√

√

√

∞
∑

n=1

V 2
n

The equivalent circuit used to evaluate the effectiveness of the filter is
shown in Fig. 3.24.

IFh Nh

ZNhZFh

Ih

I

Xtr

Figure 3.24: Equivalent circuit for the filter design

The ratio
(

INh

Ih

)

is given by

INh

Ih
=

ZFh
|ZFh + ZNh + jXtr|

=
Z

|ZNh + jXtr|
(3.65)
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φ m Rmin maxR R

X

Figure 3.25: Region of system impedance

Xtr is the leakage reactance of the step-down transformer and Z in
the effective impedance seen by the TCR (the parallel combination of the
filter and the network).

The network impedance may not be known exactly at different fre-
quencies. However, the region in which the system impedances (at different
operating points and frequencies) are located is assumed to lie in a circle in
the R-X plane with centre on the R-axis. The upper limit on the impedance
angle is also specified. A typical region is shown in Fig. 3.25.

3.5.4 A Mathematical Model for the Investigation
of Harmonic Stability

This is illustrated by considering a single phase SVC as shown in Fig.3.26.
The state vector x(t) is defined by

x(t) = [it vC is]
T (3.66)

The source voltage v(t) is assumed to be periodic with period T . When the
thyristors are conducting (it 6= 0), the system equations are given below.

ẋ(t) = [A]x(t) + [B]v(t) (3.67)

where

[A] =











−Rt
Lt

1
Lt

0

− 1
C 0 1

C

0 − 1
Ls
−Rs
Ls











, [B] =







0
0
1
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When the thyristors are off, the system equations are

ẋ(t) = [PA]x(t) + [PB]v(t) (3.68)

where [P ] is the projection matrix

[P ] =







0 0 0
0 1 0
0 0 1






(3.69)

Note that [PB] = [B].

R s L s R t L t

i  s

C
+

i t

(t)vv(t)
+

C

Figure 3.26: A single phase SVC system

Fig. 3.27 shows the evolution of the system dynamics from the state
x0 at t0 to the state x1 at t = t0+T . t0 is the instant at which the thyristor
switch closes and σ1

ω is the conduction time in the forward (when the supply
voltage is positive) direction of the current flow in TCR. Similarly, σ2

ω is the

conduction time of the TCR current in the reverse direction. (Note ω = 2π
T ).

th is the instant at which the thyristor is fired to allow conduction (Note that
th = t0 + T1).

(A,B) (PA,PB)

Τ 1 Τ 2

(A,B) (PA,PB)

1

ω

σσ 2

ω

t t t h t h1
g(x 0, t 0)

t1=t0+T

f(x0,t0)

0 01

Figure 3.27: System dynamics from t0 to t0 + T

It is to be noted that normally, σ1 = σ2 = σ and T1 = T2 =
T
2 (with

half wave odd symmetry).
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The Poincare map f for a complete cycle is obtained by applying
twice the map g for the half cycle operation from t0 to th. The half cycle
map g is obtained by integrating the two linear systems (3.67) and (3.68) in
sequence. Thus,

g(x0, t0) = exp

[

PA

(

T1 −
σ1
ω

)]

exp

(

A
σ1
ω

)

{

x0 +

∫

σ1
ω

0
e−AsBv(s+ t0)ds

}

+

∫ T1

σ1
ω

ePA(T1−s)PBv(s+ t0)ds (3.70)

f(x0, t0, th) = g(g(x0, t0), th) (3.71)

It is to be noted that σ1

ω and σ2

ω are obtained from the boundary
conditions

it

(

t0 +
σ1
ω

)

= 0 (3.72)

it

(

th +
σ2
ω

)

= 0 (3.73)

When the SVC is in steady state with a periodic trajectory of period
T , the Poincare map f has a fixed point defined by

f(x0, t0, th) = x0 (3.74)

The stability of a periodic orbit of a nonlinear time-varying system is the
same as the stability of the corresponding fixed point of the Poincare map.
Thus, the stability of the periodic orbit can be computed from the Jacobian
Df of the Poincare map f evaluated at the fixed point. The periodic orbit
is stable if the eigenvalues of Df lie inside a unit circle. It can be shown
that

Df(x0, t0, th) = ePA(T2−σ2
ω
)PeA

σ2
ω ePA(T1−σ1

ω
)PeA

σ1
ω (3.75)

An interesting observation is that the Jacobian is identical to that obtained
by treating σ1 and σ2 as constants. In other words, the Jacobian can also be
obtained by considering the circuit shown in Fig. 3.26 described by a linear
time-varying equations of the form

ẋ = [A(t)]x (3.76)

[A(t)] is assumed to be periodic with period T . The solution of (3.76) can
be expressed as

x(t) = Φ(t, t0)x0 (3.77)

where
Φ(t, t0) = [G(t)eKt] (3.78)
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[G(t)] is a periodic, bounded matrix. The stability of the system is deter-
mined from the location of the eigenvalues of the constant matrix [K].

If T1 = T2 =
T
2 and σ1 = σ2 = σ, then

[Df ] =
[

ePA(
T
2
− σ
ω
)PeA

σ
ω

]2
(3.79)

The eigenvalues of [Df ] are the squares of the eigenvalues of [Dg] which is
given by

Dg(x0, t0) =
[

ePA(
T
2
− σ
ω
)PeA

σ
ω

]

(3.80)

An example given in [40] illustrates the theory described above. The data
chosen is such that the system inductance (Ls) and the capacitor (C) has a
resonance at fr = 4.9f0. The connection of Lt in parallel raises the resonance
frequency to 5.18 f0 where f0 is the fundamental system frequency (of the
source voltage). This indicates that there are values of the conduction angle
(σ) for which the circuit will be unstable.

3.6 Protection Aspects

All electrical equipment have to be designed to handle current and voltage
stresses when subjected to overloads and faults or any abnormal incidents
of transient nature. When the stresses exceed the ratings, it is essential to
protect the equipment or the system against damage by providing adequate
protection. SVC is no exception and one has to analyze the performance un-
der faulted conditions to evaluate the stresses. In this section, the emphasis
is placed on the thyristor valves that are used to switch a capacitor (TSC)
or control the current in a reactor (TCR).

The faults that are related to thyristor valves (made up of a series
string of bidirectional pair of thyristors) are:

(a) firing at the wrong instant (misfiring)

(b) lack of firing on the entire valve

(c) lack of firing on a single thyristor in a valve

(d) damaged thyristors in the valve.

Fortunately, the thyristors fail by creating a short circuit. Hence a
valve (with some redundant thyristors) can continue to operate as long as
the voltage rating across a device is not exceeded. Lack of firing in single
thyristor can result in voltage stress across the thyristor even under normal
conditions. By providing automatic firing of the thyristor using Break Over
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Diode (BOD), it is possible to solve this problem. In general, there are
monitoring circuits for thyristors which indicate the status of a thyristor.

The layout design of the equipment also helps in minimizing the
probability of failures. For example, a TCR is divided into two sections
with the thyristor valve connected in the middle of the two sections. This
protects the valve against faults involving flash over across the reactor. The
probability of both reactors sections being short circuited simultaneously is
negligible.

In designing the protection scheme and the selection of component
ratings, it is very important to know if the equipment is to be tripped or kept
in operation when a certain fault occurs. In general, operation is maintained
for:

(i) system faults if the stress encountered is lower than that for a specified
worst case fault

(ii) single misfiring

(iii) loss of some thyristors in a valve

(iv) partial loss of auxiliaries.

The rating of an electrical equipment is related to the heating of the
materials (primarily the insulation) and the damage caused by the tempera-
ture rise. (Actually, the absolute temperature determines the failure, which
implies that the ambient temperature and the cooling arrangement affect
the ratings). For modern thyristor valves, the circulation of deionized water
through the cooling pipes in the heat sinks (normally made of aluminium)
is the accepted norm. The water cooling of the thyristor devises is an effi-
cient method that has replaced the air cooling practices in the earlier days.
For thyristor devices, the junction temperature in a major parameter which
affects its working. For temperatures below 120◦C the device can withstand
the specified voltage. The voltage withstand capability deteriorates as the
junction temperature is increased and above 190◦C, the device can fail.

The overload on a SVC occurs when the SVC bus voltage is high and
it is operating in the inductive mode. The TCR current increases linearly as
the voltage increases (after the conduction angle reaches the limit of 180◦).
To limit the overload on the thyristors it is necessary to provide a current
limiter which implies that the conduction angle is reduced. However, as
the junction temperature goes up beyond 120◦C, the capacity to withstand
voltage (when the thyristor valve is not conducting) decreases. Then it
becomes essential to provide protective firing at point D (shown in Fig.3.28)
and the V-I characteristics resume along line BC. If there is a possibility of
the junction temperature exceeding 190◦C, it is necessary to trip the SVC
by opening the circuit breaker.
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Figure 3.28: V - I characteristics showing current limit

The thyristor device has very limited capacity for temporary over-
loads. As a matter of fact, this capacity is built into the system by de-
liberately choosing the junction temperature below 120◦C (say 80 to 90◦C)
at rated loads. The thermal model of the thyristor with the cooling sys-
tem can be used to reliably predict the junction temperature for transient
overloads. For the thyristor with the heat sinks shown in Fig.3.29, it is
possible to develop an electrical R-C equivalent circuit shown in Fig.3.30.
Here, RJC , RCH and RHW represent the thermal resistances between the
junction to case, case to heat sink and heat sink to water respectively. The
capacitances represent the storage of heat in the junction, case and the heat
sink. The power loss (generating heat) is viewed as a current source while
the temperatures are equivalent to the bus voltages in the circuit. It is
possible to estimate accurately the junction temperature rise for transient
current stresses. The objective is to keep the junction below a maximum
temperature limit by adjusting the prefault junction temperature.

The worst case current stress on TCR can be due to the following
causes

(a) Misfiring: If the TCR is fired at α = 0◦ (instead of in the range
90◦ < α < 180◦), the current reaches to a peak of twice the normal
value (under full conduction).

(b) Short circuit across the reactor: Since the reactor is usually split into
two reactors (of equal size), the short circuit current is double the full
load current.

(c) AC system fault and its clearing: If a three phase or a line to line fault
occurs very close to the SVC and the clearing of the fault is accom-
panied by a temporary overvoltage, it is possible that after the fault
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Figure 3.29: A thyristor with heat sink
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Figure 3.30: An electrical equivalent circuit of the thermal model

clearing, the current may build up to a large magnitude. However, this
possibility assumes that the clearing occurs at a voltage zero, which is
unlikely (Normally the fault is cleared at current zero). This condition
results in the maximum current stress in the TCR.

The worst case current stress in a TSC occurs with misfiring at max-
imum system voltage. Fig. 3.31 shows the voltage and current waveforms in
a TSC (a) under normal operation and (b) the worst case misfiring. A high
current results due to the misfiring and the valve voltage rises to 4 times the
peak value of the system voltage after blocking.

Voltage Ratings and Protection

The thyristor valve in a TCR is designed to withstand the maximum (spec-
ified) system voltage. However, this is not always the need, as TCR is
expected to go into full conduction at overvoltages and this will ensure that
the valves do not have to block the overvoltage. However, the current limits
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Figure 3.31: Voltage and current waveforms in a TSC

(mentioned earlier) in a TCR implies the necessity to block the system over
voltages. A trade off is possible with the thyristor valve designed to with-
stand higher current stresses rather than higher voltage stresses. The cost
and losses in a valve decrease if the voltage ratings are lower. On the other
hand, the need for continuous conduction at higher voltages implies loss of
controllability.

The TSC valve, in contrast to a TCR valve must be designed to block
overvoltages as the TSC conduction will aggravate overvoltages. However,
the overvoltage protection above the designed voltage rating is provided by
the Metal Oxides Varistor (MOV) which is very effective in clipping the
voltage above a certain limit. The energy loss in the surge arrester is an
important factor in selecting the ratings.

The protection against overvoltages can be provided by either (a)
BOD firing which convert a voltage stress into current stress or (b) MOV
arrester absorbing energy.
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3.7 Modelling of SVC

For a detailed study of SVC control interactions, it is necessary to per-
form transient simulation for which SVC is modelled in detail including the
switching of the thyristor valves in TCR and TSC. The transient network is
modelled by differential equations rather than algebraic equations [27-30].

However for stability study it is not necessary to consider the switch-
ing of valves and assume that SVC generates only fundamental current. In
addition, the network transients are neglected and represented by algebraic
equations of the type:

[Y ]V = I (3.81)

With these simplifications, SVC can be modelled as a variable susceptance
which is the output of the control system as shown in Fig.3.13. If SMC is
a part of the SVC controller, it should be included in the model. However,
susceptance regulator, gain supervisor and the protective functions can be
neglected in the model.

For the preliminary studies, it is adequate to ignore the dynamics of
SVC control (without SMC) and assume that the SVC is described by its
steady state control characteristics. If SMC is present, it can be modelled
as shown in Fig. 3.17.

Steady State Model of SVC [32]

The steady state control characteristics are modelled by an equivalent circuit
shown in Fig. 3.32. This shows a complex voltage source ÊSV C in series with
a reactance XSV C . The losses in the SVC are neglected. The values of ÊSV C
and XSV C are given below for the SVC operating in (i) the control range,
(ii) capacitive limit and (iii) inductive limit

(i) Control Range

ÊSV C = Vref 6 φSV C (3.82)

XSV C = Xs (3.83)

where φSV C is the angle of the SVC bus voltage. The control range applies
when the SVC bus voltage lies in the range

Vref
1 +XsBmax

< VSV C <
Vref

1 +XsBmin
(3.84)

where Bmin and Bmax are the limits of BSV C . Note that Bmin is, in gen-
eral, negative (corresponding to the inductive limit) and Bmax = BC , where
BC is the total capacitive susceptance. (neglecting the transformer leakage
reactance)
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(ii) At Capacitive Limit :

ÊSV C = 0.0 + j0.0 XSV C = − 1

Bmax
(3.85)

(iii)At inductive Limit :

ÊSV C = 0.0 + j0.0 XSV C = − 1

Bmin
(3.86)

V svc

j X svc

+

svcE

svcI

Figure 3.32: Equivalent circuit of SVC

The equivalent circuit of SVC for the control range is nonlinear (since

the angle of ÊSV C depends on the bus voltage) and is time varying when the
limits are considered. Thus, in general, the inclusion of SVC model in tran-
sient stability simulation, involves iterative network solution. However, with
nonlinear voltage dependant static load models in the system, the handling
of SVC is no more complicated than the handling of nonlinear loads.

If only one SVC is to be considered, the network solution with SVC
can be considerably simplified by applying compensation theorem. In this
approach, the SVC is treated as a time varying current source which can be
computed from the solution of a simple network shown in Fig.3.33. Here,
the network external to the SVC is modelled by a time-varying Thevenin
equivalent. If the network impedances are constant, Zeq remains constant.
Zeq is calculated as the impedance of the network seen at the SVC terminals
when all the sources in the network are removed ( the voltage sources are

shorted and the current sources are open circuited). V̂eq is found as the SVC

terminal voltage with the SVC current zero. V̂eq varies with time as the
generator voltages vary during a disturbance.

From Fig.3.33, the SVC current can be computed as

ÎSV C =
V̂eq − ÊSV C
Zeq + jXSV C

(3.87)



98 FACTS Controllers in Power Transmission and Distribution

j X svc

V

+

E

svcI

+
V eqsvcsvc

Zeq

Figure 3.33: SVC connected to Thevenin equivalent

If ÊSV C = 0.0+j0.0,the solution is straight forward. However, in the control
range, the angle φSV C needs to be known to apply Eq.(3.87).

It can be shown that tanφSV C is obtained as the solution of a
quadratic equation given by

a tan2 φSV C + b tanφSV C + c = 0 (3.88)

where

a = x2 − z2 sin2 α,
b = −2xy,
c = y2 − z2 sin2 α
x = Re[(1− Â)V̂eq], y = Im[(1− Â)V̂eq]
z = |Â|Vref
Â = A 6 α =

Zeq
Zeq + jXSV C

Network Solution

The network solution is carried out in two steps. In the first step, the voltage
solution is obtained by putting ÎSV C = 0. The voltage calculated at the SVC
bus, at the end of the first step is same as V̂eq. The knowledge of V̂eq and Zeq
(which has been calculated in advance and stored) enables the computation

of ÎSV C from Eq. (3.87) and Eq.(3.88) (if required).

The network is solved again with the injection of ÎSV C at the SVC bus
(all other sources put equal to zero).The second solution requires minimal
computations as the current vector is sparse.

The voltage at all the buses are obtained from the addition (superpo-
sition) of the two sets of the voltage calculated in the two network solutions.
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Remarks

1. It is assumed, in the calculation of Zeq, that the generators have no
dynamic saliency. Dynamic saliency results in time varying impedance
of the stator (with respect to the network or common synchronously
rotating reference frame). Also, the generator impedance needs to be
expressed as a 2 ∗ 2 matrix in D-Q axes. In this case, it can be shown
that φSV C is obtained from solving a quartic equation.

2. Zeq changes whenever there is change in the network configuration.

3. If Zeq is purely reactive (inductive) impedance, then φSV C is the phase

angle of V̂eq, which is known. This eliminates the need for the solution
of Eq. (3.88).

4. The appropriate solution of φSV C obtained from Eq. (3.88) is the one

which is closer to the phase angle of V̂eq.

3.8 Applications of SVC

The major application of SVC is for rapid voltage regulation and control
of dynamic (temporary) overvoltages caused by load throw off, faults or
other transient disturbances. The dynamic reactive control at the load bus
increases power transfer and can solve the problem of voltage instability
(collapse) caused by contingency conditions.

It is to be noted that steady state voltage regulation can be achieved
by mechanically switched capacitors and reactors (MSC and MSR). However,
fast voltage regulation is required to prevent instability under transient con-
ditions. Thus, generally, a SVC is operated with minimum reactive power
output under normal conditions. This is achieved by the Susceptance Regu-
lator described earlier which ensures that full dynamic range is available for
control under contingency conditions.

The fast controllability provided by the thyristor switches can be also
utilized to improve system stability (both transient and small signal). The
use of auxiliary damping controllers can help damp low frequency, interarea
power oscillations that can appear at stressed operating conditions (involving
high loading of tie lines). The design of such damping controllers for shunt
and series FACTS controllers will be taken up separately in Chapter 10.

The location of SVC is an important issue. If the objective is to
compensate a long transmission line, the SVC is to be located at the midpoint
of the line (if a single SVC is to be used). For very long lines, multiple SVC
at regular intervals can be applied. For example, if two SVCs are to be used,
one is located at a distance d

3 from the sending end while the other is located
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at a distance, d
3 from the receiving end (d is the length of the line). When

SVCs are applied to improve the power transfer in a transmission network,
the location can be determined by the sensitivity of voltage at the critical
buses with respect to the reactive power injection (∆Vi/∆Qj). In general,
it can be stated that a bus with low short circuit level can be a candidate
bus. Incidentally a synchronous condenser can raise the fault level while
providing controllable reactive power. It is to be noted that a SVC does not
raise the fault level which can be a blessing as the requirement of the fault
current interruption capability of circuit breakers does not go up. On the
other hand, for reactive power control at HVDC converter stations with low
Short Circuit Ratios (SCR), the synchronous condenser improves voltage
regulation and system performance.

However, a SVC has several advantages over SC (synchronous con-
denser) namely,

(a) Faster response under transient conditions

(b) There are no moving parts, hence requires less maintenance

(c) There are no problems of loss of synchronism

(d) As mentioned earlier, a SVC doe not contribute to short circuit cur-
rents.

The drawbacks of a SVC are mainly related to the injection of cur-
rent harmonics. These can be minimized by segmented TCR (with several
segments/modules of TCR connected in parallel) and operating all except
one module in the TSR (Thyristor Switched Reactor) mode.

The preparation of specification of a SVC, the design and testing of
the controller requires detailed studies involving power flow, short circuit and
stability analysis in addition to studies involving a TNA (Transient Network
Analyzer) or RTDS (Real Time Digital Simulator). The steady state control
(V-I) characteristics are defined by the SVC rating (in MVAR), range of the
reference voltage (Vref ) (typically from 0.95 pu to 1.05 pu) and the slope
(varying from 2% to 10%). The slopes can be different in the capacitive and
inductive modes of operation. The range of short circuit levels at the SVC
bus is also an important parameter in the choice of the voltage regulator
gain.

In the past, saturable reactors have been applied in situations when
temporary overvoltages can be a critical factor. However, in recent times,
Thyristor Controlled Transformer (TCT) where the leakage reactance of the
step down transformer can be used to replace the reactor has been suggested
to provide controllable shunt reactors in long EHV transmission lines. The
cost considerations will determine whether such innovations will be applied
in practice.
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Chapter 4

Thyristor and GTO Controlled
Series Capacitor

4.1 Introduction

Series Capacitors have been used in long distance EHV transmission lines
for increasing power transfer. The use of series capacitors is generally the
most economic solution for enhancing power flow. However, the problem
of SSR has deterred system planners from going in a big way for series
compensation. While the use of shunt capacitors don’t have the problem of
SSR, they have drawbacks of their effectiveness being dependent largely on
their location. Even when a shunt capacitor is located at the midpoint of a
long line, it requires much larger rating to achieve the same level of increase
in power transfer as a series capacitor. It was shown in chapter 2 that the
ratio of the two ratings is given by

Qse

Qsh
= tan2

(

δmax

2

)

(4.1)

where Qse and Qsh are the ratings of the series and the shunt capacitor
respectively, δmax is the maximum angular difference between the two ends
of the line. For δmax in the range of 30◦–40◦, Qse varies from 7% to 13%
of Qsh. Although the series capacitors tend to be twice as costly as shunt
capacitors (per unit var), they are still cheaper to use. In addition, the
location of a series capacitor is not critical.

The use of thyristor control to provide variable series compensation
makes it attractive to employ series capacitors in long lines. A major advan-
tage is that the SSR problem (Torsional Interaction) is significantly reduced.
The feasibility of fast control of thyristor valves enables the improvement of
stability and damping of oscillations using appropriate control strategies.

The first demonstration project of TCSC was commissioned in 1991
at a 345 kV Kanawha River Substation in West Virginia, U.S.A. under
American Electric Power Company. This was a test installation of thyristor
switches in one phase for rapid switching of series capacitor segment and
was supplied by ABB, Sweden.
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In October 1992, the first three phase TCSC was installed at 230 kV
Kayenta Substation in Arizona under Western Area Power Administration
(WAPA). Here a 15Ω capacitor bank is connected in parallel with a TCR
and permits a smooth and rapid control of (capacitive) reactance between
15 and 60Ω through phase control of TCR.

A larger prototype three phase TCSC was installed in 1993 at 500 kV
Slatt Substation in Oregon under Bonneville Power Administration (BPA).
The project was sponsored by Electric Power Research Institute (EPRI) and
the equipment was developed by General Electric in U.S.A. Here, six modules
of TCSC are connected in series and controlled to provide a variation in
impedance from +1.4Ω to −16Ω.

In Sweden, a long, series-compensated 400 kV transmission line con-
nected to a nuclear power station was chosen to install TCSC by splitting the
existing series capacitor into two parts – a fixed capacitor and a Thyristor
Controlled Series Capacitor at Stode Station [23]. This was necessitated by
an SSR problem that caused repeated triggering of protections. The TCSC
allowed the existing level of compensation to be continued without any SSR
problems.

4.2 Basic Concepts of Controlled Series
Compensation

By controlled series compensation, we imply dynamic control of the degree
of series compensation in a long line. This can be achieved in two ways as

1. Discrete control using TSSC (Thyristor Switched Series Capacitor)

2. Continuous control using

(a) TCSC or

(b) GTO thyristor Controlled Series Capacitor (GCSC)

The configuration using TSSC is shown in Fig. 4.1(a). Here, the
thyristor switch is either off or on continuously. To insert the capacitor, the
switch is turned off while it is turned on to bypass the capacitor. A major
problem with this configuration is that the SSR characteristics of the TSSC
are no different from that of the fixed capacitor. Also, the full line current
flows through the thyristor switch when it is on. Thus, this configuration is
not common.

The configuration using TCSC is shown in Fig. 4.1(b). Here, a TCR
is used in parallel with a fixed capacitor to enable continuous control over the
series compensation. Although harmonics are present in steady state with



4. Thyristor and GTO Controlled Series Capacitor 107

(a). TSSC (b). TCSC

Figure 4.1: Configurations of series compensation

partial conduction of thyristor switches, the TCSC can be used to mitigate
SSR. In addition, TCSC provides inherent protection against over voltages.

The configuration of GCSC in similar to what in shown in Fig. 4.1(a)
except that the switch is made of GTO thyristors to permit turn off capabil-
ity when current is flowing through the switch. This enables, phase control
to be applied to the capacitor in a similar fashion as in a TCR. As a matter
of fact, the GCSC is a dual of the TCR in that the voltage across the ca-
pacitor can be controlled by controlling the conduction (or turn-off) angle
of the GTO thyristor switch.

Although continuous control of the capacitor is possible in both
TCSC and GCSC, the latter is yet to be applied in practice. In compar-
ing TCSC with GCSC, the former has the advantages of (a) lower costs due
to the requirements of conventional thyristors as opposed to GTO and (b)
boost in the capacitor voltage provided by the discontinuous conduction of
the TCR (Note that TCSC is formed by the parallel combination of a fixed
capacitor and a TCR in each phase). The TCSC was also labeled as RANI
(Rapid Adjustment of Network Impedance) in a paper by Vithayathil et al.
[6].

TCSC is a mature technology available for application in AC lines of
voltage up to 500 kV. This chapter will concentrate mainly on TCSC except
for a section on GCSC.

Consider the equivalent circuit of the TCSC modeled as a capacitor
in parallel with a variable inductor (as shown in Fig. 4.2(a)). The impedance
of TCSC (ZTCSC) is given by

ZTCSC =
−jXC · jXTCR

j(XTCR −XC)
=

−jXC
(

1− XC

XTCR

) (4.2)

The current through the TCR (ITCR) is given by

ÎTCR =
−jXC

j(XTCR −XC)
ÎL =

ÎL
(

1− XTCR

XC

) (4.3)
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L C

TCRX X TCR

IL
CX XI

ITCR

LI
X C

ITCR

TCRX

(b). Capacitive operation

(c). Inductive operation

(a). Equivalent circuit of TCSC

Figure 4.2: TCSC circuit representation

Since the losses are neglected, the impedance of TCSC is purely reactive.
The capacitive reactance of TCSC is obtained from (4.2) as

XTCSC =
XC

(

1− XC

XTCR

) (4.4)

Note that XTCSC is capacitive as long as XC < XTCR. XTCR =∞ when the
thyristors are blocked and ITCR = 0. For the condition when XC < XTCR,
ÎTCR is 180◦ out of phase with the line current phases ÎL. In other words,
ÎL is in phase with −ÎTCR.

For the condition where XC > XTCR, the effective reactance of
TCSC (XTCSC) is negative implying that it behaves like an inductor. In

this case, ÎL and ÎTCR are in phase. The capacitive and the inductive oper-
ation of TCSC is shown in Fig. 4.2(b) and (c) respectively.

Example 1

Compute XTCSC

XC
and ITCR

IL
if (a) XTCR = 1.5XC and (b) XTCR =

0.75XC .

(a) From Eqs. (4.4) and (4.3), we get substituting the values

XTCSC

XC
=

1

1− 2
3

= 3.0

ITCR
IL

=
1

1.5− 1
= 2.0
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(b) For XTCR = 0.75XC ,

XTCSC

XC
=

1

1− 4
3

= −3.0

ITCR
IL

=
1

1− 0.75
= 4.0

It is interesting to observe that even though the magnitude of the TCSC re-
actance is same in both (capacitive and inductive) cases, the current through
the TCR is more for the inductive operation (twice that for the capacitive
operation). This indicates that thyristor ratings determine the maximum
limit on the XTCSC for the inductive operation.

The TCR injects also harmonics in addition to the fundamental fre-
quency current. This distorts the capacitor voltage which does not remain
sinusoidal even though the line current remains approximately sinusoidal.
(Note that the presence of harmonics in the capacitor voltage can result in
harmonics in the line current, but for long lines, these can be neglected).
It is also obvious that inductive operation of the TCSC results in higher
voltage harmonics across the capacitor.

The presence of the voltage harmonics invalidate the expression for
the susceptance of TCR derived in chapter 3, (assuming sinusoidal voltage).
This expression is repeated below for ready reference.

BTCR =
σ − sinσ

πXL
(4.5)

Eq. (4.5) cannot be used for the calculation of XTCSC as a function of the
conduction angle (σ). A new expression for XTCSC will be derived in section
4.4.

It is to be noted that XL < XC . A typical value of XL

XC
is 0.16. This

results in protection against over-voltages due to fault currents by increasing
the conduction angle to 180◦. It is obvious that there is a value of the
conduction angle (σres) for which XTCR = XC and the TCSC reactance is
maximum (theoretically infinite when losses are neglected). It is necessary
to ensure that the conduction angle stays within limits even during transient
operation. The ratio of XTCSC

XC
is kept below a limit (say 3.0 in the capacitive

region). The actual value of the limit is also a function of the line current to
ensure that the capacitor voltage rating is not exceeded. In general, there
are three voltage ratings based on the current ratings.

1. Vrated is the maximum continuous voltage across the TCSC. This must
be more than XC ∗ Irated to allow for continuous modulation with
vernier operation (typically with 15 % margin)
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2. Vtemp is the maximum temporary voltage (XCItemp) where Itemp is
the temporary line current (typically 1.35 × Irated) that has a typical
duration of 30 minutes.

3. Vtran is the maximum voltage required during transient swings. This
must be equal to or more than XC × Itran where Itran is the maximum
line current for which the thyristor control is not affected by protective
considerations. Typically, Itran = 2× Irated and lasts for a duration of
3 to 10 seconds.

4.3 Operation of TCSC

A single line diagram of a TCSC is shown in Fig. 4.3 which shows two
modules connected in series. There can be one or more modules depending
on the requirement. To reduce the costs, TCSC may be used in conjunction
with fixed series capacitors.

Li

BREAKER

Figure 4.3: Single Line Diagram of a TCSC

Each module has three operating modes (see Fig. 4.4).

(a) Bypassed

Here the thyristor valves are gated for 180◦ conduction (in each direction)
and the current flow in the reactor is continuous and sinusoidal. The net
reactance of the module is slightly inductive as the susceptance of the reactor
is larger than that of the capacitor. During this mode, most of the line
current is flowing through the reactor and thyristor valves with some current
flowing through the capacitor. This mode is used mainly for protecting the
capacitor against overvoltages (during transient overcurrents in the line).
This mode is also termed as TSR (Thyristor Switched Reactor) mode.

(b) Inserted with Thyristor Valve Blocked

In this operating mode no current flows through the valves with the blocking
of gate pulses. Here, the TCSC reactance is same as that of the fixed capaci-



4. Thyristor and GTO Controlled Series Capacitor 111

(a) Bypassed

(b)Thyristor blocked

(c)Vernier operation

Figure 4.4: Operating Modes in a TCSC

tor and there is no difference in the performance of TCSC in this mode with
that of a fixed capacitor. Hence this operating mode is generally avoided.
This mode is also termed as waiting mode.

(c) Inserted with Vernier Control

In this operating mode, the thyristor valves are gated in the region of (αmin <
α < 90◦) such that they conduct for the part of a cycle. The effective value
of TCSC reactance (in the capacitive region) increases as the conduction
angle increases from zero. αmin is above the value of α corresponding to the
parallel resonance of TCR and the capacitor (at fundamental frequency). In
the inductive vernier mode, the TCSC (inductive) reactance increases as the
conduction angle reduced from 180◦.

Generally, vernier control is used only in the capacitive region and
not in the inductive region.
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4.4 Analysis of TCSC

To understand the vernier control operation of TCSC, it is necessary to
analyze the TCSC circuit (see Fig. 4.5).

¾

/

-

is(t)

vC

C

S
iT

+

Figure 4.5: The TCSC Circuit

For simplicity, it is assumed that the line current is specified and can
be viewed as a current source. The equations are

C
dvC
dt

= is(t)− iT (4.6)

L
diT
dt

= vCu (4.7)

where u = 1 when the switch is closed and u = 0 when it is open. The
current in the thyristor switch and the reactor (iT ) is zero at the instant
when the switch is opened. Note that when u = 0, and the initial current
iT = 0, it remains at the zero value until S is turned on and u = 1. The line
current is is defined by,

is(t) = Im cosωt (4.8)

It is convenient to measure the firing angle (α) form the zero crossing instant
of the line current. It can be shown that the zero crossing of the capacitor
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voltage (vC) coincides with the peak value of the line current in steady state.
The range of α is from 0 to 90◦ corresponding to the conduction angle varying
from 180◦ to 0◦. The angle of advance (β) is defined as

β = 90◦ − α (4.9)

which also varies from 0 to 90◦. Fig. 4.6 shows the waveforms of is(t), iT (t)
and vC(t) with delay angle (α), angle of advance (β) and conduction angle
(σ) indicated.

−90 −45 0 45 90 135 180 225 270

ωt (deg.)

α β 

σ
1

σ
2

i
s
 

v
C

 

i
T
 

Figure 4.6: Waveforms of is(t), iT (t), vc(t)

The equations (4.6) and (4.7) can be solved if the switching instants
are known. The switch, ‘S’ is turned on twice in a cycle (of the line current)
at the instants (assuming equidistant gating pulses)

t1 =
−β
ω

t3 =
π−β
ω

}

(4.10)

where 0 < β < βmax. The thyristor switch turns off at the instants t2 and
t4 given by

t2 = t1 +
σ1

ω
t4 = t3 +

σ2

ω

}

(4.11)
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where σ1 and σ2 are the conduction angles in the two halves of the cycle. In
steady state, σ1 = σ2 = σ with half wave symmetry and

σ = 2β (4.12)

Solution for the time interval (−β ≤ ωt ≤ β)

During this interval, u = 1. From Eqs. (4.6) and (4.7) we obtain

LC
d2iT
dt2

+ iT = is(t) (4.13)

The solution of this differential equation is given by

iT (t) =
λ2

λ2 − 1
Im cosωt+A cosωrt+B sinωrt (4.14)

where

ωr =
1√
LC

, λ =
ωr
ω

=

√

XC

XL
, XC =

1

ωC
, XL = ωL (4.15)

The constants A and B are determined from the boundary conditions. From
Eq, (4.7) and (4.14), we obtain

vC(t) = L
diT
dt

= − λ2

λ2 − 1
ImXL sinωt−AλXL sinωrt+BλXL cosωrt (4.16)

In steady state, due to half wave (odd) symmetry,

vC(ωt = −β) = −vC(ωt = β) (4.17)

The above condition leads to the conclusion that the constant B = 0. This
also shows that the zero crossing of the capacitor voltage occurs at ωt = 0.
Since iT (t) = 0 at ωt = −β, we get

A = − λ2

λ2 − 1
Im

cosβ

cosλβ
(4.18)

and we can express iT (t) and vC(t) as

iT (t) =
λ2

λ2 − 1
Im

[

cosωt− cosβ

cosλβ
cosωrt

]

(4.19)

vC(t) =
ImXC

λ2 − 1

[

− sinωt+
λ cosβ

cosλβ
sinωrt

]

(4.20)

It can be shown that
iT (ωt = β) = 0 (4.21)

and
vC1 = −vC2 (4.22)

where
vC1 = vC(ωt = −β), vC2 = vC(ωt = β)

The expression for vC2 is given by

vC2 =
ImXC

λ2 − 1
[− sinβ + λ cosβ tanλβ] (4.23)
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Solution for the time interval (β < ωt < π − β)

For this interval, u = 0. Also iT (t) = 0. The capacitor voltage (vC) is given
by

vC(t) = vC2 +
1

C

∫ ωt

β
is(t)dωt

= vC2 + ImXC [sinωt− sinβ] (4.24)

Note that the current through the capacitor (iC) is given by

iC(t) = is(t)− iT (t) (4.25)

The waveforms of is(t), iT (t) and vC(t) over a cycle are shown in Fig. 4.6
for λ = 2.5, β = 15◦.

Computation of the TCSC Reactance (XTCSC)

The TCSC reactance corresponding to the fundamental frequency, is ob-
tained by taking the ratio of the peak value of the fundamental frequency
component (VC1) to the peak value of the sinusoidal line current. From
Fourier analysis, the fundamental frequency component (VC1) is calculated
from

VC1 =
4

π

∫ π/2

0
vC(t) sinωtd(ωt) (4.26)

The above equation follows from the fact that vC has half-wave odd symme-
try about the axis ωt = 0. Substituting (4.20) and (4.24) in Eq. (4.26), we
get

VC1 =
4

π

[

∫ β

0
v1C(t) sinωtdωt+

∫ π/2

β
v2C(t) sinωtdωt

]

where

v1C(t) =
ImXC

λ2 − 1

[

− sinωt+
λ cosβ

cosλβ
sinωrt

]

(4.27)

v2C(t) = vC2 + ImXC(sinωt− sinβ) (4.28)

The reactance (XTCSC) is usually expressed in terms of XC . By defining,

XTCSC =
VC1

Im
(4.29)

we can derive the ratio XTCSC

XC
as

XTCSC

XC
= 1+

2

π

λ2

(λ2 − 1)

[

2 cos2 β

(λ2 − 1)
(λ tanλβ − tanβ)− β − sin 2β

2

]

(4.30)
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The above expression can be simplified as

XTCSC

XC
= 1 +

2

π

λ2

(λ2 − 1)

[

−
(

λ2 + 1

λ2 − 1

)

sin 2β

2
− β +

2 cos2 β · λ tanλβ
(λ2 − 1)

]

(4.31)
The capacitor voltage also contains odd harmonics of the order

n = 2k − 1, k = 1, 2, 3, . . . (4.32)

Remarks

1. The fundamental frequency component and the harmonics in the ca-
pacitor voltage can also be obtained from the calculation of harmonics
in the TCR current iT (t).

The peak value of the fundamental component IT1 can be found from

IT1 =
4

π

∫ π/2

0
iT (t) cosωtdωt

=
4

π

[

∫ β

0

λ2

λ2 − 1
Im

[

cosωt− cosβ

cosλβ
cosλωt

]

dωt

]

(4.33)

The fundamental component of the capacitor voltage is obtained from

VC1 = (Im − IT1)XC (4.34)

The peak value of the nth harmonic (ITn) in the TCR current is ob-
tained from

ITn =
4

π

∫ π/2

0
iT (t) cosnωtdωt (4.35)

=
2

π

Imλ
2

(λ2 − 1)

{

sin(n− 1)β

n− 1
+

sin(n+ 1)β

n+ 1

− cosβ

cosλβ

[

sin(n− λ)β
n− λ +

sin(n+ λ)β

n+ λ

]}

(4.36)

The peak value of the nth harmonic in the capacitor voltage (VCn) is
given by

VCn = ITn
XC

n
(4.37)

The ratio
(

VCn
ImXC

)

is obtained as

VCn
ImXC

=
2

π

λ2

(λ2 − 1)

[

sin(n− 1)β

n− 1
+

sin(n+ 1)β

n+ 1

− cosβ

cosλβ

[

sin(n− λ)β
n− λ +

sin(n+ λ)β

n+ λ

]]

, n = 3, 5, 7, . . .

(4.38)
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2. XTCSC

XC
→∞ at βres =

(2k−1)π
2λ where k is an integer. Since the range of

β is limited to 90◦, if λ < 3, there will be only one value of βres at which
the TCR and the capacitor will be in resonance at the fundamental
frequency. Typically, λ = 2.5. The variation of XTCSC

XC
as a function

of β for λ = 2.5 is shown in Fig. 4.7. The negative value of XTCSC

XC

indicate that the reactance is inductive.
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Figure 4.7: Variation of (XTCSC/XC) as a function of β

The variation of
( |VCn|
ImXC

)

as a function of β is shown in Fig. 4.8. The

capacitor voltage wave forms for (i) β = 20◦ and (ii) β = 70◦ are shown
in Fig. 4.9.

3. As the TCSC impedance is very high at resonance (βres) given by

βres =
π

2λ
(4.39)

the operation of TCSC must ensure that the upper limit on β(βmax)
should be strictly enforced even under transient conditions. Generally
XTCSC

XC
< 4 to ensure that the voltage ratings on the capacitor are not

exceeded.
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Figure 4.8: Variation of (Vcn/ImXc) as a function of β

−50 0 50 100 150 200 250

−1

−0.5

0

0.5

1

ωt(deg.)

v C

β=70o 

β=200 

Figure 4.9: Capacitor voltage waveforms for β = 200 β = 700

4.5 Control of TCSC

The control of TCSC also includes protective functions (protective bypass).
The control functions are partitioned into two levels - common (to all mod-
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ules) and the module ( level ). Commands for the control flow from the
common level to the module levels while the status information is sent back
from each module level.

Module Control Functions

There are three basic functions at each module level. These are

(a) reactance control

(b) SSR damping control (involving modulation of the reactance) and

(c) Bypass (for protection)

The controller also ensures that the transients associated with mode tran-
sitions are minimized. The module controller executes the ordered change
to reactance within one half cycle. This includes bypassing, reinsertion and
setting the vernier without overshoot.

The protective bypass (TSR mode) is initiated in response to

(i) line overcurrent

(ii) arrester overcurrent

(iii) arrester energy exceeding a limit.

The line overcurrent protection detects fault currents in the line and
rapidly implements thyristor bypass to reduce duty on MOV (metal oxide
varistors) and capacitors. The bypass is performed on all the three phases
simultaneously. When the line current returns and stays within limits for
a preset time, the bypass is removed. The arrester overcurrent protection
detects overcurrents in the arrester and implements thyristor bypass in the
affected phase(s) to reduce varistor duty. The bypass is removed when the
arrester currents reduce and stay below limits for a preset time.

The arrester energy protection initiates a bypass when
∫

i2dt in the
arrester exceeds its rating. In this case, the bypass is not removed automat-
ically because of the long thermal time constants associated with excessive
arrester energy.

Common Control Functions

The common level receives signals of line current and TCSC voltage to gen-
erate feedback signals for closed-loop control functions. It also receives com-
mands from energy management centre for setting power order. The major
control functions in a TCSC are described below.
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Power Scheduling Control

The simplest type of power scheduling control adjusts the reactance order (or
setpoint) slowly to meet the required steady-state power flow requirements
of the transmission network. The adjustment may be done manually or by
a slow acting feedback loop.

An alternative approach is to use a closed-loop current control in
which the measured line current is compared to a reference current (which
may be derived from the knowledge of the required power level).

An interesting approach to power scheduling is one where during a
transient, the line in which TCSC is situated carries the required power so
that the power flow in parallel paths is kept constant. This is equivalent to
maintaining the angular difference across the line a constant and has been
termed as Constant Angle (CA) control. Assuming the voltage magnitudes
at the two ends of the line are regulated, maintaining constant angle is
equivalent to maintaining constant voltage difference between two ends of
the line.

Both CC (Constant Current) and CA controllers can be of PI type
with dynamic compensation for improving the response. The steady state
control characteristics of both CC and CA control are shown in Fig.4.10(a)
and (b) respectively. Assuming VTCSC to be positive in the capacitive region,
the characteristics have three segments OA, AB and BC. The control range
is AB. OA and BC correspond to the limits on XTCSC . In Fig.4.10(b), the
control range AB is described by the equation

VTCSC = ILXLR − VLo (4.40)

where IL is the magnitude of the line current, XLR is the net line reactance
(taking into account the fixed series compensation if any), VLo is the constant
(regulated) voltage drop across the line (including TCSC). Thus, the slope
of the line AB is the reciprocal of XLR. OA in Fig.4.10(b), corresponds to
the lower limit on TCSC reactance while BC corresponds to the higher limit
on TCSC reactance.

Power Swing Damping Control (PSDC)

This is designed to modulate the TCSC reactance in response to an appropri-
ately chosen control signal derived from local measurements. The objective
is to damp low frequency swing modes (corresponding to oscillation of gen-
erator rotors) of frequencies in the range of 0.2 to 2.0 Hz. One of the signals
that is easily accessible is the line current magnitude. Alternatively, the sig-
nal corresponding to the frequency of Thevenin (equivalent) voltage of the
system across the TCSC can be used. This signal can be synthesized from
the knowledge of voltage and current measurements.
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Figure 4.10: Control Characteristics

Transient Stability Control (TSC)

This is generally a discrete control in response to the detection of a major
system disturbance.

The discrete or bang-bang control of TCSC in response to signals
from locally measured variables is described in [16]. The controller is acti-
vated immediately after a major disturbance such as clearing of a fault and
is deactivated when the magnitude of frequency deviation is below threshold.
This type of control is beneficial not only in reducing the first swing but also
for damping subsequent swings.

Subsynchronous Damping Control (SSDC)

The use of vernier control mode at the module level by setting the reactance
setpoint at the requisite (minimum) level is often adequate to damp sub-
synchronous oscillations caused by series resonance in the line and sustained
due to torsional interaction. However in some cases, the constant reactance
control may not be adequate. In such cases, a damping control is added. The
control signal is based on the synthesis of speed of remote turbo-generators.
The control signal can be derived from the locally measured current and
voltage signals.

The coordination of control actions of all modules in a TCSC is
carried out by devising a suitable logic. For example, at Slatt substation,
the highest priority is given to the need to tackle SSR, which determines the
minimum number of modules to be inserted and their minimum reactance.
The power scheduling control has next priority. Even here, there are two
options - one based on minimizing the losses and other based on maximizing
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smooth operation (avoiding stepped variation in reactance order). It is to
be noted that vernier operation results in increased losses in a module.

Power swing damping control has the next priority in modulating the
set point for reactance. This can be replaced by TSC whenever required.

Under normal operational conditions, all the modules may not be
required. To ensure balanced long term duty for each module in a TCSC,
the control logic also incorporates a rotation feature, according to which, the
modules in series are rotated if no insert/bypass operations occur for some
preset time (say an hour). The rotation is performed without changing the
net reactance.

4.6 Modelling of TCSC for Stability
Studies

For stability studies it is not necessary to model the gate pulse unit and the
generation of gate pulses. It is adequate to assume that the desired value of
TCSC reactance is implemented within a well defined time frame. This delay
can be modelled by first order lag as shown in Fig.4.11. The value of TTCSC
is from 15 to 20 ms. Xref is determined by the power scheduling controller
or in its absence, by manual control based on order from load dispatch.

+1 s TTCSC

1
POWER
SCHED.
CONT.V

Xref X TCSC

Xmin

Xmax

Σ

+

+

Xdes

TCSC

L

MOD.
CONT

u

Xmod

+

REF auxX

I

Figure 4.11: Block diagram of TCSC

The block diagram of constant current (CC) or constant angle (CA)
controller is shown in Fig.4.12. Tm is the time constant of first order low
pass filter associated with the measurement of line current IL and the TCSC
voltage. S = 0 for CC control and S = 1

X for CA control. X is the net
reactance of line given by

X = XLine −XFC (4.41)
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where XLine is the line reactance and XFC is the reactance of the fixed series
capacitor if any. Generally, TCSC will be used in conjunction with fixed
series capacitor to minimize overall cost of compensation while providing
effective control for stability improvement.

1+sTm
1

REG

IL

refXI+

−

Iref Σ

Σ −

+

Im
VTCSC

e

S

Figure 4.12: Block diagram of CC or CA controller

The regulator block diagram is shown in Fig.4.13. This consists
mainly PI controller and phase lead circuit if required. KP , the proportional
gain can be set to zero if only integral control is used. The gainKI is positive
in the case of current control and negative in case of CA control. In the latter
case Iref is actually the voltage reference divided by X. Hence positive error
signal implies the net voltage drop in the line is less than the reference and
XTCSC (assumed to be positive in capacitive region) is to be reduced. On
the other hand for current control, if the error is positive, the controller has
to increase XTCSC to raise the line current to reduce the error.

1+ 1sT
1+sT2

K I
s

1+sTc

K P

Σe +

+
refX

I

Figure 4.13: Block diagram of the Regulator

The modulation controller is designed to damp power swings in the
line by using a control signal derived from local measurement. A convenient
signal to use is the magnitude of line current. The control configuration is
similar to the SMC used in SVC. Xaux could represent the increase in the
reactance order required for mitigating SSR or improving transient stability.

The limits on the total reactance order Xdes are based on the TCSC
capability. For a single module, the operational region of TCSC in the
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Figure 4.14: TCSC capability curves for a module
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Figure 4.15: GTO Controlled Series Capacitor (GCSC)

VTCSC−IL plane is shown in Fig.4.14(a). The operation region in (XTCSC

XC
)−

IL plane is shown in Fig.4.14(b). The voltage and reactances are considered
to be positive when TCSC is in the capacitive region.

The line OA in Fig.4.14(a) corresponds to the constant reactance of
TCSC at its limit Xmax0. This is selected based on the TCSC design and
should be such that the TCSC does not operate close to the resonance point
which would be inherently unstable. A typical value of Xmax0 (in pu of
XC) is 3.0. Line AB corresponds to maximum voltage rating of TCSC. Line
OB corresponds to the operation of TCSC with thyristors blocked. Here
XTCSC = 1 pu.

The line OC has negative slope corresponding to Xbypass (which is
negative) in the bypass mode of TCSC. Line OD corresponds to the upper
limit on the inductive reactance (Xmin0). Line DE corresponds to trhe volt-
age limit of TCSC in the inductive region. EC corresponds to limit imposed
on the thyristor current in the inductive vernier mode. Under normal con-
ditions, the TCSC operates only in the first quadrant of both VTCSC − IL
plane and XTCSC − IL plane.

The operation at constant maximum voltage (across TCSC) implies
that XTCSC is reduced in inverse ratio of the line current.

The equations for TCSC can be written down from the block dia-
grams shown in Fig.4.11 to Fig.4.13.

4.7 GTO Thyristor Controlled Series
Capacitor (GCSC)

A single phase GCSC is shown in Fig. 4.15. It consists of a fixed capacitor in
parallel with a bidirectional switch made up of a pair of GTO thyristors. In
contrast to a thyristor, a GTO thyristor can be turned off upon command.

A GCSC is a dual of a TCR which is connected across a voltage
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Figure 4.16: Representation of a TCR and a GCSC

source which is assumed to be sinusoidal. By phase control (varying the
delay angle α measured from the instant corresponding to peak value of
the source voltage), the current through a TCR can be controlled. See Fig.
4.16 (a) which represents the thyristor valve as a switch that can be turned
on at controllable delay angle (α) in the range from 0 to 90◦. A GCSC
is connected in series with a sinusoidal current source. The controllable
switch is connected in parallel with the capacitor (see Fig. 4.16(b)) while
the thyristor switch is connected in series with the reactor. The switch in
a GCSC is turned off at an angle (γ) measured with reference to the peak
value of the sinusoidal line current (is). When the switch across the capacitor
is turned off at an angle γ, the current is(t) is forced to flow through the
capacitor and the voltage (vC) starts building up according to the relation
given by

vC(t) =
1

C

∫ ωt

γ
is(t)d(ωt) =

1

C

∫ ωt

γ
Im cosωtd(ωt)

=
Im
ωC

[sinωt− sin γ] (4.42)

The GTO switch is closed when vC(t) = 0 and this occurs at the instant
when ωt = π − γ. The switch remains off for the duration δ given by

δ = π − 2γ = 2

(

π

2
− γ

)

= 2β (4.43)

δ may be called the hold off angle (as opposed to the conduction angle in a
TCR). β is the angle of advance defined as

β =
π

2
− γ (4.44)

Both γ and β vary in the range 0 to 90◦. When γ = 0, the capacitor is
continuously conducting and δ = 180◦. When γ = π

2 , δ = 0 and the capacitor
voltage remains at zero as the capacitor is continuously bypassed by the GTO
switch. The instantaneous capacitor voltage is maximum corresponding to
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Figure 4.17: Current and voltage waveforms

the instant when the line current is zero. The capacitor voltage and the line
current waveforms are shown in Fig. 4.17 along with the currents through
the capacitor and the GTO switch. By comparing the TCR quantities (given
in chapter 3) with those shown in Fig. 4.17, it can be observed that the TCR
current is analogous to the capacitor voltage, the voltage across the thyristor
switch (in a TCR) is analogous to the current in the GTO switch and the
voltage across the reactor (in a TCR) is analogous to the current through
the capacitor. It is to be noted that the firing (delay) angle in a TCR (α)
corresponds to the blocking angle (γ) in a GCSC, while the conduction angle
(σ) in a TCR corresponds to the hold off angle δ in a GCSC.

The capacitor voltage waveform is not sinusoidal. The fundamental
frequency component is given by

VC1 =
4

π

∫ π/2

0
vC(t) sinωtd(ωt)

=
4

π

Im
ωC

∫ π/2

γ
[sinωt− sin γ] sinωtd(ωt)
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= ImXC

[

1− 2γ

π
− sin 2γ

π

]

(4.45)

The effective reactance of the GCSC is given by

XGCSC =
VC1

Im
= XC

(

1− 2γ

π
− sin 2γ

π

)

=
XC

π
(δ − sin δ) (4.46)

As δ varies from 0 to 180◦, XGCSC varies from 0 to XC . (Note that in a
TCR, BTCR varies from 0 to BL as σ varies from 0 to 180◦.)

The amplitude of the harmonics voltage (Vcn) across the capacitor,
is given by

Vcn = ImXC
4

π

[

sin γ cos(nγ)− n cos γ sin(nγ)
n(n2 − 1)

]

, n = 2k+1, k = 1, 2, 3, . . .

(4.47)
The third harmonic component has a peak value of 13.8% of (ImXC) at a
value of γ around 35◦. Unlike in a three phase TCR, there is no provision of
connecting the GCSC in a delta to eliminate the triplen harmonics (unless
an insertion transformer is used). The GCSC would normally be inserted
directly (without any magnetics) in series with the line. Fortunately, the
line impedance (inductive) would be sufficiently high to limit the triplen
(zero sequence) current harmonics to values that would not create problems.
Further, just as a segmented TCR (made of multiple modules connected in
parallel) can be operated with all (except one module) in the TSR mode, a
GCSC made up of multiple, identical modules connected in series, can be
operated with all (except one) in a GSSC (GTO Switched Series Capacitor)
mode. However, in comparison with TSR operation it should be noted that a
GTO switch in a GSSC is called upon to turn-off and on at the instant when
the line current is maximum and the capacitor voltage is zero. A thyristor
switch in a Thyristor Switched Series Capacitor (TSSC) can be turned on at
the voltage zero, but has to wait until the instant of current zero to turn-off.
At this instant, the capacitor voltage is maximum and results in dc offset
for the capacitor voltage which is 100% of (ImXc).

4.8 Mitigation of Subsynchronous
Resonance with TCSC and GCSC

4.8.1 Description of SSR

The turbo generators have several rotors corresponding to steam turbines
(High Pressure, Intermediate Pressure and Low Pressure) in addition to
the generator and rotating exciter (if any), all connected by elastic shafts
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which can be modelled as springs. Thus, the mechanical system of rotors
and shaft sections is a lightly damped mass-spring system analogous to the
electrical network of capacitors (analogous to rotor inertias) and inductors
(analogous to the springs). This system has as many torsional modes as
the number of rotors (masses), of frequencies ranging from 0 to 50 Hz (in
the subsynchronous range). These frequencies are computed considering the
mechanical system in isolation. The torsional mode corresponding to the
zero frequency is turned as ‘mode zero’ in which all the rotors participate
equally. (The eigenvector has identical elements). The external electrical
system consisting of the generator stator coils connected to the transmission
network can affect the frequency and damping of the torsional modes. While
the change in the frequency is significant for mode zero, the changes in the
frequencies of the remaining modes are slight and can be neglected. (It is
to be noted that the frequency of the ‘mode zero’ in the combined system
varies in the range of 0.2 to 2.0 Hz and the damping of the oscillations
corresponding to this low frequency mode has been discussed extensively
in the literature since last 40 years and still continues to be important for
secure system operation). The damping of the remaining torsional modes
is significantly affected by the characteristics of the electrical system. A
series compensated transmission line connected to a turbogenerator has a
(electrical) resonance frequency (fer) given by

fer = f0

√

xC
x′′ + xT + xE

(4.48)

where x′′ is the subtransient reactance of the generator, xT is the leakage
reactance of the transformer, xE and xC are the external reactances of the
series connected inductor and capacitor respectively. Since xC < xE , fer <
f0 (f0 is the system frequency). When the torsional mode frequency (fm) is
a complement of the electrical resonance frequency (fer), that is

fm = f0 − fer (4.49)

there is a danger of Subsynchronous Resonance (SSR) which has the primary
consequence of growing torsional oscillations due to the instability of the
torsional mode caused by the large negative damping introduced by the
electrical system. This problem has been termed as Torsional Interaction
(TI) that results in self excitation (steady state SSR problem). Even if the
net damping (due to the mechanical and the electrical system) is positive,
there can be high amplitude transient subsynchronous frequency oscillations
that can damage the shafts. The transient torque oscillations are induced
by large disturbances such as faults followed by their clearing.

An IEEE Committee Report (1985) has defined SSR as follows: “sub-
synchronous resonance is an electric power system condition where the elec-
tric network exchanges energy with a turbine generator at one or more of the
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natural frequencies of the combined system below the synchronous frequency
of the system”. The two aspects of the SSR problem are:

1. Self excitation (also called as steady state SSR)

2. Transient torques (also called as transient SSR)

The self excitation problem includes (a) Induction Generator Effect
(IGE). Here the mechanical system is not modelled. The subsynchronous
frequency (positive sequence) armature currents produce a rotating mmf
which moves slower than the generator rotor. The resistance of the rotor
circuits appear to be negative (viewed from the armature terminals) due
to the negative slip of the machine (corresponding to the subsynchronous
frequency currents). If the net resistance is zero or negative, self excitation
occurs. (b) Torsional Interaction (TI). This is due to the interplay between
the electrical and mechanical system and is a much more serious problem
compared to IGE. The problem was discovered accidentally after the shaft
damage experienced at Mohave generating station in 1970 and 1971.

The analysis of steady state SSR or self excitation problem can be
carried out by linear system methods of checking for the stability of an
operating point (steady state equilibrium). There are two major approaches

1. Damping torque analysis based on frequency domain technique. This
is a heuristic, simpler approach for checking for TI and gives reasonably
accurate results.

2. Eigenvalue analysis based on the state space model of the linearized
system equations. This gives accurate information about the stability
of all the system modes including torsional modes.

The damping torque analysis can be used as a screening tool for fast
evaluation of a host of system conditions for torsional interactions. Since
IGE is not a major problem, it can be neglected. This permits the use of
simple ‘classical model’ of the generator which simplifies the computation of
the damping torque.

The analysis of the transient torques requires detailed system simu-
lation based on the nonlinear models. In the presence of FACTS controllers,
three phase models considering switching action of the thyristor or other
power semiconductor devices are most accurate. However, for SSR analysis,
the modelling of a FACTS controller using D-Q variables (based on syn-
chronously rotating reference frame) is found to be adequate. The use of
D-Q variables implies that the harmonics generated by the FACTS devices
have little effect on the SSR performance. It must be noted that unlike in
the case of study of low frequency phenomena involving swing modes, the
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analysis of SSR requires representation of the network dynamics (by differ-
ential equations rather than algebraic equations involving phasors). Thus,
it is not unusual to employ EMTP (Electromagnetic Transients Program)
type software which was originally developed for the study of lightning and
switching transients.

4.8.2 A Simplified SSR Analysis [32]

Consider the classical model of a generator where the field flux decay, damper
circuits and transient saliency are ignored. Assuming that the generator
rotor oscillates (about a constant speed of ω0) sinusoidally, the per unit
speed (ω̄) is given by

ω̄ = ω̄0 +A sinωmt (4.50)

where ωm is the oscillation frequency of the rotor (about a synchronously
rotating axis) in radians per second. The induced voltages in the armature
in the α− β sequence are given by

eα = ω̄E′ sin(ω0t+ δ) (4.51)

eβ = ω̄E′ cos(ω0t+ δ) (4.52)

Since
dδ

dt
= (ω̄ − ω̄0)ωB (4.53)

we get

δ = δ0 −
(

AωB
ωm

)

cosωmt (4.54)

If the amplitude (A) of the rotor oscillations is very small, the induced volt-
ages consist of three sinusoidal components, one of frequency f0 (in Hz), the
other two components of frequency, f0±fm. We can get this by substituting
Eqs. (4.50) and (4.54) in (4.51) and (4.52). Thus,

eα = ω̄0E
′ sin(ω0t+ δ0)−

AE′

2ωm
(ω0 − ωm) cos[(ω0 − ωm)t+ δ0]

−AE
′

2ωm
(ω0 + ωm) cos[(ω0 + ωm)t+ δ0] (4.55)

eβ = ω̄0E
′ cos(ω0t+ δ0) +

AE′

2ωm
(ω0 − ωm) sin[(ω0 − ωm)t+ δ0]

+
AE′

2ωm
(ω0 + ωm) sin[(ω0 + ωm)t+ δ0] (4.56)

If the network impedance (in the Laplace domain) is

Z(s) = R+ Ls+
1

Cs
(4.57)
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we can obtain the currents flowing in these α and β sequence networks for the
applied voltages given by Eqs. (4.55) and (4.56). These can be converted to
the d−q (in Park’s reference frame) components from the following equation

(iq + jid) = e−j(ω0t+δ)(iβ + jiα) (4.58)

The electrical torque (Te) is given by

Te = E′iq (4.59)

iq contains a constant component and two other components (both oscillat-
ing sinusoidally at frequency fm) due to the (i) subsynchronous components
and (ii) supersynchronous components of the armature currents. The oscil-
lating component (of frequency, fm) of the electrical torque consists of two
components, T sube and T supe corresponding to the sub- and supersynchronous
components of the armature currents. These can be derived as

T sube = E′isubq =
−A(E′)2

2ωmZsub
(ω0 − ωm) sin(ωmt+ φsub) (4.60)

T supe = E′isupq =
A(E′)2

2ωmZsup
(ω0 + ωm) sin(ωmt− φsup) (4.61)

The damping torque coefficient (TDe) is given by

TDe = Re

[

∆Te(jωm)

∆ω̄(jωm)

]

(4.62)

where ∆Te = T sube + T supe and ∆ω = A sinωmt. It can be shown from Eqs
(4.60) to (4.62) that

TDe(ωm) = −
(E′)2

2ωm

[

(ω0 − ωm)
Zsub

cosφsub −
(ω0 + ωm)

Zsup
cosφsup

]

(4.63)

It is to be noted that Zsub 6 φsub and Zsup 6 φsup are the impedances of the
network calculated at the sub- and supersynchronous frequencies. That is,

Zsub 6 φsub = Z[s = j(ω0 − ωm)]
Zsup 6 φsup = Z[s = j(ω0 + ωm)]
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Remarks

1. The damping due to the subsynchronous frequency currents is negative
while that due to the supersynchronous frequency currents is positive.
This results from the fact that both φsub and φsup can vary in the range
−90◦ to 90◦ and cosφ is positive in this range.

2. If the electrical network is resonant at a frequency (fer) which is close
to the frequency, f0 − fm, then Zsub ¿ Zsup for typical values of
the network impedances. Actually if fer = f0 − fm, then Zsub =
R and φsub = 0. Also φsup ' 90◦. Thus T sube has a much larger
magnitude compared to T supe and TDe tends to be negative. If we
make the approximation, T supe ' 0, then,

TDe(ωm) =
−(E′)2

2ωm

(ω0 − ωm)
Zsub

cosφsub

' −(ω0 − ωm)
2ωm

G(ω0 − ωm) (4.64)

where
G(ω0 − ωm) = Re[Z−1(j(ω0 − ωm))] (4.65)

is the conductance of the network viewed from the generator internal
bus.

The significance of the damping torque coefficient (TDe) is that with
some approximations, it is related to the change in the decrement factor
(∆σe) brought about by the electrical system. We can show that for neg-
ligible mechanical damping, the electrical system results in the decrement
factor (for oscillation at frequency, fm)

σe '
TDe(ωm)

4Hm
(4.66)

where Hm is the ‘modal’ inertia constant which is associated with the swing
equation in the decoupled modal variables given by

2Hm

ωB

d2∆δm

dt2
+Km∆δ

m = −∆Te (4.67)

(Note that since the damping torque is related to the linearized systems,
we are dealing with the linearized swing equation in the modal domain. In
deriving (4.67), it is assumed that the mechanical torques are constants). the
relationship between the generator rotor angle (∆δ) and the modal variables
(∆δm, 0, 1, 2, ...(N − 1)) is given by

∆δ =
m=N−1
∑

m=0

∆δm (4.68)
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Figure 4.18: Block diagram

where N is the number of rotor masses, m = 0 corresponds to mode zero.
The modal frequency (fm) is given by

fm =
1

2π

√

ωBKm

2Hm
(4.69)

For m = 0,Km = 0 and fm = 0

Remarks

1. The concept of modal inertias is quite significant in judging the effect
of the electrical system. For large modal inertias, the electrical system
has negligible effect (see Eq. (4.66))

2. For mode zero, the modal inertia is the sum of all the rotor inertias.

Fig. (4.18) shows the block diagram depicting the interaction be-
tween the electrical and the mechanical (in the modal domain) systems.

Here, H(s) is defined by

H(s) =
∆Te(s)

∆δm(s)
(4.70)

andK is a parameter introduced for convenience. The value ofK is obviously
equal to 1. However, K = 0 indicates that the electrical system is not
considered. In the absence of the electrical system, the eigenvalues of the
system are imaginary given by

λm = ±jωm (4.71)

It can be shown that TDe(ωm) can be expressed as

TDe(ωm) = Re

[

ωB
jωm

H(jωm)

]

(4.72)
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The sensitivity of the eigenvalues (λ = −σ± jω) with respect to the param-
eter K, evaluated at K = 0, is given by

∂λ

∂K
|K=0 = −RH(s)|s=±jωm (4.73)

where R is the residue corresponding to the initial eigenvalues ±jωm, given
by

R = ± ωB
4jHmωm

(4.74)

(Note that for K = 0, λ = ±jωm).

The sensitivity of the decrement factor σ is given by

dσ

dK
|K=0 = Re[RH(jωm)] =

TDe(ωm)

4Hm
(4.75)

If the sensitivity remains constant as K varies from 0 to 1, then Eq. (4.66)
applies.

4.8.3 Modelling of TCSC for SSR Analysis

The initial attempts at modelling a TCSC considered the discrete control of
the device as the firing of the thyristor valve (switch) in the TCR occurs only
twice in a cycle. However, since the frequencies involved in the SSR phe-
nomenon are less than 2f0 (f0 is the fundamental frequency), the continuous
time modelling of a TCSC is quite accurate in capturing the sybsynchronous
behaviour of a TCSC. We will discuss two models proposed [14,29] in this
section and finally present a new model based on switching functions. It is
to be noted that the accuracy of a model needs to be validated by detailed
simulation considering switching action.

It should be noted that mitigation of SSR with a TCSC is generally
possible only through the vernier mode of operation. The partial conduction
of the TCR

(

β < π
2λ

)

results in net increase in the capacitive reactance at the
fundamental frequency but results in inductive behaviour at subsynchronous
frequencies (below a limit corresponding to a specified value of β). For
example, the measured response at 35 Hz for the Kayenta TCSC, showed
inductive behaviour for conduction angles (σ = 2β) above 20◦. Similar
response was also observed for the Slatt TCSC. The inductive behaviour
of a TCSC in the critical frequency range is primarily responsible for the
mitigation of torsional interaction.

Synchronous Voltage Reversal (SVR) and the TCSC
Impedance at Subsynchronous Frequencies

When the thyristor switch (in the TCR connected in parallel with the fixed
capacitor) fires, the voltage across the capacitor reverses if there are no losses
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Figure 4.19: TCSC circuit

in the TCSC and the line current magnitude is assumed to be small. For
the circuit shown in Fig. 4.19, we can derive (for is ' 0), that

iT (t) =

√

C

L
VCO sinωrt, 0 ≤ t ≤ π

ωr

vC(t) = L
diT
dt

=
√
LC · ωrVCO cosωrt

= VCO cosωrt

Since, ωr = λω0, we can express iT (t) as

iT (t) =
VCOλ

XC
sin(λω0t)

It is obvious that when ωrt = π, the TCR current goes to zero and
the capacitor voltage reverses to −VCO. The charge passing through the
TCR branch is 2CVCO.

The response of the TCSC circuit can be considered as the super-
position of responses due to (i) the line current and (ii) the reversal of the
capacitor voltage due to the partial conduction of the TCR. In ref. [14] it
is postulated that the impedance characteristics of a TCSC can be approx-
imately calculated even if we assume the conduction angle (σ) approaches
zero. This approximation is based on the fact that the peak value of the
TCR current is much larger than the peak value of the line current (for a
high value of λ).

The frequency characteristics in the subsynchronous frequency range
can be derived for small perturbations. Considering that the response is
sampled at a frequency 2f0, let us select the sampling instants tk and tk+1

as midpoints between voltage reversals. Assuming the voltage reversal is
instantaneous (as mentioned earlier), we have, for tk ≤ t < tk+ 1

2

C
dvC
dt

= is(t) (4.76)
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For tk+ 1

2

< t ≤ tk+1 also, the above equation applies.

Linearizing Eq. (4.76), we can express

∆v−C

(

k +
1

2

)

= ∆vC(k) +
1

C

∫ t
k+1

2

tk

∆is(t)dt (4.77)

∆vC(k + 1) = ∆v+C

(

k +
1

2

)

+
1

C

∫ tk+1

t
k+1

2

∆is(t)dt (4.78)

where ∆v−C
(

k + 1
2

)

and ∆v+C

(

k + 1
2

)

are the perturbations in the capaci-

tor voltage just prior to and immediately after the (instantaneous) voltage
reversal. Assuming some losses in the TCR, we can write

v+C

(

k +
1

2

)

= −Dv−C
(

k +
1

2

)

(4.79)

where D is the loss factor (D < 1).

Substituting Eq. (4.79) in (4.78) and using Eq. (4.77), we get

∆vC(k+1) = −DvC(k)−D[∆q

(

k +
1

2

)

−∆q(k)]+∆q(k+1)−∆q

(

k +
1

2

)

(4.80)
where ∆q is the change in charge due to the line current ∆is.

Taking z transform of Eq. (4.80), we can derive

∆VC(z)

∆Q(z)
=

(z1/2 −D)(z1/2 − 1)

(z +D)
(4.81)

In continuous time, the transfer function (in Laplace variable) is obtained
by substituting z = esT , where T = π

ω0
, ω0 is the operating radian frequency.

Noting that,

∆Q(s) =
1

sC
∆Is(s) (4.82)

we can obtain the frequency response by substituting s = jω. The final
expression for the apparent impedance of TCSC is,

Zapp(jω) =
∆VC(jω)

∆Is(jω)

= −jXC
ω0
ω

(e
jωπ
2ω0 −D)(e

jωπ
2ω0 − 1)

(e
jωπ
ω0 +D)

(4.83)

If D = 1.0 (neglecting losses in the TCR), we can express Zapp(jω) as

Zapp(jω) = jXC
ωo
ω

(1− cos ω
ωo

π
2 )

cos( ωωo
π
2 )

(4.84)
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Figure 4.20: TCSC firing control

Eq. (4.84) shows that the apparent impedance is inductive for all ω < ω0.

It is to be noted that the above expression ignores the non-zero con-
duction angle of the TCR which is also a function of is(t).

It is common to express the TCSC reactance as a normalized value

of
(

XTCSC

XC
= KB

)

. KB is also termed as the boost [14]. The reference value

of KB is obtained from a higher level control (such as power or current
control). Although the firing angle, α, can be directly determined from KB

(in a similar fashion as the susceptance control in a SVC), this type of open
loop control is not desirable in a TCSC. The primary reason is the danger
of straying close to the resonance

(

βres =
π
2λ

)

and the consequent problem
of over voltages. For high values of λ, the KB is highly nonlinear as KB

increases from unity. Also, the response time with open loop control of KB

is of the order of several hundred ms.

Since the voltage boost can be directly controlled by adjusting the
time instant at which the TCR is fired (advancing the firing instant increases
the boost while delaying the firing instant reduces the boost), a simple feed-
back control of the voltage boost is feasible. This is shown in Fig. 4.20.

The firing pulses are synchronized with the line current as it is prac-
tically sinusoidal unlike the capacitor voltage. The PLL gives a start pulse
to the time correction circuit at tst. The time correction circuit generates
firing pulse at tF which is calculated from measured instantaneous values
of iLine(t) and vC(t). The instant tF varies depending on the boost level
required. However, the instant tp at which the capacitor voltage crosses zero
(also the instant when the thyristor (TCR) current is at its peak) is not
disturbed for all operating conditions.

Remarks

1. The presence of DC and subsynchronous frequency components in the
capacitor voltage introduces asymmetry in the positive and negative inter-
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vals. The synchronous voltage reversal has the property of forcing half-wave
symmetry which will reduce the subsynchronous components.

2. The TCSC at Stode substation in Sweden is primarily utilized
to mitigate SSR. In such applications, the frequency ratio λ = ωr

ω0
can be

selected much higher than in situations where TCSC in primarily utilized
for power control.

Dynamic Phasor Model of TCSC [28,29]

Neglecting harmonics, the TCR current iT (t) and the capacitor voltage can
be represented as dynamic phasors defined by

IT = ITQ + jITD

VC = VCQ + jVCD

Is = IsQ + jIsD

Eqs. (4.6) and (4.7) can be expressed in terms of dynamic phasors as

C
dVC
dt

= Is − IT − jω0CVC (4.85)

L
dIT
dt

= 〈uvC〉1 − jω0LIs (4.86)

where u = 0 when iT (t) = 0 and u = 1 when iT (t) 6= 0, 〈uvC〉1 indicates the
fundamental frequency component of the time-varying (periodic) variable
(uvC(t)). We can simplify the analysis by assuming that the TCR is in
quasi-steady state based on the approximation that IT has fast dynamics
relative to that of VC . Thus, we can express

IT '
VC

jω0Leff (σ)
(4.87)

where

Leff (σ) =
1

ω2
0[C − Ceff (σ)]

and

XTCSC(σ) =
1

ω0Ceff (σ)

The value of the conduction angle (σ) that is used in the above expression
depends on the pulse firing scheme. Assuming that the firing pulses are
synchronized with the line current, for constant firing angle control, where
α = α∗ = π−σ∗

2 , under dynamic conditions,

σ = σ∗ + 2φ (4.88)
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Figure 4.21: Transient waveforms

where φ is the phase angle by which the phasor −ÎT lags the phasor ÎS . (see
Fig. 4.21). It is assumed that the peak value of the current in the TCR
branch occurs at the midpoint of the conduction period. The angle φ can
be expressed as

φ = arg[−IsĪT ]
= arg[−jIsV̄C ] (4.89)

where ĪT and V̄C indicate complex conjugates of IT and VC respectively.

Remarks

The model based on Eqs. (4.85), (4.86) to (4.89) has given accurate results
for constant α control of a TCSC. The results predicted from the model were
compared with the simulation results [33].

A Case Study

The system considered is based on IEEE First Benchmark Model (FBM)
[32,42]. The generator data are identical. The reactance external to the
generator terminals is assumed to be 1.0 pu including the leakage reactance
of the generator transformer and the system impedance at the receiving end
of the line. The series resistance is assumed to be 0.02 pu (which is on the
low side). The generator is provided with a static excitation system having
data KA = 200, TA = 0.025 s. The operating conditions are Vg = Eb = 1.0,
Pb = 1.0 (Vg and Eb are voltage magnitudes at the generator terminals and
the infinite bus respectively). A speed input PSS is provided to damp low
frequency rotor oscillations. A torsional filter in the PSS is designed to avoid
SSR interactions.
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The series compensation consists of a fixed capacitor of 0.28 pu in
series with a TCSC (XC = 0.1, λ = 2.0). The system model is linearized at
the operating point and the eigenvalues of the system matrix are computed.
The eigenvalues corresponding to the torsional and the network modes are
shown in Table 4.1 for the two cases (i) σ = 0 and (ii) σ = 50◦. For the first
case, XTCSC = XC and for the second case, XTCSC = 1.19 XC .

Table 4.1: Eigenvalues corresponding to torsional and network modes.

Case (i): σ = 0 Case (ii): σ = 50◦ Comments

−1.8504± j298.17 −1.8504± j298.17 Mode 5
−0.3612± j202.74 −0.3036± j202.75 Mode 4
0.8260± j160.95 −0.3916± j160.58 Mode 3
−0.0729± j127.00 −0.0563± j127.00 Mode 2
−0.2338± j99.18 −0.1618± j99.18 Mode 1
−0.6739± j9.36 −0.6271± j9.53 Mode 0

(Swing mode)
−3.5581± j161.39 −20.905± j163.44 Subsynch. Network mode
−3.4802± j592.18 −21.064± j566.41 Supersynch. Network mode

From the results, it is observed that the third torsional mode (having
radian frequency of 161) is unstable for case (i) but stable for the case (ii).
Mode 5 is not affected by the external network as it has very high modal
inertia. The damping of modes 0, 1, 2 and 4 is reduced for the case (ii) while
the damping of the network modes is significantly increased.

The stability of the torsional modes is investigated as the conduction
angle is increased from 0◦ to 80◦. It was observed that the system was stable
only in the range 32◦ < σ < 72◦. For σ < 32◦, the instability is due to mode
3 while for σ > 72◦, mode zero causes instability. The analytical results were
validated by detailed transient simulation [33].

The dynamic phasor model of the TCSC gives reasonably accurate
results. It is observed that the network resonance frequency is marginally
increased by the vernier operation of TCSC.

4.8.4 A TCSC Model Based on Switching
Functions

From Fig. 4.5, the current in the TCR branch is described by Eq. (4.7)
given below.

L
diT
dt

= vC(t) · u(t) (4.90)
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where u(t) is a switching function. In steady state it is periodic (of frequency
2 f0) and is shown in Fig. 4.22.

u(t)

1.0

−β 0 +β π−β π+β tωπ

1.0

Figure 4.22: Switching function for the TCR

From Fig. 4.22, we have

u(t) = 1, −β ≤ ωt ≤ β
= 0, β ≤ ωt ≤ π − β

We can approximate u(t), by Fourier analysis

u(t) ' U0 + U1 cos 2ωt (4.91)

where

U0 =
2β

π
, U1 =

2

π
sin 2β

If vC(t) = V1 sinω0t+∆vC(t), substituting in Eq. (4.90) results in

L
diT
dt

= (U0 + U1 cos 2ωt0)(V1 sinω0t+∆vC(t)) (4.92)

Case (i) ∆vC(t) = 0

L
diT
dt

=
U1V1 sin 3ω0t

2
+ V1 sinω0t

(

U0 −
U1

2

)

iT (t) = −
U1V1 cos 3ω0t

6XL
− V1 cosω0t

XL

(

U0 −
U1

2

)

Substituting the above expression in Eq. (4.6), we get

C
dvC
dt

= Im cosω0t− iT (t)

=

[

Im +
V1
XL

(

U0 −
U1

2

)]

cosω0t+
U1V1
6XL

cos 3ω0t
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The fundamental component (V1) can be obtained from substituting vC(t) =
V1 sinω0t in the L.H.S. of the above equation. We get

V1
XC

cosω0t =

[

Im +
V1
XL

(

U0 −
U1

2

)]

cosω0t

V1 =
ImXC

1− U0λ2 +
U1

2 λ
2

(4.93)

From Eq. (4.93), we obtain XTCSC as

XTCSC =
V1
Im

=
XC

1−
(

2β
π −

sin 2β
π

) (

XC

XL

) (4.94)

Note that the above expression is identical to the one where XTCR

is approximated as

XTCR '
πXL

σ − sinσ
=

πXL

2β − sin 2β

Case (ii) ∆vC(t) 6= 0.

As discussed in section 4.8.2, the torsional oscillations (of frequency
ωm) in the rotor lead to the presence of subsynchronous components (of
frequency, (ω0 − ωm)) and a supersynchronous (of frequency, (ω0 + ωm))
components in the voltages and currents in the transmission line. Hence, we
can assume that

∆vC(t) = Vsub sinωsubt+ Vsup sinωsupt (4.95)

where, ωsub = ω0 − ωm = ωe, ωsup = ω0 + ωm = 2ω0 − ωe.

The Eq. (4.95) represents the response of the TCSC to the presence
of the perturbations in the line current given by

∆is(t) = Isub cosωsubt+ Isup cosωsupt (4.96)

The perturbation in the current flowing in the TCR branch is ob-
tained from

L
d∆iT
dt

= (U0 + U1 cos 2ω0t)(Vsub sinωet+ Vsup sin(2ω0 − ωe)t) (4.97)

Neglecting higher frequency components in ∆iT (t) and considering
only subsynchronous and supersynchronous components, we can obtain

∆iT (t) =
1

Lωsub

[

U1

2
Vsup − U0Vsub

]

cosωsubt

+
1

Lωsup

[

U1

2
Vsub − U0Vsup

]

cosωsupt (4.98)
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Substituting Eqs. (4.95) and (4.98) in

C
d∆vC(t)

dt
= ∆is(t)−∆iT (t) (4.99)

permits us to relate Isub, Isup to Vsub and Vsup. The final equations are

CωsubVsub = Isub −
1

Lωsub

[

U1

2
Vsup − U0Vsub

]

(4.100)

CωsupVsup = Isup −
1

Lωsup

[

U1

2
Vsub − U0Vsup

]

(4.101)

The above equations can be expressed as,







ω̄subBC

(

1− U0

ω2
sub

LC

)

U1BC ω̄sub
2ω2

sub
LC

U1BC ω̄sup
2ω2

supLC
ω̄supBC

(

1− U0

ω2
supLC

)







[

jVsub
jVsup

]

=

[

Isub
Isup

]

(4.102)
where

ω̄sub =
ωsub
ω0

, ω̄sup =
ωsup
ω0

, BC = ω0C

The above equation indicates that a subsynchronous current can re-
sult in a supersynchronous voltage and vice versa. This is unlike in a passive
linear circuit where the sub- and super-synchronous currents produce only
voltages having the same frequency as the line current. The presence of the
supersynchronous frequency voltage across the TCSC due to subsynchronous
frequency currents has been reported in ref. [34] from SSR studies and TNA
(Transient Network Analyzer) test results. However, a mathematical analy-
sis is not presented.

Remarks

1. The determinant of the matrix in Eq. (4.108) can be expressed as

Det = ω̄subω̄supB
2
C

[

a1a4 −
U2
1λ

4

4ω̄subω̄2
sup

]

where

a1 = 1− U0λ
2

ω̄2
sub

, a4 = 1− U0λ
2

ω̄2
sup

For small values of β, it is obvious that

U1 ' 2U0
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With the above approximation, we can obtain

Det ' ω̄subω̄supB2
C

[

1− U0λ
2

(

1

ω̄2
sub

+
1

ω̄2
sup

)]

The determinant is zero for β = βcr where βcr is defined as

βcr =
π

4

(ω2
0 − ω2

m)
2

λ2(ω2
0 + ω2

m)ω
2
0

(4.103)

For λ = 2.5, ωm = 0.4ω0, we get βcr = 10.43◦.

If β > βcr, the nature of the TCSC reactance changes from capacitive
to inductive.

2. If the switching function is represented by more terms in the
Fourier series it is possible to get improved accuracy of the results. For ex-
ample, XTCSC corresponding to the fundamental frequency would be calcu-
lated with better accuracy than what is obtained from Eq. (4.94). However,
for small values of β, the approximation given by Eq. (4.94) is considered
to be adequate [9].

The computation of harmonic voltage across the TCSC can also be
obtained from an accurate Fourier analysis of the switching function. In
general, the switching function u(t) can be expressed as

u(t) = U0 + U1 cos 2ω0t+ · · ·Un cos 2nω0t

where

Un =
2

π

∫ π/2

−π/2
cos 2nθdθ =

2

π

sin 2nβ

n

3. The analysis has assumed that the sub- and supersynchronous
currents are in phase. However, this assumption does not affect the critical
nature of β at which the determinant changes sign (as it goes through zero).

It is to be noted that the calculation of sub- and supersynchronous
currents would depend also on the passive elements of the network. If it is
assumed that Isup ' 0, then Eq. (4.102) can be approximated as

−jωsub(BC)

Det

(

1− U0

ω̄supLC

)

Isub = Vsub

It is obvious that there is a value (βz) of β at which the reactance is
zero. This value for the data given is βz = 20.2◦.
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4.8.5 A Discrete Control Strategy for TCSC to
Damp Subsynchronous Oscillations

It was mentioned earlier, that the TCSC has to be operated in the (capaci-
tive) vernier mode to enable mitigation of SSR. In this subsection, we discuss
the possibility of using discrete control of TCSC by using Thyristor Switched
Series capacitors (TSSC). The control strategy is based on the concept of
phase imbalance proposed by Edris in [35] and [36].

The damping torque coefficient TDe can be approximately evaluated
as (Eq. 4.64)

TDe(ωm) '
−(ω0 − ωm)

2ωm
Gp(ω0 − ωm)

Here Gp is the conductance of the positive sequence network, eval-
uated at the frequency (ω0 − ωm). When there is phase imbalance, the
admittance (Yp) of the positive sequence network is given by

Yp =
1

3
(Yaa + Ybb + Ycc) (4.104)

where Yaa, Ybb and Ycc are the self admittances of the phases a, b, and c
respectively. For simplicity, mutual admittances are neglected.

Assuming that all three phases are balanced and the electrical reso-
nance frequency (ωr) is (ω0 − ωm), then we get

Gp(ω0 − ωm) =
1

R
(4.105)

In deriving the above, we have assumed that

Yaa = Z−1
aa , Zaa = R+ j

(

ωL− 1

ωCa

)

Ybb = Z−1
bb , Zbb = R+ j

(

ωL− 1

ωCb

)

Ycc = Z−1
cc , Zcc = R+ j

(

ωL− 1

ωCc

)

Note that the imbalance is introduced by unequal capacitance in the three
phases. This results in unequal resonance frequencies in the three phases.
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If we assume that only phase b has a resonance frequency of (ω0−ωm),
we can calculate Gp as

Gp = Gpu =
1

3







R

R2 + (ω0 − ωm)2L2
(

1− ω2
ra

ω2
r

)2 +
1

R

+
R

R2 + (ω0 − ωm)2L2
(

1− ω2
rc

ω2
r

)2







where

ω2
ra =

1

LCa
, ω2

rc =
1

LCc
, ωr =

1

LCb
= ω0 − ωm

Obviously, we have Gpu <
1
R . Thus, phase imbalance can reduce the negative

damping introduced by series capacitors. In general, phase imbalance can
mitigate torsional interaction (Note that TI is maximum when ωr = ω0−ωm).

A case study based on IEEE SBM (Second Benchmark Model) [32]
is presented in ref. [37]. With a 55% balanced compensation in the series
compensated line, it was observed that the torsional mode 1 (at 24.6 Hz)
becomes unstable. However, with zero compensation in phase a, 75% com-
pensation in phase c without altering the level of compensation in phase b
(55%) stabilizes the system with minimum value of the (negative) TDe. The
analytical results have been validated by detailed transient simulation. It
was also observed that the torsional mode is equally damped when the com-
pensation levels in phases a and c are reduced from 55% to 10% (without
altering compensation of phase b).

4.8.6 Analysis of SSR with GCSC

The analysis is based on similar lines as that given in section 4.8.4. Consider
the circuit of GCSC shown in Fig. 4.23.

is(t) + C

iT(t)

Figure 4.23: GCSC circuit

The equation for the capacitor voltage vc(t) is given by

C
dvC
dt

= is(t)− iT (t)
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Figure 4.24: Line current, capacitor voltage and switching function wave-
forms in a GCSC

where
iT (t) = (1− u(t))is(t)

Hence,

C
dvc
dt

= u(t)is(t) (4.106)

We can approximate u(t) (as before) as

u(t) ' U0 + U1 cos 2ω0t

The line current, is(t) is defined by

is(t) = −Is sinω0t+∆is(t) (4.107)

Fig. 4.24 shows the line current, capacitor voltage and switching function
waveforms. Note that the period of the switching function is π

ω0
as before.

Case (i) ∆is(t) = 0

Substituting Eq. (4.107) in (4.106), we obtain the fundamental com-
ponent of vC(t) as

vC1(t) = V1 cosω0t
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where

V1 = IsXC
(2β − sin 2β)

π
(4.108)

Note that the blocking angle (measured from the instant of the peak of the
line current) is γ = π

2 − β and the hold off angle (δ) is 2β.

Case (ii)

∆is(t) = −Isub sinωsubt− Isup sinωsupt (4.109)

Substituting Eq. (4.109) in (4.108) and simplifying we can derive the fol-
lowing equation

vC(t) = V1 cosω0t+ Vsub cosωsubt+ Vsup cosωsupt (4.110)

where Vsub and Vsup are related to Isub and Isup by the equation
[

Vsub
Vsup

]

=

[

U0

Cωsub
−U1

2Cωsub−U1

2Cωsup
U0

Cωsup

] [

−jIsub
−jIsup

]

(4.111)

The determinant of the 2× 2 matrix can be expressed as

Det =
1

C2ωsubωsup

(

U0 −
U1

2

)(

U0 +
U1

2

)

(4.112)

Since,

U0 =
2β

π
, U1 =

2

π
sin 2β

we note that

Det =
XCXGCSC(2β + sin 2β)

ω̄sub · ω̄supπ
where

ω̄sub =
ωsub
ω0

, ω̄sup =
ωsup
ω0

and

XGCSC = XC
(2β − sin 2β)

π

It is obvious that Det is always positive and no change of sign occurs.
Thus a GCSC (unlike a TCSC) has capacitive response.

If Isup ' 0, then we obtain

Vsub =
2β

πCωsub
Isub =

1

C ′ωsub
Isub (4.113)

where C ′ can be expressed as

C ′ = Ceq

(

1− sin 2β

2β

)

(4.114)
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where

Ceq =
πC

2β − sin 2β
(4.115)

If a fixed capacitor of value Ceq is used instead, we would obtain,

Vsub =
1

ωsubCeq
Isub (4.116)

Thus the effect of GCSC is to modify the effective value of the ca-
pacitance from Ceq to C ′ which results in determining the resonance. It is
to be noted that we have assumed that the hold off angle is held constant
by the GCSC firing controls.

The mitigation of SSR by a GCSC is limited to changing the reso-
nance frequency as compared to a fixed capacitor. This may not be adequate
and Subsynchronous Damping Controller (SSDC) may have to be used as a
supplementary controller to damp subsynchronous oscillations.

4.9 Applications of TCSC

The major objective in applying TCSC is to increase power transfer ca-
pacity in critical transmission lines (typically tie lines) under contingency
conditions. Under normal steady state conditions, series compensation us-
ing fixed capacitors may be adequate unless SSR becomes a problem. A
TCSC may be used in such cases to damp (mitigate) SSR by converting a
part of the fixed compensation to controllable series compensation.

Often, the contingency conditions are also accompanied by low fre-
quency oscillations that can threaten dynamic security. Sometimes, tran-
sient stability may be affected. Thus, it becomes necessary to provide Power
Oscillation Damping (POD) using appropriate control signals synthesized
from local measurements. Typically active power or line current have been
suggested as input to POD [27].

In the restructured electricity supply regime, the problem is to in-
crease the Available Transfer Capability (ATC) which is defined as a measure
of transfer capability for transfers of power for further commercial activity,
over and above already committed uses [38]. The reference [39] has discussed
the application of SVC and TCSC to maximize ATC. The optimal size of
a FACTS controller such as a TCSC is defined as that which results in the
minimum cost of enhancing ATC.

An important consideration in the application of TCSCs is their lo-
cation. Based on DC power flow analysis, a technique is suggested in [40]
that ranks the effectiveness of the location of a TCSC. The norm of the
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sensitivity vector
[

∆PL
∆Xj

]

when the ith element of the vector is given by ∆PLi
∆Xj

,

determines the rank. Here, ∆PLi is the change in the power flow in ith line
when there is a change in the reactance of line j. The sum norm of a vector
v is defined by

Norm[v] =
n
∑

i=1

|v(i)|

is suggested as a convenient measure. The line which results in maximum
value of the norm is the most effective location. It is to be noted that within
a line, the location of the controller is not significant.

The ratings of the TCSC are determined from power flow, SSR and
transient stability studies [24].

The choice of λ
(

ωr
ω0

)

is important in the design of a TCSC. Higher

values require increased thyristor currents and ratings of the TCR. In Kayenta
TCSC, λ was reduced by doubling the value of the inductance from 3.4 to
6.8 mH. As mentioned earlier, λ should be less than 3 to ensure that only
one resonance occurs in the range 0 ≤ β ≤ 90◦ (Note that βres = 90◦/λ).

In India, the first (commercial) TCSC was commissioned on 400 kV
Raipur-Rourkela double circuit link in September 2004. A combination of
40% fixed series compensation and 5-15% variable compensation (TCSC)
is used to provide dynamic power control during a HVDC pole outage of
Talcher-Kolar HVDC link.

References and Bibliography

1. L. Angquist, B. Lundin and J. Samuelsson, “Power Oscillation Damp-
ing Using Controlled Reactive Power Compensation - A Comparison
between Series and Shunt Approaches”, IEEE Trans. on Power Sys-
tems, v.8, n.2, 1993, pp.687-700

2. F.P deMello, “Exploratory Concepts on Control of Variable Series
Compensation in Transmission Systems to Improve Damping of Inter-
machine/System Oscillations”, IEEE Trans. on Power Systems, v.9,
n.1, 1994, pp.102-108

3. R. Johnson, P. Krause, A. Montoya, N. Christl and R. Hedin, “Power
System Studies and Modelling for the Kayenta 230 kV Substation Ad-
vanced Series Compensation”, IEE Fifth Int. Conf. on AC and DC
Power Transmission, Sept.17-20, 1991, London, UK.

4. N. Christl, R. Hedin, K. Sadek, P. Lutzelburger, P.E. Krause, S.M.
McKenna, A.H. Montoya and D. Torgerson, “Advanced Series Com-
pensation(ASC) with Thyristor Controlled Impedance”, CIGRE , Pa-
per 14/37/38-05, 1992



152 FACTS Controllers in Power Transmission and Distribution

5. A.J.F. Keri, B.J. Ware, R.A. Byron, A.S. Mehraban, M. Chamia, P.
Halverson and L. Angquist, “Improving Transmission System Perfor-
mance Using Controlled Series Capacitors”, CIGRE , Paper 14/37/38-
07, 1992

6. J.Vithayathil, C. Taylor, M, Klinger andW. Mittelstadt, “Case Studies
of Conventional and Novel Methods of Reactive Power Control on AC
Transmission Systems”, CIGRE, SC 38-02, 1988

7. J. Urbanek, R.J. Piwko, E.V. Larsen, B.L. Damsky, B.C. Furumasu,
W. Mittelstadt and J.D. Eden, “Thyristor Controlled Series Compen-
sation Prototype Installation at the Slatt 500 kV Substation”, IEEE
Trans. on Power Delivery, v.8, n.3, 1993, pp.1460-1469

8. R.J. Piwko, C.A. Wegner, B.C. Furumasu, B.L. Damsky and J.D.
Eden, “The Slatt Thyristor-Controlled Series Capacitor Project-Design,
Installation, Commissioning and System Testing”, CIGRE, Paper 14-
104, 1994

9. S.G. Helbing and G.G. Karady, “Investigations of an Advanced Form
of Series Compensation”, IEEE Trans. on Power Delivery, v. 9, n. 2,
1994, pp.939-947

10. J.J Paserba, N.W. Miller, E.V Larsen and R.W. Piwko, “A Thyris-
tor Controlled Series Compensation Model for Power System Stability
Analysis”, IEEE Trans. on Power Delivery, v.10, n.3, 1995, pp.1471-
1478

11. M. Noroozian and G. Andersson, “Power Flow Control by Use of Con-
trollable Series Components”, IEEE Trans. on Power Delivery , v.8,
n.3, 1989, pp. 12-18

12. M. Noroozian and G. Andersson, “Damping of Power System Oscilla-
tions by Controllable Components”, IEEE Trans. on Power Delivery ,
v.9, n.4, 1994, pp. 2046-2054

13. J.F Gronquist, W.A Sethares, F.L Alvarado and R.H. Lasseter, “Power
Oscillation Damping Control Strategies for FACTS Devices Using Lo-
cally Measurable Quantities”, IEEE Trans. on Power Systems, v.10,
n.3, 1995, pp.1598-1605

14. L.Angquist, G. Ingestrom and H.A. Jonsson, “Dynamical Performance
of TCSC Schemes”, CIGRE, Paper 14-302, 1996

15. K.R.Padiyar, M.K.Geetha and K. Uma Rao, “A Novel Power flow
controller for Controlled Series Compensation”IEE Conf. Publica-
tion No.423, Sixth Int Conf on AC and DC transmission,London, May
1996,pp.329-334

16. K.R.Padiyar and K.Uma Rao, “Discrete Control of Series Compensa-
tion for Stability Improvement in Power System”,to appear in Int.J. of
Electrical Power and Energy Systems, v.19, n.5, 1997, pp.311-319



4. Thyristor and GTO Controlled Series Capacitor 153

17. E. Larsen, C. Bowler, B. Damsky and S. Nilsson, “Benefits of Thyristor
Controlled Series Compensation”, Paper 14/37/38-04, CIGRE 1992.

18. H.A. Othman and L. Angquist, “Analytical modeling of Thyristor-
Controlled Series Capacitors for SSR studies”, IEEE Trans. on Power
Systems, v. 11, n. 1, February 1996, pp. 119-127.

19. R. Rajaraman and I. Dobson, “Damping estimates of subsynchronous
and power swing oscillations in power systems with thyristor switching
devices”, IEEE Trans. on Power Systems, v. 11, n.4, November 1996,
pp. 1926-1930.

20. R. Rajaraman, I. Dobson, R.H. Lasseter and Y. Shern, “Computing the
damping of subsynchronous oscillations due to a Thyristor Controlled
Series Capacitor”, Paper 95 SM 403-6 PWRD, IEEE PES Summer
Meeting, Portland, Oregon, July 1995.

21. W. Zhu, R. Spee, R. Mohler, G.C. Alexander, W.A. Mittelstadt and
D. Maratukulam, “An EMTP study of SSR mitigation using Thyristor
Controlled Series Capacitor”, Paper 94 SM 477-0, PWRD IEEE PES
Summer Meeting, San Francisco, California, 1994.

22. S. Nyati, et al, “Effectiveness of Thyristor Controlled Series Capacitor
in enhancing power system dynamics: an analog simulator study”,
IEEE Trans. on Power Delivery, v.9, n.2, April 1994, pp. 1018-1027.

23. D. Holmberg, M. Danielsson, P. Halvarsson and L. Angquist, “The
Stode Thyristor Controlled Series Capacitor”, Paper No. 14-105, CI-
GRE, 1998.

24. D.N. Kosterev, W.A. Mittelstadt, R.R. Mohler and W.J. Kolodziej,
“An application study for sizing and rating controlled and conventional
series compensation”, paper 95 SM 401-0 PWRD, IEEE PES Summer
Meeting, Portland, Oregon, 1995.

25. E.V. Larsen, K. Clark, S.A. Miske Jr. and J. Urbanek, “Characteristics
and rating considerations of Thyristor Controlled Series Capacitor”,
IEEE Trans. on Power Delivery, v. 9, n.2, April 1994.

26. H. Okamoto, A. Kurita, K. Clark, E.V. Larsen and N.W. Miller, “Mod-
eling and performance of multi-module TCSCs in ATP”, paper 14-307,
CIGRE, 1996.

27. C. Gama, L. Angquist, G. Ingestrom and M. Noroozian, “Commission-
ing and operative experience of TCSC for damping power oscillation in
Brazilian North-South interconnections”, Paper 14-104, CIGRE, 2000

28. P. Mattavelli, G.C. Verghese and A.M. Stankovic, “Phasor dynam-
ics of Thyristor-Controlled Series Capacitor”, IEEE Trans. on Power
Systems, v. 12, n.3, August 1997, pp. 1259-1267.



154 FACTS Controllers in Power Transmission and Distribution

29. P. Mattavelli, A.M. Stankovic and G.C. Verghese, “SSR analysis with
dynamic phasor model of Thyristor - Controlled Series Capacitor”,
IEEE Trans. on Power Systems, v. 14, n.1, February 1999, pp. 200-
208.

30. L.F.W. De Souza, E.H. Watanabe and M. Aredes, “A GTO Controlled
Series Capacitor for distribution lines”, Paper 14-201, CIGRE, 1998.

31. G.G. Karady, T.H. Ortmeyer, B.R. Pilvelait and D. Maratukulam,
“Continuously regulated series capacitor”, IEEE Trans. on Power De-
livery, v. 8, n.3, July 1993, pp. 1348-1355.

32. K.R. Padiyar, Analysis of Subsynchronous Resonance in Power
Systems, Kluwer Academic Publishers, Boston, 1999.

33. Venkatesh Prabhu, ‘Modelling and simulation of TCSC and GCSC for
SSR Studies’ M.E. Project Report, Dept. of Elec. Engg., I.I.Sc., Jan.
2001.

34. R.A. Hedin, S. Weiss, D. Torgerson and L.E. Eilts, “SSR characteristics
of alternative types of series compensation schemes”, IEEE Trans. on
Power Systems, v. 10, n.2, May 1995, pp. 845-852.

35. A. Edris, “Series compensation schemes reducing the potential of sub-
synchronous resonance”, IEEE Trans. on Power Systems, v.5, n.1,
Feb. 1990, pp. 219-226.

36. A. Edris, “Subsynchronous resonance countermeasure using phase im-
balance”, IEEE Trans. on Power Systems, v. 8, n.4, Nov. 1993, pp.
1438-1444.

37. Sujatha Subhash, B.N. Sarkar and K.R. Padiyar, “A novel control
strategy for TCSC to damp subsynchronous oscillations”, Conf. Pub-
lication No. 485, AC-DC Power Transmission, IEE, November 2001,
London.

38. G.C. Ejebe, J. Tong, J.G. Waight, J.G. Frame, X. Wang and W.F.
Tinney, “Available Transfer Capability Calculations”, IEEE Trans. in
Power Systems, v. 13, n.4, 1998, pp. 1521-1527.

39. C.A. Canizares, A. Berizzi and P. Marannino, “Using FACTS con-
trollers to maximize Available Transfer Capability”, Bulk Power Sys-
tems Dynamics and Control IV-Restructuring, Conference, August
1998, Greece.

40. Sujatha Subhash, B.N. Sarkar and K.R. Padiyar, “Sensitivity based
determination of suitable locations for controlled series compensation
for enhancement of steady state stability in a large power system”,
IFAC Symposium on “Control of Power Systems and Power Plants”,
Beijing, August 1997.



4. Thyristor and GTO Controlled Series Capacitor 155

41. A.K. Datta, P.C. Garg and A. Dubey, “Operational experience of
TCSC on 400 kV Raipur-Rourkela D/C line”, Conference on Power
Transmission, Central Power Research Institute, Bangalore, December
2005.

42. IEEE Committee Report, “First benchmark model for computer sim-
ulation of subsynchronous resonance”, IEEE Trans., v. PAS-96, n. 5,
1977, pp. 1565-1570.



This page
intentionally left

blank



Chapter 5

Static Phase Shifting Transformer

5.1 General

Phase shifting transformers (PST) have been in use since 1930s for control
of power flows in transmission lines in steady state. The primary objective
is to control loop flows and ensure the power flow in the contracted path.
They are not meant to increase power transfer in a line and hence not in-
tended to be used in long lines. By applying power electronic controllers,
the operation of PSTs can be made fast which enables dynamic regulation
of power flow and improvement of system stability and dynamic security.
These are called Static Phase Shifting Transformers (SPST) or Thyristor
Controlled Phase Angle Regulator (TCPAR) as thyristor devices have been
primarily suggested to achieve the objective. However, with the advent of
Voltage Source Converter (VSC) based FACTS controllers it is also possible
to apply a UPFC type device for SPST.

5.2 Basic Principle of a PST

Consider an ideal phase shifting transformer shown in Fig. 5.1. This also
shows Thevenin’s equivalents connected at the two ports of PST.

The turns ratio of the transformer is a complex quantity of magnitude
unity (a = ejφ) where φ is the phase angle shift (positive or negative). From

V1

I1

Z1 Z2

E2 0
V2

I2

1 : a

1 δE

Figure 5.1: A PST connected in a network
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1 δE V1

I1
−jφ

E2e

Z1 Z2

Figure 5.2: The equivalent circuit referred to primary

Fig. 5.1, we have
V2 = aV1, I1 = a∗I2 = e−jφI2 (5.1)

Note that Eq. (5.1) results from the fact that there is no power (both active
and reactive) losses in an ideal transformer. That is

V1I
∗
1 = V2I

∗
2 (5.2)

Since,

I2 =
V2 − E2

Z2
(5.3)

we get from Eq. (5.1),

I1 =
a∗(aV1 − E2)

Z2
=
V1 − a∗E2

Z2
(5.4)

Eq. (5.4) represents the equivalent circuit shown in Fig. 5.2.

If the losses are neglected in the circuit, i.e.,

Z1 = jx1, Z2 = jx2 (5.5)

we can derive the power flow in the circuit as

P =
E1E2 sin(δ + φ)

(x1 + x2)
(5.6)

Note that φ can be adjusted in the range

φmin < φ < φmax (5.7)

Typically the limits on φ are symmetric about zero, i.e. φmin = −φmax. The
limits are directly related to the rating of the PST.

The question that arises now is how do we arrange for the phase
shift? Noting that

ejφ ' 1 + jφ (5.8)
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Figure 5.3: A representation for PST

for small values of φ, we get

V1 − V2 = (1− a)V1 = −jφV1 = −Vq (5.9)

Similarly,

I1 − I2 = (a∗ − 1)I2 = −jφI2 = Ip (5.10)

From Eq. (5.9) and (5.10) we can derive a representation of PST shown in
Fig. 5.3.

Hence the voltage Vq injected in series is a voltage in quadrature with
V1. The current Ip is the shunt current drawn by the PST. It is obvious that

V1I
∗
p = VqI

∗
2 (5.11)

indicating that the complex power drawn by the shunt current source (Ip)
supplies the power supplied by the series quadrature voltage (Vq).

In a three phase system with a balanced set of source voltage applied
to the primary windings of the PST (connected in delta), the voltage Vcb(Vc−
Vb) leads Va by 90◦. Similarly Vac leads Vb and Vba leads Vc by 90◦ each.
This indicates a scheme to construct a PST as shown in Fig. 5.4. Here the
secondary windings of the excitation transformer (ET), connected in shunt,
supply the Boost Transformer (BT) connected in series with the line. In
Fig. 5.4, only one phase of the ET and BT is shown in detail for clarity.
The arrangement in other two phases is similar. The converter shown in Fig.
5.4 is connected between the ET and BT for controlling the magnitude and
polarity of the quadrature voltage injected in series.
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Figure 5.4: Schematic diagram of a SPST

Remarks

1. Typically bidirectional thyristor switches are used in the converter for
control. These can be used for phase control (for continuous control of
the phase shift) or switching in a step wise manner (for discrete control
of the phase shift).

2. The loss of synchronism between the two power systems connected
to the two ports of the SPST will result in δ not remaining constant
in steady state. It may continuously increase or decrease. If φ can
vary over 360◦ and can track the variation in δ, it is obvious (from
Eq. (5.6)), that the power flow in the line can be held constant even
if the SPST interconnects two asynchronous power systems. Thus a
360◦ SPST can be an alternative to BTB (Back to Back) HVDC link.
However, BTB HVDC link is cheaper than a 360◦ SPST.

An interesting concept suggested in reference [13] is to control a BTB
HVDC link to operate as a SPST to provide some degree of synchro-
nizing power. If all existing BTB links between two asynchronous
systems (operating with identical, nominal frequency, for e.g. West-
ern and Eastern U.S.A) provided synchronizing power, then there is a
possibility of having additional interconnections to be AC.

3. While the use of semiconductor (solid state) switches such as thyristors
enable fast control of the phase angle (φ) and can be used to damp low
frequency and higher frequency subsynchronous oscillations, the direct
control over φ is more suited to improving transient stability.
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Figure 5.5: A bridge circuit using bidirectional thyristor switches

5.3 Configurations of SPST

While a detailed review of various configurations is presented in reference
[8], we will consider here only 3 configurations given below

1. Point-on-wave controlled phase angle regulator

2. Discrete step controlled phase angle regulator

3. Using voltage source converter (VSC)

The first two configurations can be obtained using a single phase
bridge circuit using four bi-directional thyristor switches (see Fig. 5.5).
There are other configurations proposed in [1–3] which we will not take
up as, in general, the use of continuous control of the phase angle (φ) is not
desirable as it generates harmonics which are difficult to filter. (Note that
zero sequence triplen harmonics are not eliminated).

For configuration 1, a single secondary winding (per phase) of the
excitation transformer (E.T) is adequate as the control of the phase angle
is provided by controlling the firing (delay) angle of the thyristor switch in
relation to the applied voltage. The switches T1 and T2 are used for injecting
the series voltage with positives polarity (boost), whereas T3 and T4 are used
to inject the series voltage with negative or reverse polarity (buck). Thus,
the phase shift of positive or negative angle can be achieved. If switches T1
and T4 (or T2 and T3) conduct, the output voltage remains zero.
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Figure 5.6: Simplified single phase representation of a discrete step SPST

For configuration 2 with discrete control, the conduction angle (σ)
of the thyristor switches is maximum at 180◦. The advantage is that the
harmonic generation is eliminated. On the other hand, several secondary
windings have to be provided on E.T. to have discrete control of the phase
angle. With three secondary windings whose voltages (number of turns) are
in the ratios of 1:3:9, it is possible to have 13 steps for each polarity. This
requires a converter in one phase to have 3 sub-converters (each connected
to its individual winding) connected in series (see Fig. 5.6).

Note that the voltage ratings of the thyristor valves (made up of
series connection of thyristor pairs connected back to back) in converter C3
and C9 are three times and nine times respectively, the voltage rating of
valves in converter C1.

Each subconverter can have three states – (i) with zero output volt-
age, (ii) with output voltage (Vck = kVstep) and (iii) with output voltage
(Vck = −kVstep), where Vstep is the quadrature voltage per step injected by
the SPST. We can associate a control variable (uck) with each subconverter
ck, which can take 3 values of 0, 1 or −1 and express the output voltage of
the subconverter (ck) as

Vck = uck · kVstep (5.12)

For a SPST with K subconverters, (supplied by K secondary windings of
the E.T. whose voltages are in ratios of 1:3:9 . . . 3K−1) we can have a total
of M steps for each polarity (positive and negative) where M is given by

M =
K−1
∑

i=0

3i (5.13)
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Thus, with K = 4, we get 40 steps which are quite adequate. For example, if
we want to inject a quadrature voltage of 0.25 pu, the voltage corresponding
to a single step is Vstep =

0.25
40 = 0.00625 which is small enough. Thus, even

though the control is discrete, it is reasonably smooth due to the adequate
number of steps.

For K = 3, the values of the control variables for individual subcon-
verters for all possible values of the step (S = i, which i ranges from 13 to
−13) are shown in Table 5.1. It is to be noted that the quadrature voltage
(Vq) injected by the SPST is given by

Vq = SVstep (5.14)

where S = 0,±i, i = 1, 2, . . . , 13.

It should be noted that for a given value of (S = i) , the control
variables uck, are related to the values corresponding to S = −i. Thus,

u
(i)
ck = −u(−i)ck , k = 1, 3, 9 (5.15)

The switching of a subconverter from one state to another takes place
when the current passes through zero. The converter output voltage can be
adjusted within one half cycle of the system frequency.

When the variation of the quadrature voltage (Vq) is required only
in one direction, (say from zero to a positive maximum) this can be achieved
with a simplified converter circuit: two of the four bi-directional switches
in each subconverter can be omitted. Also, a geometric progression with a
factor of 2 can be chosen. With 4 secondary windings in the ratio of 1:2:4:8,
16 steps are obtained while with 3 windings in the ratio 1:2:4, there are 8
steps.

SPST Based on Voltage Source Converter

The converter shown in Fig. 5.4 can be made up of two, three phase
Voltage Source Converters (VSC) connected to each other on the DC side
as shown in Fig. 5.7. The equivalent circuits of this type of SPST is shown
in Fig. 5.8. The injected series voltage (Vq) can be arranged to have the
relation with V1 as

Vq = V1e
jφ ' jV1φ (5.16)

Neglecting losses in the SPST (made up of the excitation and boost
transformers, VSC1 and VSC2 and the DC capacitor), the power balance in
the DC side requires

Re[V1I
∗
p ] = Re[VqI

∗
2 ] (5.17)
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Table 5.1: Control variables with 3 subconverters.

S uc9 uc3 uc1

13 1 1 1
12 1 1 0
11 1 1 −1
10 1 0 1
9 1 0 0
8 1 0 −1
7 1 −1 1
6 1 −1 0
5 1 −1 −1
4 0 1 1
3 0 1 0
2 0 1 −1
1 0 0 1
0 0 0 0
−1 0 0 −1
−2 0 −1 1
−3 0 −1 0
−4 0 −1 −1
−5 −1 1 1
−6 −1 1 0
−7 −1 1 −1
−8 −1 0 1
−9 −1 0 0
−10 −1 0 −1
−11 −1 −1 1
−12 −1 −1 0
−13 −1 −1 −1

This is to be contrasted with Eq. (5.11) which indicates two real constraints.
Actually, the SPST configuration shown in Fig. 5.7 is a special case of the
Unified Power Flow Controller where the series voltage injected is controlled
according to Eq. (5.16) to provides variable phase shift within the limitations
of its rating.

If V1 is in phase with the line current I2, Vq is the reactive voltage
in quadrature with the current. In this case, the shunt converter can be
dispensed with and only the series converter is retained. This is a Static
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Figure 5.8: Equivalent circuit of a VSC based SPST

Synchronous Series capacitor (SSSC) mentioned in chapter 1. It has no real
power exchange with the line in steady state except to meet the losses in the
converter.

As discussed in chapter 2, the power factor at the midpoint of a
symmetrical line is unity. Thus a SSSC connected at the midpoint can work
as a SPST with varying magnitude of Vq. The negative value of Vq implies
inductive operation with reduction in the power flow in the line (analogous
to the negative phase angle shift).

It is interesting to compare a SSSC with a series capacitor also con-
nected at the midpoint of the symmetric line. In this case also, the series
capacitor can be viewed as providing a phase shift, however the magnitude
of which is dependent on the line current. Also, while a fixed capacitor
can provide only capacitive reactive voltage (assumed to be positive), SSSC
has symmetric capability of positive and negative reactive voltage insertion.
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Although a TCSC can be operated in the inductive vernier mode, this is
normally not utilized. In any case, it has no symmetric capability in both
directions.

5.4 Improvement of Transient Stability
Using SPST

Although the general topic of improving transient stability with FACTS
controllers will be taken up separately in chapter 11, this section will describe
briefly the possibility of improving the transient stability by a simple control
algorithm. This will be illustrated using a Single Machine connected to an
Infinite Bus (SMIB) system and from equal area criterion.

Consider the SMIB system shown in Fig. 5.9. Here, the generator
transformer is configured to work also as a SPST. Assuming a 3 phase fault
occurs at the sending end of one of the transmission lines which is cleared by
tripping the faulted line section. The power angle curves for (i) prefault and
the (ii) postfault cases are shown in Fig. 5.10 for the case without SPST.
If the area A2 < A1, then the system will be unstable. Since, the electrical
power output (Pe) changes to

Pe =
EgEb
X

sin(δ ± φ) (5.18)

in the presence of the SPST; the power angle curves for this case are shown
in Fig. 5.11. Here, it is assumed that,

(a) The SPST is activated when (i) the electrical power output is maximum
and dPe

dt changes from positive to negative

(b) The control algorithm is given by

dφ

dt
=
dδ

dt
(5.19)

The decelerating area (A2) available now is (shown in Fig. 5.11) much larger
than A2 shown in Fig. 5.10.

Fig. 5.11 shows only the condition for the first (forward swing). The
control algorithm of Eq. (5.19) can also be applied during the back swing
to improve system stability.

Of course, this simple explanation indicates the capability of the fast
control of the phase angle shift of the SPST in improving the first swing
stability of a power system. In practice, different control algorithms can
be used to realize the benefits while taking into account the various control
constraints.
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5.5 Damping of Low Frequency Power
Oscillations

Although the various issues involving the design of the Power Oscillation
Damping (POD) will be taken up separately in chapter 10, a brief discussion
of stabilizing the low frequency oscillations using a SPST is taken up here.

The problem of low frequency oscillations involving rotor swings is
an old one, observed for the first time in the 1960s after the introduction
of the fast acting exciters and electronic AVRs (Automatic Voltage Regula-
tor). The development of Power System Stabilizer (PSS) which modulates
the terminal voltage of the generator in response to the rotor swings, was
a major milestone in the solution of the problem of small signal instability.
With the advent of the power electronic controllers such as HVDC convert-
ers and SVC, an auxiliary damping controller could be easily implemented
as a Supplementary Modulation Controller (SMC) to the power or voltage
scheduling controller. A major feature of such SMC is that they utilize sig-
nals obtained from local measurements to synthesize the control signal to
damp critical interarea modes which have the lowest frequencies and have
the participation from many generators that are geographically separated.
The outputs of such SMCs are generally limited to lie in narrow band such
that they dont interfere with the basic control objectives.

There are several issues that are important in the application of
SMCs. The location of the SMC, control signals used and the control algo-
rithms are the basic issues while the concerns about adverse interaction with
other controllers and their effect on subsynchronous torsional oscillations are
other factors that need to be considered. Generally, damping controllers for
low frequency (0.2 to 2.0 Hz) oscillations can destabilize subsynchronous
frequency (10–50 Hz) oscillations due to the torsional modes.

Coming to the problem of design of SMC for SPST in a SMIB system,
consider the system shown in Fig. 5.9. The small signal model for the
system is obtained by linearizing the system equations at an operating point
(equilibrium). Neglecting damper windings for simplicity, the block diagram
representing the small signal stability model is shown in Fig. 5.12. The
transfer functions use Heftron-Phillips constants evaluated at the operating
point. The diagram of Fig. 5.12 can be simplified as shown in Fig. 5.13
where the transfer function K1e(s) is defined as

K1e(s) =
∆Te(s)

∆δ(s)
(5.20)

The damping torque (TD) and synchronizing torque (TS) coefficients are
defined as

TS(ω) = Re[K1e(jω)], TD(ω) =
ωB
ω
Im[K1e(jω)] (5.21)
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Generally, an AVR enhances synchronizing torque, but can reduce damping
torque in stressed conditions (involving maximum power transfer and weak
transmission network). By designing a SMC for the SPST based on the rotor
speed signal, it is possible to enhance the damping torque and stabilize the
swing mode. Fig. 5.13 also shows the SMC acting through the plant transfer
function (GP (s)) defined by

GP (s) =
∆Te(s)

∆φ(s)
(5.22)
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It can be shown that
GP (s) = K1e(s) (5.23)

The transfer function for SMC is chosen as

SMC(s) =
sTw

1 + sTw
KS

[

(1 + sT1)

(1 + sT2)

]n

(5.24)

where T1, T2 and n are chosen to provide the required phase compensation to
give the necessary damping without affecting the synchronizing torque. If no
phase compensation is required, then T1 = T2 (the value of n is immaterial).
The gain (KS) of the SMC is selected from root loci to provide adequate
damping for the critical modes. Tw is the washout circuit time constant.
The typical value for Tw varies from 10 to 20 s for damping interarea modes.
The objective of the washout circuit is to remove any dc offsets in the output
of SMC in steady state. The SMC is expected to act only during dynamic
conditions involving oscillations.

5.6 Applications of SPST

Although work on static phase shift transformers is reported since more than
25 years, it is yet to be applied for transmission line applications. The intro-
duction of any technology depends essentially on the cost-benefit analysis.
A major drawback of SPST is the cost of the two transformers (Excitation
and Boost) in addition to the power semiconductor switches. In contrast,
a TCSC has no such limitations and has found wide acceptance commer-
cially (depending on the control requirements). Although some applications
of SPST were considered for enhancing the transfer capability of AC ties
(interconnecting two systems) they have not been implemented.

An interesting new technology introduced recently is the Variable
Frequency Transformer (VFT) developed by General Electric (U.S.A) to
transfer power between two asynchronous networks [17]. The first installa-
tion of this new technology is located at Langlois substation, interconnecting
the New York (USA) and the Hydro-Quebec (Canada) system. The technol-
ogy is based on a rotary transformer (continuously variable phase-shifting
transformer) with three phase windings on both rotor and stator. A drive
system adjusts the VFT rotor in order to control the phase shift between the
networks through the action of a fast power controller. The first installation
at Langlois controls power transfer up to 100 MW in both directions. The
development of VFT shows that a 360◦ PST is feasible with a rotary device
which is essentially based on old technology. However, the control and drive
system for VFT are based on modern technology. It is to be noted that
by regulating torque applied to the rotor, through a motor drive system,
the power transfer through the VFT is controlled. The rotor will rotate
continuously if the two grids operate at different frequencies.
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Incidentally, the principle of phase shifting transformer can also be
applied to in-phase regulators for controlling the voltage magnitude. For
example, the boost transformer is used to inject a voltage in phase with the
line voltage (which can be in positive or negative direction). Alternately,
thyristor switched tap changers are used to vary the turns ratio and control
the magnitude of the secondary voltage. These devices are not covered in
this book as alternate means of regulating the bus voltage by shunt reactive
power controllers are used extensively.

References and Bibliography

1. J. Arrillaga and R.M. Duke, “Thyristor-controlled quadrature boost-
ing”, Proc. IEE, v. 126, n. 6, June 1979, pp. 493–498

2. C.P. Arnold, R.M. Duke and J. Arrillaga, “Transient stability improve-
ment using thyrister controlled quadrature voltage injection”, IEEE
Trans., v. PAS-100, n. 3, March 1981, pp. 1382–1388

3. R.M. Mathur and R.S. Basati, “A thyristor controlled static phase-
shifter for AC power transmission”, IEEE Trans., v. PAS-100, n. 5,
May 1981, pp. 2650– 2655

4. H. Stemmler and G. Guth, “A thyristor controlled static phase shifter,
a new tool for power flow control in AC transmission systems”, Brown
Boveri Review, v. 69, n. 2, 1982, pp. 73–78

5. R. Baker, G. Guth, W. Egli and P. Eglin, “Control algorithm for a
static phase shifting transformer to enhance transient and dynamic
stability of large power systems”, IEEE Trans., v. PAS-101, n. 9,
September 1982, pp. 3532–3542

6. A. Edris, “Enhancement of first-swing stability using a high-speed
phase shifter”, IEEE Trans., Power Systems, v. 6, n. 3, August 1991,
pp. 1113–1118

7. M.R. Iravani and D. Maratukulam, “Application of static phase shifter
in power systems”, IEEE Trans., Power Delivery, v. 9, n. 3, July 1994,
pp. 1600– 1608

8. M.R. Iravani and D. Maratukulam, “Review of semiconductor-controlled
(static) phase shifters for power system applications”, IEEE Trans.,
Power Systems, v. 9, n. 4, November 1994, pp. 1833–1839

9. B.T. Ooi, S.Z. Dia and F.D. Galiana, “A solid state PWM phase
shifter”, IEEE Trans., Power Delivery, v. 8, n. 2, April 1993, pp.
573–579

10. J.D. Kappenman, S.R. Norr, M, Klein and D. Maratukulam, “An eval-
uation of a thuristor controlled phase angle regulator in the Minnesota



172 FACTS Controllers in Power Transmission and Distribution

power transmission system”, Electric Power Research Institute, U.S.A.
TR-101932, May 1993

11. B.K. Johnson and G. Venkataramanan, “A hybrid solid state phase
shifter using PWM AC converters”, IEEE Trans., Power Delivery, v.
13, n. 4, October 1998, pp. 1316–1321

12. S. Nyati, M. Eitzmann, J. Kappenman, D. VanHouse, N. Mohan and
A. Edris, “Design issues for a single core transformer thyristor con-
trolled phase-angle regulator”, IEEE Trans., Power Delivery, v. 10, n.
4, October 1995, pp. 2013– 2019

13. D.A. Woodford and R.W. Menzies, “Controlling a back-to-back DC
link to operate as a phase shift transformer”, Paper No. 14-202, CI-
GRE, 1994

14. M.R. Iravani and R.M. Mathur, “Damping subsynchronous oscillations
in power systems using a static phase-shifter”, IEEE Trans., Power
Systems, v. 1, n. 2, May 1986, pp. 76–83

15. F. Jiang, S.S. Choi and G. Shrestha, “Power system stability enhance-
ment using static phase shifter”, IEEE Trans., Power Systems, v. 12,
n. 1, February 1997, pp. 207–214

16. A. Ishigame, J. Zhao and T. Taniguchi, “Representation and control
of high speed phase shifter for an electric power system”, IEE Proc.
GTD, v. 145, n. 3, May 1998, pp. 308–314

17. D. Mc Nabb, D. Nadeau, A. Nantel, E. Pratico, E. Larsen, G. Sybille,
V.Q. Do and D. Pare, “Transient and dynamic modeling of the new
Langlois VFT asynchronous tie and validation with commissioning
tools”, Paper presented at the Int. Conf. on Power Systems Tran-
sients (IPST-05), Montreal, Canada, June 2005



Chapter 6

Static Synchronous Compensator
(STATCOM)

6.1 Introduction

This shunt connected static compensator was developed as an advanced
static VAR compensator where a voltage source convertor (VSC) is used in-
stead of the controllable reactors and switched capacitors. Although VSCs
require self-commutated power semiconductor devices such as GTO, IGBT,
IGCT, MCT, etc (with higher costs and losses) unlike in the case of variable
impedance type SVC which use thyristor devices, there are many technical
advantages of a STATCOM over a SVC. These are primarily:

(a) Faster response

(b) Requires less space as bulky passive components (such as reactors) are
eliminated

(c) Inherently modular and relocatable

(d) It can be interfaced with real power sources such as battery, fuel cell
or SMES (superconducting magnetic energy storage)

(e) A STATCOM has superior performance during low voltage condition
as the reactive current can be maintained constant (In a SVC, the
capacitive reactive current drops linearly with the voltage at the limit
(of capacitive susceptance). It is even possible to increase the reactive
current in a STATCOM under transient conditions if the devices are
rated for the transient overload. In a SVC, the maximum reactive
current is determined by the rating of the passive components - reactors
and capacitors.

A ± 80 MVA STATCOM using 4.5 kV, 3000 A GTO devices was
developed in Japan in 1991. A ±100 MVA STATCOM, also based on GTOs
(4.5 kV and 4000 A (peak turn off)) was commissioned in late 1995 at Sul-
livan substation of Tennessee Valley Authority (TVA) in U.S.A. The major
objective of the prototype installation is to regulate the 161 kV bus voltage
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during daily load variations so that the duty on the tap changers on the
transformer banks is minimized. (The failure of tap changers is a common
problem when they are forced to act continuously).

The STATCOM was originally called as advanced SVC and then
labelled as STATCON (STATic CONdenser).

6.2 Principle of Operation of STATCOM

A STATCOM is comparable to a Synchronous Condenser (or Compensator)
which can supply variable reactive power and regulate the voltage of the bus
where it is connected. The equivalent circuit of a Synchronous Condenser
(SC) is shown in Fig.6.1, which shows a variable AC voltage source (E)
whose magnitude is controlled by adjusting the field current. Neglecting
losses, the phase angle (δ) difference between the generated voltage (E) and
the bus voltage (V ) can be assumed to be zero. By varying the magnitude
of E, the reactive current supplied by SC can be varied. When E = V , the
reactive current output is zero. When E > V , the SC acts as a capacitor
whereas when E < V , the SC acts as an inductor. When δ = 0, the reactive
current drawn (Ir) is given by

Ir =
V − E
X ′ (6.1)

θVδ+θE

Ir+

X

Figure 6.1: A synchronous condenser

A STATCOM (previously called as static condenser (STATCON))
has a similar equivalent circuit as that of a SC. The AC voltage is directly
proportional to the DC voltage (Vdc) across the capacitor (see Fig. 6.2 which
shows the circuit for a single phase STATCOM)

If an energy source (a battery or a rectifier) is present on the DC
side, the voltage Vdc can be held constant. The self-commutated switches
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Figure 6.2: A single phase STATCOM
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Figure 6.3: The waveform of vPN

T1 and T2 (based on say GTOs) are switched on and off once in a cycle.
The conduction period of each switch is 180◦ and care has to be taken to
see that T1 is off when T2 is on and vice versa. The diodes D1 and D2

enable the conduction of the current in the reverse direction. The charge
on the capacitors ensure that the diodes are reverse biased. The voltage
waveform across PN is shown in Fig. 6.3. The voltage VPN = Vdc

2 when T1
is conducting (T2 is off) and VPN = −Vdc

2 when T2 is conducting (and T1 is
off).

The switches are synchronized with the supply voltage (V ) which is
assumed to be sinusoidal of frequency ω. The fundamental component, rms
value (E1) is obtained as

E1 =

√
2

π

∫ π

0

Vdc
2

sin θdθ =

√
2

π
Vdc (6.2)

When E1 > V , the STATCOM draws a capacitive reactive current, whereas
it is inductive if E1 < V . Note that, to be compatible with the convention
used for SVC, the inductive current drawn is assumed to be positive.
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At the instant when T1 is switched on and Ir is inductive, the current
(Ir) flowing through the circuit is negative (as it is a lagging current) and
flows through T1 (as iT1 is negative of Ir). After 90◦, the current through T1
becomes zero and as Ir rises above zero and becomes positive, the diode D1

takes over conduction. Similar events occur when T2 turns on and off. Thus,
both T1 and T2 cease conduction before they are turned off. On the other
hand, when Ir is capacitive, the current Ir is positive at the instant of turning
on T1 and flows through the diode D1. After 90◦, the current reverses its sign
and flows through T1. At the time of switching off T1, the current through it
is at its peak value. Thus, we need self commutated devices such as GTOs
when the STATCOM draws capacitive reactive current. In contrast, T1 and
T2 carry peak current at turn on when Ir is inductive.

Note that diode D1 or D2 turns off automatically when the parallel
device (T1 or T2) turns off. Also, the capacitors can be charged from the
source through the diodes.

In comparing SC and STATCOM, we note that while rotation of the
DC field winding on the rotor results in the generation of AC voltages in
the stator windings through magnetic induction, the synchronous operation
of the switches in a STATCOM results in the AC voltage at the output.
Unlike in a SC, this output voltage also contains many harmonics and some
solution has to be found to eliminate them. These will be discussed later.

Unlike in the case of a SC, the capacitors can be charged from the AC
side and there is no need of an energy source on the DC side if only reactive
current is to be provided in steady state. The losses in the STATCOM can
be met from the AC source. The advantages of a STATCOM over a SC are:

(a) The response is much faster to changing system conditions.

(b) It does not contribute to short circuit current.

(c) It has a symmetric lead-lag capability.

(d) It has no moving parts and hence the maintenance is easier.

(e) It has no problems of loss of synchronism under a major disturbance.

The steady state control characteristics of a STATCOM are shown
in Fig. 6.4. The losses in the STATCOM are neglected and ISTATCOM is
assumed to be purely reactive. As in the case of a SVC, the negative current
indicates capacitive operation while positive current indicates inductive op-
eration. The limits on the capacitive and inductive currents are symmetric
(± Imax). The positive slope BC is provided for the V-I characteristic to
(i) prevent the STATCOM hitting the limits often and (ii) to allow parallel
operation of two or more units. The reference voltage (Vref ) corresponds to
zero current output and generally, the STATCOM is operated close to zero
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ISTATCOMO

A

B

C

D

Vref

VSTATCOM

Figure 6.4: Control characteristics of a STATCOM

output during normal operating conditions, such that full dynamic range is
available during contingencies. This is arranged by controlling the mechani-
cally switched capacitors/reactors connected in parallel with a STATCOM.

6.3 A Simplified Analysis of a Three
Phase Six Pulse STATCOM

The basic building block of a high power GTO based STATCOM is a six
pulse circuit shown in Fig. 6.5. The circuit consists of six switches, made

+

+

LR

GC

6

53

4

v
dc

i
dc

ia

ib

ic

Va

Vb

cV

2

1

+

n
+

Figure 6.5: A six pulse VSC circuit

up of six GTO thyristors with antiparallel diodes connected as a six pulse
Graetz bridge. The analysis of the circuit assumes that each switch is turned
on only once in a cycle of supply voltage and conducts for 180◦ each. The
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switches (or valves) are numbered in the sequence in which they are turned
on (fired). Also, the two switches connected in series in each leg operate
in a complementary fashion. Only one of the switches is conducting at any
given time to prevent short circuit of the capacitor. Thus, before switch 4 is
turned on, the switch 1 must be turned off and vice versa.

To simplify the analysis, to derive the equations describing the steady-
state performance, we assume (initially) that

(i) the capacitor size is infinite (very large) and therefore the DC side
voltage is constant

(ii) the losses in the circuit are neglected.

The waveform of the voltage (EaN ) is as shown in Fig.6.3. The
waveforms of EbN and EcN are also similar except that they are displaced
from one another by 120◦. (EbN lags EaN by 120◦ and EcN lags EbN by
120◦).

The voltages Ean, Ebn and Ecn (measured with respect to the source
neutral) can be obtained from the following equations

Ean = EaN + VNn (6.3)

Ebn = EbN + VNn (6.4)

Ecn = EcN + VNn (6.5)

From the symmetry of the circuit, it can be shown that

Ean + Ebn + Ecn = 0 (6.6)

Substituting Eq. (6.6) in (6.3) to (6.5), we get

VNn = −EaN + EbN + EcN

3
(6.7)

and

Ean =
2EaN

3
− EbN

3
− EcN

3
(6.8)

Ebn =
2EbN

3
− EcN

3
− EaN

3
(6.9)

Ecn =
2EcN

3
− EaN

3
− EbN

3
(6.10)

The waveform of Ean is shown in Fig. 6.6 (which also shows the supply
voltage va). The fundamental frequency component (rms value) of Ean is
obtained as

Ea1 =
4

π
√
2

∫ π/2

0
Ean sin θdθ (6.11)

=

√
2

π
Vdc = 0.45Vdc (6.12)
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Figure 6.6: Waveforms of Ean and va

The harmonic component (Eah) is obtained as

Eah =
Ea1
h

=
0.45Vdc
h

,

h = 6k ± 1, k = 1, 2, 3. (6.13)

The rms value of the fundamental component of (reactive) current, Ir is
calculated from

Ir =
V − 0.45Vdc

ωL
(6.14)

The harmonic current (rms) is obtained as

Ih =
0.45Vdc
h2ωL

(6.15)

AC Current Waveform

The instantaneous current in phase a (ia) is obtained from

L
dia
dt

= vL(t) = va(t)− Ean(t) (6.16)
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since Ean(t) varies depending on the interval in which ωt lies, we get different
expressions for ia(t) depending on the interval. However, in all intervals,
va(t) =

√
2V sinωt.

Interval 1, 0 ≤ ωt ≤ 60◦,

ia(t) =
V

ωL

[

−
√
2 cosωt+

Vdc
V

(

2π

9
− ωt

3

)]

(6.17)

Interval 2, 60◦ ≤ ωt ≤ 120◦

ia(t) =
V

ωL

[

−
√
2 cosωt+

Vdc
V

(

π

3
− 2ωt

3

)]

(6.18)

Interval 3, 120◦ ≤ ωt ≤ 180◦

ia(t) =
V

ωL

[

−
√
2 cosωt+

Vdc
V

(

π

9
− ωt

3

)]

(6.19)

The current in the interval, 180◦ ≤ ωt ≤ 360◦ is given by

ia(t) = −ia
(

t− π

ω

)

(6.20)

Fig. 6.7 shows the AC current waveforms (as calculated from Eqs
(6.17) to (6.20) for V = 1.0, ωL = 0.2, Ir = ±1.0). Both leading and lagging
current waveforms are shown. As discussed earlier, the lagging current flows
through the GTO thyristor switch 1 till ωt = 90◦ and the reverse current
flows through the anti-parallel diode. Thus, the current flowing through the
switch 1 is zero when it is turned off. On the other hand, switch 1 current
starts from zero at ωt = 90◦ when it is leading and is at a peak value when
it is turned off. The peak GTO thyristor turn-off current (in the capacitive
mode) is obtained from Eq. (6.17) (substituting ωt = 0) as,

ITpeak =
1

ωL

[

2πVdc
9
−
√
2V

]

(6.21)

DC Capacitor Current and Voltage

The current flowing through the DC capacitor (idc) is dependent on the
switch currents. If we consider the interval, 0 ≤ ωt < 60◦, the switches 5,
6 and 1 are conducting. In general, for any combination of switches, the
following equation applies (neglecting losses in the switches).

Vdcidc = Eania + Ebnib + Ecnic (6.22)

The above is applicable at all times. Since Ean, Ebn and Ecn are linearly
dependent on Vdc (see Fig. 6.6), we can express them as

Ean(t) = Sa(t)Vdc + Sb(t)Vdc + Sc(t)Vdc (6.23)
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Figure 6.7: AC current waveforms

where Sa(t), Sb(t) and Sc(t) are termed as switching functions with constant
values dependent on the interval considered. The switching functions are
shown in Fig. 6.8. For the interval, 0 ≤ ωt < 60◦, the values of the switching
functions are

Sa =
1

3
, Sb = −

2

3
, Sc =

1

3
(6.24)

If we substitute Eq. (6.23) in (6.22), we get

idc(t) = Sa(t)ia(t) + Sb(t)ib(t) + Sc(t)ic(t) (6.25)

For the interval, 0 ≤ ωt ≤ 60◦, we get

idc(t) =
1

3
ia −

2

3
ib +

1

3
ic =

1

3
(ia + ib + ic)− ib (6.26)

As the sum of phase currents, ia, ib and ic is zero by Kirchchoff’s Current
Law (KCL), we can simplify Eq. (6.26) as

idc(t) = −ib(t), 0 ≤ ωt ≤ 60◦ (6.27)

It can be shown that (from symmetry)

−ib(ωt) = ia2(ωt+ 60◦)

=
V

ωL

[√
2 sin(ωt− 30◦) +

Vdc
V

(

π

9
− 2ωt

3

)]

(6.28)
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Figure 6.8: Switching functions for six pulse STATCOM

where ia2(ωt) is the expression for ia(ωt) in the interval 2, 60◦ ≤ ωt ≤ 120◦,
given in Eq. (6.18).

The capacitor current waveform in a cycle is obtained as the repe-
tition of the waveform (from 0 ≤ ωt ≤ 60◦) over the remaining 5 intervals.
It can be shown that the average value of the capacitor current is zero in
steady state. (Otherwise the capacitor voltage cannot remain a constant).
The fundamental component of this periodic waveform has the frequency of
6ω.

The capacitor voltage (vc) was assumed as constant in the above
analysis (due to infinite capacitance). However, with finite capacitance, the
capacitor voltage will have ripples. Assuming that the capacitor current (idc)
is not affected by the voltage ripple, vc can be obtained from

vc(t) = V0 +
1

C

∫

idc(t)dt (6.29)

where V0 is the value of Vdc(t) at t = 0.

Substituting Eq. (6.28) in (6.29), we get (for 0 ≤ ωt ≤ 60◦)

vc(t) = V0 −
√
2V cos(ωt− 30◦)

ω2LC
+
Vdcπt

9ωLC

−2Vdct
2

6LC
+

√
6V

2ω2LC
(6.30)
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The average value of vc(t) is Vdc. This enables the calculation of V0 as,

V0 = Vdc − 0.061
Vdc
ω2LC

+
0.126V

ω2LC
(6.31)

The waveform of vc(t) for the interval, 0 ≤ ωt ≤ 60◦ is obtained after
substituting Eq. (6.31) in (6.30). The waveform of vc(t) over the entire cycle
is a repetition of the waveform for the interval 0 ≤ ωt ≤ 60◦. The waveforms
of idc(t) and vc(t) over a complete cycle are shown in Fig. 6.9 for V = 1.0
pu, Ir = −1.0, ωL = 0.2, ωC = 0.6.
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Figure 6.9: Waveforms of idc and vC

The peak value of the capacitor voltage (Vpk) is obtained by substi-
tuting ωt = 30◦ in the expression given by Eq. (6.30). We get,

Vpk = Vdc +
0.03Vdc
ω2LC

− 0.063V

ω2LC
(6.32)

The value of Vpk determines the voltage ratings of the GTO thyristors and
diodes.
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Remarks

1. The presence of the capacitor voltage ripple also alters the AC current
waveform. However, the errors in the expressions (6.17) to (6.19) can
be assumed to be not very significant. The objective in deriving these
analytical expressions is to gain insight. Such approximate analysis is
quite common in power electronics as the first step towards a detailed
analysis based on more exact models.

2. The constraint expressed by Eq. (6.6) is valid if (a) the source voltages
have no zero sequence components and (b) the impedances in all the
three phases are identical. In the simplified analysis we have assumed
that the source voltages contain only positive sequence, fundamental
frequency (sinusoidal) voltages. We have also assumed that R = 0.

The impedances could be either due to series reactor inserted between
the source and VSC or the leakage impedances of the connecting transformer.

A detailed analysis of the VSC based on switching functions and
relaxing the assumptions made earlier is taken up in the next section. This
is valid both during steady state and transient conditions.

6.4 Analysis of a Six Pulse VSC Using
Switching Functions

Here, the assumptions made in the previous section are relaxed. The capac-
itor is considered to be finite and the losses in the reactor and the capacitor
are considered. Only the losses in the switches are ignored and the switches
are assumed to be ideal. The source voltages are assumed to be balanced and
sinusoidal (We will consider the effects of harmonics in a separate section).
A six pulse VSC shown in Fig. 6.5 is described by the differential equations:

L
dia
dt

+Ria = va − ea (6.33)

L
dib
dt

+Rib = vb − eb (6.34)

L
dic
dt

+Ric = vc − ec (6.35)

C
dvdc
dt

+Gvdc = idc (6.36)

Note that we are using lower case letters for instantaneous quantities. All
the voltages are with reference to the source neutral ‘n’. As described in the
previous section, we can express the voltages injected by the six pulse VSC
as

ea(t) = S6
a(t)vdc(t), eb(t) = S6

b (t)vdc(t), ec(t) = S6
c (t)vdc(t) (6.37)
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where the switching functions in steady state are periodic and are shown in
Fig. 6.8. From the principle of energy conservation, we get

vdc(t)idc(t) = ea(t)ia(t) + eb(t)ib(t) + ec(t)ic(t) (6.38)

From Eqs (6.37) and (6.38), we can derive

idc(t) = S6
a(t)ia(t) + S6

b (t)ib(t) + S6
c (t)ic(t) (6.39)

The switching functions in steady state are related by

S6
a(ωt) = S6

b (ωt+ 120◦) = S6
c (ωt+ 240◦) (6.40)

Substituting Eqs (6.37) and (6.39) in (6.33) to (6.36) makes the system time-
varying. If the switching functions are approximated by their fundamental
frequency components only we obtain

ea ' vdc
2

π
sin(ω0t+ θ + α) (6.41)

eb ' vdc
2

π
sin

(

ω0t+ θ + α− 2π

3

)

(6.42)

ec ' vdc
2

π
sin

(

ω0t+ θ + α− 4π

3

)

(6.43)

In deriving the above equations we have assumed that the injected voltages
lead the source voltages by an angle α, which can be controlled. θ is the
angle of the source voltage whose line to line magnitude is Vs. We can
express va(t) as

va(t) =

√

2

3
Vs sin(ω0t+ θ) (6.44)

The expressions for vb(t) and vc(t) are obtained from the fact that the source
voltages are balanced and contain only positive sequence components. The
system frequency is assumed to be ω0 and a constant (or varies very slowly).

Equations in D-Q Reference Frame

The voltages and current is the AC circuit can be transformed to a syn-
chronously rotating reference frame by Kron’s transformation defined by

fabc = CKfDQO (6.45)

where fabc can be voltage or current vector defined by

fabc = [fa fb fc]
t

similarly,
fDQO = [fD fQ fO]

t
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and CK is the transformation matrix defined by

CK =

√

2

3









cosω0t sinω0t
1√
2

cos
(

ω0t− 2π
3

)

sin
(

ω0t− 2π
3

)

1√
2

cos
(

ω0t+
2π
3

)

sin
(

ω0t+
2π
3

)

1√
2









(6.46)

The subscript ‘O’ indicates zero sequence variable. CK is an orthogonal
matrix with the property,

[CK ]−1 = [CK ]t (6.47)

The advantage of the above is that the transformation is power invariant.
We can derive

vaia + vbib + vcic = vDiD + vQiQ + vOiO (6.48)

By applying Kron’s transformation, we can derive the circuit equations in
D-Q variables. These are given below

L
diD
dt

+RiD + ωoLiQ = vD − k sin(α+ θ)vdc (6.49)

L
diQ
dt

+RiQ − ωoLiD = vQ − k cos(α+ θ)vdc (6.50)

C
dvdc
dt

+Gvdc = k[sin(α+ θ)iD + cos(α+ θ)iQ] (6.51)

where k =
√
6
π for a square wave converter with no control over the magnitude

of the injected voltage. The only control is assumed to be through the change
of α. The converters where both k and α are controlled are termed as type
1 converters while they are termed as type 2 if only α can be controlled.

Remarks

1. In a high power VSC with GTO thyristor switches, the switch is turned
on and off only once in a cycle to minimize switching losses. Here, k
is a constant.

The magnitude of the injected voltage can be controlled by Pulse
Width Modulation (PWM). There are many variations in PWM. PWM
converters requires several switchings in a cycle.

2. In a STATCOM with an energy source on the DC side, it is advisable
to control both the magnitude and phase angle of the injected voltage
by the VSC in order to control the power and reactive power output.

3. It is possible to express Eqs (6.49) and (6.50) in terms of current and
voltage phasors. By multiplying Eq. (6.49) by j on both sides and
adding to Eq. (6.50), we get,

L
dÎ

dt
+ (R+ jω0L)Î = V̂ − Ê (6.52)
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where
Î = IQ + jID, V̂ = VQ + jVD

and
Ê = kVdc 6 (θ + α) (6.53)

Equation (6.52) represents the simple circuit shown in Fig.6.10. The
phasor diagram is also shown here. Note that, since vD and vQ are the
components of the (dynamic) phasor, they become constants in steady
state (corresponding to an operating point). Generally, we use upper
case to denote phasors. On the other hand, the D-Q components are
also instantaneous values. Thus, to simplify the notation we will use
both lower and upper cases symbols interchangeably.

V

I

E

+

R L

(b) Phasor diagram

I

IQ

ID

α

θ

D−axis

V

E

VQ

VD

Q−axis

(a) Equivalent circuit

Figure 6.10: Equivalent circuit and phasor diagram of a STATCOM

4. For type II converters (with control only over the phase angle of the
injected voltage), the elimination of voltage harmonics requires multi-
pulse configuration of the VSC. Twelve pulse operation can be arranged
with two six pulse converter bridges connected in series or parallel on
the AC side and in parallel on the DC side. The output voltages of
the two converters are summed up by a ‘summing transformer’ or an
‘interphase magnetics’. For connection to high voltage AC lines, it is
necessary to also use a coupling transformer (as in the case of a SVC).

For type I converters, one could consider multilevel converters or a
combination of multilevel and multi-pulse topologies. At the prototype in-
stallation at Sullivan substation of TVA, a 48 pulse operation is used with
8 three phase converters each with a nominal rating of 12.5 MVA. The con-
verter is coupled to the 161 kV transmission line by a single step down
transformer having a Y (primary) and a delta secondary. The nominal sec-
ondary voltage is 5.1 kV line to line. The nominal voltage across the DC
capacitor is 6.6 kV. The converter valves employ five GTO thyristor mod-
ules in series, one being redundant. The series connected devices share the
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applied voltage. The GTO thyristors are rated for 4500 V and 4000 A (peak
turn-off) and are water cooled. The total number of GTO thyristors is 240
(6× 5× 8).

The second installation of a ±160 MVA STATCOM (as a part of
UPFC) at Inez substation of American Electric Power (AEP) in 1997 uses a
quasi 24 pulse, 3 level converters. The converter output is nearly sinusoidal
(48 pulse) quality that is coupled to the 138 kV transmission line by a
conventional (main) coupling transformer. The secondary windings are rated
at 37 kV (line to line). The nominal, maximum DC voltage is 24 kV. The
converter output voltages are fed to an intermediate transformer (magnetics)
to eliminate voltage harmonics. The rating of the intermediate transformer
is approximately 50% of the main transformer rating. Here also, 4.5 kV, 4000
A GTO devices are used. Each GTO module consists of a GTO thyristor,
its associated anti-parallel diode, snubber circuits and heat sinks. Snubber
circuits are required for both di

dt and dv
dt protection. Each 3 level converter

pole has 4 valves and each valve has 8 or 9 GTO module connected in series.
Each valve contains a redundant GTO module so that the equipment can
continue to operate safely under all conditions with one failed module in
every valve.

It is to be noted that no harmonic filters are required with 48 pulse
converters.

6.5 Multi-pulse Converters

As mentioned earlier, a six pulse converter contains voltage harmonics of the
order given by

h = 6k ± 1, k = 1, 2, 3...

A 12 pulse converter circuit is shown in Fig. 6.11. This consists of
two 6 pulse bridges connected in series on the AC side with an intermediate
(summing) transformer. The two bridges are connected in parallel on the
DC side. The summing transformer adds the phase to neutral voltage of
bridge 1 to the phase to phase voltage of bridge 2. The transformer requires
a 1:
√
3 turns ratio so that the magnitude of the current flowing into each

bridge is equal. The firing angles in bridge 2 are delayed by 30◦ with respect
to the firing angles in bridge 1. This is required as the phase to phase voltage
(vab) for bridge 2 is leading the phase voltage (va) for bridge 1 by 30◦. To
ensure that the fundamental frequency components of the voltages of bridge
1 and bridge 2 are in phase, it is essential to provide for a phase shift of 30◦

in the firing angles of the two bridges.

The output voltage waveforms (phase to neutral) for the two bridges
are shown in Fig. 6.12.
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Figure 6.11: A twelve pulse STATCOM

This also shows the sum of the two voltage waveforms (ea = ea1+ea2).
It can be shown that the rms values of the phase to neutral voltage for the
12 pulse converters are given by

E12
1 =

2
√
2

π
Vdc, E12

h =
E1

h
, h = 12k ± 1, k = 1, 2, 3. (6.54)

where E1 is the magnitude of the fundamental component and Eh is the
(rms) value of the harmonic component. The lowest harmonic order is now
11 as 5th and 7th harmonics are eliminated.

The current and the voltage waveforms in a 12 pulse converter for
(i) capacitive and (ii) inductive operation are shown in Fig. 6.13. These
waveforms are obtained by simulation of equations (6.33) to (6.39). For a
12 pulse converter, the switching functions are defined by

S12
a (ω0t) = S6

a(ω0t) +
1√
3
[S6
a(ω0t− 30◦)− S6

b (ω0t− 30◦)] (6.55)

S12
b (ω0t) = S6

b (ω0t) +
1√
3
[S6
b (ω0t− 30◦)− S6

c (ω0t− 30◦)] (6.56)



190 FACTS Controllers in Power Transmission and Distribution

ω t

ω t

3

Vdc_
a2e

3

Vdc

Vdc0.667 
Vdc0.333

Vdc0.333

ω t

a1e

e a

Vdc0.91
Vdc1.244
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Figure 6.13: Voltage and current waveforms in a 12 pulse converter

S12
c (ω0t) = S6

c (ω0t) +
1√
3
[S6
c (ω0t− 30◦)− S6

a(ω0t− 30◦)] (6.57)
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A 24 pulse converter can be obtained by the series connection (on
the AC side) of four 6 pulse bridge converters and fed by four transformers
that can provide 15◦ phase shift between the voltages of two adjacent trans-
formers. However, such an arrangement of transformer windings is complex
and not practical. What is feasible is to connect two 12 pulse converters in
series on the AC side and in parallel on the DC side. The firing angles of the
two corresponding bridges (say connected to the star connected windings of
the intermediate (summing) transformer) are phase shifted by 15◦ (see Fig.
6.14).

−7.5

7.5

−37.5

−22.5

BRIDGE 1

BRIDGE 2

BRIDGE 3

BRIDGE 4

(a) Configuration

7.5

7.5

E1
24

(b) Phasor diagram

1
12E

1E
12

Figure 6.14: A (quasi) 24 pulse converter

The rms values of the fundamental and harmonic components for a
quasi 24 pulse converter are given by

E24
1 = 2E12

1 cos
π

24
, E24

h = 2E12
h cos

hπ

24
, h = 12k ± 1 (6.58)

It can be observed that the 11th and 13th harmonics are not zero for
the quasi 24 pulse converter. However, both these harmonics will be about
13% of their values of the 12-pulse converter.
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A quasi 48 pulse converter can be built by connecting two quasi 24
pulse converters in series with a phase displacement of 7.5◦. It can be shown
that the fundamental component of the output voltage of a quasi 48 pulse
converter is given by

E48
1 = 4E12

1 cos
π

24
cos

π

48
(6.59)

The harmonic component of order ‘h’ is given by

E48
h = 4E12

h cos
hπ

24
cos

hπ

48
h = 12k ± 1, k = 1, 2, 3... (6.60)

6.6 Control of Type 2 Converters

As mentioned earlier, in a Type 2 converter we can control only the phase
angle of the injected voltage relative to the supply voltage. The reactive
current (Ir) drawn by the STATCOM is controlled by adjusting the firing
angle α. Before discussing the control aspects, we will first examine how the
active (Ip) and reactive current (Ir) flowing into the STATCOM vary with
the control and other parameters in steady-state. The active current (Ip)
is in phase with the source voltage (with magnitude VS) and the positive
reactive current (Ir) lags the source voltage by 90◦. We can express the
relationship between D-Q and p-r variables by the following:

iQ + jiD = (ip − jir)ejθ (6.61)

Substituting Eq. (6.61) in (6.52) we get,

L
dÎ ′

dt
+ jθ̇LÎ ′ + (R+ jω0L)Î

′ = VS + j0− kVdcejα (6.62)

where Î ′ = ip − jir.

We can express the transformed equations as

L
dip
dt

+Rip + ωLir = VS − kvdc cosα (6.63)

L
dir
dt

+Rir − ωLip = kvdc sinα (6.64)

C
dvdc
dt

+Gvdc = k(ip cosα− ir sinα) (6.65)

where ω = ω0 +
dθ
dt .

In steady state, ip, ir and vdc are constants if VS and α are constants.
From Eqs. (6.63) to (6.65) we can derive,

Vdco =
k

G
(ip0 cosα0 − ir0 sinα0) (6.66)
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ip0 =

(

R+ k2

G sin2 α
)

(

ωL+ k2

2G sin 2α
) ir0 (6.67)

and finally,

ir0 =
VS0

(

ωL+ k2

2G sin 2α0
)

R2 + k2RG + ω2L2
(6.68)

Note that α0 is negative for the capacitive mode of operation (as ir
is assumed to be negative). The slope of the line OA, (XST ) in Fig. 6.4 is
given by

XST =
R2 + k2R

G + ω2L2

ωL− k2

2G

corresponding to α0 = −45◦. If G = 0, then

XST = −2R

From Eq. (6.68) it is obvious that ir0 is positive for α > 0 and can be
negative for α < 0. Vdc0 is given by

Vdc0 =
k

G

(R cosα0 − ωL sinα0)VS0

(R2 + k2R
G + ω2L2)

(6.69)

For low values of α, both Vdc0 and ir0 vary linearly with α0. The operating
values of Vdc0, ir0 and ip0 as functions of α are shown in Fig. 6.15 for
VS0 = 1.0, ωL = 0.2, R = 0.01, G = 0.02, k = 1.56. It is to be noted for a
‘p’ pulse converter, the line to line voltage injected by the STATCOM can
be expressed as

ES = kVdc, k =
p

6
·
√
6

π

The per unit system for a STATCOM is discussed in Appendix C.

The Eqs. (6.63) to (6.65) can be linearized about the operating point
to derive the transfer functions. For reactive current control, the (plant)

transfer function of interest is ∆Ir(s)
∆α(s) . It can be shown that this transfer

function can be obtained as (for typical values of parameters)

∆Ir(s)

∆α(s)
=

K[(s+ σz)
2 + ω2

nz]

(s+ p1)[(s+ σp)2 + ω2
np]

(6.70)

where p1, σz, σp and K are positive values. There is a real and a complex
pair of poles, all in the left half plane. It can also be shown that the poles are
independent of the operating point. However, the complex pair of zeros are
function of the operating point. It will be shown that a P-I controller with
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Figure 6.15: Variation of Vdc0, ir0, ip0

feedback (from the reactive current) can destabilize the system depending
on the relative location of the poles and zeros of the transfer function.

To simplify the analysis, let us assume that R = 0 and G = 0 (there
are no losses in converter circuit). In this case, the transfer function reduces
to

∆Ir(s)

∆α(s)
=
kVdc0
Ls

[

s2 + k2

LC + ωk
CVdc0

ir0
]

s2 + k2

LC + ω2
(6.71)

There are 3 poles all on the imaginary axis. There are also two
zeros on the imaginary axis. From root locus analysis, it can be shown (see
Fig. 6.16) that if the magnitude of the zeros is less than the magnitude of
the (imaginary) poles, the angle of departure at the pole will be such as to
stabilize the system. On the other hand, the closed loop poles will move to
the R.H.P. if the imaginary zero is above the pole.

The condition for stability can be expressed as

ir0 <
ωC

k
Vdc0 (6.72)
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Figure 6.16: Root locus based on pole zero location

Note that the above condition is always satisfied when ir0 < 0 (when the con-
verter is operating in the capacitive mode). Thus, the problem of instability
can arise only while operating in the inductive mode.

Schauder and Mehta [4] propose a nonlinear feedback controller to
overcome the problem of instability in the inductive mode of operation. The
block diagram of the controller is shown in Fig. 6.17. It is to be noted
that the nonlinear controller is active only when ir0 >

ωC
K Vdc and also only

during a transient. In steady state, (when Vdc is a constant), the output of
the multiplier, (∆α) is zero.
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Figure 6.17: Block diagram of the reactive current controller

In reference [3], a fuzzy logic controller has been applied which is
more robust than the controller shown in Fig. 6.17. In the presence of the
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external network (the modelling of which has not been considered in [4]),
the fuzzy logic controller performed better than the nonlinear controller.

The firing pulses for the GTO thyristor switches have to be syn-
chronized to the bus voltage such that, in steady state, the fundamental
component of the voltage injected by the converter leads the supply (sinu-
soidal) voltage by the control angle (α). This synchronization is achieved
by a Phase Locked Loop (PLL) which produces the phase angle of the bus
voltage as an output. Actually, the output is (θt) which is defined as

θt = ω0t+ θ (6.73)

where ω0 is the operating frequency (in radians/sec) and θ is relative phase
of the bus voltage with respect to a synchronously rotating reference. The
block diagram of the PLL is shown in Fig. 6.18. The PLL consists of a P-I

Σ Σ
Vr*

Vr

+

3

θ

P−I controller

Kc (1+sTc)

sTc

Kf

0

2π

1
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t

 θtsin
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Vα Vβ

cVbVaV

∆ω

s
−

2−Ph

Phase

θtcos

+
+

Figure 6.18: Block diagram of the PLL

controller, a saw tooth generator (whose output is θt which is restricted in
the range of 0 ≤ θt ≤ 2π) and an oscillator that produces the output, sin θt
and cos θt, which are used to compute the quantities Vp and Vr according to
the relationship given by,

Vp = Vα sin θt + Vβ cos θt
Vr = Vα cos θt − Vβ sin θt

}

(6.74)
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where

Vα =
√

2
3 [va − 0.5vb − 0.5vc]

Vβ = 1√
2
[vc − vb]







(6.75)

In steady state,
Vα = VS sin θt, Vβ = VS cos θt (6.76)

which will result in
V ∗
p = VS , V

∗
r = 0 (6.77)

where VS is the line to line voltage at the converter bus. Thus, PLL tracks
the phase of the voltage by feedback control of Vr and driving it to zero (the
reference quantity).

The PLL should operate satisfactorily under distorted utility condi-
tions such as voltage unbalance, dips, harmonics and frequency variations.
The speed of response is also an important factor. The controller parame-
ters, Kc and Tc are selected to satisfy both requirements. The feedforward
of frequency variation (∆ω) compensates for the change in frequency. If the
change in frequency is not predictable, an additional integral term may be
used in the controller to achieve the same result.

6.7 Control of Type 1 Converter

If an energy source (say a battery) is connected on the DC side, the capacitor
voltage (Vdc) is held constant. The control of α in this case only regulates
the active power exchange with the system. In order to regulate the reactive
power, it is necessary to control the magnitude of the AC voltage injected
by the converter. This is achieved by varying k through modulation. There
are different ways in which the modulation can be achieved depending on
the converter topology and the system requirements. In general, it can be
stated that

kvar = kfix ·m
where m is the modulation index (with 0 ≤ m ≤ 1) and kfix is the highest
value of k that can be realized. For a twelve pulse converter,

kfix =
2
√
6

π

It is possible to use two Type 1 converters in series, such that the total
voltage magnitude can varied by having different α for the two converters.
This is shown in Fig. 6.19. The control angles of VSC1 and VSC2 are
selected as

α1 = α+ β, α2 = α− β
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Figure 6.19: Series connection of two VSC for voltage magnitude control

The resultant voltage outputs of the two converters is given by

ES = kfixVdc cosβ

If each converter is a 12 pulse converter, then

kfix =
4
√
6

π

Hence, the modulation index is cosβ which is determined by the controller.
By defining the components of the voltage injected by the converter as

ep = kVdc cosα, er = −kVdc sinα (6.78)

we can express Eqs. (6.63) and (6.64) as

d

dt

[

ip
ir

]

=

[

−RωB
X 0

0 −R
X ωB

] [

ip
ir

]

+

[

up
ur

]

(6.79)

where X = ωBL and ωB is the rated (nominal) frequency. up and ur are
control inputs obtained as outputs from the P-I controller, as given below.

up = Gci(s)(i
∗
p − ip) (6.80)

ur = Gci(s)(i
∗
r − ir) (6.81)

where Gci(s) is defined by

Gci(s) =
Kci(1 + sTci)

sTci
(6.82)
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Comparing Eq. (6.79) with Eqs. (6.63) and (6.64), we get

ep = −
ω

ωB
Xir + VS −

X

ωB
up (6.83)

er =
ωX

ωB
ip −

X

ωB
ur (6.84)

From ep and er, one can calculate for k and α as k =

√
e2p+e

2
r

Vdc
, α = − tan−1 er

ep
.
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Figure 6.20: Block diagram of current controller

Fig. (6.20) shows the Type 1 controller for Type 1 VSC. The feedback
current controller is based on the decoupling strategy outlined above. The
two current controllers (for ip and ir) are decoupled with the introduction of
feedforward terms from ip, ir and VS as given in Eqs. (6.83) and (6.84). The
P-I controller time constant Tci can be chosen to cancel the poles introduced
by the current flow in the inductive circuit. If

Tci =
L

R

and the gain Kci is chosen as

Kci =
L

Tr

it can be shown that (see Fig. 6.20),

ip =
1

1 + sTr
i∗p, ir =

1

1 + sTr
i∗r (6.85)

The value of Tr can be chosen to provide a specified response time for the
current controllers. In general, the response time is a fraction of a cycle
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(about 10 ms). It is to be noted that in Fig. 6.20, the time delays introduced
by the discrete control in a VSC are neglected.

The reference for the active current (i∗p) is obtained as the output
of a DC voltage regulator (or a power controller in case the STATCOM
supplies active power). The reference for the reactive current (i∗r) is either
held constant or obtained as the output of the AC voltage controller. The
AC voltage controller is designed in a similar fashion as the voltage controller
for a SVC. This is already discussed in chapter 3.

6.8 Multilevel Voltage Source Converters

The multi-pulse converters are generally of type II with no control over the
magnitude of the injected voltage by the converter. In other words, the value
of k = ES

Vdc
is fixed. The multi-pulse converters also have the drawbacks of

1. Need for an intermediate transformer or harmonic neutralizing mag-
netics which is quite expensive and also occupies space. The rating of
this magnetics is about 50% of the rating of the main transformer and
also contributes to the total losses of the system.

2. The magnetics can cause difficulties in control due to DC magnetizing
and overvoltage problems resulting from saturation of the transformers
during a transient.

3. These transformers are prone to failure.

An alternative to multi-pulse converter is a multilevel converter. The
objective is to reduce the harmonics generated by the converter while not
increasing the switching losses in the power semiconductor devices. In gen-
eral, the switches employed in a multilevel converter turn on and off only
once in a cycle.

The general structure of the multilevel converter is designed to syn-
thesize a near sinusoidal voltage source from several (multi) levels of voltages
obtained from the DC capacitor voltages. The six pulse Graetz bridge dis-
cussed earlier is a two level converter where the phase voltage (VaN , VbN or
VcN ) measured with respect to the midpoint (N) of the DC capacitor has

only two levels
(

±Vdc
2

)

. In a three level converter, there will be three levels.

In general, a M-level converter will have M levels of the phase voltage. There
are three types of multilevel converters.

1. Diode-clamped

2. Flying capacitors or capacitor clamped
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3. Cascaded or chain cell converters

These are described next.

6.8.1 Diode-clamped Multilevel Converter

A M level diode-clamped converter has (M-1) capacitors on the DC bus.
In each phase leg, there are 2(M-1) switches, with each switching device
required to block a voltage level of Vdc/(M − 1). However, with the same
rating, there will be (M-1)(M-2) clamping diodes required for each phase.
Thus as M increases, there is a quadratic increase in number of clamping
diodes which puts a practical limit on the number of levels (not exceeding
9).

A special case is a three level converter which is also termed as Neu-
tral Point Clamped (NPC) converter. This is now used extensively for high
power applications.

Three Level (NPC) Converter

The circuit of a three level (NPC) converter is shown in Fig. 6.21. There
are 4 switches in each phase leg out of which only two are turned on at any
time. Each of the switches has to block only one-half of the DC link voltage
(as also the six clamping diodes). Thus, although the number of switches
is doubled, the voltage rating is also doubled. In contrast, in a two level
converter, the doubling of the rating involves doubling of the GTO devices
connected in series to form a switch. However, a special problem (that does
not arise with two level converter) is the need to ensure voltage balance
across the two series connected capacitors in the DC link. One method is
to connect the capacitors to its own isolated DC source. The other method
is to balance the two capacitor voltages by feedback control to regulate the
average current into the centre (mid) point to be zero.

The voltage of phase a with respect to the mid point (N), EaN can
have 3 levels. When switches 1 and 1A are turned on, EaN = Vdc

2 . When 1A

and 4A are turned on, EaN = 0, when 4A and 4 are turned on, EaN = −Vdc
2 .

In general, we can write,

EaN (t) = Pa(t)
Vdc
2

EbN (t) = Pb(t)
Vdc
2

EcN (t) = Pc(t)
Vdc
2

where Pa(t), Pb(t) and Pc(t) are switching functions that are periodic in

steady state. The duration of the time when EaN is zero, is equal to 2β
ω0

in
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Figure 6.21: Three level NPC converter

a half cycle. β is termed as the ‘dead angle’ which can be controlled to vary
the magnitude of the injected voltage.

It can be shown that Ean (the voltage of phase a with reference to
the source neutral) can be expressed as,

Ean(t) = Sa(t)Vdc

where

Sa(t) =
Pa(t)

2
−
[

Pa(t) + Pb(t) + Pc(t)

6

]

From Fourier analysis, the harmonic components of Ean(t) can be
obtained. It can be shown that the (rms) value of Eah is given by

Eah =

√
2

hπ
Vdc cos(hβ), h = 6k ± 1

The fundamental component (for h = 1) is given by

Ea1 =

√
2

π
Vdc cosβ

The line to line voltage Eab and Ean are shown in Fig. 6.22, along
with EaN for comparison.

Remarks

1. When β = 15◦, the 3 level converter, behaves like a quasi 12 pulse
converter with low values of 5th and 7th harmonic. The fundamental
component, for β = 15◦ is

E1 =

√
2

π
cos

(

π

12

)

Vdc = 0.435Vdc

This is to be compared with the value of 0.45 for the two level converter.
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2. For the same voltage ratings of the switches used in a two level con
verter, the capacitor voltage (Vdc ) can be doubled in a three level con
verter. Thus, the value of El rises to 0.870 V dc2 (for (3 = 15°) where 
Vdc2 = v~c is the capacitor voltage in a two level converter. 

3. The combination of a 12 pulse and three level converter is analogous 
to a quasi 24 pulse converter when (3 = 7.50°. Here two three level 
converters are connected in series on the AC side and in parallel on the 
DC side. The current and voltage waveforms for a 12 pulse, three level 
converter ((3 = 7.5°) are shown in Fig. 6.23. These can be compared 
with the waveforms in a 12 pulse converter (shown in Fig. 6.13). 

4. Note that the series connection of two 2-level Type 2 converters with 
control angles displaced by 2(3, also result in the modulation ratio of 
m = cos (3, same as that obtained in a 3 level converter, where (3 is 
termed as the dead angle. 
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Figure 6.22: Waveforms of EaN, Eab and Ean 

6.8.2 Capacitor Clamped Multilevel Converter 

Here, the damping diodes are replaced by the 'flying capacitors'. For a 
M-Ievel converter, the number of capacitors (each with the voltage rating, 
identical to that of the main switches) is equal to (M-1)(M-2)~ + (M-1). 
In contrast, an M-Ievel diode damped convertor reql'ires (M-1) capacitors. 
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Figure 6.23: Converter voltage and current waveforms in a 12-pulse 3-level
converter

The control gets complicated and a higher switching frequency is required
to balance each capacitor voltage.

A three level, capacitor clamped converter is shown in Fig. 6.24.
Only one leg (phase) is shown here.

6.8.3 Cascaded (Chain Cell) Multilevel Converter

This multilevel converter has the advantage of eliminating extra clamping
diodes or voltage balancing capacitors. In this configuration, each phase
comprises a chain of independent single phase, full bridge converters con-
nected in series as shown in Fig. 6.25. A M-level converter is made up of
(M-1)/2 SFB (Single phase, Full Bridge) converters. Fig. 6.25 shows a 3
link (cell) converter with 7 levels. The voltage waveforms (across each link
and the total are shown in Fig.6.26. The control (switching) angle α1, α2
and α3 of the three SFBS are chosen so that the summed voltage is a good
approximation to a sine wave.

The control of individual SFB (cell) can be explained with reference
to Fig. 6.27. Out of the 4 switches, only two switches are turned on at any
given time. Depending on the pair (of switches) that are on, there can be 4
states of the SFB or chain cell. The voltage across the cell can be +Vdc, −Vdc
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Figure 6.24: A three level capacitor clamped converter

CELL 1 CELL 2 CELL 3

(a) Series connection of cells

(b) A cell circuit ( single phase full bridge )

Figure 6.25: Single phase chain cell converter

or 0. The two states (2 and 4) result in the same output (of zero voltage
across the cell). The voltage required is positive during the positive half
of the cycle (of fundamental component) and negative during the negative
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Figure 6.26: Voltage waveforms for a 7-level chain cell converter

half cycle. The duration of +Vdc and −Vdc voltage states are identical for
a cell in steady state. However, the duration varies depending on the cell.
Thus, the step variation in the converter output voltage during the switch
commutation is limited to Vdc, as there is only a single commutation taking
place in the converter at any instant.

A STATCOMwith 8 SFBs per phase can eliminate harmonic voltages
up to the 25th for balanced operating condition. By providing an extra SFB
in each phase, redundancy can be built into the design. In the event of GTO
failures a SFB can operate continuously in the bypass mode (short circuit)
until the next planned maintenance outage. If all the SFBs are identical,
the control system can be programmed to change over to a new switching
pattern for the remaining SFBs to minimize the harmonic voltages.

The cascaded (chain cell converters) have several advantages in ad-
dition to what have been mentioned earlier. These are listed below [16]

1. Modular construction as SFBs are designed to have the same voltage
and current ratings
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Figure 6.27: Control of a cell (SFB) by switching

2. As the control of each phase is independent, there is scope for com-
pensating for the phase unbalance

3. As each SFB switch in a sequence, the maximum instantaneous volt-
age excursion (of the converter waveform) is limited (to about 2 kV).
Therefore, radio interference is minimized.

4. There is no need for harmonic filters. With a suitable choice of switch-
ing angles, the generation of low order (particularly triplen) harmonics
can be eliminated during unbalanced AC system conditions, which is
not feasible with circuits using 3 phase Graetz bridge.

5. The problems and limitations of direct series connection of GTO thyris-
tors are avoided.

6. The replacement of capacitors in SFBs by energy storage elements such
as batteries or fuel cells enable the exchange of real power with the AC
system.

A ±75 MVA STATCOM based on cascaded (chain cell) converter
has been commissioned by National Grid Company, U.K. in 1999. This is a
part of a 225 MVA relocatable SVC.

Control of Cascaded Converter

Since, the currents in the three phases of a cascaded (chain cell) converter
can be controlled independently, there could be different approaches to the
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control of a cascaded converter. However, in transmission applications, it is
acceptable to neglect unbalanced operation. Thus, it is possible to apply the
Type 1 controller discussed in the previous section. The modulation index
(m) is calculated from

m =
kvar
kfix

where

kvar =
E∗
S

V ∗
dc

, kfix =

√
6

π
nc

where E∗
S and V ∗

dc are the line to line AC voltage (desired) and the (reference)
voltage across the individual capacitor (the voltage across all the capacitors
are assumed to be same in steady state). nc is the number of SFBs connected
in series in each phase.

The modulation index is used to determine the switching angle (cal-
culated off line to minimize harmonics for the particular value of the modu-
lation index). However, the control angle (δ) that determines the phase shift
between the source voltage and the fundamental component of the injected
voltage (ES) is not identical for individual SFB. To ensure, that the voltage
across each capacitor is same it is necessary to apply a correction, using
feedback control [13]. Here, Vdc is calculated as

Vdc =

∑

i Vci
nc

It is to be noted that the values of capacitances for individual SFBs
are not identical (although voltage ratings are identical). The value of the
capacitance (Ci) is determined from considerations of voltage ripple [13]. An
improved voltage balancing control is suggested in [30]. In this approach,
the voltage pulses, P1, P2 . . . Pnc produced by nc SFBs are rotated every
half cycle among the SFBs. This ensures that all DC capacitors are charged
equally and balanced over nc half cycles. Thus, to regulate all DC capacitor’s
average voltages, only one DC capacitor’s voltage needs to be monitored
and fed back for DC voltage control. The block diagram of the controller
is shown in Fig. 6.28. In the duty cycle lookup table, the switching angles,
α1, α2 . . . αnc are stored. A duty cycle swapping circuit rotates pulses every
half cycle.

This approach also ensures that the size of all capacitors are equal.
This fact improves reliability as redundancy can be in-built easily.

If the SFBs are rated for different voltage ratings in the ratio of
1:2:4:...2nc−1, then it is possible to have (2nc+1−1) levels in the phase voltage
[14]. For example with nc = 3, it is possible to have 15 levels. However, the
issues of redundancy and modularity can pose problems.
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Figure 6.28: Control of a cell considering correction for capacitor voltage

6.9 Harmonic Transfer and Resonance in
VSC

The DC capacitor and the series inductor can cause resonance at low order
harmonics that can be present in the system under contingency conditions or
due to any harmonic source in the vicinity (nonlinear loads). For example,
unbalance due to faults results in negative sequence voltage (of fundamental
frequency) which in turn results in second harmonic components on the DC
side. A second harmonic voltage on the DC capacitor results in both negative
sequence (fundamental) component and a positive sequence third harmonic
component. Depending on the value of the DC capacitor, it is possible that
the negative sequence (fundamental) current and positive sequence third
harmonic current in the AC are magnified.

Analysis

To simplify the analysis, we will neglect the losses in the converter. Also,
the switching functions are approximated by their fundamental frequency
components. This is a major assumption that enables the use of the converter
model in p− r variables, given in Eqs. (6.63) to (6.65). Since the losses are
neglected, R = G = 0 and α = 0 in steady state. The simplified equations
(with these approximations) for the converter are,

L
dip
dt

+ ω0Lir = Vp − kVdc (6.86)

L
dir
dt
− ω0Lip = Vr (6.87)

C
dVdc
dt

= kip (6.88)

There is no loss of generality in assuming θ as a constant (say θ = 90◦). Let
us consider that the source voltages include a harmonic voltage of order (n)



210 FACTS Controllers in Power Transmission and Distribution

in addition to the fundamental. The phase voltages can be expressed as
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(6.89)
The in-phase (Vp) and quadrature phase (Vr) components are calculated as

Vp = Vs + Vn cos(n− 1)ω0t (6.90)

Vr = 0− Vn sin(n− 1)ω0t (6.91)

Note that a negative sequence component of harmonic order (n) can be
treated by taking n as negative.

Since Eqs. (6.86) to (6.88) are linear, we can apply superposition
theorem and consider the response to the following inputs

Vpn(t) = Vn cos(n− 1)ω0t

Vrn(t) = −Vn sin(n− 1)ω0t

In the Laplace domain, Eqs (6.86) to (6.88) can be expressed as

Vdc(s) =
k

C
Ipn(s) (6.92)

[

Ls+ k2

Cs ω0L
−ω0L Ls

] [

Ipn(s)
Irn(s)

]

=

[

Vpn(s)
Vrn(s)

]

(6.93)

We can solve Eq. (6.93) to obtain

Ipn(s) =
LsVpn(s)

∆(s)
− ω0L

∆(s)
Vrn(s) (6.94)

Irn(s) =
ω0LVpn(s)

∆(s)
+

(

Ls+ k2

Cs

)

Vrn(s)

∆(s)
(6.95)

where

∆(s) = L2

[

s2 +
k2

LC
+ ω2

0

]

(6.96)

Since, the inputs Vpn(t) and Vrn(t) are sinusoidal quantities of frequency
(n− 1)ω0, the state variables are also sinusoidal in steady state and we can
solve for them using phasor notation and substituting s = j(n− 1)ω0. From
the expressions for Vpn(t) and Vrn(t), we can write (taking Vpn(jω) as the
reference phasor)

Vpn(jω) = Vn + j0, Vrn(jω) = jVn (6.97)
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The solutions for Ipn(t) and Irn(t) can be derived as

Ipn(t) = VnA sin(n− 1)ω0t, Irn(t) = VnB cos(n− 1)ω0t (6.98)

where

A =
−(n− 2)

D
, B =

−1
D

[

(n− 2)− ω2
r

ω2
0(n− 1)

]

D = XL

[

ω2
r

ω2
0

− n(n− 2)

]

, XL = ω0L

ωr =
k2

LC

From Eq. (6.98) we can derive ia(t) as

ia(t) =

√

2

3
[A sin(n− 1)ω0t cosω0t+B cos(n− 1)ω0t sinω0t]Vn

=

√

2

3

[

A+B

2
sin(nω0t) +

A−B
2

sin[(n− 2)ω0t]

]

Vn (6.99)

From the above equation, we note that a harmonic component (of order n)
in the source voltages result in two harmonic components of order n and
(n − 2). If n = −1, then we get both a negative sequence fundamental
and third harmonic component. The capacitor voltage (Vdc) also contains a
harmonic component of order (n− 1) given by

Vdc(t) =
kVn(n− 2)

D(n− 1)ω0C
cos[(n− 1)ω0t] (6.100)

From Eq. (6.99) we get

ian(t) =

√

2
3Vn

[

(n− 2)− ω2
r

2ω2
0
(n−1)

]

XL

[

ω2
r

ω2
0

− n(n− 2)
] sinnω0t (6.101)

ia(n−2)(t) =

√

2
3Vn

[

ω2
r

2ω2
0
(n−1)

]

XL

[

ω2
r

ω2
0

− n(n− 2)
] (6.102)

All the quantities shown above tend to infinity when

ω2
r

ω2
0

= n(n− 2).

where
ω2
r

ω2
0

=
k2

LC
=
XCe

XL
, XCe =

1

ω0Ce
, Ce =

C

k2
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When the losses are considered, the magnitudes of the current and capaci-
tor voltage are limited at resonance, but will be magnified. The resonance
condition is given by

XCe = n(n− 2)XL (6.103)

For n = −1, this corresponds to XCe = 3XL. It is interesting to observe
that when

XCe = 2(n− 1)(n− 2)XL (6.104)

the harmonic current ian(t) is zero. For n = −1, this corresponds to XCe =
12XL. Actually for higher values of XCe, the harmonic current remains
small. However, there is an upper limit on XCe determined by the voltage
ripple on the capacitor that can be tolerated.

The value of ( InXL

Vn
) as a function of (XCe

XL
) is shown in Fig. 6.29 for

n = −1 and n = 3.
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Remarks

1. Note that the analysis considers only the harmonic components (using
superposition theorem which applies for linear systems). The exact
analysis considering losses and controller modelling would be quite
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complex. However, the simplified analysis indicates the problem areas
and can act as a guide in the choice of the DC capacitor ratings.

2. It is interesting to observe that the harmonic component in the DC
voltage is zero for n = 2. This indicates that the second harmonic in-
stability problem that affects a SVC, would not be present in a STAT-
COM.

Note that the second harmonic instability problem arises due to the
presence of a positive sequence second harmonic component in the
source voltage which can be magnified also due to the presence of DC
components in the SVC currents.

3. If the capacitor voltage (Vdc) has a sinusoidal component of frequency,
ωd, such that

Vdc = Vdco +A sinωdt

the AC voltages will contain 2 components, (i) of frequency (ω0 + ωd)
and (ii) of frequency (ωd−ω0). The former is always a positive sequence
component, while the latter is of negative sequence if ωd > ω0. On the
other hand, if ωd < ω0, the component of frequency (ωd−ω0) is also a
positive sequence component.

Note that ωd can have any value, not necessarily a multiple of ω0.
For example, subsynchronous frequency currents flowing in the converter can
result in the presence of a subsynchronous frequency component in the DC
capacitor voltage.

6.10 Applications of STATCOM

Since a STATCOM is an advanced type of SVC (based on VSC), the motiva-
tions for the applications are similar to that of a SVC, discussed in chapter 3.
A STATCOM has several advantages over a SVC, namely (i) better perfor-
mance under low voltage conditions, (ii) faster response that is independent
of the system conditions and (iii) reduced space requirement (smaller foot-
print). Also, a STATCOM can be built up in a modular fashion which will
reduce the engineering costs.

The primary objective of applying a STATCOM in transmission net-
works is the fast regulation of voltage at a load or an intermediate bus. This
will also increase the power transfer capacity of the network and thus en-
hance ATC (Available Transfer Capacity). The design of a voltage regulator
is similar to that in a SVC which is discussed in chapter 3. The problems
caused by interactions (electromagnetic) with the network also affect the
design of voltage regulator in a STATCOM.
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The smaller footprint and faster response of a STATCOM provides
an opportunity to import power (for an urban area) from distant economic
generators while the voltage is stabilized with a local STATCOM (older,
uneconomic generators have been used in urban areas primarily for voltage
regulation).

The use of multi-pulse and/or multilevel converters eliminates the
need for harmonic filters in the case of a STATCOM. However, the costs in-
crease not only due to the increased costs of magnetics and self-commutated
devices (such as GTO thyristors), but also resulting from increased losses.
(The total losses can vary from 0.5 to 1.0%). The new developments in power
semiconductor technology are expected to bring down the costs and losses.
The voltage and power ratings are expected to increase. At present, the use
of STATCOM in distribution systems has become attractive, not only for
voltage regulation, but also for eliminating harmonics and improving power
quality.

Utilizing an auxiliary controller with Thevenin Voltage signal as in-
put, it it possible to damp both low frequency oscillations [28] and sub-
synchronous oscillations [29]. In the latter case, the objective is to provide
adequate damping torque in the critical range of torsional frequencies.
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Chapter 7

Static Synchronous Series
Compensator

7.1 Introduction

The Static Synchronous Series Compensator (SSSC) is a series connected
FACTS controller based on VSC and can be viewed as an advanced type of
controlled series compensation, just as a STATCOM is an advanced SVC.
A SSSC has several advantages over a TCSC such as (a) elimination of
bulky passive components – capacitors and reactors, (b) improved technical
characteristics (c) symmetric capability in both inductive and capacitive
operating modes (d) possibility of connecting an energy source on the DC
side to exchange real power with the AC network.

However, a SSSC is yet to be installed in practice except as a part of
UPFC or Convertible Static Compensator (CSC). An example of the former
is a 160 MVAR series connected converter as part of the Unified Power Flow
Controller installed at Inez station of American Electric Power (AEP). An
example of the latter are the two, 100 MVA series connected converters at
Marcy 345 kV substation in Central New York belonging to NYPA. In both
cases, 24 pulse three-level converters are used. This topology reduces the
injected harmonic voltages considerably and there is no need for harmonic
filters.

7.2 Operation of SSSC and the Control of
Power Flow

7.2.1 Description

The schematic of a SSSC is shown in Fig. 7.1(a). The equivalent circuit of
the SSSC is shown in Fig. 7.1(b).

The magnitude of VC can be controlled to regulate power flow. The
winding resistance and leakage reactance of the connecting transformer ap-
pear is series with the voltage source VC . If there is no energy source on
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Figure 7.1: Schematic of SSSC

the DC side, neglecting losses in the converter and DC capacitor, the power
balance in steady state leads to

Re[VCI
∗] = 0 (7.1)

The above equation shows that VC is in quadrature with I. If VC lags I by
90◦, the operating mode is capacitive and the current (magnitude) in the
line is increased with resultant increase in power flow. On the other hand,
if VC leads I by 90◦, the operating mode is inductive, and the line current
is decreased. Note that we are assuming the injected voltage is sinusoidal
(neglecting harmonics).

Since the losses are always present, the phase shift between I and
VC is less than 90◦ (in steady state). In general, we can write

V̂C = VC(cos γ − j sin γ)ejφ
= (VCp − jVCr)ejφ (7.2)

where φ is the phase angle of the line current, γ is the angle by which V̂C
lags the current. VCp and VCr are the in-phase and quadrature components
of the injected voltage (with reference to the line current). We can also term
them as active (or real) and reactive components. The real component is
required to meet the losses in the converter and the DC capacitor.

We use the convention that the reactive voltage lagging the current
by 90◦ as positive (Note that for a SVC or STATCOM, we used the conven-
tion of lagging reactive current as positive.) According to this convention,
the positive reactive voltage implies capacitive mode of operation while neg-
ative reactive voltage implies inductive mode of operation. Since γ is close
to ±90◦, we can write

γ = sgn(VCr)[−90◦ + α◦] (7.3)
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Figure 7.2: Representation of SSSC in a transmission line

where sgn(.) indicates the signum function whose value is +1 if the argument
is positive and −1 if the argument is negative. Substituting Eq. (7.3) in (7.2)
we can write,

VCp = VC sinα, VCr = VC cosα (7.4)

Since the losses are expected to be small (typically below 1%) the magnitude
of VCp is very small and may be neglected to simplify the analysis. VCp
will vary during a transient to increase or decrease the voltage across the
DC capacitor (particularly in the case of type 2 converter where the ratio
between the AC voltage and the DC capacitor voltage is constant, with no
modulation).

7.2.2 Comparison between Variable Series
Compensation and SSSC

For comparing the characteristics of a variable series compensation (say
TCSC) and a SSSC, let us consider a simple system with a transmission
line (with the compensator) connected to constant voltage sources at the
two ends (see Fig. 7.2). The transmission line is represented only by a series
reactance (X) in which x1 (shown in Fig. 7.1 (b)) is merged.

If the magnitudes of VS and VR are equal to V , the voltage drop
across the line (see phasor diagram) is given by

IX − VC = 2V sin
δ

2
(7.5)

The magnitude of the current is obtained as

I =
VC
X

+
2V sin δ

2

X
(7.6)

The power flow (P ) in the line is given by

P = V I cos
δ

2
=
V VC
X

cos
δ

2
+
V 2 sin δ

X
(7.7)
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The reactive power supplied at the two ends of the line are equal (Q). The
expression for Q is given by

Q = V I sin
δ

2
=
VCV

X
sin

δ

2
+
V 2

X
(1− cos δ) (7.8)

From Eq. (7.6), it is observed that I varies linearly with VC for a specified
value of δ. If VC is negative (inductive), it is possible to reverse the line
current phasor which leads to power reversal in the line. The property of
reversal of power is not feasible with variable series compensation as shown
below.

The line current with variable series compensation is given by

I =
2V sin δ

2

X(1− kse)
(7.9)

This shows that only way of power reversal is by increasing the compensa-
tion level, kse above 1.0 (overcompensation). However, this is not practical
for two reasons. (1) As kse approaches 1, the current in the line increases
without limit due to resonance at the fundamental frequency. (Inclusion of
the line resistance in the model puts an upper limit on the current which
can still be dangerously high). (2) The power angle curve for a line with
overcompensation (kse > 1) is shown in Fig. 7.3. The operating value of
δ is assumed to be 30◦. The system is not stable at this operating point
as synchronizing torque is negative ( dPdδ is negative). The operating point
corresponding to δ = 180◦ − 30◦ is stable, but the current in the line is
much higher which gives rise to increased losses in the line when resistance
is considered.

The above arguments shows that while power reversal in a trans-
mission line is feasible with a SSSC injecting the desired value of inductive
reactive voltage; the power reversal with a TCSC (for positive δ) is not fea-
sible. Also, in a TCSC, the inductive vernier operation is rarely used (due
to increased thyristor currents, losses and harmonic voltages). Only during
the TCSC bypass mode, the net reactance is small inductive. This mode is
used to protect the capacitor against overvoltages caused by high currents
in the line due to faults.

The variation of power (P ) and reactive power (Q) as a function
of δ is shown in Fig. 7.4 for different values of VC . It is assumed that
V = 1.0, X = 0.5. The reactive power (QC) supplied by the SSSC is given
by QC = VCI whereas for a fixed compensation, QC = I2X(I − kse) also
shown as a function of δ. These quantities for VC = 0.25 are compared
with those for a fixed compensation (kse = 0.5) and the results are shown in
Fig. 7.5. Note that for rated current, both compensations result in identical
operating conditions (δ = 15.96◦, P = 0.992, Q = 0.125).
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Figure 7.5: Reactive power supplied by SSSC with VC = 0.25

Remarks

1. The property of a SSSC that results in the reversal of power by in-
jecting required magnitudes of inductive reactive voltage (for δ > 0) is
similar to that of a phase shifter. Thus, a Static Phase Shifting Trans-
former (SPST) or Phase Angle Regulator (PAR) can be made up of
series and shunt connected VSCs.

2. The DC capacitor is initially charged by the currents flowing in the
anti-parallel connected diodes which function as a rectifier that draws
energy from the current flowing in the transmission line. The steady
state operation of a SSSC when the line current is very low may be
problematic unless separate DC sources are used to charge the capac-
itor.

The advantage of power reversal in the transmission line for δ > 0,
is intended to be useful mainly under dynamic conditions. The full
dynamic range of operation of a SSSC is utilized during contingency
conditions to improve stability

3. The SSR characteristics of a SSSC are quite different from that of a
TCSC. Theoretically, if the capacitor voltage can be held constant, or
the variations minimized by selecting a large value of the capacitance,
then the SSR can be claimed to be SSR neutral. Under such conditions,
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the resonance at subsynchronous frequencies is determined by the rest
of the electrical network-line inductance and fixed capacitors if any
(Note that because of cost considerations, the total compensation in a
line will be made up of fixed and variable type).

The SSR characteristics of a SSSC will be discussed separately.

7.2.3 Power Flow Control Characteristics

A SSSC controls the power flow in a transmission line by varying the mag-
nitude and polarity of the reactive voltage injected in series with line. In
this section, we will study the control characteristics of a SSSC in the P −Q
plane where P and Q are the power and reactive power at the receiving end.
In deriving the control characteristics we will relax the assumptions about
losses in the line and the equality of sending end and receiving end voltage
magnitudes.

If Z = R + jX represents the series impedance of the line shown in
Fig. 7.2, the complex power at the receiving end (SR) is given by

SR = PR + jQR =
V̂R(V̂S − V̂C − V̂R)∗

Z∗ (7.10)

If VC = 0, then SR is defined as

SR = S0 = P0 + jQ0 =
V̂R(V̂S − V̂R)∗

Z∗ (7.11)

Substituting Eq. (7.11) in (7.10), we get

SR = S0 −
V̂RV

∗
C

Z∗ (7.12)

Assuming VC is purely reactive voltage, then

V̂C = −jAÎ, A =
VC
|I| (7.13)

Substituting Eq. (7.13) in (7.12) and noting that

I∗ =
SR
VR

(7.14)

we obtain,

SR = S0 −
V̂R(jAI

∗)
Z∗ = S0 − j

ASR
Z∗ (7.15)

From the above, we can solve for SR as,

SR =
S0Z

∗

Z∗ + jA
=

S0Z
∗

R+ j(A−X)
(7.16)
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Figure 7.6: Operating region and control characteristics of a SSSC in the
PR −QR plane

As A varies from −∞ to ∞, the locus of R+ j(A−X) in the R−X plane
is a straight line parallel to the X axis and passing through the point (R, 0).

The locus of the reciprocal of R+j(A−X) is a circle with the center
(

1
2R , 0

)

and radius 1
2R . From Eq. (7.15), it can be seen that SR describes a circle in

the P −Q plane with S0Z∗

2R as center and radius of
∣

∣

∣

S0Z∗

2R

∣

∣

∣.

Note that this circle passes through the origin as well as the point S0
(corresponding to VC = 0). The locus of PR and QR lie on the circumference
of the circle which is a function of S0 and the ratio X

R . The value of S0 (PR
and QR in the absence of SSSC) is a function of δ and the line impedance Z
(for specified VS and VR). However, different combinations of Z and δ can
give a specified value of S0.

If |S0| = 1.0 and X
R = 10 , then the radius of the circle is 5.025

pu. Fig. 7.6 shows the control characteristics for P0 = 1.0, Q0 = 0.0, with
|S0| = 1.0.

The range of operation of a SSSC is only a part of the circle around
the operating point S0. This is due to the limitations imposed by the rating



7. Static Synchronous Series Compensator 225

of SSSC. Fig. 7.6 also shows the range of operation of a SSSC which is
bounded by a circle with Ŝ0 as centre and radius = |VCmaxV

Z |.

7.3 Modelling and Control of SSSC

7.3.1 Modelling of SSSC

Neglecting harmonics, we can express the system equations (including SSSC)
in D–Q variables (referred to a synchronously rotating axis). The advantage
of using these variables is that in steady state, the D–Q components are
constants and can be expressed as rectangular coordinates of phasors. For
stability studies involving phenomena of frequency below 5 Hz, it is ade-
quate to express the network equations using phasors by neglecting network
transients. However, for phenomena involving higher frequencies, one can-
not ignore network transients (even for studies involving subsynchronous
frequency oscillations).

We can illustrate the derivation of the network equations by consid-
ering the single line containing a SSSC shown in Fig. 7.2.

Neglecting, zero sequence components, we can express the network
equations (using two phase variables, α and β) in the complex form given
below.

L
dî

dt
+Rî = v̂S − v̂C − v̂R (7.17)

where

î = (iβ + jiα), v̂S = vSβ + jvSα,

v̂C = vCβ + jvCα, v̂R = vRβ + jvRα,

Transforming from α, β to D −Q components which are related as,
[

iα
iβ

]

=

[

cos θ sin θ
− sin θ cos θ

] [

iD
iQ

]

(7.18)

where θ = ω0t+θ0. There is no loss of generality in assuming θ0 = 0. Similar
transformation as given above applies to the variables vSα, vSβ and vSD, vSQ
and so on.

We can also express Eq. (7.18) as a complex equation given below.

(iβ + jiα) = (iQ + jiD)e
jω0t = Îejω0t (7.19)

Utilizing Eq. (7.18) and similar equations for other variables in Eq. (7.17),
the latter can be expressed as

L
d(Îejω0t)

dt
+R(Îejω0t) = (V̂S − V̂C − V̂R)ejω0t (7.20)
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Simplifying, we get,

L
dÎ

dt
+ jω0LÎ +RÎ = V̂S − V̂C − V̂R (7.21)

where

Î = IQ + jID, V̂S = VSQ + jVSD, V̂C = VCQ + jVCD,

V̂R = VRQ + jVRD

In steady state, Î is a constant and dÎ
dt = 0. Hence, we get (in steady state),

(R+ jω0L)Î = V̂S − V̂C − V̂R (7.22)

Remarks

1. The advantages of writing a complex equation such as Eq. (7.20) for
a network element (such as a transmission line) are two fold

(a) The extension to a complex network consisting of inductors, ca-
pacitors, resistors etc is straightforward.

(b) The derivation of phasor equations in steady state (such as Eq.
(7.21)) is, again, simplified.

2. Both lower case and upper case letters are used for D−Q components
as they are both instantaneous quantities as well as components of
phasors (in steady state).

Actually, the term ‘dynamic phasors’ can be used when the deriva-
tives are not zero. (under dynamic conditions).

The voltage injected by SSSC can be expressed as

VCQ + jVCD = (VCp − jVCr)ejφ (7.23)

where,

tanφ =
ID
IQ

(7.24)

The equation for the DC capacitor voltage is

C
dvdc
dt

+Gvdc = idc (7.25)

From the power balance considerations,

Re(V̂C Î
∗) = vdcidc (7.26)
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Figure 7.7: Operating region of SSSC in VC − I plane

The L.H.S is expressed as

IVCp = IVC sinα = IkVdc sinα (7.27)

From the above, we get
idc = kI sinα (7.28)

where, I =
√

I2D + I2Q, α is defined in Eq. (7.3).

In steady state, we can express VC as

VC =
k2I

G
sinα (7.29)

Note that α > 0 in steady state.

The operating region in the VC − I plane is shown in Fig. 7.7 where
SSSC is operated in voltage control. This figure also shows the operating
region when the SSSC is operated in the reactance control mode (which
has also been proposed in the literature). However, as discussed earlier,
the voltage control model is more advantageous than the reactance control
mode.

The operating region in the voltage control mode is OABCD. The
slope of OA and OD are obtained from Eq. (7.29) as

dVC
dI

= ±k
2

G
(7.30)

corresponding to α = 90◦. VC is assumed to be positive when it is capacitive
and negative when it is inductive. Note that VCmin = −VCmax. SimilarlyXC

is assumed to be positive (when capacitive) and negative (when inductive).
Also XCmin = −XCmax. The operating region in the reactance control mode
is OAB.
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7.3.2 Control Scheme for SSSC Using Type 2
Converter

When the ratio of the magnitude of the injected voltage to the DC capacitor

voltage
(

VC
Vdc

= k
)

is held constant, the only control variable is α that is

used to regulate the magnitude of VC . The block diagram of the controller
is shown in Fig. 7.8.

The voltage reference (V ∗
C) injected by SSSC is obtained as the out-

put of higher level controls - power scheduling, power oscillation damping
and transient stability (enhancement) controls. These issues are discussed
in chapter 4 when dealing with the control of a TCSC. There is no essential
difference between a TCSC or a SSSC in the matter of higher level controls.
The power scheduling control can be either Constant Current (CC) type
or Constant Angle (CA) type. The control strategies for the improvement
of transient stability are based on the discrete or bang-bang control. This
will be discussed in detail in chapter 11. It is also possible to provides an
auxiliary (supplementary) control for damping subsynchronous oscillations.
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7.3.3 Controller of SSSC Using Type 1 Converter

It is very likely that a practical SSSC will utilize Type 1 converters. The
existing SSSCs at Inez and Marcy substations in USA use 24 pulse, 3 level
converters. Here, k is variable in addition to α. The gating pulses are based
on the computation of k and α as follows.

kvar =
VC
Vdc

, VC =
√

V 2
Cp + V 2

Cr

α = tan−1 VCp
|VCr|

For a three level converter, the dead angle (β) required can be obtained from

cosβ =
kvar
kfix

, kfix =
p

6

√
6

π
(7.31)

where p is the pulse number.

The block diagram of the controller for type 1 converter is shown in
Fig. 7.9.

7.4 SSSC with an Energy Source

If an energy source such as battery or fuel cell is provided on the DC side of
the VSC, it is possible to exchange real (active) power with the AC network.
Here, the real (active) voltage component can be controlled in addition to
the reactive voltage. This enables two degrees of freedom to control active
and reactive power flow in the line. Alternately, it is possible to compensate
for the line resistance to increase the power transfer capacity in the line.

Instead of an energy source, it is possible to provide the real power
from a shunt connected VSC which is connected to the series connected
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Figure 7.10: A SSSC in a lossy transmission line

SSSC on the DC side. This arrangement is known as Unified Power Flow
Controller (UPFC) which is described in the next chapter in detail. Here,
we will discuss two different control strategies which also apply to UPFC.

7.4.1 Emulation of Resistance and Reactance

Consider a transmission line with a SSSC as shown in Fig. 7.10. The SSSC
injects active voltage (VCp) in addition to the reactive voltage (VCr). Assum-
ing the reactive voltage is controlled to compensate for the line reactance,
VCp can be controlled to introduce a negative resistance (by injecting active

power in the line) to raise the X
R ratio in the line. The compensation for the

line reactance reduces the X
R ratio, which can be raised by the compensation

of the line resistance [2]. For a given value of X, raising the X
R ratio increases

the power transfer in the line.

For the line shown in Fig. 7.10, the resistance and reactance emula-
tion control in the SSSC, result in

VCp = −IRC , VCr = IXC (7.32)

The net resistance (R) and reactance (X) in the line are given by

R = RL −RC , X = XL −XC (7.33)

Power Flow in the Line

The equivalent series impedance in the line is given by

Z = R+ jX (7.34)

Assuming |VS | = |VR| = V , for simplicity, we get

I = (G− jB)(V̂S − V̂R) = ÎG + ÎB (7.35)

where

G− jB =
1

R+ jX
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Referring to the phasor diagram shown in Fig. 7.11, we have,

V̂S − V̂R = 2V sin
δ

2
6
(

π

2
+
δ

2

)

(7.36)

ÎG = 2GV sin
δ

2
6
(

π

2
+
δ

2

)

, ÎB = 2BV sin
δ

2
6 δ
2

(7.37)

PS + jQS = V̂S(Î
∗
G + Î∗B) (7.38)

PR + jQR = V̂R(Î
∗
G + Î∗B) (7.39)

Substituting V̂S = V 6 δ, V̂R = V 6 0 and Eq. (7.37) in (7.38) and
(7.39), we get the following expressions

PS = BV 2 sin δ +GV 2(1− cos δ) (7.40)

QS = BV 2(1− cos δ)−GV 2 sin δ (7.41)

PR = BV 2 sin δ −GV 2(1− cos δ) (7.42)

−QR = BV 2(1− cos δ) +GV 2 sin δ (7.43)

It is interesting to observe that the conductance (G) of a line results in the
transmission of reactive power from the receiving end to the sending end,
without any loss.

G and B are defined from

G =
R

R2 +X2
=

h2

(h2 + 1)R
=

h

(h2 + 1)X

B =
X

R2 +X2
=

h

(h2 + 1)R
=

1

(h2 + 1)X

where h = R
X .

PR is maximum at δ = δm defined by dPR
dδ = 0. For a specified value

of h, we can derive
cos δm = h sin δm (7.44)
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Case (i): R is held constant, X is variable.

For this case, we can show that the maximum received power (cor-
responding to δ = δm) can be expressed as

Pm =
V 2

R
cos δm −

V 2h2

R(1 + h2)
=
V 2

R
cos δm(1− cos δm) (7.45)

If h is a controllable parameter (which also determines δm), we can maximize
Pm by letting

x = cos δm = 0.5 =⇒ δm = 60◦ (7.46)

Note that we obtain this result by the condition dPm
dδm

= 0. Also, the optimum

value of h is obtained from Eq. (7.40) as

hopt = cot δm =
1√
3

(7.47)

Note that this is a well-known result. The maximum value of the series
reactive compensation is determined from the (optimum) X

R =
√
3. Thus, if

XL

RL
= 10, maximum series reactive compensation is limited to 82.7%.

The line current for the optimum value of h, is given by

Î =
4√
3
BV sin

δm
2

6 60◦

Î =
√
3
V

X
sin 30◦6 60◦ (7.48)

It is interesting to observe that V̂S and Î are in phase and the reactive power
at the sending end is zero. The maximum power at the receiving end is given
by

PRmax =
V 2

4R
=

√
3V 2

4X
=

0.433V 2

X
(7.49)

It can be shown that QS=0 and −QR = 3V 2

4X . Also, PS = 2PR
implying that half the sending end power is consumed by SSSC.

Case (ii): X is held constant, R is variable.

It is assumed that the SSSC regulates XC which is held constant.
This implies that X is a constant. RC is made variable. The objective is
to solve for the optimum value of R which maximizes PR. We proceed as
before. While Eq. (7.44) applies, Pm is now expressed as

Pm =
V 2

X
sin δm −

V 2

X

h

(1 + h2)

=
V 2

X

[

sin δm −
sin 2δm

2

]

(7.50)
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Pm is maximized by letting dPm
dδm

= 0. We get

cos δm − cos 2δm = 0 (7.51)

Denoting x = cos δm, we get a quadratic equation in x, from Eq. (7.51),
given by

2x2 − x− 1 = 0 (7.52)

and the relevant solution for x = − 1
2 . This gives δm = 120◦ and hopt = − 1√

3
.

Note that the net resistance is now negative and optimum value of RC is
given by

Ropt
C =

−X√
3
−RL (7.53)

It can be shown that PRmax is given by

PRmax =
V 23 ·

√
3

4X
= 1.299

V 2

X
(7.54)

Note that this is three times the value given by Eq. (7.49). The line current
for this condition can be expressed as

Î =
√
3
V

X
sin 60◦6 30◦ (7.55)

It is interesting to observe that the line current lags the sending end voltage
by 90◦. This implies that the sending end power is zero and the entire power
flow comes from the SSSC. The reactive power injected by the sending end
is maximum and is given by

QS =
3V 2

2X
(7.56)

The reactive power injected at the receiving end (−QR) is only half of the
value of QS . The value of −QR is same as that in case (i).

Remarks

1. By injecting active power from SSSC and resistance emulation, the
maximum power at the receiving end exceeds the theoretical maximum

of V 2

X (for R = 0) (see Eq. (7.49). The sending end supplies only
reactive power.

2. The magnitude of the line current in case (ii) (with negative R) is√
3 times the current in case (i). However, the power factor at the

receiving end for case (ii) is 0.866 while it is 0.5 for case (i). Thus, the
maximum power is three times that for case (i).

3. The negative resistance emulation can destabilize oscillations in power.
Thus, the practical use of this strategy appears to be limited.
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7.4.2 Active and Reactive Voltage Control

If, instead of emulating resistance and reactance, we control directly active
and reactive voltage (within the constraints imposed by the ratings), it is
possible to control and regulate the power and reactive power flow in the
line. If the power and reactive power at the receiving end can be held at
their command values independent of the normal variations in the operating
conditions in the system; this would be a remarkable achievement for systems
control.

Referring to Fig. 7.10 and Eq. (7.12) reproduced below,

SR = PR + jQR = S0 −
V ∗
CVR
Z∗ (7.57)

Assuming that the rating of SSSC only limits the magnitude of VC (the
voltage injected), but the phasor VC can lie in any of the four quadrants, the
Eq. (7.57) describes a circle in the PR −QR plane with the center (P0, Q0)

and a radius of
∣

∣

∣

VCVR
Z

∣

∣

∣. We can rewrite Eq. (7.57) as follows.

(PR − P0)2 + (QR −Q0)
2 =

∣

∣

∣

∣

VCVR
Z

∣

∣

∣

∣

2

(7.58)

Assuming that |VC | < VCmax, the circle corresponding to the radius of
∣

∣

∣

VCmaxVR
Z

∣

∣

∣ circumscribes the region in P − Q plane, that is controlled by

the SSSC.

For Z = 0.02 + j0.2, VCmax = 0.25, VR = 1.0, P0 = 1.0, Q0 = 0.0,
the region of operation is shown in Fig. 7.6 as bound by a circle with
Ŝ0 as centre. This figure also shows the circle corresponding to the SSSC
operating without an energy source (injecting only a reactive voltage). The
overlapping region of the two circles correspond to the operation when the
SSSC absorbs power from the transmission line. The rest of the circular
region described by Eq. (7.58) corresponds to the operation of SSSC when
it supplies power to the transmission line. (Note that the SSSC circle with
reactive voltage injection maps the line (parallel to y- axis) passing through
the point (R, 0) in the R−X plane to a circle in the P −Q plane. The inside
of the circle corresponds to the region in the R−X plane to the right of the
line passing through (R, 0). This region corresponds to the net resistance of
the transmission line exceeding R).

It is obvious that it is possible to regulate PR and QR in the line
with the injection of VC (of required magnitude and phase angle) as long as
the desired values of PR and QR lie in the region defined by the circle with

(P0, Q0) as center and a radius of
∣

∣

∣

VCmaxVR
Z

∣

∣

∣.
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7.4.3 Power Flow with Constant Active and
Reactive Voltage Injection in the Line

It is possible to derive expressions for the power flow in the line if we consider
the control strategy is to regulate the magnitude of the active (VCp) and
reactive (VCr) voltage injected by the SSSC. To simplify the analysis, we
will neglect the line resistance (RL) in the line (shown in Fig. 7.10). If

VCp = 0, then the current phasor (Î) has the phase angle of (δS + δR)/2 if

|VS | = |VR| = V and RL = 0. If we assume δS = δ
2 , δR = −δ

2 , the phase angle
of the current is zero if VCp = 0.

The presence of VCp alters the phase angle of the line current. If we
assume

Î = I 6 − φ
we can express V̂C as

V̂C = (VCp − jVCr) 6 − φ = (−Vp + jVr) 6 − φ

Note that we are assuming VCp as negative which implies that φ > 0. This
can be deduced from the analysis given in section 7.4.1.

From the equivalent circuit of the line shown in Fig. 7.12, we can
express Î (by applying superposition principle) as

I 6 − φ =
2V sin δ

2

XL
+
Vp 6 − φ
jXL

+
jVr 6 − φ
jXL

(7.59)

Separating the real and imaginary components, we get

I cosφ =
2V sin δ

2

XL
− Vp sinφ

XL
+

Vr
XL

cosφ (7.60)

I sinφ =
Vp cosφ

XL
+

Vr
XL

sinφ (7.61)

By multiplying both sides of Eq. (7.60) and Eq. (7.61) by cos δ2 and sin δ
2

respectively and adding, we can derive
(

I − Vr
XL

)

cos

(

δ

2
− φ

)

=
V sin δ

XL
+
Vp
XL

sin

(

δ

2
− φ

)

(7.62)

Since,

PR = V I cos

(

δ

2
− φ

)

,

we get the final expression for PR as

PR =
V 2 sin δ

XL
+
V Vp
XL

sin

(

δ

2
− φ

)

+
V Vr
XL

cos

(

δ

2
− φ

)

(7.63)
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(a) Equivalent circuit
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(b) Phasor diagram

Figure 7.12: SSSC with constant active and reactive voltage injection

From the phasor diagram (also shown in Fig. 7.12) we can express φ as a
function of Vp and δ as follows

sinφ =
Vp

2V sin δ
2

(7.64)

The above equation also shows that φ > 0 if VCp = −Vp is negative implying
that SSSC is supplying power to the line from the energy source connected
on the DC side.

It is also possible to express QR defined as −QR = V I sin
(

δ
2 − φ

)

.

The final expression for the reactive power injected into the line at
the receiving end can be derived from Eqs (7.60)and (7.61). This is given by

−QR =
V 2

XL
(1− cos δ)− V Vp

XL
cos

(

δ

2
− φ

)

+
V Vr
XL

sin

(

δ

2
− φ

)

(7.65)

Note that φ = 0 if Vp = 0. The role of real power transfer from SSSC
is to reduce the reactive power supplied at the receiving end in addition
to enhance the active power received (PR). While pure reactive voltage
injection increases PR, it is also accompanied by the increase in (−QR).
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7.5 Analysis of SSR with a SSSC

As mentioned earlier, the SSSC is strictly SSR neutral if the DC capacitor
has large size and the controller regulates the capacitor voltage with no
perturbations caused by perturbations in the line current.

To simplify the analysis, we assume that the perturbations in the
line currents can be expressed as

∆ia(t) =

√

2

3
[Isub cosωsubt+ Isup cosωsupt]

∆ib(t) =

√

2

3

[

Isub cos

(

ωsubt−
2π

3

)

+ Isup cos

(

ωsupt−
2π

3

)]

∆ic(t) =

√

2

3

[

Isub cos

(

ωsubt+
2π

3

)

+ Isup cos

(

ωsupt+
2π

3

)]

The perturbations in the capacitor voltage (∆Vdc) is given by the equation,

C
d∆Vdc
dt

= ∆idc

=

√

2

3
k

[

∆ia · sinω0t+∆ib · sin
(

ω0t−
2π

3

)

+∆ic · sin
(

ω0t+
2π

3

)]

(7.66)

The above equation can be simplified as

C
d∆Vdc
dt

= k(Isub − Isup) sinωmt (7.67)

where ωm = ω0 − ωe = ω0 − ωsub = ωsup − ω0.

From Eq. (7.67), we can derive,

∆Vdc(t) = −
k

Cωm
(Isub − Isup) cosωmt (7.68)

The perturbation in the injected voltage (∆VCa) is given by

∆VCa(t) = −
k2

2Cωm

√

2

3
[(Isub−Isup) sinωsubt+(Isub−Isup) sinωsupt] (7.69)

The L.H.S. can be expressed as

∆VCa(t) =

√

2

3
[−Vsub sinωsubt− Vsup sinωsupt] (7.70)

The expressions for ∆VCb and ∆VCc are similarly obtained. Relating ∆VCa(t)
to ∆ia(t), we can drive the following matrix equation.

[

Vsub
Vsup

]

= jXCm

[

1 −1
1 −1

] [

Isub
Isup

]

(7.71)
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where

XCm =
k2

2Cωm
, ωm = ω0 − ωe

Eq. (7.71) shows the coupling between subsynchronous and supersynchronous
frequency networks. Generally, |Isub| > |Isup|, and hence a SSSC appears as
a capacitive impedance at the subsynchronous frequency.

A Case Study [6]

The system considered is adapted from IEEE FBM Model [11]. The gener-
ator data is identical except that it is also equipped with a static excitation
system and a speed input PSS. The line impedance is assumed to be 0.04
+ j1.0 pu. The transformer leakage impedance (0.14 pu) and the system
impedance (0.06 pu) at the receiving end are same as given in [11]. The
operating conditions are Pg = 0.9, Vg = 1.0 and Eb = 1.0. Following cases
are considered for series compensation

1. With a fixed capacitor of reactance 0.6 pu.

2. With a fixed capacitor of reactance 0.4 pu.

3. With a SSSC in series with a fixed capacitor of 0.4 pu. The SSSC
provides a compensation of 0.2 pu at the operating point. That is,
Vro
Io

= 0.2 where Vro is the injected reactive voltage at the operating
point and Io is the line current magnitude at the operating point.

The SSSC controller regulates the magnitude of the reactive voltage
injected. The system model is linearized about the operating point and the
eigenvalues corresponding to the torsional and network modes are shown in
Table 7.1 for the three cases. It is observed that the system is unstable
(due to mode 2) for case 1 while it is stable for case 3, even though the
compensation levels are same for both cases. The introduction of a SSSC
for series compensation is not strictly SSR neutral as it is observed that the
damping of the third torsional mode is significantly reduced.

It has been suggested that a SSSC with an energy source on the DC
side can be used to compensate for the line resistance drop also [2]. However,
this can destabilize the critical torsional mode (No. 3). See the first column
of Table 7.2 which shows the eigenvalues for the case 3 with line resistance
reduced from 0.04 pu to 0.02 pu.

It is observed from the comparison of the results of the cases 2 and 3,
that a SSSC offers a capacitive reactance. The network resonance frequency
for case 2 (XC = 0.40) is ωer = 204 rad/sec while for case 3 it is 218 rad/sec.
The resonance frequency for case-1 is 250 rad/sec. This is in accordance



7. Static Synchronous Series Compensator 239

Table 7.1: Eigenvalues for Cases 1, 2 and 3
Case 1 Case 2 Case 3 Comments
(XC = 0.6) (XC = 0.4) (XC = 0.4,

XSSSC = 0.2)

-1.790 ± j6.281 -1.054 ± j5.786 -1.348 ± j5.901 TM0
-0.184 ± j99.137 -0.268 ± j98.853 -0.235 ± j98.908 TM1
0.190 ± j127.000 -0.075 ± j127.020 -0.070 ± j127.030 TM2
-0.644 ± j160.440 -0.562 ± j160.780 -0.128 ± j160.200 TM3
-0.367 ± j202.830 -0.352 ± j202.720 -0.372 ± j202.800 TM4
-1.850 ± j298.170 -1.850 ± j298.170 -1.850 ± j298.170 TM5
-4.222 ± j127.640 -4.773 ± j172.800 -5.046 ± j158.400 Network

Sub. Mode
-5.740 ± j626.740 -5.714 ± j580.890 -4.884 ± j566.900 Network

Sup. Mode

Table 7.2: Eigenvalues with and without SSDC for Case 3

Without SSDC With SSDC Comments

-1.311 ± j5.936 -1.312 ± j5.935 Torsional Mode 0
-0.239 ± j98.914 -0.247 ± j98.917 Torsional Mode 1
-0.072 ± j127.030 -0.075 ± j127.030 Torsional Mode 2
0.259 ± j159.590 -0.503 ± j160.070 Torsional Mode 3
-0.376 ± j202.790 -0.374 ± j202.790 Torsional Mode 4
-1.850 ± j298.170 -1.850 ± j298.170 Torsional Mode 5
-2.478 ± j159.020 -1.969 ± j153.750 Network

Subsynchronous
Mode

-2.330 ± j567.050 -2.458 ± j567.280 Network
Supersynchronous
Mode

with the relation that ωer is directly proportional to the square root of the
fixed series capacitor in the line (without any active series compensation).

Unlike in the case of a TCSC, there is no significant damping intro-
duced by a SSSC unless an auxiliary controller (termed as Subsynchronous
Damping Controller (SSDC)) is introduced. The mitigation of SSR by a
SSSC with constant reactive voltage control works mainly by detuning the
network resonance.
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Design of SSDC

The SSDC is designed with line current (magnitude) as the input signal.
The structure of the transfer function is assumed as

SSDC(s) =
∆Vr(s)

∆I(s)
=

as+ b

s2 + cs+ d

with the constraints that c > 0, d > 0 and (c2 − 4d) < 0. The first two
constraints ensure that the poles are in left half of the s plane. The third
constraint ensures that the poles are complex. The parameters a, b, c and d
are determined from a constrained optimization technique to minimize the
deviations in the specified damping torque in the frequency range of interest.
Thus, the objective function to be minimized is selected as

J(a, b, c, d) =
ω=ωmax
∑

ω=ωmin

[T ∗
De(ω)− TDe(ω)]2

where TDe(ω) is the damping torque (coefficient) which is a function of fre-
quency (of oscillation of the rotor) and T ∗

De is the desired value of TDe.

By selecting ωmin = 120 rad/sec., ωmax = 180 rad/sec. and T ∗
De = 1.0

pu, we get the transfer function of the SSDC as

SSDC(s) = − (100s+ 75)

s2 + 50s+ 26000

The eigenvalues for the case-3 (RL = 0.02) with SSDC modulating the out-
put of the SSSC, are shown in the second column of Table 7.2. It is observed
that the SSDC is effective in damping the torsional mode 3 without desta-
bilizing other modes. The coupling between the subsynchronous frequency
network mode and the torsional mode results in the reduction of the damping
of the former mode, but this is not a problem.

The results obtained from the damping torque analysis and detailed
transient simulation are in agreement with the eigenvalue results [6].

7.6 Applications of SSSC

A SSSC is an advanced version of controlled series compensation, that is
based on VSC and the use of GTOs instead of thyristors. There are many
technical advantages of a SSSC over a TCSC. However, the application of a
SSSC would depend on the techno-economic evaluation and proven reliability
based on operating experience. A major drawback with SSSC is the need
for a coupling transformer (and an intermediate transformer if multipulse
converters are used). In contrast, TCSCs don’t require any magnetic devices
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or coupling transformers. However, the harmonics are better controlled with
a SSSC.

A SSSC requires protection against overcurrents. A high speed elec-
tronic Thyristor Bypass Switch (TBS) is installed in parallel with the con-
verter terminals [9]. When an overcurrent is detected, it operates quite fast.
In case the system fault is not cleared by primary protection, then, the TBS
is protected by a parallel connected low voltage breaker (LVB) which by-
passes the TBS in about 6 cycles. If LVB fails to close when required, then
its breaker failure protection closes the high side breaker (HSB) that by-
passes the SSSC. After the fault is cleared, the SSSC is reinserted into the
line by opening the LVB.

The improvements in the power (semiconductor) device characteris-
tics and the reduction in the costs would spur the applications of SSSC in
place of TCSCs.
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Chapter 8

Unified Power Flow Controller and
other Multi-Converter Devices

8.1 Introduction

The Unified Power Flow Controller (UPFC) proposed by Gyugyi [1] is the
most versatile FACTS controller for the regulation of voltage and power flow
in a transmission line. It consists of two voltage source converters (VSC) one
shunt connected and the other series connected. The DC capacitors of the
two converters are connected in parallel (see Fig. 8.1). If the switches 1 and
2 are open, the two converters work as STATCOM and SSSC controlling the
reactive current and reactive voltage injected in shunt and series respectively
in the line. The closing of the switches 1 and 2 enable the two converters
to exchange real (active) power flow between the two converters. The active
power can be either absorbed or supplied by the series connected converter.

As discussed in the previous chapter, the provision of a controllable
power source on the DC side of the series connected converter, results in the

Intermediate
Transformer

Intermediate
Transformer

C.B.

Transf
Shunt

Transf
Series

VSC1 VSC2

SW1

SW2

Figure 8.1: A UPFC schematic
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VSC

Shunt

VSC1

Series

VSC2

Series

Figure 8.2: A three converter GUPFC

control of both real and reactive power flow in the line (say, measured at the
receiving end of the line). The shunt connected converter not only provides
the necessary power required, but also the reactive current injected at the
converter bus. Thus, a UPFC has 3 degrees of freedom unlike other FACTS
controllers which have only one degree of freedom (control variable).

The concept of combining two or more converters can be extended to
provide flexibility and additional degrees of freedom. A Generalized UPFC
(GUPFC) refers to 3 or more converters out of which one is shunt connected
while the remaining converters are series connected [16]. (see Fig. 8.2). An
Interline Power Flow Controller (IPFC) refers to the configuration of two or
more series connected converters sharing a common DC bus (see Fig. 8.3).

Even when only two converters are used, they may be designed to
operate in the shunt or series mode. Depending on the requirement, there
can be up to 11 configurations of the two converters resulting in (i) one or two
STATCOMs (ii) one or two SSSCs (iii) combinations of a STATCOM and
SSSC (iv) UPFC with series converter connected in either of the two lines
and (v) IPFC. Such flexible configuration of the two converters is termed as
the Convertible Static Compensator (CSC) and has been installed at New
York Power Authority’s (NYPA) Marcy 345 kV substation. The CSC which
consists of two 100 MVA, three-level VSCs, a 200 MVA shunt transformer
and two 100 MVA series transformers was commissioned in 2002.

The American Electric Power (AEP) has installed the world’s first
UPFC rated at ± 320 MVA (combined) at Inez 138 kV substation in Ken-
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VSC1 VSC2

Figure 8.3: A two converter IPFC

VSC1 VSC2

SW2

SW1

C B

Figure 8.4: A BTB HVDC link

tucky.

If two STATCOMs are provided in the middle of a long transmis-
sion line, the parallel connection of the two DC capacitors of the two shunt
connected converters enable the power flow through the DC bus. The two
STATCOMs now work as Back to Back (BTB) connected VSC based HVDC
system. This is particularly useful when it becomes necessary to have asyn-
chronous interconnection. In Fig. 8.4, the closing of the switches 1 and 2
followed by opening the circuit breaker (CB) in the line results in the config-
uration of a BTB, asynchronous HVDC link. Unlike in BTB links using Line
Commutated Converters (LCC) with thyristor valves, the VSC converters
are self-commutated and provide reactive power to the AC network (subject
to the constraints imposed by the converter ratings). Thus, a HVDC link
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using VSC can be used to supply passive loads.

8.2 Operation of a UPFC

8.2.1 A UPFC Connected at the Sending End

It was mentioned in the previous chapter (section 7.4), that the provision of
an energy or power source at the DC bus of a SSSC enables the control of
not only active power but also reactive power flow in the line. As a matter
of fact, both active and reactive power flow in the line can be controlled
independently by the injection of both active (real) and reactive voltages.
Fig. 8.5 shows the SSSC connected at the sending end of the line. If the
power required at the DC bus is fed by a shunt connected converter, then
the objectives of independently controlling the active and reactive power
in the line are achieved. In addition, the shunt-connected converter can
also generate/absorb reactive power such that it can relieve the load on
the generator(s) connected to the sending end. As a matter of fact, if the
ratings of the shunt-connected converter are adequate, then the UPFC can
be connected at any location in the network and the voltage at the bus
(where the shunt converter is connected) can be held constant (regulated).

+
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S
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R

V
C

V
S

δ 2−V

δ 2V
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=
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Figure 8.5: A SSSC with a power source connected at the sending end

Let the injected voltage (V̂C) be expressed as

V̂C = VC 6 β = (Vp + jVr) 6 − φ (8.1)

where I 6 − φ is the current in the line.

From Eqs. (7.63) and (7.65), we can write

PR = P0 +
V Vp
XL

sin

(

δ

2
− φ

)

+
V Vr
XL

cos

(

δ

2
− φ

)

(8.2)

−QR = Q0 −
V Vp
XL

cos

(

δ

2
− φ

)

+
V Vr
XL

sin

(

δ

2
− φ

)

(8.3)

where P0 and Q0 are the active and reactive power (at the receiving end) in
the absence of the series converter, given by

P0 =
V 2

XL
sin δ, Q0 =

V 2

XL
(1− cos δ) (8.4)
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The phase angle (φ) of the current is related to Vp from Eq. (7.64) as

sinφ =
Vp

2V sin δ
2

(8.5)

From Eq. (8.1), we have

Vp = VC cos(β + φ) (8.6)

Vr = VC sin(β + φ) (8.7)

Substituting Eqs. (8.6) and (8.7) in (8.2) and (8.3) we get

PR = P0 +
V VC
XL

sin

(

δ

2
+ β

)

(8.8)

−QR = Q0 −
V VC
XL

cos

(

δ

2
+ β

)

(8.9)

From Eqs. (8.8) and (8.9), we can express,

PR − jQR = (P0 + jQ0) +
V VC
XL

ej(
δ
2
+β−π

2
) (8.10)

For a constant value of VC and β varying over 360◦, the locus of (PR− jQR)
describe a circle of radius V VC

XL
and having centre at (P0, Q0) in the P − Q

plane. The operating region is the inside of the circle bound by the circle
having the maximum radius corresponding to VC = VCmax (based on the
series converter ratings. Typical range of VCmax is 0.15 to 0.25 p.u. (of the
line, phase to neutral voltage).

For a specified value of δ, P is maximum when

β =
π

2
− δ

2
(8.11)

and Pmax is given by

Pmax = P0 +
V VC
XL

(8.12)

The equivalent circuit of the UPFC is shown in Fig. 8.6. The shunt converter
draws both active (Ip) and reactive current (Ir). The active current (Ip) is
not independent and is related to Vp by the relation

V Ip = IVp (8.13)

in steady-state. The above equation represents power balance on the DC
bus neglecting losses in the converter. The reactance xl in series with the
injected voltage represents the leakage reactance of the coupling transformer.
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Figure 8.6: Equivalent circuit of a UPFC

In Fig. 8.6, the equivalent circuit of the UPFC can be viewed as a
two port network. The shunt converter is connected at one port while the
series converter is connected in series with the line at the other port. The
voltage at the latter port is denoted by VL. If the series injected voltages, Vp
and Vr are controlled to regulate the power and reactive power in the line,
these quantities are conveniently measured at the line side port of the UPFC.
Since the voltage VL is normally uncontrolled, the complex power (PL+jQL)
need not describe a circle for constant (magnitude) VC . Actually, it can be
shown that (PL + jQL) describes an ellipse in the P-Q plane. The complex
power SL is given by

SL = PL + jQL = I∗VL =
V ∗
L − V ∗

R

−jXL
· VL

=
V 2
L − V ∗

RVL
−jXL

(8.14)

Since VR = V 6 − δ
2 , V̂L = V̂S + V̂C = V 6 δ

2 + VC 6 β we can express PL and
QL as

PL = P0 +
V VC
XL

sin

(

δ

2
+ β

)

(8.15)

QL = Q0 +
V 2
C

XL
− V VC

XL
cos

(

δ

2
+ β

)

+
2V VC
XL

cos

(

δ

2
− β

)

(8.16)

where P0 and Q0 are defined by Eq. (8.4). Defining Q′
0 as

Q′
0 = Q0 +

V 2
C

XL
(8.17)

we can finally obtain the equation involving PL and QL after eliminating β.
The final equation is

(PL − P0)2(5− 4 cos δ) + (QL −Q′
0)

2 − 4(PL − P0)(QL −Q′
0) sin δ

=
V 2V 2

C

X2
L

(2 cos δ − 1)2 (8.18)
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Figure 8.7: Operating region in the PL −QL plane

The above is an equation for ellipse with the centre

(

P0, Q0 +
V 2
C

XL

)

.

For a δ = 15◦, VC = 0.20, XL = 0.25, V = 1.0, the locus of SL in the P −Q
plane is shown in Fig. 8.7.

It is to be noted that Ir can be controlled to regulate the voltage VS
if it is not regulated by the generator connected at the sending end. Thus,
three variables, VS , PL and QL can be regulated by controlling Ir, VC and
β. It is assumed that there are no constraints imposed by the equipment
ratings that will limit the control objectives.

The assumption is valid if the settings or the reference values for the
controlled variables (VS , PL and QL) lie in the feasible region. With this
assumption, the analysis of the UPFC is applicable even when the location
of the UPFC is not exactly at the sending end.

8.2.2 A Special Case

Here, the line current, which is same as the sending end current (I) is as-

sumed to be in phase with the sending end voltage (VS). In this case, Îp
and V̂p are in phase with V̂S . To simplify the analysis, xl is either neglected
or merged with the series line reactance. The reactive current (Ir) can be
either assumed to be zero or being controlled to regulate the magnitude of
VS . The power flow in the line depends essentially on Vp and Vr as before.
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Figure 8.8: Phasor diagram

The phasor diagram of the voltage and line current is shown in Fig.8.8.

The voltage (VL) is given by

V̂L = V̂S + V̂p + V̂r (8.19)

If it is assumed that |VR| = |VL|, then the line current magnitude (I) is given
by

I =
2(VS + Vp) tan δ

X
(8.20)

The power flow in the line is given by

P = VRI cos δ

=
2VSVRn sin δ

X

= 2nP0, P0 =
VSVR
X

sin δ (8.21)

where

n =
VS + Vp
VS

= 1 +
Vp
VS

(8.22)

If power is injected into the line from the series converter (Vp > 0) then
n > 1. On the other hand, if the series converter draws power from the
line (Vp < 0) then n < 1. It is obvious that injecting positive Vp has the
advantage of increasing the power flow. Since Vr is half the line voltage drop
across the line reactance, the current magnitude is doubled and the power
flow is doubled.

Remarks

The combination of the shunt active current Ip and the series active voltage
(Vp) can be viewed as the representation of an ideal transformer of turns
ratio 1 : n; when the line current is in phase with the voltage. Consider the
ideal transformer shown in Fig. 8.9(a). If I2 is in phase with V2, I1 is also in
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phase with V1. The ideal transformer can be represented by the equivalent
circuit shown in Fig. 8.9(b). Here,

Vp = (n− 1)V1, Ip = (n− 1)I2 (8.23)

Obviously,
VpI

∗
2 = V1I

∗
p (8.24)

The equivalence of the ideal transformer with the circuit representing the
power transfer through the two converters of the UPFC (flowing through
the DC bus) is valid only when the power factor is unity (V2 in phase with
I2). The reactive current injected by the shunt converter can be controlled
to bring about unity power factor at the sending end (VS in phase with I in
Fig. 8.6). For this special case, we can represent the UPFC by the equivalent
circuit shown in Fig. 8.10.

Here, the turns ratio n is variable as Vp varies with the control. Thus,
(for this special case, when V2 is in phase with I2) the UPFC is made up of
a STATCOM, SSSC and variable turns ratio ideal transformer in between
the two.

2V

1I

1:n

2I

(a) An ideal transformer in the line

V1
+

I p

2VpV
V1

(b) Equivalent circuit

Figure 8.9: Representation of an ideal transformer in the line

2V

2I

+

LV1:nV

rI

rVS

Figure 8.10: Equivalent circuit of a UPFC in the special case
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UPFC Connected at the Receiving End

If we assume that a UPFC is connected at the receiving end of a line supply-
ing a load (as shown in Fig. 8.11), we can further assume that the reactive
current supplied by the shunt converter improves the power factor of the
apparent load (including Ir) to unity. In other words, I is in phase with V .

rV

+

VmrV pV

I p

VL

VL

δ
δ

Vm

E

+ I

VδE
Xj

(b) Phasor diagram

I VIL

(a) Equivalent Circuit

Figure 8.11: A line supplying a load through UPFC

The power transmitted over the line is given by

P = V I = V (IL + Ip) (8.25)

V and IL are obtained (from the phasor diagram) as

V = Vm − Vp = E cos δ − Vp = nE cos δ (8.26)

IL =
2E sin δ

X
(8.27)

where n = V
Vm

=
Vm−Vp
Vm

and n < 1. Note that we have considered Vp as a
voltage drop so that n < 1. It can be shown that

I =
IL
n

(8.28)

Hence, we can derive

P =
E2

X
sin 2δ = 2P0 (8.29)

Note that the power flow is double the value without the injection of Vr (for
a unity power factor load).

The above discussion shows clearly that there is no advantage of the
power exchanged between the two converters. The UPFC in this case can be
replaced by a SSSC injecting Vr (to enhance line current) and a STATCOM
injecting Ir to compensate for the reactive current drawn by the load.
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8.2.3 UPFC Connected at the Midpoint

Let us assume that a UPFC is connected at the midpoint of a symmetrical
lossless line. The UPFC can be represented by the two port network shown
in Fig.8.12. The shunt converter draws a current represented by the phasor
IC 6 ψ and the series converter injects a voltage (VC 6 β). It can be shown that
the two port network in Fig.8.12 is also equivalent to the two port networks
shown in Fig. 8.13.

+

1V

I2

IC
* VC[ = ]Re *I 2V1

VC
IC

I1

V2

Figure 8.12: Two port network representing a UPFC

+
2
CVCV

V1 V2CI

+

CV

CI

2
CI

2
V1

V2

I1 I2+
2

(a) Equivalent network 1 (b) Equivalent network 2

Figure 8.13: Alternative representations for UPFC

It is more convenient to represent the UPFC by any one of the two
equivalents shown in Figure 8.13. The analysis is simplified as shown below.

Analysis

The equivalent circuit of a symmetrical lossless line with a UPFC connected
at the midpoint is shown in Fig. 8.14. Here, we are representing the UPFC
by the equivalent network I shown in Fig. 8.13(a). The current source IC 6 ψ
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+

jX
2

jX
2
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2

+

Figure 8.14: System equivalent circuit

is represented as two parallel current sources, for convenience. (Note that we
are using the same symbols for the phasor and its magnitude, for simplicity)

For the circuit shown in Fig. 8.14, we can write

V 6 δ − jX
2

(

Im +
IC
2

)

+
VC
2

= Vm (8.30)

V 6 0 + j
X

2

(

Im −
IC
2

)

− VC
2

= Vm (8.31)

Adding Eqs. (8.30) and (8.31), we can solve for Vm as

V̂m = Vm 6 δm = V cos
δ

2
6 δ
2
− jX

4
IC 6 ψ (8.32)

Subtracting Eq. (8.30) from (8.31), we can solve for Im as

Îm =
2V sin δ

2

X
6 δ
2
+
VC 6 β
jX

(8.33)

The power and reactive power outputs at the port 2 of the UPFC are given
by

P + jQ =

(

Vm +
VC
2

)(

Im −
IC
2

)∗

= VmI
∗
m +

1

2
(VCI

∗
m − VmI∗C)−

VCI
∗
C

4
(8.34)

From power balance equation in steady state, we have

Re[I∗CVm] = Re

[

VC
2

(

I∗m −
I∗C
2

)

+
VC
2

(

I∗m +
I∗C
2

)]

= Re[VCI
∗
m] (8.35)

Substituting Eq. (8.35) in (8.34), we get the expression for the power flow
(P ) in the line as

P = Re[VmI
∗
m]−Re

[

VCI
∗
C

4

]

(8.36)



8. Unified Power Flow Controller and other Multi-Converter Devices 255

Substituting for Vm and Im from Eq. (8.32) and (8.33) in (8.36), we get

P =
V 2

X
sin δ +

VCV

X
cos

δ

2
cos

(

δ

2
− β + 90◦

)

−ICV
2

sin
δ

2
cos

(

ψ − δ

2
+ 90◦

)

(8.37)

The power is maximized when

β =
δ

2
+ 90◦ (8.38)

ψ =
δ

2
+ 90◦ (8.39)

and Pmax is given by

Pmax =
V 2

X
sin δ +

VCV

X
cos

δ

2
+
ICV

2
sin

δ

2
(8.40)

Note that Eq. (8.40) applies for constant values of VC and IC . For maxi-
mizing P for a given value of δ, we need to set

VC = VCmax, IC = ICmax (8.41)

where the maximum values of VC and IC correspond to the limits on the
magnitude of the series voltage and the shunt current.

Remarks

1. For the maximum power transfer, we have

V̂m =

(

V cos
δ

2
+
X

4
IC

)

6 δ
2

(8.42)

Îm =

(

2V sin δ
2 + VC

)

X
6 δ
2

(8.43)

and
Re[VmI

∗
C ] = 0, Re[VCI

∗
m] = 0 (8.44)

This indicates that the shunt converter draws only reactive current
and operates as a STATCOM. However, the two halves of the series
converter exchange real power as the power generated by the series
converter (half) near port 2 is,

PDC = Re

[

VC
2

(

I∗m −
I∗C
2

)]

= −VCI
∗
C

4
= −VCIC

4
(8.45)

It is interesting to observe that for the condition of maximum power
flow in the line, the DC power (at the DC bus) is a constant. The
series converter half on the right, absorbs this power from the network
and supplies it to the series converter (half) on the left.
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Figure 8.15: A BTB HVDC link across a SSSC

2. From the above discussion, it is obvious that for maximum power flow
conditions in the line, a UPFC is equivalent to a combination of (i)
STATCOM and (ii) IPFC. In the latter, the two series converters ex-
change real power in addition to injecting reactive voltages.

3. It is also possible to derive the conditions for the maximum power
(Eqs. (8.38) and (8.39)) and the expression for the maximum power
(Eq. (8.40)) directly [17], but the approach given here is simpler.

4. From Eq. (8.34), it is possible to compute Q for the maximum power
condition. This is given by the expression

Q =
V VC sin δ

2

X
+
ICV

2
cos

δ

2
+
V 2
C

2X
+
I2CX

8
(8.46)

5. The equivalent network of the UPFC shown in Fig. 8.13(b) can also be
used to derive the conditions for the maximum power along with the
power expressions. Since V̂C is in quadrature with Îm for the maximum
power transfer, a series connected SSSC is adequate. However the two
halves of the shunt connected converter exchange power through the
DC bus. Thus a UPFC can be represented by a SSSC connected across
a VSC based HVDC BTB (Back to Back) link. This is shown in Fig.
8.15.

In steady state, the DC power flows from VSC2 to VSC1 and the
magnitude is VCIC

4 . The power flow through the SSSC is

PSSSC = Pmax +
VCIC
4

where Pmax is given by Eq. (8.40).
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2V
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rI

VSC1 VSC2

PDC

Figure 8.16: A STATCOM connected between IPFC

In comparison with the circuit shown in Fig. 8.15, the alternate
circuit that is equivalent to UPFC (discussed earlier) is shown in Fig. 8.16.
This circuit consists of a STATCOM that injects reactive current in the
middle of an IPFC. The power Pm at the midpoint is also equal to Pmax +
ICVC
4 .

8.3 Control of UPFC

As the UPFC consists of two converters that are coupled on the DC side,
the control of each converter is taken up individually.

8.3.1 Control of the Shunt Converter

The shunt converter draws a controlled current from the system. One com-
ponent of this current is Ip which is automatically determined by the re-
quirement to balance the real power supplied to the series converter through
the DC link. This power balance is enforced by regulating the DC capacitor
voltage by feedback control.

The other component of the shunt converter current is the reactive
current, Ir which can be controlled in a similar fashion as in a STATCOM.
There are two operating (control) modes for a STATCOM or the shunt
converter. These are,

1. VAR control mode where the reactive current reference is determined
by the inductive or capacitive VAR command. The feedback signals
are obtained from current transformers (CT) typically located on the
bushings of the coupling (step down) transformer.
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Figure 8.17: Block diagram of shunt VSC controller

2. Automatic voltage control mode where the reactive current reference
is determined by the output of the feedback voltage controller which
incorporates a droop characteristic (as in the case of a SVC or a STAT-
COM). The voltage feedback signals are obtained from potential trans-
formers (PT) measuring the voltage V1 at the substation feeding the
coupling transformer.

The block diagram of the shunt converter controller is shown in Fig.
8.17.

8.3.2 Control of the Series Converter

The series converter control is aimed at injecting a series voltage of the
required magnitude and angle. These are different control modes for the
series voltage listed below.

1. Direct voltage injection mode where the converter simply generates a
voltage phasor in response to the reference input. A special case is
when the desired voltage is a reactive voltage in quadrature with the
line current.

2. Phase Angle Shifter Emulation mode where the injected voltage V̂C is
phase shifted relative to the voltage V1 by an angle specified by the
reference input.
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Figure 8.18: Block diagram of series VSC controller

3. Line impedance emulation mode where the series injected voltage is
controlled in proportion to the line current. The complex impedance
(the injected voltage divided by the line current) seen by the line cur-
rent is determined by the reference inputs. It is essential to take care
(in employing this control mode) to avoid instability or resonance. For
example, negative values of the resistance can cause instability. A large
value of the capacitive (negative) reactance can result in resonance.

4. Automatic power flow control mode where the reference inputs de-
termine the required real power (P ) and the reactive power (Q) at a
specified location in the line. Both P and Q can be controlled indepen-
dently of each other in a feasible region determined by the satisfaction
of various constraints that will be discussed later.

In this control mode, the series injected voltage is determined by
a vector control system to ensure the flow of the desired current (phasor)
which is maintained even during system disturbances (unless the system
control dictates the modulation of the power and reactive power). Although
the normal conditions dictate the regulation of the complex power flow in
the line, the contingency conditions require the controller to contribute to
system stability by damping power oscillations.

The feedback signals for the series converter control come from CT
and PTs where the line current and the voltages at the two ports of the
UPFC are measured. The block diagram of the series converter control is
shown in Fig. 8.18.

The automatic power flow control is implemented utilizing the vec-
tor control scheme that regulates the line current based on Synchronous



260 FACTS Controllers in Power Transmission and Distribution

Reference Frame (SRF). Here the controlled quantities are the in-phase and
quadrature components (relative to the voltage at port 1 of the UPFC).
Neglecting harmonics, these components are constants in steady state and
depend on the desired reference values of P and Q. The feedback control
of the in-phase and quadrature components of the line current is utilized to
determine the magnitude and angle of the series injected voltage.

8.3.3 Operating Constraints

There are basically six major constraints that must be satisfied in scheduling
the control of a UPFC in steady-state. These are

1. Upper limit on the magnitude of the shunt converter current, namely

|IC | < ICmax (8.47)

2. Upper limit on the magnitude of the voltage injected by the shunt
converter

3. Upper limit on the magnitude of the voltage injected by the series
converter

|VC | < VCmax (8.48)

4. Upper limit on the magnitude of the line current flowing through the
series converter

5. Maximum and minimum limits on the line side voltage, VL given by

VLmin ≤ |VL| ≤ VLmax (8.49)

6. Upper limits on the magnitude of the power flow (PDC) in the DC link.

The limits on the voltages injected by the shunt and series converter
depend not only on the voltage ratings of the converters (and the coupling
transformers), but also on the magnitude of the DC bus voltage. This implies
that VCmax (for the series converter) is not constant but varies with the
operating conditions. In general, whenever VC ≤ VCmax, the phase angle (β)
of the voltage can vary over 360◦ (in all 4 quadrants). See Fig. 8.19 which
shows the boundary of the achievable range for VL (V1 + VC). However, due
to the leakage reactance (xl) of the coupling transformer (see Fig. 8.6) the
voltage appearing across the primary winding of the coupling transformer is
(VC − jILinexl) rather than VC . Hence boundary of the achievable range of
VL shifts for a specified line current.

The complete range for VL cannot be fully utilized as the line side
voltage magnitude has to satisfy limits (Eq. (8.49)) imposed by the voltage
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Figure 8.19: Feasible region for VL or V2

ratings of the line and requirements of acceptable voltage levels if the line is
tapped. The loci of the maximum and minimum allowable VL are shown in
Fig. 8.19 which also shows the feasible region (shaded).

The reference [8] suggests a new control scheme where the magnitude
of the line side voltage (VL or V2) is regulated instead of controlling the
reactive power flow in the line. Actually, the two specifications (Q = Qspec

and |V2| = V2spec) are related. However, if |V2| = V2spec is used, this control
scheme would eliminate the need to monitor the constraints imposed by Eq.
(8.49). An interesting observation is that with the regulation of the two port
voltage magnitudes and if

|V1| = |V2| = V

then, the UPFC behaves like an ideal phase shifter. (Note that the automatic
voltage control mode of the shunt converter can be used to regulate |V1| =
V ).

In the automatic power flow control mode for the series converter, it
is possible for some operating conditions that the specified P and Q may be
outside the feasible region (see Fig. 8.20). In such cases, the limits on VC
can be imposed in two ways: (i) both P and Q are reduced while retaining
the requested angle for β (of the injected voltage) or (ii) the reactive power
is reduced while the active power (P ) is maximized. This latter strategy
requires change in β while the magnitude of the injected voltage maintains
maximum magnitude.

If the injected voltage Vp is used to regulate the line side (port)
voltage of the UPFC, and if the feedback controller for P sets the reference
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of Vr, the block diagram of the series converter control is shown in Fig. 8.21
[8]. The reference voltage V ∗

p is calculated directly from the equation

V 2
2 = (V1r + Vr)

2 + (V1p + Vp)
2

where V1p and V1r are the components of the voltage V1, in phase and quadra-
ture with the line current. These components can be computed if the phase
angle (φ) of the line current is obtained from PLL. The real power controller
also uses feedforward from the phase angle φ to improve the phase margin
in the controller design.

8.4 Protection of UPFC

There is an upper limit on the current flowing through the GTOs which can
be turned-off by applying a gate pulse. This limit is generally much higher
than the nominal current rating of the converter. The latter is associated
with continuous operation.
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When the line current increases rapidly above the critical level, un-
der fault conditions, it is necessary to divert the current from the series con-
verter. The bypassing of the converter may be achieved within microseconds
by means of thyristor bypass switch on the secondary side of the coupling
transformer. The switch must be designed to carry the maximum fault cur-
rent for short periods of time. If the fault is a transient fault, the thyristor
bypass switch opens when the current drops and the normal operation can
be resumed. If the fault is of long duration, it is necessary to initiate the
closing of a mechanical bypass switch (breaker) which is located across the
primary winding of the coupling transformer, in order to relieve the loading
on the thyristor bypass switch.

Once the primary bypass switch is closed, the re-insertion of the series
transformer requires the same procedure of startup. The series converter,
during the startup has to drive a current through the primary winding of
the series transformer, that matches the line current. When the match is
achieved, the current in the mechanical bypass switch reduces to zero and it
can be opened without creating any transients. The startup can be achieved
in a few cycles after the fault clearing.

Although the current through the shunt connected converter is care-
fully controlled under normal operating conditions, it could exceed the criti-
cal level under fault condition. The protective action under such conditions
is to interrupt the normal gating sequence. Generally, under transient con-
ditions, it is possible to return to normal operation within a cycle (after the
interruption of the normal gating sequence). In most cases, there is no need
to trip the shunt breaker. However, a major internal failure may necessitate
the opening of the shunt breaker.

8.5 Interline Power Flow Controller

The objective of introducing this controller is to address the problem of
compensating a number of transmission lines connected at a substation.
While pure series reactive (controllable) compensation (in the form of a
TCSC or SSSC) can be used to control or regulate the active power flow in a
line, the control of reactive power is not feasible unless active (real) voltage
in phase with the line current is not injected. The application of a TCSC
(or SSSC with impedance emulation) results in the reduction of net series
reactance of the line. However, X

R ratio is reduced significantly and thereby
increases the reactive power flow (injected at the receiving end) and losses
in the line.

The Interline Power Flow Controller (IPFC) provides, in addition
to the facility for independently controllable reactive (series) compensation
of each individual line, a capability to directly transfer or exchange real
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power between the compensated lines. This is achieved by coupling the
series connected VSCs in individual lines on the DC side, by connecting all
the DC capacitors of individual converters in parallel. Since all the series
converters are located inside the substation in close proximity, this is feasible.

An IPFC with two converters compensating two lines (as shown in
Fig. 8.3) is similar to a UPFC in that the magnitude and phase angle of the
injected voltage in the prime system (or line) can be controlled by exchanging
real power with the support system (which is also a series converter in the
second line). The basic difference with a UPFC is that the support system
in the latter case is the shunt converter instead of a series converter. The
series converter associated with the prime system (of one IPFC) is termed as
the master converter while the series converter associated with the support
system is termed as the slave converter. The master converter controls both
active and reactive voltage (within limits) while the slave converter controls
the DC voltage (across the capacitor) and the reactive voltage magnitude.

For the system shown in Fig. 8.22 we can express the received power
and the injected reactive power at the receiving end of the prime line (# 1)
by the following expressions.

P1 = P10 +
V Vp1
X1

sin

(

δ1
2
− φ1

)

+
V Vr1
X1

cos

(

δ1
2
− φ1

)

(8.50)

Q1 = Q10 −
V Vp1
X1

cos

(

δ1
2
− φ1

)

+
V Vr1
X1

sin

(

δ1
2
− φ1

)

(8.51)

where

δ1 = θ1 − θ2, sinφ1 =
Vp1

2V sin δ1
2

P10 and Q10 are the power and reactive power in the line 1 (at the receiving
end) when both Vp1 and Vr1 are zero. These are given by

P10 =
V 2 sin δ1
X1

, Q10 =
V 2

X1
(1− cos δ1) (8.52)

Similar equations also apply to the support line (# 2) except that Vp2 is not
independent. It is related to Vp1 by the equation

Vp1I1 + Vp2I2 = 0 (8.53)

The above equation shows that Vp2 is negative if Vp1 is positive.

With resistance emulation, we have

Vp1 = −R1I1, Vp2 = −R2I2 (8.54)

Substituting Eq. (8.54) in (8.53) we get the constraint involving R1 and R2

as
R1I

2
1 = −R2I

2
2 (8.55)
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Figure 8.22: Representation of IPFC

The constraint equation (8.53) or (8.55) can limit the utility of IPFC. In such
a case, an additional shunt converter (forming a GUPFC) will be useful (see
Fig. 8.2).

8.6 Convertible Static Compensator

Using Voltage Source Converters that can be connected in shunt or series,
it is possible to develop a versatile and reconfigurable FACTS controller.
The first CSC consisting of two 100 MVA VSCs was commissioned at 345
kV Marcy substation of NYPA system in U.S.A. Each converter can be
connected to a shunt transformer or a series transformer. There are two series
transformers coupling the two converters to two separate lines connected at
the substation. The shunt transformer has two secondary windings. Each of
the two windings can be connected to any particular converter. The CSC can
be operated with one or both converters. Depending on the connection of the
converters, the CSC can be operated as one or two STATCOMs (connected
in parallel), one or two SSSCs (connected in the two lines). If the DC
capacitors are connected in parallel, we can get two configurations of UPFC
or an IPFC. These possibilities are listed in Table 8.1 with reference to
the Fig. 8.23. There are 10 different FACTS controllers possible. It is to
be noted that 1(a) and 1(b) are equivalent as a single STATCOM can be
configured using either of the two converters.

One can extend the concept of CSC to a system consisting of over
two converters that can lead to a large number of configurations of FACTS
controllers. The basic idea behind a CSC is the provision of flexibility to
deploy the required type of the controller depending on the requirements
that can vary with the operating conditions.
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Figure 8.23: Single line diagram of CSC

Table 8.1: CSC Configurations.

VSC 1 VSC 2 Status of Controller
Sr. No. Connected to Connected to SW1 and SW2 type

1(a) TR-SH1 - NA 1 STATCOM
1(b) - TR-SH2 NA 1 STATCOM
2 TR-SH1 TR-SH2 off 2 STATCOM
3 TR-SE1 - NA 1 SSSC
4 - TR-SE2 NA 1 SSSC
5 TR-SE1 TR-SE2 off 2 SSSC
6 TR-SH1 TR-SE2 off 1 STATCOM,

1 SSSC
7 TR-SE1 TR-SH1 off 1 STATCOM,

1 SSSC
8 TR-SH1 TR-SE2 on UPFC1
9 TR-SE1 TR-SH2 on UPFC2
10 TR-SE1 TR-SE2 on IPFC

8.7 Modelling of UPFC, IPFC and other
Multi-Converter FACTS

There are different types of studies associated with UPFC and other multi-
converter FACTS controllers. The studies are carried out from objectives
of planning or operational analysis. The broad spectrum of the required
studies are listed below with increasing order of complexity
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Figure 8.24: Simplified model of reactive current controller

1. Power flow studies

2. Dynamic stability

3. Transient analysis neglecting harmonics

4. Detailed transient analysis considering switching action in the convert-
ers

The power flow studies involve the computation of solution of non-
linear algebraic equations that relate the specifications to the system state
variables. The constraints are usually handled by modifying the specifica-
tions. For example, limits on the reactive current/power are handled by
changing the voltage (magnitude) specification. There are many production
type computer programmes for power flow analysis of large power systems.
These can be modified to include models of multi-converter FACTS.

The dynamic stability refers to the stability of a power system influ-
enced by various controllers (AVR, PSS and network controllers including
HVDC and FACTS). There are different mechanisms of system instabil-
ity. One involves slow growth of undamped low frequency oscillations that
are excited by small disturbances that are always present. The growing
low frequency oscillations can result in loss of synchronism or voltage col-
lapse. Sometimes, torsional oscillations in subsynchronous frequency range
can arise and result in torsional interactions with disastrous effect on the
generator shafts.

Both power flow and dynamic stability analysis are based on the sin-
gle phase model of the network. Since dynamic stability analysis involves
phenomena of frequency below 5 Hz, the network variables (voltages and
currents) are represented by phasors that vary slowly. Under such circum-
stances, it is adequate to model the fast FACTS controllers by simplified
performance type models that do not require detailed models of the con-
trollers. For example, the reactive current controller in a shunt converter is
modelled as shown in Fig. 8.24. Here, the reactive current output of the
converter is assumed to follow the reference with a specified delay.

However, it is essential to test the controller performance using de-
tailed three phase models to validate the simplified analysis. For example,
the design of AC voltage regulator for the shunt converter requires the study
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Figure 8.25: Model of a VSC

of electromagnetic interactions that result from the network transients (see
chapter 3 for details). In general, this is true for all fast acting controllers.
The detailed transient simulation considers three phase nonlinear models of
all relevant components.

For the analysis and simulation of SSR, network transients (below
third harmonic) need to be modelled by approximate models. For example,
a transmission line can be modelled by a single π equivalent network. There
is no need to consider the switching action in the converters and the resulting
harmonics. The FACTS controllers can be modelled using dynamic phasors
or d− q variables referred to a synchronously rotating reference frame.

It would be desirable to employ a common model for all types of
studies. For multi-converter circuits, a converter can be modelled by a vari-
able voltage source in series with an inductive impedance as shown in Fig.
8.25. Here, the voltage source is related to the voltage across the DC ca-
pacitor based on the converter topology and control action. For three phase
models, the voltage source is defined instantaneously and contains harmon-
ics. Neglecting harmonics, we can represent the voltage by d−q components
(dynamics phasors) that are determined by exact controller models. The
controller models are already described earlier.

The phasor V̂inj is expressed differently for the shunt and series con-

verters. For the shunt converter, V̂inj = |Vsh| 6 (θ1 + α). For the series

converter, V̂inj = |Vse| 6 (φ− γ)

For transient or dynamic stability analysis, the converter model shown
in Fig. 8.25 can be represented conveniently by Norton equivalents that
simplifies the network solution using the admittance matrix. For power flow
analysis, a shunt converters (in isolation) can be modelled as synchronous
condenser with the specification of bus voltage (magnitude). The two con-
trol variables |Vsh| and α are calculated from the specified voltage magnitude
and the constraint equation that relates the power drawn to the losses in the
converter. For the series converter, the specification is the line power flow
(P ) and the constraint is the power supplied by the series converter which
may be assumed as zero.
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For coupled converters such as a UPFC, the four control variables,
|Vsh|, |Vse|. α and γ can be computed from the three specified variables,
(say V1, P2, Q2) and the constraint that relates the power balance in the DC
circuit.

8.8 SSR Characteristics of UPFC

It was mentioned in chapter 6 that a STATCOM has limited influence on
the SSR characteristics of the network. It was mentioned in chapter 7 that
a SSSC is generally SSR neutral if the DC capacitance is large. The major
advantage of controllable compensation such as a combination of fixed capac-
itor and SSSC is to dynamically avoid resonance by the proper choice of the
fixed series capacitor and meeting the required compensation using SSSC.
It was also mentioned that the provision of a well designed Subsynchronous
Damping Controller (SSDC) as an auxiliary controller (with a STATCOM
or SSSC) can be used to damp Subsynchronous Oscillations (SSO).

The UPFC can be viewed as a combination of STATCOM and SSSC
with an additional degree of freedom (of injecting a real voltage). If this
voltage is controlled to emulate positive resistance, it was observed from
a case study based on IEEE First Benchmark Model (FBM), the critical
torsional mode can be damped adequately [19]. The shunt converter of the
UPFC is connected at the electrical center of the line (considering the series
injected reactive voltage). The eigenvalues for the cases (i) Vp = 0 and (ii)
Vp = 0.065 are shown in Table 8.2. It is assumed that the shunt converter
regulates the bus voltage while the series converter injects a constant reactive
voltage in addition to positive resistance emulation (The real power flows
from the series converter to the shunt converter). It is observed from Table
8.2, that the critical torsional mode (# 3 corresponding to radian frequency
of 160) is undamped for case (i) and gets damped for case (ii). Thus a UPFC
provides an inherent control for damping SSR without any SSDC.

Similar results are also obtained with an IPFC [21]. However, IPFC
connected in two parallel lines results in positive resistance in one line and
a negative resistance in the other line (with resistance emulation). If the
net resistance in the loop is positive that can be controlled, it is possible to
damp the critical mode using IPFC.

8.9 Applications of UPFC

A UPFC may be required whenever the problems of voltage and power flow
are present. The planning studies are required to determine the need of a
UPFC.
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Table 8.2: Eigenvalues corresponding to the torsional and network modes.

Case (i): Vp = 0.0 Case (ii): Vp = 0.065 Comments

−1.6923± j8.438 −1.5863± j8.121 Mode 0 (Swing Mode)
−0.1993± j99.107 −0.1749± j99.039 Mode 1 (Torsional Mode)
−0.0686± j127.040 −0.0621± j127.030 Mode 2 (Torsional Mode)
0.8427± j159.930 −0.3876± j160.480 Mode 3 (Torsional Mode)
−0.3850± j202.790 −0.3669± j202.810 Mode 4 (Torsional Mode)
−1.8504± j298.170 −1.8504± j298.170 Mode 5 (Torsional Mode)
−2.7931± j160.070 −11.9020± j159.920 Subsynch. Network Mode
−1.3266± j560.190 −16.8880± j545.270 Supersynch. Network Mode

A major advantage with multi-converter FACTS controller is the
versatility and flexibility afforded by more than one degree of freedom. With
a UPFC or IPFC, there are 3 degrees of freedom which can be utilized to
regulate 3 quantities in the network - bus voltage and/or power and reactive
power flows in the line(s). Such flexibility is of importance in the operation
of restructured power systems. The concept of CSC is a first step in this
direction.
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Chapter 9

Interphase Power Controller and
other FACTS Devices

In this chapter, we discuss some of the special purpose FACTS controllers
and their applications. In particular, we consider the following devices:

1. Interphase Power Controller (IPC)

2. NGH-SSR Damping Scheme

3. Thyristor Controlled Braking Resistor (TCBR)

4. Fault Current Limiter (FCL)

5. Thyristor Controlled Voltage Limiter (TCVL)

Each of the above is a special purpose device designed for specific
applications.

9.1 Interphase Power Controller (IPC)

9.1.1 Introduction

The original concept of IPC was first described in reference [1] and the prac-
tical design aspects of a 200 MW prototype for the interconnection of the
120 kV networks, was described in [2]. However, the original concept pro-
posed in [1] has undergone modifications that are described in [3–7]. The
installation of world’s first IPC at the New York Power Authority (NYPA)
Plattsburgh substation on the 115 kV tie that interconnects the NYPA and
VELCO systems, is described in [8]. This IPC belongs to the category of
IPCs called as the Assisted Phase Shifting Transformers (APST) where the
major objective is to provide a passive solution for the control of steady state
and post-contingency power flows [6]. The basic principle of the APST is to
add a high impedance in parallel with an existing PST. The impedance car-
ries a portion of the power flow such that the capabilities of the installation
are increased.
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Figure 9.1: IPC equivalent circuit

9.1.2 Initial Concept of IPC

The FACTS controllers based on power electronic devices offer both flexibil-
ity and high speed (of operation). There are applications where the speed
is not so important, but flexible operation is required. For example, in net-
works that are sensitive to daily or seasonal load variations, problems can
arise in the regulation of power flows in steady state.

The IPC concept involves the series connection of impedances be-
tween different phases of the two (synchronous) subnetworks that are to be
interconnected, hence the name: the Interphase Power Controller [1].

The IPC proposed in [1] acts as a current source with the following
characteristics:

1. The power flow is nearly constant (within 10%) for a wide range of
(±25◦) of angle between the two subnetworks.

2. There is no significant contribution to the short circuit level by the
interconnection between the two subnetworks.

3. Major contingencies on one side of the IPC have negligible impact on
the voltages of the other side.

4. As no power electronic controllers are required, harmonics are not gen-
erated.

The IPC consists of three phase reactors and capacitors each installed
in series between the two subnetworks that are to be interconnected (see Fig.
9.1).

However, unlike in the conventional series compensation schemes,
the phase A reactor and capacitor of the first subnetwork (or network) could
be connected to phases B and C of the second subnetwork (network). This
implies that some components are always subjected to voltage even if the
angle δSR = (δS−δR) is zero. Hence the current and consequently the power
flow is nonzero at δSR = 0.
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Figure 9.2: IPC 240 equipped with switches to invert the direction of the
active power flow

Reference [1] describes two IPC schemes: a) IPC 240 and b) IPC
120. The first scheme is shown in Fig. 9.2. This figure shows only two of
the total six susceptances (B = − 1

X ). The susceptances are connected to
a set of switches that enable the direction of the active (real) power P to
be reversed. The power flow is defined as positive when the flow is from S
to R. When the flow is positive, susceptances B1 and B2 are connected to
voltages VCS and VBS respectively as shown in Fig. 9.2. The power reversal
is achieved by connecting B1 and B2 to VBS and VCS respectively. The IPC
in Fig. 9.2 is designated as IPC 240 as the voltages of connection points of
B1 and B2 are phase shifted by an angle γ = 240◦. The phase current IAR is
the sum of IB1 and IB2 (the currents in the two susceptances). The phasor
diagram for δSR = 0 is also shown in Fig. 9.2. IB1 leads VAR by 60◦ while
IB2 lags VAR by 60◦.

To improve the power factors of the two currents (IB1 and IB2),
IPC120 is proposed which involves the use of a Y-y6 (180◦ phase shift)
transformer (see Fig. 9.3). Here, γ = 120◦, hence the name IPC120.

The phasor diagram in Fig. 9.3 shows that IB1 leads VAR by 30◦

while IB2 lags VAR by −30◦. If the transformer shown in Fig. 9.3 is assumed
to be ideal and n = 1, the values for P , QS and QR are given by

P = (−VSVR sin δB1)B1 + (−VSVR sin δB2)B2 (9.1)

−QS = (V 2
S − VSVR cos δB1)B1 + (V 2

S − VSVR cos δB2)B2 (9.2)

QR = (V 2
R − VSVR cos δB1)B1 + (V 2

R − VSVR cos δB2)B2 (9.3)

where the angles δB1 and δB2 are the phase angles across the admittances
B1 and B2 respectively. Hence,

δB1 = δSR − ψ1 (9.4)

δB2 = δSR − ψ2 (9.5)

For IPC 120, ψ1 = −60◦ and ψ2 = 60◦. (Note that B1 is negative while B2

is positive.)
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Figure 9.3: IPC 120

Eqs. (9.1) to (9.3) relate P,QS and QR to the two susceptances B1

and B2. It is possible to regulate two variables (say P and QR) by adjusting
the values of the susceptances B1 and B2.

The solutions for B1 and B2 for specified P and QR are given below.

B1 =
P (2VR − VS cos δSR −

√
3VS sin δSR)−QRVS(

√
3 cos δSR − sin δSR)√

3VSVR(VS − 2VR cos δSR)

(9.6)

B2 =
−P (2VR − VS cos δSR +

√
3VS sin δSR)−QRVS(

√
3 cos δSR + sin δSR)√

3VSVR(VS − 2VR cos δSR)

(9.7)

From Eqs. (9.2) and (9.3), we get,

−QS = (B1 +B2)(V
2
S − V 2

R) +QR (9.8)

This shows that QS = −QR if B1 = −B2, irrespective of VS and VR. The
variations of P and QR(−QS) are shown for B1 = −B2 = −1 as δSR is varies
from −25◦ to 25◦ are shown in Fig. 9.4. This figure also shows the variations
of P and QR for |B1| = |B2| = 0.5. In the calculation of P and QR, VR and
VS are assumed to be equal to 1.0 p.u.

9.1.3 Improvements in IPC

To reduce the ratings of IPC and thus their costs and losses, improvements
in the original concept were introduced. A major innovation is to use phase
shifting transformers (PST) to apply phase shifted voltages to the two sus-
ceptances. This is termed as injection IPC as phase shifts are introduced by
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injection of quadrature voltages in series with the two susceptances [3]. (see
Fig. 9.5). In the injection of IPC, the phase shift angles ψ1 and ψ2 can be
varied while they are fixed at ±60◦ in the IPC120. In the injection IPC, the
voltages VB1 and VB2 are substantially smaller because ψ1 and ψ2 can be as
small as ±20◦ for the same useful range of δSR (±25◦). Thus, the ratings are
reduced which in turn results in the reduction of costs, space requirement
and losses. These are important issues in higher voltage transmission lines.
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Figure 9.6: Comparison of 120o and 90o injection

In conventional PST, the excitation transformer (ET) is normally
equipped with on-load tap changer (LTC) to adjust the power set point.
In an IPC, the power flow is maintained constant in a passive manner by
its inherent characteristics and the power level is adjusted by switching the
desired susceptance values. Thus, the ET and LTC can be dispensed with
when PST is used for voltage injection. This is possible by injecting the
voltage with an angle of 120◦ (instead of 90◦ in a conventional PST). See
Fig. 9.6 for comparison of the 120◦ and 90◦ voltage injections. A 120◦

angle of injection is easily achieved by taking the phase to neutral voltage
from another phase. Also, a 120◦ angle of injection limits the magnitudes
of the voltages VB1 and VB2 as the angles ψ1 and ψ2 increase in magnitude.
Fig. 9.7 shows an injection IPC without ET and angle of injection of 120◦.
Typically, ψ1 = −ψ2 = ψ.

The equivalent circuit for the injection IPC is shown in Fig. 9.8.
The major differences compared to the equivalent circuit shown in Fig. 9.1
are the presence of the ideal transformers in the two parallel branches. The
turns ratios for quadrature (90◦) voltage injection are given by

n1 = n2 =
OA

OB
= cosψ (9.9)

For injection at 120◦ (as shown in Fig. 9.7), the turns ratios are:

n1 = n2 =
OA

OC
= sin[120◦ − |ψ|]/ sin 60◦ (9.10)

Power Characteristics

In deriving the expressions for P,QS and QR, we assume that |B1| = |B2|.
Also, we assume that B1 is an inductive susceptance (B1 = − 1

X ) and B2 is
a capacitive susceptance. The expressions for the active and reactive power
can be derived from the following equations for IB1 and IB2

IB1 =
VB1

jX
=

[V ′
S
6 (δS − ψ1)− VR 6 δR]

jX
(9.11)
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IB2 =
VB2

−jX =
[V ′
S
6 (δS − ψ2)− VR 6 δR]

−jX (9.12)

where V ′
S = VS

n .

Since,
(PS − jQS) = V ′

S(I
∗
B1 + I∗B2) (9.13)

(PR + jQR) = VR(I
∗
B1 + I∗B2) (9.14)

Note that the direction of QS is opposite to that of PS and PR. We can
obtain the expressions for PS , QS , PR and QR which are given below:

PS = PR = Pmax cos

(

δSR −
ψ1 + ψ2

2

)

sin

(

ψ2 − ψ1

2

)

(9.15)

−QS = QR = −Pmax sin

(

δSR −
ψ1 + ψ2

2

)

sin

(

ψ2 − ψ1

2

)

(9.16)

where Pmax =
2V ′

S
VR

X is the maximum (theoretical) power flow in the IPC.
δSR = δS−δR. In practice, the rated power of IPC is limited by the maximum
voltages across the inductive and capacitive susceptances.

9.1.4 Further Simplifications

We can simplify the topology of IPC if we used voltage injection in the
reactor branch only. (ψ2 = 0). If ψ1 = −30◦, PS = PR is maximum if
δSR = −15◦ (from Eq. (9.15)). For this condition, the line current IRA is
in phase with voltage VRA. (To simplify analysis, we assume n = 1). For
this example, the power factor is unity on both sides of the IPC. We can
also observe that PR is maximum when δSR = 15◦ if ψ1 = 30◦ and the
power factor is unity on both sides. The range of operation of the IPC in
the PR − δSR plane is shown in Fig. 9.9. Here, we observe that the region
of operation is a parallelogram (ABCD) bound by the lines AB and CD
corresponding to the maximum power flow through the IPC. The width of
the parallelogram depends on the changes in the angle δSR resulting from
credible contingencies.

The power levels are adjusted by changing the values of susceptances
and the offset is fixed by selecting the internal phase shift angle ψ1.

The region of operation of the IPC can be obtained by considering
the IPC connected to the AC network as shown in Fig. 9.10.

Assuming that V1 = |VS | = |VR| = V2 = 1.0, we can express the
active power flow (PR) as

PR =
1

X1
sin(δ − δS) =

1

X2
sin(δR)
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Figure 9.10: IPC connected to a AC network

If the differences in the angles are small, then

PR '
1

X1
(δ − δS) =

1

X2
(δR) =

δ − δSR
(X1 +X2)

(9.17)

The above equation can be expressed as

PR = mδSR + d (9.18)

where

m = − 1

XL
, d =

δ

XL
, XL = X1 +X2

This shows that the slope of the lines AD and BC is − 1
XL

. The width

of the parallelogram is given by (δmax − δmin). We have assumed (in Fig.
9.9) that δmin = −δmax.
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9.1.5 Retrofitting of Existing Phase Shifting
Transformers

Phase Shifting Transformers are utilized to control power flow in a tie line
interconnecting two networks. There are about 90 PST in N. America [8].
By connecting a capacitive impedance in parallel with a PST, it is pos-
sible to increase the capability of the PST in the boost position [6]. In
this configuration (shown in Fig. 9.11), the inductive impedance XT is the
leakage impedance of the PST. A capacitive impedance XC of appropriate
rating is connected in parallel to enhance the control range of the phase shift
and thereby the operating region. The current phasors IB1, IB2 and IR for
ψ = ψmax and ψ = ψmin are shown in Fig. 9.12. It is obvious that the
effective phase shift produced by the IPC is greater than the produced by
PST alone.

The region of operation of PST in the PR − δSR plane is shown in
Fig. 9.13(a). The operating region is bound by ABCDEFA. The lines BC
and EF have the slope of m = − 1

XL
and pass through the points (δmax, 0)

and (δmin, 0) respectively (similar to what is shown in Fig. 9.9). Since PR is
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Figure 9.13: Comparison of PST and IPC

also given by

PR =
δSR − ψ
XT

, XT = ωLk (9.19)

the lines CD and FA have the slope of 1
XT

and pass through the points

(ψmax, 0) and (ψmin, 0) respectively. The lines CD and FA form the boundary
of the region of operation, imposed by the tap changer limits of the PST.
The lines AB and DE relate to the constraints imposed by the PST winding
current limits. The lines BC and EF reflect the network limits as mentioned
earlier.

The operating region of IPC is shown in Fig. 9.13(b). The power
characteristic of the capacitor is shown by the dashed line passing through
the origin and having a negative slope of 1

XC
.

The capacitor can be selected such that the current in the PST (line
current - capacitor current) is never exceeded. Thus, the impedance XC is
chosen such that the power flow in the capacitor is equal to the difference
between the network limit and the capacity of the PST at its maximum tap
position.

The shaded regions in Fig. 9.13(b) correspond to the enhancement
of the power flow control capability provided by the IPC over and above
that given by the PST working alone. The capacitor also results in reduced
losses and provides voltage support.

If the operating point A happens to lie in the first quadrant, then the
PST requires an inductive impedance (instead of the capacitive impedance)
to be connected in parallel. The size of the inductor can be chosen in a
similar fashion (as the capacitor) to enhance the capability of the PST. The
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IPC

Figure 9.14: An IPC as a FCLT

IPC installed at Plattsburgh substation has an inductive impedance of 75
ohms connected in parallel with the existing PST. To compensate for the
reactive losses caused by the inductor, two 25 MVAR shunt capacitor banks
are also included on the line side of the IPC. Although the shunt capacitors
are not part of the IPC, they are required for its proper operation. The
inductors are connected via 115 kV underground cables as there was not
enough space for implementing aerial busbar connections to the PST [8].

9.1.6 Application of IPC as Fault Current
Limiting Transformer (FCLT)

In reference [7], Fault Current Limiting Transformers (FCLT) have been
proposed as a special case of IPC technology. A FCLT involves a phase
shifted voltage to be applied in series with a capacitive impedance. Con-
sider a transformer substation in which several transformers are connected
in parallel to supply load. If additional load is to be met by adding a new
transformer, there is a danger of increased fault level. This can be controlled
by connecting an IPC as a FCLT (see Fig. 9.14).

In reference [26], a feasibility study for converting a 345/138 kV
auto-transformer into a FCLT is reported. By connecting one winding of a
two winding transformer across the B phase of auto-transformer’s 13.8 kV
delta connected tertiary winding and other winding in series with A phase of
auto-transformer’s 138 kV terminal (see Fig. 9.15) a phase shifted voltage
VseA is obtained. Fig. 9.15 shows the FCLT in parallel with three auto-
transformers. A series capacitor of −j33.2 ohms is connected in series with
the FCLT.

The leakage impedance of the autotransformer (Xps) is 8.4 ohms
while that of the series connected two winding transformer is 1 ohm. Under
normal operating conditions, the power flow in a FCLT (IPC) is a function
of the injected voltage (Vse) which can be adjusted by controlling the tap
position of the series connected transformer. Thus, the FCLT has similar
characteristics as the voltage injection type of IPC described earlier.

During faults, the current flow through FCLT is limited by the high
series (capacitive) impedance. The FCLT has about 3 times the impedance



9. Interphase Power Controller and other FACTS Devices 285

X ps

seAV

X C

X psX psX ps

V

VA

IA

X se
+

aseAV

X C

(b) Equivalent circuit

13.8KV Tertiary

(delta connected)

VA

Va

138KVVa

345KV

(a) FCLT with an auto transformer (Phase A)

VB−

Winding

Figure 9.15: A FCLT in parallel with autotransformer

of the autotransformer and hence will contribute only about 1/3 of the fault
current provided by an autotransformer.

9.1.7 Applications of IPC

The power flows in transmission lines connected to a generating station or a
load centre are determined by the outputs of the generators or load demands
which are known in advance. In case of contingencies involving tripping of
line(s), the power flow in the remaining lines is regulated by tripping of
generators or loads.

In contrast, if a tie line is to connect two networks (or subnetworks)
the power flow can vary widely depending on the phase angle (δ) difference
across the two buses to which the tie line is connected. To prevent frequent
tripping of the tie line, it becomes essential to modify the power character-
istics of the line. An Interphase Controller (IPC) uses only passive reactive
impedances and a phase shifting transformer to adjust the power flow char-
acteristics of the line such that over the range of δ (determined by network
contingencies), the active power remains practically constant. The authors
of references [1] to [7] mention a variation of less than 10% in power flow
even when δ varies over the range of ±20◦.

Actual implementation of a technology depends on the cost-benefit
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aspects and comparison with competitive technologies. For example, if speed
is not essential, a phase shifting transformer (PST) which is manually con-
trolled, may be adequate. Introduction of passive impedances (capacitive
or inductive) can improve the capability of existing PST. Thus, the first
installation of IPC in Plattsburgh station belongs to this category.

References [7] and [26] describe applications of IPCs as FCLTs. How-
ever, it is not obvious whether this concept will be implemented in practice.

It is possible to use Static PSTs as parts of IPCs. This provides
fast speed of response in addition to flexibility of operation (under credible
contingencies). However the use of SPST as new installation is generally not
considered due to cost considerations.

Reference [5] reports on simulator studies of IPC technology. There
are several issues that affect the design of IPC such as overvoltage (caused
by opening one end of the IPC), voltage unbalance, variation of the system
frequency and operation with one or two phases out of service. It is claimed
in [5], that in a strong system, the IPC can be operated with one or two
phases open on one side, provided that all three phases of the PST remain
energized on the other side.

9.2 NGH SSR Damping Scheme

This scheme was proposed by N.G. Hingorani [9,10] to damp subsynchronous
frequency currents in transmission lines and was first installed at Southern
California Edison’s Lugo substation in U.S.A. in 1984 [11,12].

The basic concept of NGH-SSR damping scheme can be explained
with reference to Fig. 9.16. If a sinusoidal voltage of frequency f0 is combined
with a DC voltage, it is seen that, for the combined voltage, some half cycles
are longer than the nominal half cycle period of 1

2f0
. If a sinusoidal voltage

of frequency fe < f0 is considered instead of the DC voltage, again it is
observed that the combined voltage has some half cycles which are longer
than 1

2f0
. Similarly, any combination of a base signal of frequency f0 with

DC and subsynchronous frequencies would result in some half cycles longer
than the nominal half cycle period.

The voltage across the series capacitor is a combination of fundamen-
tal frequency, DC and subsynchronous frequency components. The basic
principle of NGH damping scheme is to dissipate capacitor charges when-
ever the measured half cycle period exceeds the nominal. This is done by
inserting a resistor across the capacitor through thyristor switches (see Fig.
9.17). The thyristor stops conducting whenever the capacitor voltage (and
the thyristor current) reaches zero. Therefore, the measurement of half cy-
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Figure 9.17: Basic NGH-SSR damping scheme

cle period restarts from a new voltage zero. No thyristor fires for half cycles
which are shorter than the set period. Two thyristors are needed for the two
polarities. For high voltages, the thyristor shown in Fig. 9.17 actually rep-
resent a series string of thyristors. The resistor value is not critical although
lower its ohmic value, the more effective it is (except when it is too low). It
is recommended that the resistor’s ohmic value within 5 to 10 percent of the
capacitor ohmic value will give satisfactory results. A small series reactor is
used to limit the rate of change of current in thyristors.

Thyristor Control

A conceptual firing control scheme for thyristors is shown in Fig. 9.18. A
pulse generator continuously generates a train of pulses at a rate high enough
so that pulse count can be used as a measure of the half cycle period. A
signal proportional to the capacitor voltage is fed into an amplifier/clamp
which produces a square wave signal between two zero crossings for one
polarity of the input wave, thus representing the length of each half wave.
The gate allows the pulses to go through for the duration of the half wave.
The counter, which is reset by the square wave, counts the number of pulses
from voltage zero so that whenever the count exceeds the set value, the
counter releases the firing pulse to its thyristor string. A common pulse
generator may be used for the two thyristor strings in each phase.

The operation of the controller is independent for each phase. The
controller is simple and does not require detection of specific subsynchronous
signals. The control signal can be obtained at the platform level. Alternately,
it can be generated as the difference of two voltage signals from the measuring
devices (on each side of the capacitor) of the voltage with respect to ground.
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Figure 9.18: Thyristor control for NGH-SSR damping scheme

In this case, the control circuitry could be located at the ground level and
firing pulses transmitted through optical links.

The objectives of the NGH damping scheme are

1. reduce transient torques

2. suppress steady state (self excitation) SSR problem

3. suppress offset of series capacitors

4. protect the series capacitors

The scheme may be designed for any or all of the above purposes.
If transient torque control is of major concern, the set period can be larger
than the nominal half cycle periods so that in steady state and with small
perturbations the thyristors will not fire. The thyristors will fire only during
large disturbances such as faults followed by clearing. If steady state SSR
problem is of major concern, the set period can be slightly less than the nom-
inal half period; then the thyristor will conduct during steady state at the
tail end of each half cycle of the capacitor voltage; this will provide detun-
ing effect against gradual build up of oscillations. There will be continuous
power loss in this case, but is very small and of minor consequence.

The thyristors can help to protect the capacitors (and themselves)
by firing if the instantaneous forward voltage exceeds a set level. The re-
sistor limits the discharge current from the capacitor. The capacitor and
thyristor protection can also be implemented by employing nonlinear zinc
oxide resistors across the thyristors (see Fig. 9.19). The protection level of
the zinc oxide resistor can be selected such that it (in series with the linear
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Figure 9.19: Thyristor and capacitor protection

resistor) provides adequate protection for the capacitor. The bypass switch
helps to relieve the thyristor/resistor when their duty exceeds safe limits.
The bypass switch is also required when capacitor is to be bypassed and
reinserted under normal operating conditions.

NGH scheme is a passive scheme-it does not require feedback sig-
nals. The requirement of thyristors are well within the state of the art. For
example, a 1000 A, 30 ohm capacitor may require a 80 kV thyristor string
with a resistor duty of 20-50 MJ per phase.

The studies carried out on NGH scheme [10] indicate that it is an
effective countermeasure for both steady state and transient SSR problems.
However it was found that some undamping can result for torsional modes
which are ‘off tune’ (not in resonance with the electrical system). It is sug-
gested that the use of SEDC (Supplementary Excitation Damping Control)
can help to overcome this problem. In summary, the studies show that NGH
scheme with appropriate SEDC is beneficial in applying series compensation
over a wider range (0-75%) whereas SSR problem limited the compensation
level to 15%.

Reference [13] compares the SSR characteristics of the NGH scheme
with the TCSC. Whereas in a TCSC, the thyristor current pulse completely
reverses the initial capacitor voltage, in a NGH scheme, the thyristor current
pulse reduces the capacitor voltage from the initial value to zero. The design
parameters of NGH scheme and TCSC are significantly different. For a 15
ohm capacitor (per phase), with 1000 A line current, the NGH scheme has
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R = 4.25 ohms and the reactor size in 0.820 mH. For the same value of
capacitive impedance, the reactor size is 6.8 mH which has a resistance of
0.03 ohm.

While the major benefit of NGH scheme is to provide transient
(electrical) damping, the characteristics of the TCSC results in inductive
impedance at subsynchronous frequencies. See chapter 4 for more details on
TCSC.

9.3 Thyristor Controlled Braking
Resistor (TCBR)

This is also termed as Dynamic Brake and involves the use of braking re-
sistors, mostly connected in shunt, which are switched in, following a fault
clearing, to correct the temporary imbalance between the mechanical power
input and electrical power output of generators. In principle, the use of
braking resistors of suitable size and appropriate logic to implement control-
lable duration of resistor insertion can overcome the problem of transient
instability. However, the cost of resistor capable of dissipating the required
amount of energy and associated switching equipment is a deterrent as there
have been very few applications so far. Peace River in British Columbia,
Canada [27] and Chief Joseph Substation of Bonneville Power Administra-
tion in Western USA [16] are few of the modern applications of the concept.

Fig. 9.20 shows typical location of shunt connected resistors at the
sending end of a long double circuit transmission line.

When the inertia of the sending end generator is small compared
to that of the receiving end, series braking resistors are also effective in



292 FACTS Controllers in Power Transmission and Distribution

δ
1

r x

1E δ
2 2E

Figure 9.21: Application of series connected brake

controlling the relative angle. See Fig. 9.21.

Series braking resistors can be inserted by connecting them between
the neutral and ground on the high voltage (line) side of the step-up trans-
formers. This simplifies the design of the resistors from the insulation point
of view. The other advantages of series connected dynamic brake are [28]

1. Speed of insertion is related to opening of a circuit breaker across the
resistor as opposed to the closing of a breaker as in the case of the
shunt resistor. This permits faster action of the brake and is effective
in reducing the severity of the fault in case of prolonged faults by stuck
breakers. It is to be noted that series braking resistors are inserted as
soon as the fault is detected while shunt resistors are switched on as
soon as the fault is cleared.

2. The peak value of the electrical power (in an equivalent single machine
system) occurs when (δ1 − δ2) > 90◦. This is beneficial as it allows
more time for the synchronizing torques to act.

3. The size and cost of series braking resistor tend to be smaller than that
of the shunt resistor because of factors listed above.

The effectiveness of the series braking resistors is considerably re-
duced if M1 and M2 (inertias of the two equivalent generators shown in
Fig. 9.21) are comparable. This is due to the fact that both machines are
decelerated equally when M1 =M2 and the relative deceleration is zero.

The application of 1400 MW shunt dynamic brake at BPA’s Chief
Joseph substation resulted in the increase in the transient stability limit
of power flow on Pacific Northwest - Southwest (PNW-SW) intertie [16].
Mechanically switched dynamic brake is designed as a discrete controller
that acts for a short time after the fault clearing in systems with hydro
plants. The replacement of mechanical switches by thyristor switches not
only increases the speed of response, but also permits continuous control in
response to a locally generated control signal. Thus, a TCBR can be used for
a variety of functions [14] in addition to prevention of transient instability
during the first swing. These are:
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1. Improve damping of low frequency oscillations.

2. Damping of Subsynchronous Resonance (SSR) that can result from
fixed series compensation

3. Reduce and damp subsynchronous frequency shaft torques to enable
high speed reclosing of lines near a power plant. This is significant
even in the absence of fixed series compensation.

4. Facilitate synchronizing a turbine generator. Out-of-phase synchroniz-
ing can produce more severe shaft torques compared to a bolted three
phase fault at the generator.

The case study reported in reference [18] led to the following conclu-
sions.

1. The proportional control using the speed deviation of the generator
(on which the dynamic brake is acting) gives good result in damping
of torsional oscillations of the turbogenerator shafts.

The control signal of speed deviation contains primarily the torsional
modes and little of the modes belonging to the electrical network. This
results in robust control action which is independent of the network
configuration or fault type.

2. A high pass filter acting on the control signal can provide better damp-
ing of the torsional modes at the expense of the low frequency swing
mode (mode zero). However, for high-speed reclosing applications, this
is advantageous as the transient shaft torques are better damped.

3. Simulation results on multimachine systems show that identical gen-
erators can be controlled by a single dynamic brake. In most cases,
a brake acting on one generator does not affect the torsional modes
of a nearby non-identical generator, unless the two generators share a
common (torsional) mode frequency.

9.4 Fault Current Limiter (FCL)

With expansion in generation and system interconnections, the fault levels
increase. The dynamic loads such as synchronous and induction motors also
contribute to fault levels. The interruption capacity of circuit breakers (CB)
is less than 80 kA and 63 kA is a widely used CB level. The replacement
of switch gear to accommodate increased fault levels is not very practical
solution. Other solutions involve bus splitting (which can reduce reliability)
and/or the use of reactors and high impedance transformers. The latter
is also not desirable on account of increased losses, voltage regulation and
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stability problems. The use of low impedance transformers can eliminate
the need for on load tap changers.

Sometimes it becomes necessary to protect equipment against de-
structive effects of fault currents even though the breaker capacity is ade-
quate. An example is a transformer in underground vaults or cables which
are very expensive to replace. To reduce the destructive effects of high fault
currents, circuit breakers with faster interrupting times have appeared. The
clearing times have reduced from 5 cycles to 2 cycles or even 1 cycle. How-
ever, all AC circuit breakers require current zero passage in order to interrupt
the fault.

It would be desirable to interrupt or limit fault current at well below
its first peak in order to limit the fault current magnitude to a fairly low
predetermined value. This is a very difficult problem as it requires a very
short functioning time of less than 2 milliseconds. There are two types
of Fault Current Limiters (FCL) that have been proposed and are being
developed. These are:

1. High Temperature Superconductor (HTS) FCL

2. Solid State Current Limiter (SSCL)

The development of HTS in 1986 enables the development of eco-
nomical FCL. The HTS require cooling by liquid nitrogen at 77◦K unlike
low temperature superconductors (LTS) that are cooled by liquid helium,
which is expensive and difficult to handle. Although earlier designs of FCL
based on LTS were studied over 25 years ago, they were not implemented.
There is renewed interest in Superconducting Fault Current Limiter (SFCL)
with the advent of HTS.

HTS materials such as YBCO lose all resistance at temperatures be-
low 85◦K. However, if the current in the material exceeds a critical level of
the superconductor, it transits from its normal superconducting state to a
resistive state; thereby introducing the required current limiting impedance.
Typically, the superconductor would be designed to have a critical current
of 2 or 3 times the full load current. The superconductor in its resistive
state can also be used as a trigger coil, pushing the bulk of the fault cur-
rent through a resistor or inductor (see Fig. 9.22). The advantage of this
configuration is that it limits the energy that must be absorbed by the su-
perconductor. The FCL is a short across the copper inductive or resistive
element Z, under the normal conditions. During a fault, the resistance de-
veloped in the limiter shunts the current through Z which absorbs most of
the energy.

Another concept is to use a resistive limiter on a transformer sec-
ondary, with the primary in series with the circuit. One phase of the SFCL
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Figure 9.22: Fault Current Limiter with HTS trigger coil
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Figure 9.23: Inductive SFCL

is shown in Fig. 9.23. Here a copper winding is inserted in the circuit and
is coupled to the HTS winding. During normal operation, a zero impedance
is reflected to the primary. Resistance developed in HTS winding during a
fault is reflected to the primary and limits the fault current.

The advantages of a SFCL are:

1. Passivity - detection of fault and insertion of current limiting impedance
without active monitoring and control mechanisms.

2. Transparency - no substantial I2R losses or voltage drop across the
device during steady state operation. The SFCL is basically invisible
to the grid.

3. Modularity and Scalability - A number of basic current limiting mod-
ules are arranged in an m × n matrix to form the current limiting
matrix. The nominal grid current level where the FCL is connected
determines the number of rows of the matrix and the required current
limiting impedance determines the number of columns.

4. Reliability - redundancy can be easily provided due to the matrix con-
figuration.
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There are several countries such as USA, Canada, France, Germany
and Japan, trying to develop SFCL at EHV levels. It is anticipated that
transmission level SFCLs may be available by 2010.

Solid State Current Limiter (SSCL)

A SSCL is made up of several identical modules connected in series to achieve
a specified voltage rating. A solid state circuit module can consist of GTO
or conventional thyristor switches with commutating circuit to interrupt the
current flow in the main circuit and divert the flow into a parallel connected
resistor. The circuit is designed to sense and initiate current limiting in
a millisecond if the fault current is high. This is similar to the action of a
current limiting fuse which ensures that the first current peak is never seen by
the line. At present medium voltage current limiters are under development
and it is anticipated that transmission class current limiter may undergo
field trials in 2008.

The cost of a SSCL is expected to be around six times the cost
of conventional mechanical circuit breakers and relays. A SSCL can also
operate as a circuit breaker when the thyristor switches can interrupt at the
first current zero. It is to be noted that GTO switches have very limited
overload capability even though they can interrupt current with negligible
delay. A SSCL can also improve power quality for unfaulted lines by limiting
the duration and magnitude of the voltage sag.

9.5 Thyristor Controlled Voltage Limiter
(TCVL)

Metal Oxide Varistors (MOV) are widely used to provide overvoltage pro-
tection of equipment in power systems. MOVs made of gapless Zinc Oxide
(ZnO) composition are voltage dependent resistors with highly nonlinear
characteristics. ZnO arresters can absorb energy surges (up to 1 kJ/cc) and
hence they can be used for fast voltage limiting to protect electrical equip-
ment from excessive voltage stresses caused by switching or lightning induced
transients. The use of ZnO arresters in general lead to reduced insulation
requirements as the voltage across the equipment is limited to the clamping
voltage level of ZnO. This results in reduced costs and improved reliability.

However, the clamping voltage level of MOV arresters is about 1.7
times the normal operating voltage peak. This characteristic can be modified
by connecting an anti-parallel connected thyristor switch across a part of the
arrester to dynamically lower the voltage limiting level as and when required.
See Fig. 9.24 which shows one phase of the TCVL.
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MOV
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Figure 9.24: A Thyristor Controlled Voltage Limiter (TCVL)

Mechanically switched capacitors can contribute to power quality
problems by generating over voltages caused by high inrush currents when
closing or possible restrike immediately after opening. Also, after opening
the mechanical switch, a five minute discharge time delay is required before
reenergizing. Thyristor switched capacitor can overcome these problems
under normal conditions, however the cost is more than doubled. The use of
TCVL can reduce the overvoltages caused by mechanical switching during
energization and also enable fast reenergization without having to replace
existing breakers.
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Chapter 10

Power Oscillation Damping

10.1 Introduction

While the major advantage of FACTS controllers is flexible power scheduling
under various (changing) operating conditions, the fast controllability also
ensures improvement of (dynamic) security of power systems under contin-
gency conditions where system stability is threatened. In this chapter, we
take up the problem of low frequency oscillations and their damping by ap-
propriate auxiliary or supplementary modulation controllers. The problem
of transient stability will be taken up in the next chapter.

The transmission network and the generator rotors together act as
mass-spring system (the synchronizing torques acting in a manner analogous
to the restoring forces in springs) which is lightly damped. The frequency of
oscillations of the rotor (swing) modes varies from 0.2 to 4 Hz. The higher
frequencies correspond to intra-plant modes involving oscillations among
parallel connected generators in a power station. The intra-plant modes
are normally well damped by the amortisseur circuits on the salient pole
generators or solid rotor in a turbogenerator. (The eddy currents induced
in the solid rotor when there is a slip or relative motion between the rotat-
ing magnetic field and the rotor introduce a damping torque on the rotor).
The lower end of the frequency spectrum corresponds to inter-area modes
in which a large number of generators participate and their damping is dif-
ficult. The ‘local’ modes refer to the modes in which only the generators in
a local area participate and the typical frequency is in the neighbourhood
of 1 Hz. However, the distinction between local modes and interarea modes
is somewhat artificial. In general, we can say that lower the frequency of a
swing mode, more widespread is the participation.

The power system stabilizer (PSS) with rotor speed/frequency and
or power signal as input was the first damping controller applied [1,2]. The
PSS used in the excitation control acts through the AVR and modulates
the generator bus voltage to provide a damping torque on the generator
rotor. With the advent of fast acting power electronic controllers such as
HVDC converter and SVC controls, it was possible to damp low frequency
oscillations by the modulation of active power and/or reactive power. The
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introduction of TCSC allowed the provision of power oscillation damping
(POD) with supplementary control that modulates the line reactance in
response to the control signal synthesized from local measurements. With
emerging FACTS controllers based on VSC, the concept of POD can be
extended. Thus the network controllers in HVDC and AC lines supplement
the action of PSS in damping critical electromechanical modes.

In this chapter, the modelling, control design and application of POD
in FACTS controllers are discussed. Based on a L-C network analogue of
the mass-spring system, the control signals and control laws for both series
and shunt FACTS controller are proposed [14,15].

10.2 Basic Issues in the Damping of Low
Frequency Oscillations in Large
Power Systems

The interconnected power systems can have hundreds of generators. Each
generator (including the excitation and turbine-governor controls) can be
represented by nonlinear differential equations. The number of equations
depend on the degree of detail considered and can vary from 5 to 20 per
generator. The network transients are normally ignored in analyzing low
frequency (below 5 Hz) behaviour. However, the loads may have to be
represented by dynamic models in addition to network controllers such as
HVDC and FACTS. Thus, a large power system is represented by a large
set of Differential Algebraic Equations (DAE) given by

Ẋ = f(X,Y, p) (10.1)

0 = g(X,Y, p) (10.2)

where X is the state vector, Y is the vector of non-state variables, p is the
parameter vector. The equilibrium (operating) point is obtained by letting
Ẋ = 0 and solving the nonlinear algebraic equations,

0 = f(X0, Y0, p)
0 = g(X0, Y0, p)

}

(10.3)

We can linearize the system represented by equations (10.1) and (10.2) by
letting

X = X0 + x, Y = Y0 + y (10.4)

The linearized equations are given by

[

ẋ
0

]

=

[

F1 F2
F3 F4

] [

x
y

]

(10.5)
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where

F1 =

[

∂f

∂X

]

, F2 =

[

∂f

∂Y

]

F3 =

[

∂g

∂X

]

, F4 =

[

∂g

∂Y

]

Eq. (10.5) can be simplified eliminating y and we get,

ẋ = [A(p)]x (10.6)

where
A = [F1 − F2F−1

4 F3]

If the linear system represented by Eq. (10.6) is asymptotically stable, the
equilibrium point (X0, Y0) is stable. The stability of the linear system is
guaranteed if all the eigenvalues of the system matrix [A] have negative real
parts. (Note that the eigenvalues of a real matrix can be real or complex.
The complex eigenvalues occur in pairs. If λ = σ+ jω is an eigenvalue, then
λ∗ = σ − jω is also an eigenvalue). The complex eigenvalues correspond to
the oscillatory modes as the time response of the linear system has the com-
ponents involving eσt sin(ωt+ φ) where φ depends on the initial conditions.
The imaginary part (ω) of the complex eigenvalue is the radian frequency of
the oscillations and the real part (σ) is the decrement rate (assuming it is
negative). The damping ratio (ζ) is a dimensionless number defined by

ζ =
−σ√
σ2 + ω2

(10.7)

If σ ¿ ω, then ζ ' − σ
ω .

Before considering the introduction of damping controllers, it is nec-
essary to analyze the small signal stability characteristics of the power system
as the operating conditions represented by the parameter vector ‘p’ vary. As
‘p’ varies over the specified region (in the parameter plane), the stability of
the equilibrium point can be lost by either (i) a complex pair of eigenvalues or
(ii) a real eigenvalue crossing over to the right half of ‘s’ plane at the critical
value of p = pc. In the former ease, we say that there is a Hopf bifurcation
and in the latter case, there is a saddle-node bifurcation (It is to be noted
that a bifurcation results in a drastic change in the system behaviour). Hopf
bifurcations are generic particularly for the loss of angle stability under small
disturbances (such as minor variations in the load). These bifurcations often
lead to undamped oscillations that grow in magnitude until loss of synchro-
nism occurs. Thus, low frequency electromechanical oscillations can lead
to dynamic insecurity threatening loss of system integrity and widespread
blackout.

In some cases, characterized by the reduction of reactive power re-
serves, increased loading on lines, the loss of stability by either Hopf or
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saddle-node bifurcation can lead to voltage collapse. In such cases, the
generators remain in synchronism, but the blackout occurs due to voltage
collapse. The protective action can result in tripping of loads (including
induction motors).

The operating conditions change not only due to variation of p, but
also due to changes in the system structure by tripping of some lines by pro-
tective relays. This complicates the stability analysis which is also affected
by the system size. For a large system, the size of the matrix [A] can be of
the order of a few thousand. For example, a system with 400 dynamic de-
vices, with an average of five state variables per device results in 2000 state
variables (total) and as many eigenvalues. Fortunately, it is not necessary
to compute all these eigenvalues, but only critical modes. There are efficient
algorithms to calculate these critical modes [3,4,5,23].

For designing damping controllers, it is necessary to reduce the order
of system model that captures all the important features. It is a challenging
job to arrive at an accurate reduced order dynamic model under varying
conditions. There are many methods for model reduction-some empirical.
There are two major approaches - one based on identifying coherency among
generators so that a group of coherent generators can be replaced by an
equivalent generator [24]. The other approach is based on Prony analysis or
its variations wherein the critical modes and the reduced model are directly
obtained from nonlinear time response simulations or from field measure-
ments [18,21,22].

Some of the major issues in the design of damping controllers are,

1. The location of the controller

2. The choice of the control signal

3. Control law or algorithm

4. Robustness of the controller under varying system conditions

5. Coordination among controllers

The location of the controller in damping a specified mode is very
important Arbitrary placement of the controller may be ineffective. The
criteria for the location of the controller is usually based on participation
factors, residues or eigenvalue sensitivities.

The control signal should be synthesized from local measurements to
avoid telemetering. The signal should mainly contain the modal components
that are to be damped and should not contain any noise which may be
amplified. The control law is closely related to the choice of the control
signal. The controller should not amplify higher frequency noise.
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For designing damping controllers, the linear control theory is in-
variably used although some attempts have been made to apply nonlinear,
adaptive control techniques (including fuzzy logic and neural network based
controllers). However, most of these are of academic interest and have not
been adopted in practice. The situation may change in future. In general, it
is to be noted that what matters most in a practical application, is the robust
and trouble free operation of a controller. It would appear that some degree
of adaptation would be required in a controller that has to operate under
widely varying conditions. Restricting the controller to have a fixed struc-
ture with constant parameters may reduce the effectiveness of a controller.
However, a major factor is reliability coupled with stable operation.

A single controller at a given location is not adequate to damp all the
critical modes. Multiple controllers at different locations would be required
to do the job. In such cases, the tuning of individual controllers in isolation
may not be feasible. The interactions among controllers is an important
phenomenon that requires coordinated control of more than one controller.

10.3 System Modelling for Small Signal
Stability

In this section, the development of the system model including the FACTS
controllers, for small signal stability analysis is taken up. A power system
can be represented as a collection of various dynamical subsystems that are
interconnected by the transmission network as shown in Fig. 10.1. The
transmission network also includes equivalent circuits of transformers, shunt
and series capacitors/reactors. The network is assumed to be in quasi-steady
state and is modelled by algebraic equations based on the admittance ma-
trix. The voltages and currents (assumed to be sinusoidal) are represented
by slowly varying phasors (with rectangular coordinates). The dynamical
subsystems are divided into three categories as follows:

1. Shunt connected. This includes generators, dynamic loads, SVC and
STATCOM

2. Series connected subsystems such as TCSC and SSSC

3. Shunt and series connected such as UPFC and TCPAR.

The various component models are described below.

Transmission Network

The linearized network equations can be expressed in terms of the bus ad-
mittance matrix or by Jacobian matrix obtained from the real and reactive
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Figure 10.1: Representation of power system

power balance equations. The former is simpler as the network equations
are linear given by

[Y ]V = I (10.8)

where V is a 2n dimensional vector defined by

V t = [ V t
1 V t

2 . . . V t
i . . . V t

n ], V t
i = [ VQi VDi ]

Similarly, I is a 2n dimensional vector defined by

It = [ It1 It2 . . . Itj . . . Itn ], Itj = [ IDj IQj ]

n is the number of buses in the network. The matrix [Y ] can be defined as
a composite matrix made up of sub-matrices as elements. The element Yij
is defined as

Yij =

[

Bij Gij

Gij −Bij

]

Note that Yij is symmetric. This is true in general, unless phase shifting
transformers are present.

Static Loads

These are also connected in shunt. The load model can be assumed as

PL = PLo

(

VL
VLo

)mp

QL = QLo

(

VL
VLo

)mq

where VL is the magnitudes of the load bus voltage. The subscript ‘o’ refers
to the operating value (in steady state).

The load current is given by

IQL + jIDL =
PL − jQL

VQL − jVDL
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If we express,

∆VL = [∆VQL ∆VDL]
t, ∆IL = [∆IDL ∆IQL]

t

then they can be related by the equation [1]

∆IL = [YL]∆VL (10.9)

where [YL] is a 2× 2 matrix defined by

[YL] =

[

BLo GLo

GLo −BLo

]

+

[

b1 g1
g2 −b2

]

(10.10)

where

b1 =
VQLo
V 3
o

[(mp − 2)PLo sin θo − (mq − 2)QLo cos θo]

g1 = b1

(

VDLo
VQLo

)

g2 =
VQLo
V 3
o

[(mp − 2)PLo cos θo + (mq − 2)QLo sin θo]

b2 = −g2
(

VDLo
VQLo

)

θo is the initial angle of the load bus voltage with respect to Q-axis (chosen as
reference). Note that the second term in the R.H.S. of Eq. (10.10) vanishes
if mp = mq = 2 (the load is linear represented by a constant admittance).

Each static load can be represented by Eq. (10.10). All the static
load equations can be combined with the linearized network equation (10.8)
to give

[Y ′]∆V = ∆I (10.11)

where [Y ′] is the modified admittance matrix including the effects of static
loads. Only the diagonal elements of [Y ] are modified as follows

Y ′
ii = Yii + YLi (10.12)

The current sources ∆I are the outputs of various dynamical subsystems
described below.

Generator

The linearized equations of a generator can be expressed as

ẋg = [Ag]xg + [Bg]∆Vg + [Eg]ug (10.13)
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Figure 10.2: A simplified model of the plant

where xg are the small perturbations in the state variables of the genera-
tor including synchronous machine, excitation system and turbine-governor.
Neglecting the latter and considering a static exciter with a two-axis model
of the machine, we can express xg as

xg = [∆δ ∆Sm ∆E′
q ∆E′

d ∆Efd]
t

ug = ∆Vref

The output variables are the generator currents which can be expressed as

∆Ig = [Cg]xg + [Dg]∆Vg (10.14)

Shunt FACTS Controllers

The shunt FACTS controllers are (a) SVC and (b) STATCOM. While the
output of SVC is a variable susceptance, the output of STATCOM is a vari-
able reactive current. (Note that we are neglecting losses). The controller
for a shunt FACTS controller consists of primarily the voltage regulator that
determines the reference value of the SVC susceptance or STATCOM (re-
active) current in conjunction with a supplementary modulation controller.
In modelling the plant (SVC or STATCOM), it is adequate to represent it
by a single time constant transfer function as shown in Fig. 10.2. The con-
troller diagram is shown in Fig. 10.3. Here xsh(1) = ∆BSV C for a SVC and
xsh(1) = ∆Ir for a STATCOM. It is possible to combine the plant and con-
troller models to obtain the linearized state space model of a shunt FACTS
controller as

ẋsh = [Ash]xsh + [Bsh]∆Vsh + [Esh]ush (10.15)

ush is the vector of input signals to the voltage regulator and SMC. The
output equations for a shunt FACTS controller are given by

∆Ish = [Csh]xsh + [Dsh]∆Vsh (10.16)

where
∆Ish = [∆IDsh ∆IQsh]

t

The above equation can be derived from the equation (10.17) or
(10.18)

∆IQsh + j∆IDsh = −jBSV Co(∆VQsh + j∆VDsh)

−j(VQsho + jVDsho)∆BSV C (10.17)
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Figure 10.3: STATCOM/SVC Voltage Regulator

∆IQsh + j∆IDsh = j(cos θsho + j sin θsho)∆Ir

+jIro(− sin θsho + j cos θsho)∆θ (10.18)

where

θsh = tan−1

(

VDsh
VQsh

)

Note that Ish is assumed to be the phasor of the injected current by
the shunt controllers.

Series FACTS Controllers

The series FACTS controllers are (a) TCSC and (b) SSSC. While a TCSC
can be represented by a variable reactance device, SSSC is a variable reactive
voltage device. In general, a series FACTS controller is represented by a
functional (control) block diagram as shown in Fig. 10.4. Here, the power
scheduling controller can be either a (i) constant current (CC) type or (ii)
constant angle (CA) type as discussed in chapter 4. Actually the latter is
strictly a constant line (voltage) drop controller which regulates currents in
the parallel paths. The CC and CA controllers are shown in Fig. 10.5.

The plant transfer functions for the series FACTS controllers are also
represented by a single time constant transfer functions. xse(1) for a TCSC
is ∆XTCSC whereas it is equal to ∆Vr for a SSSC. The state and output
equations for a series FACTS controller can be written as

ẋse = [Ase]xse + [Bse]∆Ise + [Ese]use (10.19)
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Figure 10.5: CC/CA controller for series FACTS

∆Vse = [Cse]xse + [Dse]∆Ise (10.20)

where
∆Vse = [∆VQse ∆VDse]

t, ∆Ise = [∆IDse ∆IQse]
t

The output equation can be derived from the complex equation given by
(a) For a TCSC:

(∆VQse + j∆VDse) = −jXTCSCo(∆IQse + j∆IDse)

−j∆XTCSC(VQseo + jVDseo) (10.21)

(b) For a SSSC:

(∆VQse + j∆VDse) = −jVro(− sinφseo + j cosφseo)∆φse

−j∆Vr(cosφseo + j sinφseo)

+jXt(∆IQse + j∆IDse) (10.22)
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Figure 10.6: Power flow and modulation controller of UPFC

Note that a positive value of Vr implies that the SSSC is operating in the
capacitive mode. ∆Vse is defined as a voltage drop in the direction of current
flow. Xt is the leakage reactance of the coupling transformer of SSSC.

Modelling of UPFC

As discussed in chapter 8, a UPFC can inject real voltage (Vp), reactive
voltage (Vr) in series with the line in addition to controlling the shunt reactive
current (Ir) as in a STATCOM. However, unlike in a STATCOM, a real
current (Ip) also flows in the shunt branch of the UPFC to meet the power
requirements of the series branch.

For small signal stability studies, it is adequate to represent the
UPFC by the following equations.

Vp =
1

1 + sTp
· Vpref (10.23)

Vq =
1

1 + sTp
· Vrref (10.24)

Ir =
1

1 + sTp
· Irref (10.25)

The reference variables, in general, are the outputs of a Multi-Input Multi-
Output (MIMO) controller, although decoupled controllers can also be used
[33]. For example, controller for Vr that regulates the power flow in the
line in addition to providing modulation for the damping of power swings,
is shown in Fig. 10.6.
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It is possible to express the linearized state and output equations of
a UPFC as follows

ẋUPFC = [AU ]xUPFC + [B1
U ]∆V

1
U + [B2

U ]∆I
se
U + [EU ]uUPFC(10.26)

∆IshU = [Csh
U ]xUPFC + [Dsh

U ]∆V 1
U + [Dse

U ]∆IseU (10.27)

∆V se
U = [Cse

U ]xUPFC + [Dse
U ]∆IseU (10.28)

The above equations are derived from the controller transfer functions in
addition to the following algebraic equations

(V se
QU + jV se

DU ) = jXt(I
se
QU + jIseDU )

−(Vp + jVr)(cosφse + j sinφse) (10.29)

(IshQU + jIshDU ) = −(Ip − jIr)(cos θsh + j sin θsh) (10.30)

Ip =
VpI

se

V1
(10.31)

where

V1 =
√

(V sh
DU )

2 + (V sh
QU )

2

Ise =
√

(IseDU )
2 + (IseQU )

2

φse = tan−1

(

IseDU
IseQU

)

, θsh = tan−1

(

V sh
DU

V sh
QU

)

In obtaining the linearized equations of the above algebraic equations, the
following symbols are used.

∆V 1
U = [∆V sh

QU ∆V sh
DU ]

t, ∆V se
U = [∆V se

QU ∆V se
DU ]

t,

∆IshU = [∆IshDU ∆IshQU ]
t, ∆IseU = [∆IseDU ∆IseQU ]

t,

Interfacing of Component Models with the Network Model

Note that each dynamic component (shunt or series connected) is modelled
individually and expressed in terms of a pair of differential and algebraic
equations. The equations for the individual components are separate (de-
coupled) and they are interconnected only through the network (algebraic)
equations (10.8) or (10.11) (including the static loads). In interfacing the
shunt dynamical devices with the network, we use an interconnection matrix
Psh which has 2n × 2nsh scalar elements where nsh is the number of shunt
devices. Actually, if we assume that each element of Psh as a 2×2 submatrix,
then there are n × nsh elements in Psh. If jth shunt device is connected to
ith bus, then the (i, j)th submatrix of Psh is defined as

Psh(i, j) =

[

1 0
0 1

]

(10.32)
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Also,
∆Vsh = P t

sh∆V (10.33)

If a series connected dynamic device j is connected between f thj and tthj node,

we can define the (fj , j)
th and (tj , j)

th submatrices of an interconnection
matrix Pse which has n×nse submatrices (nse is the number of series devices).
We define

Pse(fj , j) = −Pse(tj , j) =
[

1 0
0 1

]

(10.34)

We also have,
∆Vse = P t

se∆V (10.35)

Note that UPFC contributes to both shunt and series dynamical components.

The total injected current vector at the network buses is given by

∆I = [Psh]∆Ish − [Pse]∆Ise (10.36)

Note that the currents (∆Ish) in the shunt dynamical devices are treated as
injections. In series devices, the current flows away from the bus f .

If we ignore the coupling between the shunt and series (converter)
devices in UPFC (if the matrix [Dse

U ] in Eq. (10.26) is assumed to be a null
matrix), we can derive the final state equation for the combined system as

Ẋ = [AT ]X + [E]U (10.37)

where X is a collection of state variables given by

X = [xtsh1 x
t
sh2 · · · xtshnsh x

t
se1 x

t
se2 · · · xtsense ]

t

= [Xt
sh X

t
se]

t

[AT ] = [A] + [B][P ]t[W ]−1[P ][C]

[A] = Diag[A1
sh A

2
sh · · · Ansh

sh A1
se A

2
se · · · Anse

se ]

= Diag[ASH ASE ]

[B] =

[

BSHP
t
sh

BSE

]

, [C] =

[

Psh[CSH ] [0]
[0] [CSE ]

]

[BSH ] = Diag[B1
sh B

2
sh · · · Bnsh

sh ], [CSH ] = Diag[C1
sh · · · Cnsh

sh ]

[BSE ] = Diag[B1
se B

2
se · · · Bnse

se ], [CSE ] = Diag[C1
se · · · Cnse

se ]

[W ] =

[

[Ym] [Pse]
[Pse]

t [Z]

]

[Ym] = [Y ′] + [Psh][Ysh][Psh]
t

[Ysh] = Diag[−D1
sh · · · −Dnsh

sh ]

[Z] = Diag[−D1
se · · · −Dnse

se ]

[E] = Diag[E1
sh · · · Ensh

sh E1
se · · · Ense

se ]
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Figure 10.7: Three machine system

U is a collection of all the control variables

U t = [u1tsh · · · (unshsh )t u1tse · · · (unsese )t]

If there are no series FACTS controllers in the system, then [ASE ] is a null
matrix and the system state equation reduces to

ẊSH = [ASH ]XSH + [BSH ][Psh]
t[Ym]

−1[Psh][CSH ]XSH (10.38)

Note that the matrices [ASH ], [BSH ] and [CSH ] are block diagonal in struc-
ture. [Psh] is a sparse matrix with elements 0 and 1. [Ym] is also a sparse
matrix which is a modified bus admittance matrix due to the presence of the
shunt dynamical systems. The inclusion of a new shunt FACTS controller
can be easily handled with minimum computations. Similar comments apply
even if series controllers are considered.

Example 1 [30]

Consider the case study of a 3 machine system [43] shown in Fig. 10.7. All
the 3 generators are represented by two-axis model with one damper winding
on the q-axis. Turbine governors are neglected and the excitation systems
are represented by single time constant models. The loads are assumed to be
constant power type. It is possible to refer the generator rotor angles with
respect to a reference machine. For the three machine system there are two
state variables corresponding to the two relative angles. The total number
of state variables for the 3 generators is 14.

A TCSC or a SSSC is connected in series with the line connecting
bus 5 to bus 7, and located near bus 5. Note that bus 10 is the midpoint of
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Table 10.1: Eigenvalues for swing modes.

Eigenvalue for Eigenvalue for
Case Mode 1 Mode 2

Fixed series
compensation −0.8459 ± j12.7771 −0.2808 ± j8.6648
TCSC (CC Control) −0.8579 ± j12.7616 −1.6473 ± j6.9240
TCSC (CA Control) −0.8416 ± j12.7856 −0.0788 ± j9.1971
SSSC (CC Control) −0.8572 ± j12.7606 −1.5570 ± j6.8530
SSSC (CA Control) −0.8419 ± j12.7858 −0.0926 ± j9.2032

line 7-5. The results are also compared with the case when the series com-
pensation is provided by a fixed capacitor. The system initial conditions are
chosen to be same for all the three types of compensation (i.e. the quiescent
compensating reactance is assumed to be same for the three cases). The
SSSC is used with a fixed capacitor and the quiescent value of the reactive
voltage output of SSSC is assumed to be zero. Both CC and CA controllers
are considered for TCSC and SSSC. The data for the series compensation
schemes are:

XFC = XTCSCo = 0.0644, Tm = 0.02, Tp = 0.02, B =
1

0.1610

The eigenvalues corresponding to the three cases (i) fixed capacitor, (ii)
TCSC, (iii) SSSC are shown in Table 10.1. For TCSC and SSSC, the results
are shown for both CC and CA controls. The integral gain of 5 is assumed
for CC control while it is assumed to be −5 for CA control. Note that in
the latter case, the capacitive compensation is to be reduced when the error
is positive (when the voltage drop across the line is less than the reference
value).

The results shown in Table 10.1 indicate that the CC controller in-
creases damping torque while reducing the synchronizing torque. The reverse
is true for CA control. There are no significant differences between the re-
sults of TCSC and SSSC although the latter gives slightly better damping
for the CA control. For CC control, TCSC results in better damping com-
pared to SSSC. In all cases it is observed that a TCSC or SSSC located in
line 5-7 has effect primarily on mode 2. The influence of location of the
series controller on a particular swing mode is discussed in section 10.6.
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10.4 Design of Damping Controllers

We will primarily consider methods that are based on eigenvalue sensitivities
[12,19,20,27]. To simplify the presentation, we will consider the design of
a single controller with one input and output. We essentially impose a
constraint of decentralized control with individual controllers that utilize
signals synthesized from local measurements. The problem of coordinated
control with multiple controllers will be taken up later.

Consider a linear system expressed in the state space form:

ẋ = [A]x+ bu (10.39)

y = cx+ du (10.40)

where u and y are scalars. b is a column vector, c is a row vector and d is a
scalar.

We wish to design a feedback controller with input signal y and
output of u. For example, if we consider a Power Oscillation Damping
(POD) control for a TCSC, the signal y could be the line current, power or
any other signal based on local measurements. The system input u (sum of
the output of the feedback controller and reference input r) is the modulated
value (∆XTCSC) of the TCSC reactance. It is convenient to express the
transfer function (in the Laplace domain) of the controller (with r = 0) as

U(s)

Y (s)
= H(s, q) (10.41)

where q is the vector of tunable controller parameters. The block diagram
of the system with feedback controller is shown in Fig. 10.8.

The sensitivity of a closed loop eigenvalue (pole) λi with respect to
a parameter qj is given by

∂λi
∂qj

= Ri
∂H(s, q)

∂qj

∣

∣

∣

∣

∣

s=λi

(10.42)

where Ri is the residue of the closed loop transfer function corresponding to
λi defined by

Ri = (wt
ib)

1

[1−H(λi, q)d]2
(cvi) (10.43)

where vi and wi are the right and left eigenvectors associated with λi and
satisfy the following constraint.

wt
ivi = 1 (10.44)
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Figure 10.8: Block diagram of the system

(wt
ib) is termed as the modal controllability factor while (cvi) is termed as

the observability factor. The residue Ri is simply the product of these two
factors if either d = 0 or H(s, q) = 0 (there is no feedback control).

A specific transfer function of a damping controller (used for PSS
design) is

H(s, q) = K
sTW

1 + sTW

[

1 + sT1
1 + sT2

]m

(10.45)

where m is usually 1 or 2. TW is called as the washout circuit time constant.
The transfer function of the washout circuit is sTW

1+sTW
and it is used primarily

to eliminate steady state bias in the output of the controller. The washout
circuit can be generally ignored in the controller design. Thus, there are
only 3 tunable parameters in the controller transfer function of Eq. (10.45)
if m is specified. The controller essentially consists of m stages of lead-lag
network. The objective of a lead-lag network is to introduce a phase advance
(φ) at the centre frequency (ωc) given by [1]

φ = tan−1√n− tan−1
(

1√
n

)

(10.46)

where n = T1

T2
. The centre frequency (ωc) is defined as ωc =

1√
T1T2

and the

phase lead of the transfer function
(

1+sT1

1+sT2

)

is maximum at this frequency.

Generally, ωc is chosen as the frequency of the critical electromechanical
mode that requires damping.

The objective of the lead-lag network is to ensure that the eigenvalue
sensitivity dλi

dK is negative real (and has no imaginary component). This
will result in the locus of the critical eigenvalue moving to the left in the
complex plane (providing pure damping without affecting the frequency of
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Figure 10.9: Permissible region for the closed loop eigenvalues in the complex
left half plane

the oscillation). Thus, we get the requirement,

φ = [±180◦ − arg(Ri)]/m (10.47)

We can show that, (from Eq. (10.46))

tanφ =
(n− 1)

2
√
n

(10.48)

The solution of the above equation gives

n =
(1 + sinφ)2

cos2 φ
=

(1 + sinφ)2

1− sin2 φ
=

1 + sinφ

1− sinφ
(10.49)

Remarks

1. As K → 0, the eigenvalue λi is obtained as the open loop pole which
can be easily calculated. As K is increased from zero, the sensitivity
changes along with λi. Thus, it would be necessary to track the root
locus as K is varied. The optimal value of K is one when Re[ dλidK ] = 0
assuming that the remaining eigenvalues lie in the permissible region
in the complex left half plane. A typical permissible region is shown
in Fig. 10.9.

Assuming there are N eigenvalues, the constraints defining the per-
missible region are,

σi ≤ C2 i = 1, 2, N

Di =
−σi

√

σ2i + ω2
i

≥ C1 = cos θ

where Di is damping ratio.
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2. When a system is described by Differential-Algebraic Equations (DAE),
we can express the linearized equations as

[

ẋ
0

]

=

[

A11 A12

A21 A22

] [

x
∆V

]

+

[

0
b2

]

u (10.50)

where ∆V = [∆VQ∆VD]
t

y = [0 c2]

[

x
∆V

]

+ du (10.51)

The residue Ri is now computed as

Ri = (wt
i,∆V b)

1

[1−H(λi, q).d]2
(c2vi,∆V ) (10.52)

where vi,∆V and wi,∆V are the components of the right and left eigen-
vectors corresponding to the non-state variables, ∆V . (Note that the
concept of eigenvectors can be extended to the system described by
DAE).

3. The location of a damping controller can be chosen based on the crite-
rion of |Ri|. The residue is a function of the location (say k). If |Rik∗ |
is maximum among all values of k considered, then k∗ is the optimal
location.

4. The participation factor is a measure of participation of a state variable
xj in a mode corresponding to λi and is defined as

pji = vijwij

with the property
∑

i pji = 1. Also pji is the sensitivity of the eigen-
value λi with respect to A(j, j), the diagonal element of the [A] matrix.

Tuning of Supplementary Modulation Controllers

When multiple SMCs are considered for the damping of several critical swing
modes in a power system, the tuning of the SMCs has to be coordinated.
An optimal method for this is described next.

The control parameters to be tuned are obtained as the solutions to
a constrained optimization problem defined as follows:

min
q

m
∑

j=1

Wjσj (10.53)

subject to

Di =
−σi

√

σ2i + ω2
i

≥ C1 (10.54)
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σi ≤ C2, i = 1, 2, 3, . . . , N (10.55)

where m = total number of modes of interest, σi = real part of λi (ith

eigenvalue), ωi = imaginary part of λi, Di = damping ratio of λi, Wj =
a positive weight associated with jth swing mode, q = vector of control
parameters. q is bound both from below and above. The lower bounds are
usually positive or zero.

Arbitrary choices of C1 and C2 can result in infeasible solution. The
problem can also be solved by successive Linear Programming (LP) after
linearizing Eqs (10.53) to (10.55) and expressing ∆σ in terms of ∆q (pertur-
bations in the control parameters) using eigenvalue sensitivities.

An Alternative Approach [12,17]

We have earlier considered the design of SMC based on eigenvalue sensi-
tivities. The computations of residues of the critical modes determines not
only the best locations of SMC, but also the phase compensation required
(if any). The gains of SMCs can be obtained by tuning using the proce-
dure outlined. The control parameters can also include other parameters in
addition to the gains.

An alternative approach is outlined here. The system dynamics (de-
scribed in Eqs (10.39) and (10.40) is separated into two connected compo-
nents - the first one captures the critical mode(s) of interest. The rest of
the system dynamics forms the second component. Thus, we can rewrite the
system equations as follows:

ẋ1 = [A1]x1 + b1u1

y1 = c1x1 (10.56)

ẋ2 = [A2]x2 + b2u2 + b2cu

y2 = c2x2 (10.57)

y = c1cx1 + c2cx2 (10.58)

The simplest model of subsystem 1 describes a single swing mode
described by

x1 = [∆δmi ∆ω̄mi]
t, u1 = ∆Tmi (10.59)

[A1] =

[

0 ωB
−kmi

2Hmi

−Dmi

2Hmi

]

, b1 =

[

0
−1

]

when δmi and ω̄mi are the i
th modal angle and (per unit) rotor speed respec-

tively. Dmi is the modal damping and Hmi is the modal inertia (of mode i).
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ωB is the base (rated) speed in radians/second. The modal frequency (ωi)
is approximately given by

ωi =

√

ωBkmi
2Hmi

rad/sec

∆Tmi is the perturbation in the modal torque.

In Eqs. (10.56) and (10.57), the input u2 is the output y1 of sub-
system 1. Similarly, u1 is the output y2 of the subsystem 2. We can define
4 transfer functions for the special case where x1 contains two variables as
defined earlier. Assuming y1 = ∆δmi and c1cx1 = ri∆ωmi, we can derive
four transfer functions defined below:

Kci(s) =
Y2(s)

U(s)
= c2[sI −A2]

−1b2c (10.60)

Koi(s) =
Y (s)

∆ωmi(s)
= ri + c2c[sI −A2]

−1b2ωB (10.61)

Kmi(s) =
Y2(s)

∆δmi(s)
= kmi + c2[sI −A2]

−1b2 (10.62)

KILi(s) =
Y (s)

U(s)
= c2c[sI −A2]

−1b2c (10.63)

The transfer function of the Power Swing Damping Control (PSDC) or SMC
is defined as

PSDC(s) =
U(s)

Y (s)
(10.64)

The block diagram of the system including PSDC is shown in Fig.
10.10. In reference [12], the authors have proposed three indices to evaluate
the effectiveness of a feedback signal. They are the controller phase influ-
ence (CPI), the maximum damping influence (MDI) and the natural phase
influence (NPI) which are defined as

CPI(i) = −[Arg[Kci(jωi)] +Arg[Koi(jωi)]

MDI(i) =
|Kci(jωi)||Koi(jωi)|
2
√
10|KILi(jωi)|

NPI(i) = −[CPI(i) +Arg[KILi(jωi)]]

where ωi is the frequency of the ith mode. The effective transfer function in
the control loop is given by

Kei(s) =
Kci(s)PSDC(s)Koi(s)

(1− PSDC(s)KILi(s))
(10.65)

When the controller gain is sufficiently small such that
|PSDC(jωi)KILi(jωi)| ¿ 1, then pure damping of the mode i is obtained
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Figure 10.10: System block diagram with PSDC to damp a swing mode i

if the phase of PSDC (jωi) is set equal to CPI. The MDI index is a measure
of the maximum eigenvalue shift achievable assuming the controller gain is

limited to |KILi(jωi)|√
10

. The
√
10 factor assures a gain margin of 10 dB. The

NPI index gives the phase information on the eigenvalue shift due to the
controller. For 0 > NPI > −90◦, the effect of the controller is to increase
both damping and synchronizing torques.

10.5 Modal Transformation of Swing
Equations

In the previous section, we introduced modal quantities such as modal in-
ertia, frequency etc. These are obtained by transformation of the swing
equations of all the generators in the system. Neglecting damping, we can
express the swing equations in the matrix form as

[M ]
d2δ

dt2
= Tm − Te (10.66)

Linearizing the above equation, we get

[M ]
d2∆δ

dt2
= −[K]∆δ −∆T ′

e (10.67)

where [K] =
[

∂Te
∂δ

]

evaluated at the equilibrium point. Note that in steady

state, Te = Pe (in per unit). The mechanical torque (Tm) is assumed to be
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constant such that ∆Tm = 0. The change in the electrical torque (∆T ′
e) is a

function of other variables.

Defining a transformation matrix [Q] such that ∆δ = [Q]∆δm, it is
possible to simultaneously diagonalize matrices [M ] and [K] if we select

[Q] = [M ]−1/2[P ] (10.68)

where [P ] is a matrix whose columns are eigenvectors of the real symmetric
matrix [K ′] = [M ]−1/2[K][M ]−1/2. Substituting Eq. (10.68) in (10.67) and
pre-multiplying both sides by [Q]t, we get

[Mm]
d2∆δm
dt2

+ [Km]∆δm = −[Q]t∆T ′
e (10.69)

where

[Km] = [Q]t[K][Q], [Mm] = [Q]t[M ][Q]

[Mm] is termed as the modal inertial matrix. However, the elements of
the matrix are not unique unless we put constraints on the choice of [P ]
(eigenvectors of K ′). (Note that the eigenvectors are not unique). If we
assume that each eigenvector of [Q] has the element 1 corresponding to
the generator j, then we can say that the modal inertias are defined with
reference to generator j. Note that the matrix [Q] becomes unique with the
constraint that the jth row has all the elements equal to unity. This concept
has been explained in [42] and utilized to locate the PSS for damping of swing
modes since the change in the decrement factor of a mode is approximately
equal to

∆σi =
TDi
4Hmi

(10.70)

where TDi is the damping torque (coefficient) introduced by a damping con-
troller (such as PSS). The eigenvalue shift is maximum when Hmi is min-
imum. Hence, the best location for PSS is the generator where Hmi is
minimum.

Example 2

Consider the three machine system shown in Fig. 10.7. At the operating
point (without PSS), the eigenvalues corresponding to the two swing modes
are λ1,2 = −0.4510 ± j13.157 and λ3,4 = −0.0394 ± j 8.585. The values of
the modal inertias of the two swing modes are shown in Table 10.2.

It is interesting to note that the mode M1 is best damped by PSS at
generator 3. The PSS at generator 1 has practically no effect on M1. The
lower frequency mode (M2) is best damped by PSS at generator 2.
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Table 10.2: Modal inertias for 3-machine system.

Modal Frequency
(rad/sec) Gen. 1 Gen. 2 Gen. 3

12.664 (M1) 3300.90 31.92 3.80
8.313 (M2) 85.17 10.56 25.81

Table 10.3: Modal inertias for 4-machine system.

Modal Frequency
(rad/sec) Gen. 1 Gen. 2 Gen. 3 Gen. 4

7.53 (M1) 0.615 0.538 209.16 20227
6.91 (M2) 174.73 7746 0.634 0.709
4.14 (M3) 0.949 1.212 1.653 1.289

Example 3

The modal inertias of the 4 machine system (shown in Fig. 10.18) described
in [11,1] are shown in Table 10.3 for all the 3 swing modes.

Here, M1 and M2 are the two local modes corresponding to the
areas 1 and 2 respectively. M3 is the interarea mode. It is interesting to
observe that PSS for damping a local mode must be located at the generators
belonging to the area (G1 and G2 for area 1, and G3 and G4 for area 2).
On the other hand, the low frequency interarea mode (M3) can be damped
by PSS located at any of the four generators (as the modal inertias for all
the generators lie within a narrow range).

Remarks

1. The matrix [K] is singular matrix with an eigenvalue of zero. This
corresponds to a mode (of frequency zero) in which all generators par-
ticipate equally. The modal inertia for this mode zero is the sum of
the inertias of all the generators. This is unaffected by the choice of
the reference generator.

2. Unless the network is assumed to be lossless, the matrix [K] is not
strictly symmetric. However, it was found adequate to approximate

[K] by its symmetrical component [K]+[K]t

2 and modify the elements
to ensure that the elements of each row add up to zero.

3. The concept of modal inertia is adopted from the analysis of SSR which
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considers a multimass model of the generator mechanical system where
the elastic shaft sections are modelled as springs. Here, each machine is
modelled as a single mass, but is connected to the neighbouring masses
by equivalent springs represented by synchronizing torque coefficients.
In extending the concept to the study of low frequency oscillations, it
is necessary to make some minor approximations (about the nature of
[K] matrix) while the modal inertias for the torsional modes are defined
exactly. Also note that the [K] matrix for the shaft system is constant
while it varies as the operating point changes for the transmission
network.

It would be interesting to pose the question whether the concept
of modal inertias can be extended further. By using a network analogy for
modelling the system dynamics of a lossless network connected to generators
modelled by classical models, it is possible to get an insight into the problem
of identifying best locations for both shunt and series FACTS controllers. It
is also possible to postulate general control laws for both series and shunt
FACTS controllers based on appropriate control signals. This is taken up in
the next section.

10.6 Damping of Power Oscillations
Using Series FACTS Controllers

The objectives of the analysis presented in this section are to present a
unified framework for the design of damping controllers on series FACTS
devices such as TCSC, SSSC and series converters in UPFC. The analysis
is based on a simplified model that enables the derivation of control laws
and formulation of indices to evaluate the effectiveness of location of the
controllers. The analysis can be validated using case studies with detailed
system models [15,33].

The following assumptions are made in the analysis:

1. A synchronous generator is represented by the classical model of a
constant voltage source behind (constant) transient reactance.

2. The real power drawn by loads is independent of the bus voltage mag-
nitude, but varies linearly with bus frequency.

3. The electrical network is assumed to be lossless.

4. The mechanical torques acting on the generator rotors are constant
and the mechanical damping is neglected.

5. The bus voltage magnitudes are assumed to be constants.
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6. There is only one line connected between a pair of specified nodes (say
i and j). Note that the parallel lines can be clubbed together and
represented by an equivalent line.

Let us consider the electrical network made up of only series elements
including the transient reactances of the ng number of generators. We will
assume that there are n number of nodes in the network excluding ng internal
buses of the generators. Let there be nb number of series elements including
the ng transient reactances. If we consider a branch k connected across nodes
i and j, the power flow in steady state is given by

Pk =
ViVj
xk

sin(φi − φj)

= Pk(φk, uk) (10.71)

where xk is the effective reactance of the branch k, φk is the angle across
the branch k given by

φk = φi − φj
uk is the control variable which may be a reactance in the case of a TCSC
connected in the line (or branch) k. It could be reactive voltage if a SSSC
is connected in the line. Due to assumption 5, the power flow Pk in line k
is a function of two variables φk and uk. If no series FACTS controller is
connected, then uk = 0.

When we linearize Eq. (10.71), we get

∆Pk =
∂Pk
∂φk

∆φk +
∂Pk
∂uk

∆uk (10.72)

The term ∂Pk
∂φk

can be viewed as a spring constant Kij of a linear
spring defined by

∆Tij = Kij(∆φi −∆φj) (10.73)

With uk = 0, then,

Kij =
ViVj
xk

cosφk0 (10.74)

where φk0 is the operating value of φk. It is obvious that Kji = Kij .

From assumption 1, the generators are modelled by the swing equa-
tions given by

Mi
d2δi
dt2

= Tmi − Tei

= Tmi −
EgiVi sin(δi − φi)

x′di
, i = 1, 2, . . . , ng (10.75)
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where Mi =
2Hi

ωB
is the inertia, δi is the rotor angle, Egi is the generated

voltage, Vi and φi are the magnitude and angle of the terminal bus voltage,
x′di is the transient reactance of the generator i. It is assumed that the
generator buses are numbered first before the load buses. We will also assume
that the generator and load buses are mutually exclusive and the load buses
include those nongenerator buses with zero loads.

The linearized equation (10.75) is given by,

Mi
d2∆δi
dt2

= −EgiVi
x′di

cos(δi − φi)(∆δi −∆φi)

= −Kgi(∆δi −∆φi) (10.76)

where

Kgi =
EgiVi
x′di

cos(δi − φi)

From assumption 2) we can express the equations corresponding to
load buses as follows.

0 = Tei − Tli, i = 1, 2, . . . n (10.77)

where Tli =
Pli
ω̄i

is a constant. ω̄i is the per unit frequency at bus i. From

Eq. (10.77), Tei = constant.

It is possible to express the linearized system equations as,

[

M d2∆δ
dt2

0

]

= −
[

Kgg Kgl

Klg Kll

] [

∆δ
∆φ

]

(10.78)

where

[M ] = Diag[M1M2 Mng ]

[Kgg] = Diag[Kg1Kg2 Kgng ]

[Kgl] = [−Kgg 0] = [Klg]
t

[Kgl] has dimensions ng × n. The matrix [Kll] is a symmetric matrix with
elements given by

Kll(i, j) = −Kij , Kll(i, i) =
n
∑

j=1

Kij

It is possible to eliminate ∆φ from Eq. (10.78) and derive,

[M ]
d2∆δ

dt2
= −[K]∆δ (10.79)
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where,

[K] = [Kgg]− [Kgl][Kll]
−1[Klg]

It can be shown that [K] is a singular matrix. The system eigenvalues are
the square roots of the matrix [A2] given by

[A2] = −[M ]−1[K]

The eigenvalues of [A2] are real negative, except for one eigenvalue which is
zero. Note that Eq. (10.79) can be expressed in the state space form given
by

[

∆δ̇
∆ω̇

]

= [A1]

[

∆δ
∆ω

]

=

[

0 I
A2 0

] [

∆δ
∆ω

]

(10.80)

where I is identity matrix of order ng. The eigenvalues of [A1] are ±jωmi ,
i = 0, 1, 2, . . . (ng−1). For i = 0, ωmi = 0 which corresponds to the frequency
of Centre of Inertia (COI) defined by

δCOI =
1

MT

∑

Miδi, ωCOI =
1

MT

∑

Miωi (10.81)

where MT =
∑

Mi.

The eigenvector vi of the matrix [A1] corresponding to the eigenvalue
λi = jωmi can be expressed as

vi = [vtiδ v
t
iω]

t

It can be shown that

viω = jωmi viδ (10.82)

A Network Analogy

Equation (10.78) or its reduced form (10.79) represent a mass-spring sys-
tem. It can be shown that an R-L-C electrical network is analogous to the
mechanical system consisting of viscous dampers, mass and springs. Mass is
analogous to a capacitance and spring is analogous to an inductor. This is
based on analogy between voltage and ∆ω (or ∆φ̇), current and torque. ∆δ
(or ∆φ) is analogous to flux linkage. The spring constant Kij is analogous
to the reciprocal of inductance.

Neglecting mechanical or load damping, Eq. (10.78) represents an
L-C circuit. For a one-port LC network, having the impedance function Z(s)
of the form

Z(s) =
N(s)

D(s)
=

(s2 + ω2
z1)(s

2 + ω2
z2) . . .

s(s2 + ω2
1)(s

2 + ω2
2) . . .

(10.83)
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Figure 10.11: One port equivalent circuit of a L-C network

it is possible to represent the impedance function by an equivalent circuit
shown in Fig. 10.11. This follows from the partial fraction expansion of Z(s)
in the form given by

Z(s) =
R0

s
+

R1s

s2 + ω2
1

+ · · · Rps

s2 + ω2
p

(10.84)

where R0, R2, . . . , Rp are all positive. This follows from the properties of the
function Z(s):

1. The degrees of N(s) and D(s) differ exactly by 1

2. Z(s) is an odd function of s, that is Z(−s) = −Z(s).
3. Z(s) has only simple poles and zeroes; all are located interlaced on the

imaginary axis (Between any two poles there is a zero and vice versa).

4. The residues at all poles are real and positive.

From the network properties, we note that for the electromechanical
system made up of masses and springs, there is an equivalent circuit across
any node pair. If we consider a lossless transmission line connected across
nodes i and j, we have an equivalent circuit for the one port shown in Fig.
10.12 that takes into account only one swing mode mi. Since capacitance
is analogous to mass, we can define modal inertias for a transmission line
(Earlier, we had defined modal inertias at a generator).

In Fig. 10.12, Lk is the equivalent inductance given by

Lk =
xk

ViVj cosφko
(10.85)

Note that Lk is the reciprocal of Kij defined by Eq. (10.74). If Vi = Vj = 1.0
and cosφko ' 1.0, then Lk ' xk. The inductance Lthk is the Thevenin induc-
tance of network (without Lk) viewed from the port i-j when the capacitors
in the network (representing the generator rotor masses) are shorted. Note
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Figure 10.12: An equivalent circuit across port i-j (for swing mode mi)

that the capacitances in the network can be represented by voltage sources
(bus frequency deviations). In Fig. 10.12, the voltage across the equivalent

(modal) capacitance is
d∆φth

k

dt assuming that the voltage vector across the
capacitances (representing generator masses) is viω which is defined by Eq.
(10.82).

In case a damping controller is connected in line k (connected across
nodes i and j), there is an additional component in the line current (∆Pk)
given by (see Eq. (10.72)),

∆Pkc =
∂Pk
∂uk

∆uk = Bk∆uk (10.86)

where ∆uk is either ∆XTCSCk or ∆Vrk depending on whether a TCSC or
SSSC is connected in the line k. Since we have assumed that XTCSC or Vr
is considered as positive if it is capacitive, ∂Pk

∂uk
is also positive.

The constant Bk (assumed to be positive) in Eq. (10.86) is given by

(a) Bk = Pk0
xk

for a TCSC and

(b) Bk ' 1
xk

for a SSSC

If we propose a control law given by

∆uk = Gk
d∆φthk
dt

(10.87)

where Gk (the proportional gain), is equivalent to a conductance (Gk) across
the capacitance as shown in Fig. 10.13. For simplicity, the dependence of
Ck on the specific mode (mi) is not shown in this figure. It is to be noted
that Lk and Lthk are independent of the mode and are invariant.
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Figure 10.13: An equivalent circuit across port i-j considering damping ac-
tion

As the value of capacitance Ck is related to the voltage across it by
the equation

VCk =
1

ωmi Ck
∆Pk (10.88)

where ∆Pk is the equivalent Norton’s equivalent current source viewed from
the port i−j (after removing Lk). Note that we have replaced the capacitors
(corresponding to generator rotor masses) by the voltage sources viω (which
are sinusoidal). Thus, VCk which is also sinusoidal can also be obtained as
Thevenin voltage across port i− j (with line k removed). See Fig. 10.13(b).

As discussed earlier, lower modal inertia (equivalent to Ck) is ben-
eficial for damping action. Hence, we can state that a line k for which the
modal inertia (Ck) is minimum, is the best location for damping a particular
mode mi. Note that the optimal location depends on the mode considered.
In general, out of the (ng−1) swing modes in a power system with ng gener-
ators, only a few modes (at lower frequency) are critical. Hence one needs to
check for the best locations of damping controllers only for a limited number
of the critical modes that are usually the lower frequency modes.

Note that for a particular mode (mi), the decrement factor (σi) is
given by Gk

2Ck
. Hence, the lower the value of Ck, the gain of the controller

required for a specified damping is lower. Alternately, for a specified gain,
the damping achieved is maximum for the lowest value of Ck.
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Since it is convenient to compute Thevenin voltage for a line k, from
Eq. (10.88), we can observe that the best location for a series damping
controller is one for which |VCk| is maximum. It is convenient to define a
normalized location factor (NLF) as follows

NLF (mi) =
|VCk|
|viω|

(10.89)

where |viω| is a norm of the eigenvector component viw corresponding to
mode i. We can use Euclidean norm or sum norm. The NLF defined here is
different from what is given in [15].

The procedure for computing NLF (mi) is simpler and is given below.

1. For a specified critical mode (mi), compute viw

2. Treating viw vector as the vector of sinusoidal voltage sources at the
generator internal buses, compute Thevenin voltage across different
lines.

It is convenient to consider the original network (of series elements)
in which the reactances are calculated (in pu) at the base system frequency.
Since Lk ' xk and although the equivalent network (made up only of series
elements) impedances have to evaluated at the modal frequency ωmi , the
calculation of Thevenin voltage is unaffected even if we use xk instead of
ωmi Lk.

Another approximation is to compute Thevenin voltages across the
lines (under consideration) from the original network including all the lines.

Synthesis of the Control Signal

From the network analogy we have identified the appropriate control signal

as
d∆φth

k

dt which can be synthesized from the locally measured quantities. If
the voltage magnitudes Vi and Vj are assumed to be equal to unity and
sinφk ' φk, we have

∆φk = ∆Pkxk, ∆φthk = ∆Pk(xk + xthk ) (10.90)

A practical scheme for the damping controller is shown in Fig. 10.14.
This shows a washout circuit (which will result in zero offset in steady state)
and a practical derivative controller. The washout circuit time constant
(TW ) can be chosen as 10 s and Tm can be set as 0.01 s.
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Figure 10.14: Damping controller for a series FACTS device

Remarks

1. The nominal value of xthk can be obtained from the electrical networks
of series elements. However, since there are approximations made in
computing xthk , it is convenient to treat this as a tunable parameter.

2. The gain Gk of the controller is usually obtained from the root locus.
This is similar to the tuning of a PSS.

3. There is no need for phase compensation in the controller although the
control scheme is obtained based on a simplified system model using
classical models of generators. This will be evident when we present a
case study on the design of damping controllers for a UPFC [33].

4. It can be shown that the use of the control signal d∆φkdt instead of
d∆φth

k

dt
limits the effectiveness of the controller as gain Gk is increased beyond
a limit. If ∆uk = Gks∆φk, then, since ∆φk = ∆φthk −∆Pkx

th
k , we have

∆uk =
Gks∆φ

th
k

1 + sGkBkx
th
k

by substituting for ∆Pk = Bk∆uk. s is the Laplace operator. The
damping will increase as Gk is increased from zero and reach a maxi-
mum when Gk = Gkmax given by

Gkmax =
1

Bkx
th
k ω

m
i

If Gk > Gkmax the damping will reduce. There is no limit on the gain
if ∆φthk is used as the control signal (unless limited by the unmodelled
dynamics).

5. In Eg. (10.90), one could use also the line current as measured signal
instead of the power flow.

Example 4

Consider the 3 machine system shown in Fig. 10.7. The data is essentially
same as in [43] except for the following modifications. All generators are
equipped with static exciters with KE = 200, TE = 0.05. A shunt sus-
ceptance of 0.5 pu is provided at bus 5 for voltage support. The loads are
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assumed to be constant impedance type and mechanical damping is assumed
to be zero.

The eigenvalues for the swing modes at the operating point are cal-
culated as

λ1,2 = −0.4510± j13.1570(Mode1)

λ3,4 = −0.0392± j8.5809(Mode2)

The computation of location factors gave line 5-4 as the best line for damping
the swing mode 2. The series FACTS controller considered is SSSC.

The tuning of the two parameters associated with a damping con-
troller (G and xth) was done using Sequential Linear Programming (SLP)
optimization technique to maximize the damping of mode 2 subject to the
following constraints: (a) the damping ratio of all the eigenvalues is greater
than 0.02 and (b) the real part of all eigenvalues is less than −0.65. The
optimal values of the controller parameters are xth = 0.3391 and G = 0.2698
for the damping controller in line 5–4. The eigenvalues for the two swing
modes, with the controller are:

λ1,2 = −0.6631± j13.1510(Mode1)

λ3,4 = −4.6609± j7.4558(Mode2)

This clearly shows the role of the controller in damping mode 2.

With multiple controllers there is a need for coordinated control, that
is simultaneous tuning of all the control parameters.

10.7 Damping of Power Oscillations
Using Shunt FACTS Controllers

In the previous section, we assumed that the bus voltage magnitudes are
constants. This assumption is essential to relate the linearized model of the
network to a linear L–C network with bus frequency deviation analogous to
voltage and power (torque) analogous to the current. In this section, we will
relax the assumption as a shunt FACTS controller injects reactive current
to control the voltage. We need to take a different approach in deriving
the control law for the damping controller associated with a shunt FACTS
device. The other assumptions mentioned in section 10.6 also apply here. In
addition, we will also neglect the presence of a series FACTS controller unless
the series controller is used only to regulate constant impedance (inserted)
by the controller.

The network analogy described in section 10.6 also applies here.
However, we will first consider the nonlinear system before the linearization.
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The lossless network with classical models of the generator can be viewed as
a network with nonlinear inductors and linear capacitors (corresponding to
the generator rotor masses). The equations of the nonlinear reactor repre-
senting the series impedance of the line ‘k’ is given by Eq. (10.71) which is
reproduced below.

Pk =
ViVj
xk

sinφk ⇒ ik = f(ψk) (10.91)

where ik is current in the inductor (corresponding to Pk in the line) and ψk
is the flux linkage of inductor ‘k’.

The energy stored in the inductor described by Eq. (10.91) is given
by

Wk =

∫

ikdψk =

∫

f(ψk)dψk (10.92)

Substituting Eq. (10.91) in (10.92) and noting that ψk = φk, we get the
following result after integration by parts.

∫

Pkdφk =
−ViVj cosφk

xk
+

∫

cosφk
xk

(VidVj + VjdVi). (10.93)

Adding and subtracting
V 2
i +V

2
j

2xk
to the R.H.S., we can write Eq. (10.93) as

∫

Pkdφk =
V 2
k

2xk
−
∫

IkridVi −
∫

IkrjdVj (10.94)

where V 2
k = V 2

i + V 2
j − 2ViVj cosφk is the square of the voltage drop in the

line k. Ikri and I
k
rj are the reactive currents injected in line k at the two ends

of the line. These are defined as

Ikri =
Vi − Vj cosφk

xk
, Ikrj =

Vj − Vi cosφk
xk

(10.95)

When we add the energy in all the inductors (lines and transient reactances
of the generators), we get

WL =
nb
∑

k=1

Wk =
nb
∑

k=1

(

V 2
k

2xk

)

−
N
∑

j=1

∫

IrjdVj (10.96)

where Irj is the reactive current injected from bus j in the network which
has N buses (n+ ng). nb is the total number of branches in the network.

The total energy stored in the capacitors (representing generator
masses) is obtained as

WC =
1

2

ng
∑

i=1

Ci

(

dδi
dt

)2

(10.97)
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We can express the reactive current (Irj) at bus j as the sum of three com-
ponents

Irj = Irjo +
∂Irj
∂Vj

∆Vj +∆Irj (10.98)

where the second term represents the voltage dependent component of Irj
(for small perturbations) and the third current represents the contribution of
the SMC (Supplementary Modulation Controller). For conservative system
of L–C network, we can show that

d

dt
(WL +WC) = 0. (10.99)

However when ∆Irj 6= 0 and is controlled as

∆Irj = −Krj

(

dVj
dt

)

(10.100)

the total energy does not remain constant and we get,

d

dt
(WL +WC) = −

∑

Krj

(

dVj
dt

)2

(10.101)

For positive Krj , the average value of the R.H.S. in the above equation
is negative. Hence, we introduce dissipation in the system if the reactive
current injection at bus j is controlled as given by Eq. (10.100). However
this control law is not optimum. For deriving the optimum control law, we
need to express ∆Vj = (Vj − Vjo) in terms of the perturbations in state

variables ∆δ and ∆δ̇. For this, we need to model the system to relate ∆Vj
with ∆δj .

Linear Network Model for Reactive Current

Since we are essentially dealing with small perturbations, a linear model is
adequate. At the generator internal buses, we have

∆Êgi = jÊgio∆δi (10.102)

where Êgio = |Egi|ejδio . (Note that |Egi| is a constant as the generator is
represented by classical model).

Since we are considering only reactive currents injected at various
buses and their effect on voltage magnitudes, we can introduce the approx-
imation of φk = 0 (the bus angles are all equal for the lossless network).
With this assumption, we get ∆Ikri = −∆Ikrj and described by

∆Ikri = bk(∆Vi −∆Vj) (10.103)
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Figure 10.15: An equivalent network relating voltage magnitudes to reactive
current injections

where bk = 1
xk
. Eq. (10.103) represents the current flow through an equiva-

lent conductance (bk) which is connected between nodes i and j. At node j,
there is one equivalent conductance (bj) connected between the node j and
the reference (ground) node, given by

bj = −
∂Irj
∂Vj

(10.104)

The linear network relating the voltage magnitudes and the reactive
currents is shown in Fig. 10.15(a). The Thevenin equivalent at node j is
shown in Fig. 10.15(b).

For simplicity, we will consider only one modulation controller at bus
j. Thevenin voltage V th

j at bus j is a function of the state variables ∆δ. If
we substitute ∆δ = viδ where viδ is the component of the eigenvector corre-
sponding to mode (mi), we get the equivalent circuit for mode mi described
by the equation

∆V th
j + xthj ∆Irj = ∆Vj (10.105)

From Eq. (10.105) we can obtain the optimal control law for the modulation
of the reactive current at bus j as

∆Irj = −Krj
d

dt
(∆V th

j ) (10.106)

Note that ∆V th
j is a function of modemi. In computing Thevenin voltage, we

assume ∆Egi = |Egiv.δ(i)| where v.δ(i) is the component of the eigenvector
v.δ corresponding to the generator i. If we assume |Egi| = 1.0, then ∆Egi =
|v.δ(i)|.

Just as in the case of the series FACTS controllers, we define an index
(NLF) to evaluate the effectiveness of the location of the damping controller,
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based on Thevenin voltage as follows.

Normalised Location Factor (NLF) =
|∆V th

j |
|v.δ|

(10.107)

where |v.δ| is the norm of eigenvector v.δ computed for a specified (critical)
mode mi. The best location for the modulation controller for mode mi is
the bus j for which |∆V th

j | is maximum.

Remarks

1. Although xthj can be obtained from the linear network, it is convenient
to treat it as a tunable parameter in addition to the proportional gain
Krj .

2. The linear network used to compute ∆V th and xth has both series
and shunt elements. The series elements correspond to the (constant)
reactances of the lines and generators. The shunt elements correspond
to the shunt susceptances at various buses.

In contrast, L–C network representation used for deriving the control
law for the series damping controllers, consists of only series elements.

3. The use of the control signal
(

dVj
dt

)

instead of

(

dV th
j

dt

)

limits the effec-

tiveness of the modulation control of shunt FACTS controllers as the
gain Krj is increased.

Example 5

Here we consider the same 3 machine system considered in Example 4. The
best location for damping the mode 2 is bus 4. By selecting Kr = 5.789 and
Xth = 0.0450, we get the closed loop eigenvalues for the swing modes, after
installing the SMC at a STATCOM connected to bus 4, as

λ1,2 = −0.3641± j13.1610 and

λ3,4 = −0.5006± j8.1286

It was observed that installing a SMC leads to the reduction of damp-
ing of an exciter mode (EM). For example, the root loci of the critical swing
mode (SM) and an exciter mode as the gain Kr is varied from 0 to 1.2 is
shown in Fig. 10.16 for a STATCOM (with SMC) connected at bus 9 which
is close to the generator # 3. From the analysis of the participation factors,
the exciter mode was traced to belong to generator # 3.

The phenomenon observed in Fig. 10.16 is termed as strong reso-
nance [41] in which change in parameters lead to interaction or coupling
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Figure 10.16: Root loci showing interaction of two complex modes in three
machine system when Kr is increasing

between two oscillatory modes. The modes that are far away initially move
close to each other and collide in such a way that one of the modes may
subsequently become unstable. If the system matrix is not diagonalizable at
the point of collision of the eigenvalues, the phenomenon is termed ‘strong
resonance’ and ‘weak resonance’ if it is diagonalizable. Using multi-modal
decomposition and a reduced model it is possible to predict the behaviour
of the interacting modes near a strong resonance [41]. The asymptotic be-
haviour of eigenvalues (of the reduced system) when Kr is increased is shown
in Fig. 10.17. This shows that there is an upper limit on Kr which results
in maximum damping of the critical mode. Depending on the value of xth,
the critical mode can be the swing mode or the exciter mode. Even a small
change in xth can affect the critical mode. This clearly shows the importance
of strong resonance in the design of damping (modulation) controllers.
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Figure 10.18: A 4 machine 2 Area System

10.8 A Case Study of Damping Controllers
in UPFC

A 4-machine, 2 area system is selected for the case study. The single line
diagram of the system is shown in Fig. 10.18. This system is same as that
described in [1,11] except that the damping of all the generators is assumed
to be 1.0 pu (instead of zero) and the armature resistance is neglected. The
generators are represented by two-axis models and loads are modelled as
constant impedances. The UPFC is installed in one of the three tie lines
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connecting the two areas (between buses 3 and 13) with the shunt branch
connected at bus 3.

The UPFC has 3 independent control variables - real (series) voltage
(Vp), reactive (series) voltage (Vr) and reactive (shunt) current (Ir). We can
apply modulation controllers for all the three variables. The block diagram
of these controllers is shown in Fig. 10.19. The two series voltage modulation
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Figure 10.19: Block diagram of UPFC modulation controllers

controllers use Thevenin angle as the control signal while the shunt reactive
current modulation controller uses Thevenin voltage (∆V th) as control signal
which is synthesized as follows

∆V th = ∆V − xthsh∆Ir (10.108)

It is to be noted that ∆Ir is the reactive current injected at the specified
bus, whose voltage magnitude deviation is ∆V . The control signal for the
series modulation controllers is synthesized as

∆φth = ∆I(xeq + xthse)−∆Vr (10.109)

where xeq is the equivalent line reactance, taking into account the fixed series
compensation (if any) and the operating value of reactive voltage injected.
Note that xthse is different from xthsh. Both are viewed as tunable controller
parameters.

There are 5 control parameters (two Thevenin reactances and 3
gains) associated with the 3 modulation controllers. This is in addition to the
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Table 10.4: Details of Phase Compensation.

Phase Reqd. No. of
of Phase T1 T2 Stages

Controller Residue Comp. (in seconds) m

Vp 128.5◦ 51.5◦ 0.6449 0.0785 1
Vr 179.6◦ 0.0◦ – – 0
Ir −107.4 −72.6◦ 0.1139 0.4445 2

three parameters (T1, T2 and m) associated with each phase compensation
circuit. The parameters of the phase compensation circuits are computed
from the knowledge of the phase angle of the residue corresponding to the
critical mode (as described in section 10.4). The selection of the controller
parameters is based on a constrained optimization technique whose objec-
tive is to maximize the damping of the low frequency interarea mode while
satisfying constraints on the location of other eigenvalues.

The eigenvalues for the 3 swing modes for the system without mod-
ulation controllers is given below. The operating values of Vp, Vr and Ir are
assumed to be zero

λ1,2 = −0.0088± j4.4450(InterareaMode)

λ3,4 = −0.7644± j7.2940(LocalMode1)

λ5,6 = −0.7410± j6.6904(LocalMode2)

It is obvious that the interarea mode is very lightly damped (having
a damping ratio of 0.002). The details of the phase compensation circuits
required are given in Table 10.4.

It is to be noted that no phase compensation is required for the
series reactive voltage modulation controller. The requirements of phase
compensation for other 2 controllers indicate the influence of the unmod-
elled dynamics on the control law derived in the previous section. The
eigenvalues corresponding to the interarea mode for different combinations
of the controllers with and without phase compensation are shown in Table
10.5. These indicate that phase compensation improves the damping (as
expected). It was also observed that the optimal gains of the controllers was
less for the case with phase compensation compared to that without phase
compensation.

Table 10.5 shows that the modulation controller for the series reactive
voltage is most effective. The influence of the active voltage (Vp) modulation
controller is to improve both damping and synchronizing torques. It is more
effective than the shunt reactive current modulation.
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Table 10.5: Eigenvalues of Interarea Mode.

Modulated Eigenvalues Eigenvalues
Variables without phase comp. with comp.

Ir −0.5392± j4.4632 −0.5909± j4.4583
Vr −1.9455± j4.8991 −1.9455± j4.8991

Vr + Ir −2.1033± j4.8613 −3.0892± j4.2701
Vr + Vp −2.8736± j5.4176 −3.4847± j5.2239

Vr + Vp + Ir −3.6951± j5.8982 −3.9056± j4.2940

Discussion

The case study illustrates the effects of coordinated control of the three sup-
plementary modulation controllers associated with a UPFC. The interarea
mode is damped very substantially (the damping ratio is increased from
0.002 to 0.673 when all the three controllers are active).

An important characteristics of the control strategy of the UPFC
modulation controllers used here, is that the three controllers are decoupled
which also makes them robust. Although the control laws are obtained
from theoretical analysis based on simplified models, the effectiveness of the
modulation controllers is tested on systems with details models.
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Chapter 11

Improvement of Transient Stability

11.1 Introduction

In the previous chapter, we considered the application of FACTS controllers
for damping power oscillations in transmission lines caused by low frequency
rotor swings in generators. The objective is to improve small signal stability
of power systems that implies the ability of the power systems to maintain
synchronism under small disturbances that are always present (due to small
perturbations in the system load). It is essential to maintain small signal
stability for all normal operating conditions that a power system is subjected
to.

In this chapter, we consider transient stability of power systems and
its improvement by suitable control of FACTS controllers. Transient stability
is concerned with the stability of power systems when subjected to a severe or
large disturbance such as a fault in a line followed by its clearing. Transient
stability depends on the location and nature of the disturbance in addition to
the initial operating point. Instability results in loss of synchronism leading
to separation of generators that are protected by out-of-step relays. Large
excursions in the rotor angles imply it is not possible to apply linear system
theory. Since nonlinear system analysis is not generally feasible, numerical
methods are used to simulate the system to predict system stability for
accurate results. However, transient energy function methods have been
developed in last 30 years that are fast, reasonably accurate and can handle
the presence of FACTS and HVDC controllers by preserving the structure
of the system network.

In this chapter, we will look into control strategies that will not only
improve first swing stability but also damp the oscillations until their mag-
nitude is reduced below a threshold. The control action is of bang-bang type
and is activated on the detection of a disturbance and will be discontinued as
the system approaches the post disturbance, stable equilibrium point. Thus,
the transient stability controller is a ‘discrete’ controller as opposed to the
continuous controller used for power oscillation damping. Here the term
‘discrete’ refers to the control action that is not continuous. The assump-
tion here is that the damping controller is not suited for improving transient
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Figure 11.1: A two machine system

stability. This is a valid assumption as the output of the damping controller
is limited so as not to interfere with power scheduling controller. Also the
control strategy for improving transient stability is quite different from that
required for damping of oscillations.

11.2 Transient Stability of a TwoMachine
System

Consider a two machine system as shown in Fig. 11.1. We can consider
each machine as an equivalent representing all the generators in a specified
area. The two machines are interconnected by a AC tie line that is used to
exchange power between the two areas. For simplicity we will consider the
line to be lossless. Also, the generator internal impedances can be neglected
in comparison with the impedance of the line. A FACTS controller (series,
shunt or a combination) is connected in the line to enhance power transfer
in the line.

For simplicity, we will consider classical models of generators de-
scribed by swing equations:

M1
d2δ1
dt2

= Pa1 − Pe1 (11.1)

M2
d2δ2
dt2

= Pa2 − Pe2 (11.2)

where Pa1 = Pm1 − Pl1, Pa2 = Pm2 − Pl2 are the accelerating powers of the
machines 1 and 2 respectively in the absence of power flow in the tie line.
Note that M1 = 2H1

ωB
,M2 = 2H2

ωB
if δ is expressed in radians and time in

seconds. H1 and H2 are the inertia constants, expressed on a common base.

We can combine Eqs (11.1) and (11.2) by multiplying (11.1) by M2,
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(11.2) by M1 and subtracting (11.2) from (11.1). We get,

M1M2
d2δ12
dt2

=M2Pa1 −M1Pa2 − (M2Pe1 −M1Pe2) (11.3)

If Pe1 = −Pe2 = Pt, we can rewrite (11.3) and follows.

Meq
d2δ12
dt2

= P eq
m − P eq

e (11.4)

where

Meq =
M1M2

M1 +M2
, P eq

m =
M2Pa1 −M1Pa2

M1 +M2
, P eq

e = Pt, δ12 = δ1 − δ2

Equation (11.4) shows that a two machine system can be reduced to an
equivalent single machine system with the equivalent inertia of M1M2

M1+M2
. Note

that Meq 'M1 if M2 ÀM1. In steady state, P eq
m = Pt.

If there is a major disturbance in area 1 or area 2 such that P eq
m sud-

denly increases to a high value (P eq
mf ) the angular difference δ12 increases as

the equivalent machine accelerates. When δ = δcl, the P
eq
m assumes nominal

value. If there is no FACTS controller in the line, the power angle curve is
defined by

Pt =
E1E2

X
sin δ (11.5)

where X is the reactance of the tie line and δ = δ12. From equal area
criterion, we can state the system is transiently stable if area A2 shown in
Fig. 11.2 is not less than A1. We can derive this result by noting that

d

dt
WKE = − d

dt
WPE (11.6)

where

WKE =
1

2
M

(

dδ

dt

)2

, WPE =

∫ δ

δ0
(Pe − Pm)dδ

where WKE is termed as the kinetic energy and WPE is termed as the po-
tential energy. Note that we have dropped the subscripts and superscripts
for convenience. From Eq. (11.6) we get

WT =WKE +WPE = constant (11.7)

Assuming that the system is initially in equilibrium before the occurrence
of a disturbance, at t = t0,WT = 0. The disturbance lasts from t0 to tcl. At
time t = tcl, WKE = Area A1. For the system to be stable, dδ

dt should go to
zero as δ increases. This is possible only if δmax ≤ δu where Pm = Pe(δu).
The angle δu corresponds to the unstable equilibrium point as increase in
the angle beyond δu leads to loss of synchronism (if dδ

dt continues to increase
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Figure 11.2: Application of equal area criterion

beyond δu). The area A2 is equal to the increase in potential energy that is
possible. If A2 > A1 then the kinetic energy gained during the disturbance
gets converted into the potential energy and the system is stable. If all the
kinetic energy is not converted before δ = δu, then the system is unstable.

The criterion for transient stability can be stated as follows

WT (tcl) ≤Wcr (11.8)

where Wcr is termed as the critical energy defined by

Wcr =WPE(δu) =

∫ δu

δo
(Pe − Pm)dδ (11.9)

Note that Wcr = A2+A3 (see Fig. 11.2) and WT (tcl) = A1+A3. Hence the
criterion (11.8) is equivalent to the equal area criterion.

For a specified power angle relationship, both δ0 and δu are functions
of Pm. For a specified Pm, Wcr can be increased by adjusting one or more of
the parameters that affects the power flow in the line. For the power angle
expression shown in Eq. (11.5), we can reduce X by using switched series
capacitors. (The availability of TCSCs enables fast and repetitive switching).
While we will discuss the control algorithm for improving stability later, we
can note here that increase in power flow (Pt) effected soon after detecting
a major disturbance (such as clearing of a fault) will improve first swing
stability (by increasing the area A2).

11.3 Extension to Multimachine Power
Systems

We saw in the previous section, relationship between the energy function and
equal area criterion in a two machine system. While the equal area criterion
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can not be extended to multimachine systems it is possible to extend energy
function methods, under some assumptions. These are given below.

1. The electrical network is lossless.

2. The active power loads are constant at all buses.

3. For simplicity, we assume that mechanical damping is zero for all gen-
erators (although this can be relaxed)

We will consider structure-preserving network model. This implies
that all the buses in the network are retained. In the early applications of
Transient Energy Functions (TEF), load buses were eliminated by assuming
constant impedance load models and only the generator internal buses were
retained. This simplification (apart from the inaccurate representation of
loads) resulted in complications arising from transfer conductances in the
reduced network which cannot be neglected (even with lossless transmission
lines) as they arise from the elimination of the load buses.

A major advantage of using structure-preserving network model is
the inclusion of network controllers such as HVDC and FACTS controllers.
While HVDC converter controls and SVC control characteristics have been
considered in [18] and [19], SSSC and UPFC have been included in the
formulation of SPEF (Structure Preserving Energy Function) in [32] and
[33]. The detailed two-axis generator models are considered in [17].

There is a large body of literature on Transient Energy Functions
(see books by Pai [14] and Pavella, Ernst, Ruiz-Vega [15] for recent de-
velopments). Mathematically, TEF is a Lyapunov Function which has a
non-positive derivative along the post-fault system trajectory. For accurate
results, it is necessary that there are no path-dependent terms in the energy
function. (Path-dependent terms require numerical integration based on as-
sumed trajectories which introduce errors). Also, an energy function with
path dependent terms is not strictly a Lyapunov Function that guarantees
theoretical results on system stability following a disturbance.

In this section, we will derive a SPEF from a network analogy. As
discussed in the previous chapter, a lossless electrical network can be viewed
as a collection of nonlinear inductors in which current and voltage are anal-
ogous to active power (or torque) and frequency deviation respectively.

Derivation of Potential Energy Function

The total energy in the system (WT ) is the sum of the kinetic energy (WKE)
and the potential energy (WPE). Here, we will derive an expression forWPE

from network analogy [25,28].



354 FACTS Controllers in Power Transmission and Distribution

The swing equations for the ‘m’ number of synchronous generators
are given by

Mi
d2δi
dt2

=Mi
dωi
dt

= Pmi − Pei, i = 1, 2, . . . ,m (11.10)

= −∂WPE

∂δi

where WPE is defined as

WPE =
m
∑

i=1

∫ t

t0
(Pei − Pmi)

dδi
dt
dt =

m
∑

i=1

∫ δi

δio

(Pei − Pmi)dδi (11.11)

Theorem

For lossless systems with constant power loads, we can prove that

WPE =
nb
∑

k=1

∫ t

t0
(Pk − Pko)

dφk
dt

dt =
nb
∑

k=1

∫ φk

φko

(Pk − Pko)dφk (11.12)

where nb is the total number of series branches in the network (consisting
of transmission line and generator reactances).

Proof:

In a lossless network, the active power injection at a bus and the bus fre-

quency
(

dφ
dt

)

satisfy Kirchhoff’s current and voltage laws respectively. Hence,

the active powers (or torque) can be considered analogous to currents, bus
frequencies to the voltages and bus angles to the flux linkages in an equiva-
lent electrical network [28]. The power (Pk) flowing in the network branch
k (connected across buses i and j) is given by

Pk =
ViVj
xk

sinφk, φk = φij

This equation is similar to the equation of a nonlinear inductor given by
i = f(λ). Thus the power system is analogous to the electrical network with
nonlinear inductors (representing series reactances of the transmission lines
and generators) (see Fig. 11.3).

For any electrical network, Tellegen’s theorem can be applied which
states that at any time, the sum of powers delivered to each branch of the
network is zero [35]. Separating the (current) sources from other (passive)
branches, we can apply Tellegen’s theorem for the network shown in Fig.
11.3 and obtain the following result.

m
∑

i=1

Pei
dδi
dt
−

n
∑

j=1

PLj
dφj
dt

=
nb
∑

k=1

Pk
dφk
dt

(11.13)
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Figure 11.3: Equivalent network for a lossless power system
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Figure 11.4: Equivalent network in steady state

where PLj is the load (active) power at bus j. There are n buses in the
network (excluding the generator internal buses).

Tellegen’s theorem is also valid when branch voltage of one network
and branch currents of another network are considered, provided the two
networks have the same graph. If we consider the network shown in Fig.
11.3 in steady state we get the source currents as Pmi as Pei = Pmi (see
Fig. 11.4). The currents corresponding to loads remain unchanged in steady
state as PLj is assumed to be constant for j = 1, 2, · · ·n.

Considering branch currents in the (steady-state) network of Fig.
11.4 and branch voltages of the network in Fig. 11.3, we get the following
result.

m
∑

i=1

Pmi
dδi
dt
−

n
∑

j=1

PLj
dφj
dt

=
nb
∑

k=1

Pko
dφk
dt

(11.14)

where Pko is the steady state power flow in branch k. Subtracting Eq. (11.14)
from (11.13), we get

m
∑

i=1

(Pei − Pmi)
dδi
dt

=
nb
∑

k=1

(Pk − Pko)
dφk
dt

(11.15)

Integrating the above equation, we get the expression for WPE given by Eq.
(11.12).
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Remarks

1. It would appear from Eq. (11.12) that the potential energy is path
dependent. However, we can show that WPE is also equal to

WPE =WPE1 +WPE2 +WPE3 (11.16)

where,

WPE1 = −
m
∑

i=1

Pmi(δi − δio) +
n
∑

j=1

PLj(φj − φjo) (11.17)

WPE2 =
1

2

nb
∑

k=1

(Qk −Qko) (11.18)

WPE3 =
n
∑

j=1

∫ Vj

Vjo

QLj

Vj
dVj +

m
∑

i=1

∫ t

t0

[

−iqi
dE′

di

dt
+ idi

dE′
qi

dt

]

dt (11.19)

where Qk is the reactive power absorbed by the branch k. QLj is the reactive
power load at bus j. idi and iqi are the d- and q-axis components of the
armature currents in the generator i·E ′

di and E
′
qi are the d- and q-components

of the induced voltages in the stator windings of the generator i. Note that if
we consider the simplified (classical) model of the generator, then the second
term in the R.H.S. of Eq. (11.19) is zero.

Since
∑

Qk must be equal to the net injection of reactive power in
the network, we get an alternative expression for WPE2 as follows.

WPE2 =
1

2





m
∑

i=1

(QGi −QGio)−
n
∑

j=1

(QLj −QLjo)



 (11.20)

Note that the subscript ‘o’ indicates the operating (steady state) value of the
variable. QGi is the reactive power injected at the internal bus of generator
i and is calculated as

QGi = E′
diiqi − E′

qiidi

Proof of Equation (11.16)

The first term in the potential energy results from applying Eq. (11.14)

in the integral −
∫ φk
φko

Pkodφk. The assumption here is that Pmi is also a
constant in addition to PLj . Non-constancy of Pmi and PLj would result in
path-dependent terms.

The second and third term in the potential energy can be obtained
from noting that

∫

Pkdφk =

∫

ViVj
xk

sinφkdφk
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= −ViVj cosφk
xk

+

∫

cosφk
xk

(VidVj + VjdVi) (11.21)

Adding

(

V 2
i +V

2
j

2xk

)

and subtracting the same quantity, we can show that

∫

Pkdφk =
V 2
i + V 2

j − 2ViVj cosφk

2xk
−
∫

(IkridVi + IkrjdVj) (11.22)

where Ikri and I
k
rj are the reactive currents into the branch k at nodes i and

j respectively and are given by

Ikri =
Vi − Vj cosφk

xk
, Ikrj =

Vj − Vi cosφk
xk

(11.23)

The first term in the R.H.S. of Eq. (11.22) is Qk

2 . The summation over all
branches and noting that integral gives the increment over the steady state
values, we get the expression for WPE2 as given in Eq. (11.18).

Summing the second term in the R.H.S. of Eq. (11.22) gives,

−
nb
∑

k=1

∫

(IkridVi + IkrjdVj) =
n
∑

j=1

∫ Vj

Vjo

QLi

Vj
dVj (11.24)

if we assume classical models for generators. In deriving Eq. (11.24), we
note that

QLj

Vj
= −

∑

k∈j
Ikrj (11.25)

where the summation is over the branches that are incident on the bus j.

Note that Eq. (11.24) includes the components corresponding to the
generator terminal buses. The reactive current injected to stator (reactance)
branch also contributes to the (R.H.S) of Eq. (11.24). However, the reactive
current injected into the generator internal bus does not contribute to the
term WPE3 as the generator voltage is assumed to be a constant for the
classical model.

Potential Energy Contributed by Considering the
Two-Axis Model of the Synchronous Generator

If we consider the detailed two-axis model for the synchronous generators,
WPE3 is no longer given by the R.H.S. of Eq. (11.24).

The stator equations for a generator i are [1] given by

E′
qi + x′diidi = vqi = Vi cos(δi − φi) (11.26)
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E′
di − x′qiiqi = vdi = −Vi sin(δi − φi) (11.27)

The electrical power output (Pei) of the generator i is given by

Pei = vdiidi + vqiiqi (11.28)

Substituting from Eqs. (11.26) and (11.27) in (11.28), we get

Pei =
E′
diVi cos(δi − φi)

x′qi
+
E′
qiVi sin(δi − φi)

x′di

+
V 2
i sin{2(δi − φi)}

2

(

1

x′qi
− 1

x′di

)

(11.29)

We can show that [36],

∫ t

t0
Pei

d(δi − φi)
dt

dt =

∫ t

t0

(

idi
dE′

q

dt
− iqi

dE′
di

dt

)

dt

+

∫ t

t0

Qgi

Vi
dVi +

1

2
(Qmi −Qmio) (11.30)

where Qgi is the reactive output of the generator given by

Qgi = vdiiqi − vqiidi (11.31)

Qmi is the reactive power loss in the stator, given by

Qmi = x′dii
2
di + x′qii

2
qi (11.32)

When we sum the potential energy in machine stator reactances, using the
expression (11.30), the second term in the R.H.S. of Eq. (11.30) contributes
to the first term in the R.H.S. for Eq. (11.19). The third term in the R.H.S.
of Eq. (11.30) contributes to WPE2. The only additional term contributing
to the potential energy (by the two axis models of the generators) is the
second component of WPE3 given by

Wm
PE3 =

m
∑

i=1

∫ t

t0

(

idi
dE′

qi

dt
− iqi

dE′
di

dt

)

dt (11.33)

The above expression is path-dependent. However, this includes the effect
of the AVR and the excitation system control.

Kinetic Energy and the Total Energy

The kinetic energy can be derived from Eq. (11.10) (the swing equations of
the generators) as

WKE =
1

2

∑

Miω
2
i , ωi =

dδi
dt

(11.34)
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The total energy (WT ) is the sum of the kinetic and potential energies and
it can be observed that

dWT

dt
= 0 (11.35)

along the post fault trajectory which implies that WT remains constant.
The criterion for transient stability remains the same as for a two machine
system, namely (see Eq. (11.8))

WT (tcl) ≤Wcr

However there are two complications with a multimachine system. Firstly,
the calculation ofWcr is not simple. There are a number of unstable equilib-
rium points (UEP) for a multimachine system. It is now accepted that there
is a controlling UEP for a specified disturbance, that lies on the boundary
of the stability region (that surrounds the stable equilibrium point (SEP)
of the post-disturbance system). However, the determination of this con-
trolling UEP (CUEP) is not straightforward. Typically, one has to search
for the CUEP in the vicinity of the exit point (where the post fault tra-
jectory leaves the stability boundary) which is predicted from the Potential
Energy Boundary Surface (PEBS) method. Some of the theoretical issues
are discussed in references [37–39].

The second complication regarding the direct stability evaluation
using energy functions, is the accurate determination of the kinetic energy
that is responsible for system separation. It can be easily shown that WKE

defined in Eq. (11.34) is larger than the energy required for transient in-
stability. If frequency of all the generators increase uniformly, this does not
lead to transient instability. Hence, we need to define kinetic energy using
generator rotor frequencies relative to the frequency of the Centre of Inertia
(COI) defined by

ωCOI =

∑

Miωi
MT

(11.36)

where MT =
∑

Mi. The kinetic energy expression is modified to

W ′
KE =

1

2

m
∑

i=1

Miω̃
2
i (11.37)

where ω̃i = (ωi − ωCOI). Although, we can express all the angles relative to
that of the COI, there is no change in the computation of WPE .

Even the reduced value of WKE given by the expression (11.37) does
not represent the kinetic energy responsible for system separation. If we
know the mode of instability (MOI) which implies the knowledge of the
group of (advanced) machines that separate from the rest, the kinetic energy
(Wmod

KE ) responsible for the system separation is calculated from,

Wmod
KE =

1

2
Meq(ωI − ωII)2 (11.38)
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where,

Meq =
MIMII

MI +MII
, MI =

∑

i∈I
Mi, MII =

∑

i∈II
Mj ,

ωI =

∑

i∈IMiωi
MI

, ωII =

∑

j∈IIMjωj

MII

The fast determination of MOI and other practical issues are discussed in
the literature (see [40]).

Remarks

1. The energy function methods have been used to predict system sta-
bility from the knowledge of system variables computed at the fault
clearing time. It is also possible to compute critical clearing time
(CCT) and use it an index for the evaluation of dynamic security.

2. If is possible to define energy margin as the difference between the
critical energy (Wcr) and the energy at the fault clearing (Wcl). The
sensitivity of the energy margin can be used for preventive control
by redispatch and reducing power transfer in critical lines (or across
interfaces)

3. Energy function methods can be used as screening tool for fast evalua-
tion of transient stability and ranking of contingencies (that can affect
dynamic security of power systems).

4. For the two-axis models of generators, with constant Efd, it is possible
to define a potential energy function which is path independent. In-
stead of the term Wm

PE3 defined in Eq. (11.33), if we use the following
term,

WPE4 =
m
∑

i=1

[

(E′2
qi − E′2

qio)

2(xdi − x′di)
+

(E′2
di − E′2

dio)
2

2(xqi − x′qi)

−
Efdi(E

′
qi − E′

qio)

(xdi − x′dio)

]

(11.39)

we can show that

dWT

dt
=
dWKE

dt
+
dWPE

dt
= −

m
∑

i=1





T ′
doi

(xdi − x′di)

(

dE′
qi

dt

)2

+
T ′
qoi

(xqi − x′qi)

(

dE′
di

dt

)2
]

(11.40)

This implies that WT is a Lyapunov function.
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Figure 11.5: SVC steady state control characteristics

5. The integral
∫ QLj

Vj
dVj is a path-independent term if QLj is modelled

as voltage dependent. If QLj is defined as

QLj = b0 + b1Vj + b2V
2
j (11.41)

then,

∫ Vj

Vjo

QLj

Vj
dVj = b0 ln

(

Vj
Vjo

)

+ b1(Vj − Vjo) +
b2
2
(V 2

j − V 2
jo) (11.42)

11.4 Potential Energy Function for SVC,
SSSC and UPFC

11.4.1 Static Var Compensator (SVC)

The energy function for a SVC can be derived from its steady-state control
characteristics shown in Fig. 11.5. There are three modes of operation of
SVC based on the operating value of VS . These are given below.

Mode 1 : VS < V1

Mode 2 : V1 ≤ VS ≤ V2
Mode 3 : VS > V2

The SVC can be modelled as a voltage-dependent reactive load. As-
suming a SVC is connected at bus j, we can express the contribution to the
potential energy from SVC as

WSV C =

∫ VS

VSo

ISdVS (11.43)
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In the above expression, we are considering the SVC current (IS) as the
reactive current flowing from the bus j to the SVC. (IS is assumed to be
positive when it is inductive). The losses in the SVC are neglected. For the
three modes of operation, IS and the energy functions are as follows:

Mode 1:

IS = −BCVS

WSV C1 =

∫ VS

VSo

ISdVS = −BC

2
(V 2

S − V 2
So)

Mode 2:

IS =
VS − Vref

XS

where XS is the slope of the line AB.

WSV C2 =

∫ VS

V1

ISdVS +WSV C1(V1)

=
1

2XS
[(VS − Vref )2 − (V1 − Vref )2] +WSV C1(V1)

Model 3:

IS = (BL −BC)VS

WSV C3 =

∫ VS

V2

ISdVS +WSV C2(V2)

=
1

2
(BL −BC)(V

2
S − V 2

2 ) +WSV C2(V2)

In expressing IS for mode 3, we have assumed that the SVC is a FC-TCR
type. If the SVC is a TSC-TCR type, BC = 0 as the capacitor is switched
off in mode 3.

11.4.2 Static Synchronous Series Compensator

Consider a SSSC connected in line k connected between buses i and j as
shown in Fig. 11.6. The SSSC is modelled as a constant reactive voltage Vr
which is assumed to be capacitive (Vr leads the line current by 90◦).

The expression for the phasor current Ik in the line is given by

Ik 6 γk =
Vi 6 φi − Vj 6 φj

jxk
+
jVr 6 γk
jxk

(11.44)

The power flow (Pk) in the line is obtained as,

Pk = Re[ViI
∗
k ] = Re[VjI

∗
k ]

=
ViVj sin(φi − φj)

xk
+∆Pk (11.45)
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Figure 11.6: A SSSC connected in line k
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Figure 11.7: SSSC (power) injection model

where

∆Pk =
ViVr cos(φi − γk)

xk
=
VjVr cos(φj − γk)

xk
(11.46)

We can represent the effect of SSSC on the power flow in the line as a
incremental flow ∆Pk flowing in a path, parallel with the line k. (See Fig.
11.7).

The incremental reactive power injections at bus i and j due to the
SSSC are given by

∆Qk
i =

ViVr sin(φi − γk)
xk

(11.47)

∆Qk
j = −VjVr sin(φj − γk)

xk
(11.48)

The energy function for the SSSC is obtained from

WSSSC =

∫ φk

φk0

∆Pkdφk =

∫

∆Pk[(dφi − dγk)− (dφj − dγk)] (11.49)

=

∫

ViVr cos(φi − γk)
xk

d(φi − γk)−
∫

VjVr cos(φj − γk)
xk

d(φj − γk)

(11.50)
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Integrating the R.H.S by parts, we can obtain

WSSSC = ∆Qk
i +∆Qk

j −
∫

∆Qk
i

Vi
∆Vi −

∫ ∆Qk
j

Vj
∆Vj (11.51)

In deriving the above equation, we have assumed that Vr is a constant (which
is a realistic assumption as the reactive voltage will be controlled to be at
the extremum value immediately after detecting a major disturbance).

The third and fourth term in the R.H.S of Eq. (11.51) can be merged

in the expressions
∫ QLi

Vi
dVi and

∫ QLj

Vj
dVj which are already present in the

energy function. Hence the only term that needs to be added to the energy
function on account of the SSSC is

W ′
SSSC =

Vr
xk

[Vi sin(φi − γk)− Vj sin(φj − γk)] (11.52)

From Eq. (11.44), we can derive that the R.H.S of Eq. (11.52) is

equal to Vr
(

Ik − Vr
xk

)

. Since the voltage drop across the line (Vk) is given by

Vk = Ikxk − Vr = V 2
i + V 2

j − 2ViVj cosφij (11.53)

we can finally express W ′
SSSC as

W ′
SSSC =

VrVk
xk

=
Vr
√

V 2
i + V 2

j − 2VjVj cosφij

xk
(11.54)

In reference [32], there is a sign reversal in the energy function as Vr is
assumed to be positive when inductive.

11.4.3 Unified Power Flow Controller

Consider a UPFC connected in line k near the sending end as shown in Fig.
11.8(a). the injection model of the UPFC is shown in Fig. 11.8(b).

It is assumed that the thee independent parameters of the UPFC,
VC , α and Ir are assumed to be constants. The UPFC is assumed to be
lossless.

The power flow (Pk) in the line k can be obtained as

Pk = Re[I∗j Vj ]

where Ij is given by

Ij =
Vi 6 φi + VC 6 (φi + α)− Vj 6 φj

jxk
(11.55)
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Figure 11.8: A UPFC connected in line k

The incremental power flow in the line (∆Pk) due to UPFC is given by

∆Pk =
VjVC sin(φi + α− φj)

xk
(11.56)

since Re[VCI
∗
j ] = ViIp, we have the constraint

ViIp +
ViVC sinα

xk
=
VjVC sin(φi + α− φj)

xk
= ∆Pk (11.57)

The incremental injections of the reactive power at the buses i and j are
given by

∆Qk
i = ViIr +

ViVC cosα

xk
(11.58)

∆Qk
j = −VjVC cos(φi + α− φj)

xk
(11.59)

The energy function due to the UPFC is given by

WUPFC =

∫

∆Pkdφk =

∫

VjVC sin(φi + α− φj)
xk

dφij (11.60)

Integrating the above expression by parts, we can obtain

WUPFC = ∆Qk
i +∆Qk

j −
∫

∆Qk
i

Vi
dVi −

∫ ∆Qk
j

Vj
dVj (11.61)

Since the last two terms in the R.H.S of the above expression can be clubbed

together with
∫ QLi

Vi
dVi and

∫ QLj

Vj
dVj , we get the additional term to be added

in the energy function due to the UPFC as

W ′
UPFC =

ViVC
xk

cosα− VjVC cos(φi + α− φj)
xk

+ ViIr (11.62)

Note that we have assumed VC , α and Ir as constants in deriving the above
expression. It is interesting to observe that the energy function contribution
by SSSC or UPFC is ∆Qk and not ∆Qk

2 as in the case of line reactances.
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11.5 A New Control Algorithm for
Improving Transient Stability
and Damping of Oscillations

The use of switched series capacitors or TCSC for improving transient stabil-
ity and time-optimal control of power systems has been considered in [20-23,
25-26]. The nature of the control action is of bang-bang type where a sin-
gle control variable (series compensation) is switched between two limits.
The control strategy is not obvious in the case of a UPFC which has three
independent control variables. In this section, we will introduce a general
control algorithm which is valid for all FACTS controllers including UPFC.
Before presenting this algorithm we will briefly review some concepts on
time-optimal control involving switchings.

11.5.1 Time-Optimal Control

Time-optimal control is based on Pontryagin’s Minimum Principle [41] and
involves bang-bang control. Its application to a single machine system, con-
sidered the series capacitor control to transfer the system from a disturbed
state to a stable state by a single capacitor switching. Although the concept
has been proposed as early as in 1970 [22], the introduction of TCSC has
enabled such control strategies to be applied in practice.

To illustrate time-optimal control, consider a Single Machine Infinite
Bus (SMIB) system in which series capacitors are used. The swing equations,
neglecting damping, are given by

δ̇ = ω = f1(ω)

ω̇ = 1
M

[

Pm − EgEb sin δ
(X−XC)

]

= f2(δ, ω,XC)

}

(11.63)

where Eg and Eb are generator internal voltage and infinite bus voltage
respectively. X is the fixed reactance (between the generator internal bus
to the infinite bus) and XC is the reactance of the switchable capacitor. It
has a nominal value of XCo and is constrained by XCmin ≤ XC ≤ XCmax.

Let Eq. (11.63) represent the post-fault system and tcl be the initial
time of the post- fault system (the fault clearing time). Let T be the final
time at which the system trajectory reaches stable equilibrium point (δsep, 0)
of the post-fault system.

The objective of the time optimal control is to minimize the perfor-
mance index

J = T − tcl =
∫ T

tcl

f0dt, f0 = 1 (11.64)
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To develop the conditions for optimality, we define the Hamiltonian for the
system of (11.63) as

H = f0 + p1f1 + p2f2 = 1 + p1ω +
p2
M

(

Pm −
EgEb sin δ

(X −XC)

)

(11.65)

where the co-states p1 and p2 satisfy

ṗ1 = −∂H
∂δ = p2

M
EgEb cos δ
(X−XC)

ṗ2 = −∂H
∂ω = −p1

}

(11.66)

From the Minimum Principle, the optimal control satisfies the conditions:

XC =

{

XCmax, if p2 sin δ > 0
XCmin, if p2 sin δ < 0

(11.67)

If p2 sin δ = 0, the control cannot be determined. Eq. (11.67) suggests
bang-bang control.

The stability region of the post fault system with XC = XCmax, in
the δ − ω plane is shown in Fig. 11.9. This figure also shows the system
trajectory starting from δ0 (the stable equilibrium point for the prefault
system). At point P1 the fault is cleared and XC in switched to XCmax.
The trajectory with XC = XCmax intersects a trajectory (S) that passes
through δsep (the stable equilibrium point of the post-fault system) and has
XC = XCmin. At the point of intersection P2, the capacitor is switched
to XCmin and the system reaches δsep in minimum time. The capacitor is
switched to the nominal value XCo when the equilibrium point is reached.

The trajectory S is defined by the equation,

WT = WKE +WPE =
1

2
Mω2 − Pm(δ − δsep)−

EgEb(cos δ − cos δsep)

(X −XCmin)

= 0 (11.68)

Note that the equation is based on the energy function defined for the post-
fault system with XC = XCmin [23].

Complications arise if the assumption that S1 intersects the trajec-
tory P1P2 is not true (particularly when the difference between XCmax and
XCmin is small). In such situations, multiple switchings of series capacitor
are required [26]. The reference [26] also mentions several issues that may
affect the robustness of the time-optimal control in realistic power systems.
These relate to the complexity of models, dependence of capacitor switch-
ing on the post-fault equilibrium point, control signals that are required for
the implementation of the control scheme and the effects of noise present in
these signals. The authors of [26] also state. “Suboptimal schemes applica-
ble to a range of power transfer conditions have to be developed. Because
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Figure 11.9: System trajectory with single switching

time-optimal is an open-loop control, its integration with a feedback control
to achieve small-signal stability should be investigated.”

The control strategy developed in the next subsection addresses some
of these issues. In the first place, the strategy is a sub-optimal in that the
stable equilibrium point is not necessarily reached in minimum time. The
strategy is seamlessly integrated with the functioning of the damping con-
troller described in chapter 10. The discrete control scheme that is described
in the next subsection, ceases to function when the energy in the system falls
below a threshold and then allows the damping controller to act.

11.5.2 Control Strategy for a Two Machine
System

Consider a two machine system shown in Fig. 11.1. This can be reduced an
equivalent single machine described by Eq. (11.4) reproduced below.

Meq
d2δ12
dt2

= P eq
m − P eq

e
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where P eq
e = Pt(δ12, uc) where uc is the control vector associated with the

FACTS controller connected in the tie line. uc can be a single variable such
as XTCSC or Vr if a TCSC or SSSC is connected in series with the line. It
can be BSV C or Ir if a SVC or a STATCOM is connected in shunt at an
appropriate location. It can be a vector of 3 variables (VC , β and Ir) if a
UPFC is connected (where VC 6 β is the injected series voltage and Ir is the
reactive current drawn by the shunt converter).

The objective of the control strategy is to steer the system to a state
in the vicinity of post-fault stable equilibrium point. The control scheme
is independent of the size of the FACTS controller and is designed to work
reliably.

If the reactances of the two machines are neglected in comparison
with the reactance of the tie line, we can express the potential energy of
the system (WPE) as the potential energy associated with the tie line. This
follows from,

WPE =

∫ δ

δo
(Pe − Pm)dδ =

∫ δ

δo
(Pt − Pto)dδ

For convenience, we can assume that δ0 is also the post-fault stable equilib-
rium point. (This is not a restriction and can be relaxed). As mentioned
in section 11.2, the first swing stability can be optimized by maximizing the
power flow in the line (Pt) as soon as the large disturbance is detected. This
is achieved by selecting uc = ucm that corresponds to maximum power. If
we assume that this will stabilize the system, then δmax will be less than or
equal to the unstable equilibrium point (δum) that results from uc = ucm.

If δmax ≤ δu (where δu is the unstable equilibrium point with uc = uco
where uco is the (nominal) control vector for the post-fault system) then set-
ting u = uco when δ = δmax will ensure that the system will reach the stable
equilibrium point due to the inherent damping in the system. However, if
we wish to damp the oscillations by the discrete control where uc can take
three values - uco, ucm and ucl (where ucl corresponds to the minimum power
flow in the line), the following control strategy is proposed.

1. As soon as a large disturbance is detected (such as a fault followed by
its clearing), the control variables are selected such that the power flow
(Pt) is maximized.

2. The control variables are switched to their nominal operating values
(uco) when WPE(uco) is maximum and dδ

dt ≤ 0.

3. The control variables are selected (uc = ucl) such that the power flow
is minimized when dδ

dt is minimum and dδ
dt < −ε.

4. The control variables are switched to their nominal operating values
when dδ

dt = 0.
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5. The control variables are selected such that the power flow is maxi-
mized when dδ

dt is at a maximum value and dδ
dt > ε.

6. Go to step 2.

The control action is disabled when the magnitude of | dδdt | < ε.
(where ε is appropriately specified).

The step 2 needs clarification. Since,WPE =
∫ δ
δo
(Pt−Pto)dδ, dWPE

dt =

0 wherever δ = δmax or Pt = Pt0. If δmax > δu, then although dWPE

dt = 0 at

δ = δu,
dδ
dt > 0 at that point. The switching of the control variables has to be

delayed until δ = δu in the reverse swing when dδ
dt < 0. Thus, the condition

for switching covers both cases (i) δmax < δu and (ii) δu < δmax ≤ δum.

Note that WPE(uc = uco) is maximum when δ = δu or δ = δmax

(δmax ≤ δu). WPE(uco) starts decreasing as δ increases beyond δu.

The control strategy can be explained with the help of power angle
curves shown in Fig. 11.10. If we consider a major disturbance such as three
phase fault at the generator terminals (of the single machine system), the
angle δ increases during the fault from δ0 to δcl (when the fault is cleared).
The accelerating area is ‘abcd’. Due to the kinetic energy stored in the
rotor, it swings beyond δcl and reaches a peak of δmax when the decelerating
area ‘defg’ is equal to the area ‘abcd’. In order to minimize δmax, it is
necessary to maximize the power flow. Assuming δmax ≤ δu, switching
the control variables to the nominal operating values at the instant when
δ = δmax, results in steering the rotor angle δ to the stable equilibrium value
of δ0. When δ = δ0,

dδ
dt is negative and is at the minimum. Selecting the

control variables such that power flow is minimum, results in reducing the
undershoot in the angle. The rotor angle reaches a minimum value of δmin

such that the accelerating area ‘aijk’ is equal to the decelerating area ‘gha’.
At δ = δmin,

dδ
dt = 0 and switching the control variables to the nominal

operating values at this instant results in steering the rotor angle to δ0.
When δ = δ0,

dδ
dt is maximum and the control variables are selected such

that the power flow in the line is maximum. To summarize our discussion,
both overshoot and undershoot of the rotor angle can be minimized if (a)
the power flow is maximized when δ > δ0,

dδ
dt > 0 and (b) the power flow is

minimized when δ < δ0,
dδ
dt < 0.

The variations of the total energy (WT ) and the potential energy
(WPE) with time for the two cases (a) δmax ≤ δu, and (b) δu < δmax ≤ δum,
over the time period of one swing (as δ increases from δ0 to δmax, then
decreases to δmin and reaches δ0 in the forward swing) are shown in Fig.
11.11. It is to be noted that during the fault (0 ≤ t ≤ tc1) the total energy
increases to reach a value ofW1 (which is likely to be higher thanWcr and will
result in instability unless the control strategy is applied). The energyW1 =
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Figure 11.10: Power angle curves

area ‘abcdd′’ in Fig. 11.10. The control strategy (of maximizing the power
flow) at t = tcl results in decrease of WT to W2 at t = t1 when δ = δmax.
The potential energy increases from zero at t = 0 to W2 at t = t1. At the
instant t = t1, the kinetic energy is zero. Switching the control variables to
nominal operating values at t = t1 (for case (a)) results in WT remaining
constant at W2 till t = t2 when δ = δ0. At this instant WPE = 0 and the
control variables are switched to the minimum power flow condition. The
total energy decreases to W3 at t = t3 when δ = δmin. At this instant, the
control variables are switched back to the nominal values and WT remains
constant at W3 until δ reaches δ0 at t = t4 when WPE becomes zero. The
difference between W1 and W2 is the area ‘d′efh’ in Fig. 11.10. Similarly the
difference between W2 and W3 is the area ‘aijl’ in Fig. 11.10.

For case (b) when δu < δmax ≤ δum, the total energy decreases to
W2 at the instant, t = t1 when δ = δmax. At this instant WPE = W2 which
is less than Wcr given by

Wcr =

∫ δu

δ0
[Pt(uco)− Pto]dδ

The control variables are switched back to the nominal variables at the
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instant t′1 when δ = δu when WPE = Wcr. At this instant, WT = W ′
2 (Note

thatW ′
2 > W2) and the total energy remains constant till t = t2 when δ = δ0.

Note also that at t = t′1, the kinetic energy is not zero and dδ
dt < 0.

The application of the control strategy requires the control signal
δ12 = δ and the nominal power flow in the line which can be computed (with
the knowledge of the nominal control variables uco). The angle δ12 is the
difference in the bus angle of the line which can be computed from the local
measurements of voltage and current in the line. The knowledge of Pto and
uco enables the computation of WPE(u = uco). Since the switching (from
nominal power to maximum (or minimum) power and back) is performed at
the instants when dδ

dt orWPE is at their peak values (or when dδ
dt is minimum),

the exact computation of these control signals is not essential.

11.5.3 Extension of the Control Strategy to
Multimachine Power Systems

Whenever a power system becomes transiently unstable, it initially splits
into two groups of generators that separate from each other. In addition, for
a specified disturbance, there is a unique cutset known as the critical cutset
consisting of series elements (transmission lines), connecting the two areas,
across which the angle becomes unbounded [31]. It is obvious that if FACTS
controllers are located in one or more of the lines forming the critical cutset,
the transient stability of the system can be improved apart from damping
of the oscillations.

The system can be represented as shown in Fig. 11.12. As derived
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Area IIArea I

Figure 11.12: Power system divided into two areas connected by the critical
cutset

in the section 11.3, the potential energy of the system can be expressed as

WPE =
nb
∑

k=1

∫ t

t0
(Pk − Pko)

dφk
dt

dt (11.69)

where Pk is the power flow in the line k. Pko is the post-fault steady state
value φk is the phase angle across the line. Pk is defined for the post-fault
system.

The potential energy can be decomposed into the energy within the
two areas and the energy along the critical cutset. Assuming coherent areas,
the potential energy within an area is zero as all the buses in that area have
the same frequency (and dφk

dt = 0 for all the series elements in that area).
Hence the potential energy given by Eq. (11.69) can be expressed as follows:

WPE =
nc
∑

k=1

∫ t

t0
(Pk − Pko)

dφk
dt

dt (11.70)

where nc is the number of lines in the critical cutset. Assuming that the
variation of energy in all the lines in the critical cutset is similar, we can
express WPE as,

WPE = Ak

∫ t

t0
(Pk − Pko)

dφk
dt

dt (11.71)

where Ak is a constant for the chosen line k in which we intend to connect
FACTS controller.

The approximation given in Eq. (11.71) is used to extend the con-
trol strategy for multimachine systems. If multiple FACTS controllers are
installed in more than one line, we can still apply the control strategy in a
decentralized fashion by considering only Wk (energy in a line) in place of
WPE . SinceWPE is the sum of energies in individual lines, the decentralized
control strategy works.
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11.6 Case Studies of Discrete Control for
Stability Improvement

11.6.1 A SMIB System with a TCSC

This example is taken from [25]. A synchronous machine is connected to an
infinite bus through a line of reactance 0.7 p.u. A TCSC with a nominal
capacitive reactance of 0.1 p.u. and maximum capacitive reactance of 0.4
p.u. is connected in the line. The generator is represented by the classical
model of a constant voltage source Eg behind a transient reactance of 0.32
p.u. The initial and final operating point is Vg = Eb = 1.0 p.u., Pg = 1.0 p.u.
The initial and the post-fault stable equilibrium angle (with XTCSC = 0.1)
is δ0 = 53◦. The control strategy is simpler than what is presented in section
11.5.2 and is given below:

1. The TCSC (capacitive) reactance is switched to the maximum value
as soon the disturbance is detected (at the time of clearing of a fault).

2. The TCSC is switched to the nominal value when WPE (computed for
the nominal value of TCSC reactance) is maximum and dδ

dt ≤ 0.

3. The TCSC reactance is switched to the maximum when dδ
dt is at a

maximum provided that it exceeds a tolerance (ε).

Note that the TCSC was not switched to a minimum value (corre-
sponding to inductive reactance) to avoid inductive vernier operation.

For a three phase fault at the generator terminals, the critical clearing
time is increased from 0.1 s to 0.178 s when the switching strategy was used.
The u.e.p. (unstable equilibrium point) for the system with nominal value of
TCSC reactance is 127◦. With the switching strategy, δmax can be increased
up to 143◦ (u.e.p. with maximum value of TCSC reactance). The rotor
angle oscillations were damped in less than 3.5 s (after three swings).

The strategy was also tried with detailed one-axis model of the gen-
erator with the following data:

xd = 1.6, x′d = 0.32, T ′
do = 6s, xq = 1.55, H = 5, f0 = 60 Hz.

The critical clearing time is increased from 0.075 to 0.134 s (without AVR)
and from 0.092 to 0.166 s (with AVR).

11.6.2 A UPFC in a 10 Machine System

Fig. 11.13 shows the single line diagram of the 10 machine, 39 bus New
England System. The data are given in [1]. The generators are represented
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Figure 11.14: Swing curves without control

by classical models and loads are assumed to be of constant impedance type.
The network losses are ignored.

Fig. 11.14 shows the swing curves without any control for a fault at
bus 34 cleared by tripping the line 34-35 at 0.267 s. The system is unstable;
generator 2 separates from the rest of the system. The lines 11-12 and 18-19
form the critical cutset. The same disturbance is simulated with a UPFC
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connected in line 11-12 with shunt converter connected to bus 11. A rating
of 0.2 p.u. is used for both series voltage and shunt current of UPFC. It is
assumed that UPFC does not inject any voltage or current in steady state.
With the discrete control initiated at the instant of fault clearing, the system
remains stable as shown in Fig. 11.15. Fig. 11.16 shows the variation of
the total system energy (computed for the nominal power flow conditions).
With every switching of the UPFC control variables to maximize or minimize
the power flow in the line, the energy decreases, thus contributing to system
damping. In the absence of the control, the energy would have remained
constant.

The control strategy for a multimachine power system was derived by
assuming strict coherency in each of the two areas separated by the critical
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cutset. While this assumption is not strictly valid, the energy in the lines
forming the cutsets is primarily the energy that is responsible for system
separation. The provision of FACTS controllers in the lines forming the
critical cutset definitely helps in improving transient stability and damping
of oscillations, using the control strategy.

The investigation of the critical cutsets in a large practical system (of
355 buses, 587 lines and 55 generators) indicated that there is a small subset
of critical lines that have a high probability (occurrence) of membership in a
critical cutset even when a large set of credible contingencies (disturbances)
are considered [42]. This result simplifies the problem of locating a FACTS
controller for stability improvement.

Power Flow Control with UPFC

Consider a line with Thevenin equivalents at the two ends (See Fig. 11.17).
The total series reactance between the two voltage sources is X1 +X2. The
current Î2 can be obtained by superposition as

Î2 =
E1 6 δ − E2 6 0

jX
+
VC 6 β
jX

− X1

X1 +X2
IC 6 ψ (11.72)

The power flow P in the line and the voltage V1 are given by

P = Re[E2I
∗
2 ], V1 = E1 6 δ − jI1X1

where Î1 = Î2 + IC 6 ψ, X = X1 +X2.

The problem of maximizing or minimizing the power flow P is a
constrained optimization problem with 4 control variables (VC , IC , β and
ψ) with one equality and two inequality constraints given by

Re[V1I
∗
C ] = Re[VCI

∗
2 ] (11.73)
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0 ≤ VC ≤ VCmax (11.74)

0 ≤ IC ≤ ICmax (11.75)

where VCmax and ICmax represent the ratings of the series and the shunt
converter respectively.

For a general case, the problem has to be solved by numerical meth-
ods. However, for the special case when E1 = E2 = E, X1 = X2 = X

2 , we
get the analytical result (see chapter 8) as follows.

For maximum power flow in the line,

β =
δ

2
+
π

2
, ψ =

δ

2
+
π

2
, 0 < δ < π (11.76)

For minimum power flow in the line,

β =
δ

2
− π

2
, ψ =

δ

2
− π

2
, 0 < δ < π (11.77)

The expression for the maximum and minimum power are

Pmax =
EVCmax

X
cos

δ

2
+
EICmax

2
sin

δ

2
+
E2 sin δ

X
(11.78)

Pmin =
−EVCmax

X
cos

δ

2
− EICmax

2
sin

δ

2
+
E2

X
sin δ (11.79)

Note that for both Pmax and Pmin, VC = VCmax and IC = ICmax: It can also
be shown (for both cases), the power in the DC link (exchanged between the
series and shunt converters) is given by

PDC =
VCmaxICmax

2
(11.80)

The power is transferred from the series converter to the shunt converter.
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Chapter 12

Power Quality and Introduction to
Custom Power Devices

12.1 General

The concept of custom power was introduced by N.G. Hingorani [1] in 1995
as an extension of the FACTS concept to distribution systems. The major
objective is to improve power quality (PQ) and enhance reliability of power
supply. The concept of FACTS was also proposed by Hingorani in 1988.

The term ‘custom power’ describes the value-added power that elec-
tric utilities will offer their customers. The value addition involves the ap-
plication of high power electronic controllers (similar to FACTS) to distri-
bution systems, at the supply end of industrial, commercial customers and
industrial parks [1]. The provision of custom power devices (CPD) is com-
plementary to the individual end-use equipment at low voltages (such as
UPS (Uninterruptible Power Supply) or standby generators).

The traditional electric power reliability focuses on availability of
power supply (no sustained interruptions). The reliability in distribution
systems is usually measured in terms of frequency and duration of the out-
ages. One of the reliability indices, the Average Service Availability Index
(ASAI) is the ratio of hours of available service in a year to the hours in a
year. In developed countries such as in U.S.A., the average utility customer
is subjected to only one hour of interruption in a year. This works out to
the ASAI of typically 0.99989 (99.99%). Although this looks impressive,
the problems of power quality affect many customers with sensitive loads.
Momentary interruptions lasting less than 3 seconds can affect process in-
dustries such as plastic injection moulding plants, computers networks etc.

The power quality has serious economic implications for customers,
utilities and electrical equipment manufacturers. Modernization and au-
tomation of industry involves increasing use of computers, microprocessors
and power electronic systems such as adjustable speed drives. Integration
of non-conventional generation technologies such as fuel cells, wind turbines
and photo-voltaics with utility grids often requires power electronic inter-
faces. The power electronic systems also contribute to power quality prob-
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lems (generating harmonics).

Under the deregulated environment, in which electric utilities are
expected to compete with each other, the customer satisfaction becomes
very important. The impact of power quality problems is increasingly felt
by customers - industrial, commercial and even residential. The equipment
suppliers have to take hard decisions about including features that will tol-
erate (or withstand) power quality problems. This adds to the cost of the
equipment.

12.2 Electromagnetic Phenomena and
Power Quality

The power quality problems are primarily due to electromagnetic distur-
bances which are broadly classified by IEC as follows.

1. Conducted low frequency phenomena

2. Radiated low frequency phenomena

3. Conducted high frequency phenomena

4. Radiated high frequency phenomena

5. Electrostatic discharge phenomena (ESD)

6. Nuclear electromagnetic pulse (NEMP)

For power quality applications, the following categories are defined
along with their characteristics.

12.2.1 Temporary Phenomena

1. Transients

These are undesirable but decay with time and hence not a steady state
problem. A broad definition is that a transient is “that part of the change in
a variable that disappears during transition from one steady state operating
condition to the other” [34]. Another synonymous term is ‘surge’.

Transients are classified into two categories:

(a) Impulsive

(b) Oscillatory
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An impulsive transient has unidirectional (positive or negative) po-
larity and is characterized by the rise and decay times. For example, a 1.2/50
µs, 1000 V impulsive transient rises from zero to the peak value in 1.2 µs
and then decays to half its peak value in 50 µs. An impulsive transient is
mathematically defined by

I(t) = A(e−αt − e−βt) (12.1)

The peak value, rise time and decay time can be found from the parameters,
A, α and β.

Impulsive transients can be due to (i) lightning discharge or (ii)
switching due to opening and closing of circuit breakers.

An oscillatory transient is a sudden non-power frequency change that
is bi-directional (both positive and negative polarities). Depending on the
frequency range, the oscillatory transients are classified as (i) high frequency
(>500 kHz), (ii) medium frequency (5-500 kHz) and (iii) low frequency (<5
kHz). The high frequency transients are often due to the response of the net-
work to an impulsive transient. The medium frequency transient can result
from back-to-back capacitor energization or cable switching. Low frequency
transients can be due to capacitor bank energization. Ferroresonance and
transformer energization can cause oscillatory transients with principal fre-
quencies below 300 Hz. A mathematical description of oscillatory transient
is given by

O(t) =
∑

n

Ane
−αnt sin(ωnt+ φn) (12.2)

Note that there could be more than one frequency involved in the transient.

It is possible to categorize transients according to their mode. A
transient in a 3 phase system with a neutral conductor can be either common
mode or normal mode depending on whether ground is involved or not.

2. Long Duration Voltage Variations

When rms (root mean square) deviations at power frequency last longer than
one minute, we say they are long duration voltage variations.

They can be either overvoltages (greater than 1.1 p.u.) or undervolt-
ages (less than 0.9 p.u.).

Overvoltages are usually the result of switching off a load or energiz-
ing a capacitor bank. Incorrect tap settings on transformers can also result
in overvoltages. Undervoltages are the result of events which are the reverse
of events that cause overvoltages - switching in a load or switching off a
capacitor bank.
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3. Sustained Interruptions

When the supply voltage has been zero for a period of time greater than
one minute, then we say it is a sustained interruption. Generally, voltage
interruptions lasting over one minute are often permanent and requires hu-
man intervention to restore the supply. The term ‘outage’ used by utilities
is synonymous, however it does not bring out the true impact of the power
interruption. For a customer with a sensitive load, even an interruption of
half a cycle can be disastrous.

4. Short Duration Voltage Variations

These are further classified as

(a) Instantaneous (0.5-30 cycles)

(b) Momentary (30 cycles - 3 s)

(c) Temporary (3 s - 1 min)

Short duration voltage variations are generally caused by (i) fault
conditions (ii) energization of large loads such as induction motors. The volt-
age variations can be temporary voltage dips (sags) or voltage rises (swells)
or a complete loss of voltage (interruptions).

Interruption

An interruption occurs when the supply voltage or load current de-
creases to less than 0.1 p.u. for a period of time not exceeding one minute.
Interruptions can be due to either system faults, equipment failures or con-
trol malfunctions. The interruptions are measured by their duration alone.
The duration due to a fault is determined by the operating time of the pro-
tective devices. Instantaneous reclosure will limit the interruption caused by
a non-permanent fault to less than 30 cycles. Duration of an interruption
due to equipment malfunction can be irregular.

Some interruptions may be preceded by a voltage sag when there are
faults on the source side. The voltage sag occurs between the initiation of
the fault and the operation of the protective device to clear the fault.

Voltage Sags

A sag is a decrease of rms voltage to a value between 0.1 and 0.9 p.u.
and lasting for duration between 0.5 cycle to 1 minute. IEC defines voltage
sag as a voltage dip. Voltage sags are mainly due to system faults and last for
durations ranging from 3 cycles to 30 cycles depending on the fault clearing
time. It is to be noted that undervoltages (lasting over a minute) can be
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handled by voltage regulation equipment. The magnitudes of the voltages
sags caused by faults depend upon the distance of the fault location from
the bus where the sag is measured.

Starting of large induction motors can result in voltage sags as the
motor draws a current up to 10 times the full load current during the starting.
Also, the power factor of the starting current is generally poor.

Voltage Swells

A voltage swell is defined as an increase to between 1.1 and 1.8 p.u.
in rms voltage at the power frequency for duration between 0.5 cycle to 1
minute. A voltage swell (like a sag) is characterized by its magnitude (rms)
and duration. As with sags, swells are associated with system faults. A SLG
fault can result in a voltage swell in the unfaulted phases. Swells can also
result form energizing a large capacitor bank.

The magnitude of a voltage swell depends on the system impedance,
fault location and grounding. On an ungrounded system, the line to ground
voltages on the ungrounded phases are 1.73 p.u. during a SLG fault. How-
ever in a grounded system, there will be negligible voltage rise on the un-
faulted phases close to a substation where the delta connected windings of
the transformer (usually connected delta-wye) provide a low impendence
paths for the zero sequence current during the SLG fault.

12.2.2 Steady State Phenomena

1. Voltage Imbalance (Unbalance)

Voltage imbalance can be defined using symmetrical components. The ra-
tio of the negative sequence (or zero sequence) component to the positive
sequence component is a measure of unbalance.

The main source of voltage unbalance are single phase loads on a
three phase circuit resulting in load imbalance. Severe imbalance can be
caused by single-phasing conditions.

2. Waveform Distortion

This is defined as a steady-state deviation from an ideal sine wave of power
frequency. There are five types of waveform distortion:

(a) DC offset

(b) Harmonics

(c) Interharmonics
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(d) Notching

(e) Noise

The presence of DC voltage or current in AC power systems is termed
as DC offset. This can occur as the result of a geomagnetic disturbance or
ground return operating mode in monopolar HVDC links. The DC current
flow in transformers cause magnetic saturation, increased heating and loss
of transformer life.

Nonlinear loads and power electronic controllers are the primary
source of harmonics. Fourier analysis can be used to characterize harmonic
distortion. Total Harmonic Distortion (THD) is one of the most commonly
used measures for harmonics and is defined as

THD =

[

∑hmax

h=2 M
2
h

]1/2

M1
(12.3)

where Mh is the rms value of the harmonic (h) component of M (current or
voltage).

Major problems that arise from harmonic distortion are

1. Extra losses and heating in rotating machines and capacitors

2. Overvoltages due to resonance

3. Interference with ripple control systems used in Demand Side Manage-
ment (DSM)

4. Telephone interference caused by noise on telephone lines.

Voltages or currents having frequency components that are not inte-
ger multiples of the supply frequency (50 or 60 Hz) are called interharmonics.
The main sources of interharmonics are static frequency converters, cyclo-
converters and back to back HVDC links. Interharmonics can affect power
line carrier signalling and cause visual flicker in display devices such as cath-
ode ray tubes (CRT).

Notching is a periodic disturbance in the voltage waveform intro-
duced by power converters when current is commutated from one phase to
another (under normal operation). Since notching is a steady state phe-
nomenon, it can be analyzed using Fourier series that gives the harmonic
spectrum of the affected voltage. However, notching is treated as a spe-
cial case as the frequency components associated with notching can be high
and outside the range of measuring equipment normally used for harmonic
analysis.
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Figure 12.1: An example of voltage notching

An example of the notching produced by a three phase Graetz bridge
supplying continuous DC current is shown in Fig. 12.1. The notches result
from momentary short circuit across two phases during the commutation
period.

Notching can result in multiple zero voltage crossing which can cause
digital clocks to run fast as their design is based on two crossing per cycle.

Noise can be defined as unwanted electrical signals with broadband
spectral content less than 200 kHz which is superimposed on the voltage
or current in distribution lines. Noise can be caused by power converters,
arcing equipment or switched mode power supplies. Noise affects electronic
devices such as microcomputer and programmable controllers. The noise
problem can be mitigated by using filters, isolation transformers and line
conditioners.

12.2.3 Voltage Fluctuations and Flicker

Voltage fluctuations are systematic variations of the voltage envelope or a
series of random changes in the voltage magnitude (which lies in the range
of 0.9 to 1.1 p.u.)

High power loads that draw fluctuating current, such as large motor
drives and arc furnaces, cause low frequency cyclic voltage variations that
result in flickering of light sources (incandescent and fluorescent lamps) which
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Figure 12.2: Flicker perception characteristic for square shape voltage
changes applied to 60 W bulbs

can cause significant physiological discomfort or irritation in human beings.
The voltage flicker can also affect stable operation of electrical and electronic
devices such as motors and CRT devices. The typical frequency spectrum
of voltage flicker lies in the range from 1 Hz to 30 Hz.

The luminous flux of the lamps fluctuate with voltage flicker. The
perception of human eye varies with the frequency of variations and is most
sensitive in the range of 6 to 12 Hz. For example, the variations in the
voltage amplitude of 0.3% at 10 Hz can be detected. Figure 12.2 shows
the threshold of perception of flicker (measured as percentage of ∆V/V ) as
a function of frequency of voltage changes. It is assumed that the voltage
waveform is sinusoidal (at power frequency) and the magnitude is varying
as a periodic square wave of a specified frequency. The measurements of the
flicker perception are shown for a 60 W, 230 V tungsten bulb.

BULB
MODEL

MODEL OF
HUMAN

REACTION
STATISTICAL
OPERATION

IFL PSTVoltage

Figure 12.3: Block diagram of flickermeter

International Electrotechnical Commission (IEC) has brought out a
standard IEC 1000-4-15 for flicker measurement based on the protocol de-
veloped by Union of Electroheat (UIE) [35]. The block diagram of the flick-
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Figure 12.4: Details of flickermeter

ermeter is shown in Fig. 12.3. The input is the voltage signal in the analog
or digital form. The fluctuating components of the voltage are obtained by
demodulating the signal v(t). This is realized by using a squaring circuit
followed by a high pass and a low pass filter (see Fig. 12.4(a)). The high
pass filter with a cut off frequency of 0.05 Hz serves to remove the constant
component. The low pass filter with a cut off frequency of 35 Hz represents
the dynamic properties of a 60 W, 230 V tungsten lamp.

The model of the human reaction (eye and the brain) to the fluctua-
tions in the lamp luminosity is the weighing curve in the frequency domain.
The weighing curve is represented as the Bode plot (magnitude versus fre-
quency) of a band pass filter with the following transfer function

H(s) =
kω1s

s2 + 2λs+ ω2
1

·
1 + s

ω2
(

1 + s
ω3

) (

1 + s
ω4

) (12.4)

where, for a 60 W, 230 V incandescent lamp,

k = 1.74802, λ = 2π · 4.05981, ω1 = 2π · 9.15494
ω2 = 2π · 2.27979, ω3 = 2π · 1.22535, ω4 = 2π · 21.9

This filter is designed based on the psycho-physiological research on the
influence of luminous flux changes on the human being. The weighing filter
is followed by a squaring multiplier and 0.53 Hz low pass (smoothing) filter
that models the fatigue effect of luminous flux changes. The block diagram
of the model of human reaction is shown in Fig. 12.4(b). The output of
this model is the instantaneous flicker (IFL). The Bode plot of the weighing
filter is shown in Fig. 12.5.

The instantaneous flicker, IFL(t) is given as input to statistical pro-
cessing or evaluation block. This computes Cumulative Probability Function
(CPF) based on samples of IFL collected over an observation time of 10 min-
utes. For convenience, IFL is divided into a number of groups (or classes)



392 FACTS Controllers in Power Transmission and Distribution

0 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8

1

1.2

1.4

frequency (Hz)

M
ag

ni
tu

de

Figure 12.5: Bode plot of weighing filter

see Fig. 12.6(a) which shows IFL plotted as a function of time (over a period
of 10 minutes). Signal duration in a particular class say 7 is indicated as
T7 =

∑

ti = t1+t2+t3+t4+t5. This can be converted into percentage of the
observation time. From the knowledge of the percentage of time for which
IFL belongs to a class, we can compute CPF. A typical variation of CPF as
a function of the IFL (discretized into classes) is shown in Fig. 12.6(b). The
y axis indicates percentiles corresponding to a level k such that the instan-
taneous flicker exceeds the level for the percentage of the time indicated on
the y axis.

The short term flicker severity (PST ) is defined by

PST = [0.0314P0.1 +0.0525P1s+0.0657P3s+0.28P10s+0.08P50s]
1/2 (12.5)

where P0.1 is the flicker level corresponding to 0.1%. Similar definitions
apply to P1, P3, P10 and P50. The subscript s indicates that averaging (or
smoothing) is applied according to the following formulae:

P1s = (P0.7 + P1 + P1.3)/3

P3s = (P2.2 + P3 + P4)/3

P10s = (P6 + P8 + P10 + P13 + P17)/5

P50s = (P30 + P50 + P80)/3

The short term flicker values are used to evaluate long term flicker severity
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Figure 12.6: Statistical operation

from,

PLT =

[

∑N
i=1 P

3
STi

N

]1/3

(12.6)

where N is the number of 10 minute intervals within the observation time
of PLT . For example, there are 12 PST measurements in a two hour period
over which PLT is calculated.

PST is used as a measure of voltage flicker instead of maximum value
of instantaneous flicker as a higher level of flicker can be tolerated for a very
short time. The value of PST > 1 corresponds to the threshold of irritability
for 50% of the persons subjected to the measured flicker.

12.2.4 Power Frequency Variations

These are defined as the deviations of the system (fundamental) frequency
from its specified value of 50 or 60 Hz. The variations in the frequency arise
from the changes in the load and the response of the generators to meet the
load. Thus the load characteristics (dependence on the frequency) and the
control characteristics of the generators (turbine-governors and automatic
generation control (AGC) system if they are operational) affect the shift in
the frequency.

In modern interconnected power systems, frequency variations are
insignificant most of the time unless governor and load frequency controls
are disabled under a regime of power shortages and a lack of grid discipline.



394 FACTS Controllers in Power Transmission and Distribution

Economic incentives or disincentives that ensure balance between available
generation and load may help control over frequency variations under nor-
mal operating conditions. For example, Availability Based Tariff (ABT)
that charges inadvertent tie line flows according to the system frequency is
claimed to be a solution to the problem of large frequency excursions. In
this scheme, a state utility overdrawing from the central generating stations
when the frequency is low, is penalized. On the other hand, economic incen-
tives are provided to increase load (and disincentives to decrease generation)
when the frequency is high.

12.3 Custom Power Devices

The problem of voltage sags can affect sensitive loads. However, there are no
specific standards for different categories of equipment except in the case of
data processing equipment. Computer Business Equipment Manufacturers
Association (CBEMA) has developed the CBEMA curve to describe the
tolerance of main frame computers to the magnitude and duration of voltage
variations on the power systems. Although many modern computers have
different tolerances, the CBEMA curve (see Fig. 12.7) has become a standard
design target for sensitive equipment and also a common format for reporting
power quality variations.
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Figure 12.7: CBEMA operating voltage envelope

The vertical axis in Fig. 12.7 represents the voltage magnitude and
the horizontal axis represents the duration (in cycles of 60 Hz operating
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frequency) of the event. The points below the envelope are presumed to cause
the load to drop out due to lack of energy. The points above the envelope
are presumed to cause malfunctions such as insulation failure, overvoltage
trip etc. The CBEMA curve is primarily used in the range of the duration
exceeding 0.1 cycle.

Actual plant equipment has a variety of operational characteristics
during voltage sags. For example, motor contactors and electromechanical
relays will drop out at 50% to 70% voltage if the dip lasts for over one cycle.
Mercury lamps are extinguished around 80% normal voltage and require
time to restrike. Although some adjustable speed drives are designed to ride
through voltage sags, the ride through time can be anywhere from 0.05 s to
0.5 s, depending on the manufacturer and the model [4].

Some of the process industries are very sensitive to voltage sags.
For example, an event of uncompensated voltage sag can result in losses
exceeding a million dollars in a semiconductor plant.

There are standards for the current and voltage harmonics based on
THD. Typically, the voltage THD should be below 5%. The standards on
voltage flicker (mentioned in the previous section) are for PST ≤ 1. One can
also specify standards for voltage unbalance.

The previous discussion indicates the requirement for compensating
equipment to improve power quality and meet the specified standards. The
major problems relate to voltage magnitude and waveform distortion. Also,
it is essential to provide reactive power compensation to improve power
factor or regulate voltage under dynamic conditions. The operation of load
at unity power factor is beneficial in (a) reduction of losses and improved
voltage profile and (b) better utilization of distribution feeders.

The custom power devices that can be used in distribution systems
are:

1. Solid State (Thyristor Controlled) Transfer Switch (SSTS)

2. Solid State Circuit Breaker (SSCB)

3. Solid State Current Limiter (SSCL)

4. Static Synchronous Compensator (STATCOM)

5. Dynamic Voltage Restorer (DVR)

6. Active Filter (AF)

7. Static Var Compensator (SVC)

8. Thyristor Controlled Voltage Regulator (TCVR)
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The items 2 and 3 (SSCB and SSCL) have been discussed in chapter
9. The Solid State Transfer Switch (SSTS) is used to transfer the feed to
a sensitive load from one feeder to another on the detection of voltage sag
or power interruption. SSTS improves reliability by using duplicate supplies
without degradation of power quality.

The distribution STATCOM is similar to a transmission STATCOM
in that it uses a VSC of the required rating. However, the VSC used in a
DSTATCOM is a Type 1 converter with PWM control over the magnitude
of the injected AC voltage while maintaining a constant DC voltage across
the capacitor. Faster power semiconductor devices such as IGBT or IGCT
are used instead of GTO. The rapid switching capability provided by IGBT
(or IGCT) switches enable the use of more sophisticated control schemes
to provide functions of balancing (by injecting negative sequence current),
active filtering (by injecting harmonic currents) and flicker mitigation.

A DSTATCOM can be viewed as a variable current source deter-
mined by the control functions. To increase the dynamic rating in the ca-
pacitive range, a fixed capacitor/filter can be used in parallel with DSTAT-
COM. By connecting an energy storage device such as a Superconducting
Magnetic Energy Storage (SMES) on the DC side through a DC/DC power
conditioner, it is possible to exchange real power with the network for a
limited time (during momentary interruptions or large voltage sags).

The Dynamic Voltage Restorer (DVR) is a series connected device
analogous to a SSSC. The main function of a DVR is to eliminate or reduce
voltage sags seen by sensitive loads such as semiconductor manufacturing
plant or a paper mill. DVR that have been installed so far are modular
with ratings of 2 MVA per module. They have been designed to compensate
three phase voltage sags up to 35% for a duration of time less than half
a second (depending on the requirement). If the voltage sag occurs only
in one phase (caused by SLG faults) then the DVR may be designed to
provide compensation for sags exceeding 50%. The energy storage required
in capacitors is typically in the range of 0.2 to 0.4 MJ per MW of load served.
A DVR is connected in series with the feeder using a transformer. The low
voltage winding is connected to the converter. If the objective of a DVR is
mainly to regulate the voltage at the load bus, it remains for most of the
time in stand-by mode during which the converter is bypassed (no voltage is
injected). Only when a sag is detected, the DVR injects a series voltage of
the required magnitude. It is necessary to protect a DVR against the fault
currents (as in the case of a SSSC).

A DVR with IGBT/IGCT devices can be controlled to act as a series
active filter to isolate the load from voltage harmonics on the source side. It
is also possible to balance the voltage on the load side by injecting negative
and/or zero sequence voltages in addition to harmonic voltages.
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Active Filters

There is a proliferation of power electronic loads in the distribution system,
primarily due to the need for energy efficiency and improved productivity.
However, this leads to generation of harmonic currents which can flow in
the feeder lines and contribute to increased losses and voltage distortion at
the point of common coupling (PCC). Passive filters made up of tuned L–C
filters (at characteristic harmonics) and high pass filters have traditionally
been used to absorb the harmonics generated by large industrial load or high
power electronic equipment (HVDC converter and SVC). These have the
advantage of low cost and high efficiency. However, they have the following
drawbacks:

1. Supply impedance strongly influences the effectiveness of the passive
filters. As the supply impedance reduces, the effectiveness also reduces.

2. They are prone to resonances.

3. Tuned passive filters are sensitive to L–C component tolerances. They
are detuned also by system frequency variations. The detuning reduces
the effectiveness of these filters.

4. Tuned filters are prone to overloading as the ambient harmonics (gen-
erated elsewhere) tend to flow in them. Often, these filters are delib-
erately detuned to prevent their overloading. This is an undesirable
solution as it defeats the very purpose of their installation.

5. The design of passive filters requires extensive studies involving con-
siderable engineering effort. This restricts their application mainly to
high power (nonlinear) loads.

The active filters based on VSC have been developed to solve the
problems associated with passive filters. Although the principles of the ac-
tive filters have been proposed over 30 years ago, the developments in power
semiconductor devices and control technology have made their implementa-
tion practical. For example, active DC filters have been proposed to com-
pensate for the harmonic currents injected by the HVDC converters in the
DC line [36]. However, most of the applications are in the AC systems.

The active filters are classified according to their configuration as
follows.

1. Shunt Active Filters

2. Series Active Filters

3. Hybrid Active Filters

4. Unified Power Quality Conditioners (UPQC)
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Figure 12.8: A shunt active filter
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Figure 12.9: Harmonic equivalent circuit
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Figure 12.10: A series active filter
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A shunt active filter is shown in Fig. 12.8. This may be used in
isolation or in parallel with a passive filter. In such cases, the shunt active
filter has the capability to damp the harmonic resonance between the existing
passive filter and the supply impedance. This can be explained with reference
to the harmonic equivalent circuit shown in Fig. 12.9.

Considering a single harmonic (of order h), the filter is tuned for
the frequency (hf1). As seen from the load side (represented by a current
source), the passive filter forms with source inductance, a parallel resonance
at the frequency (fres) given by

fres =
1

2π
· 1
√

(LF + LS)CF
(12.7)

If there is a harmonic current source of frequency fres, in parallel with the
load, it will result in very high harmonic voltages and high harmonic currents
flowing in the line and the filter. Also, if the source voltage has a harmonic
at the resonant frequency, this will also result in high harmonic voltage at
the PCC and high harmonic currents in the system.

If an active filter is connected in parallel with the passive filter, it
can be used to damp the harmonic resonance by injecting a current iAh such
that

iAh = −GAF vh = GAFLS
diSh
dt

(12.8)

The above control law has the effect of inserting an equivalent conductance
(only for harmonics - not at fundamental frequency) GAF which will damp
the harmonic resonance.

The combination of shunt active and passive filters have been applied
for harmonic compensation of high power cycloconverters used in steel mill
drives.

A series active filter is shown in Fig. 12.10. It is connected in series
with the line through an isolation transformer. It injects a voltage vAF
whereas a shunt active filter injects a current iAF . If the nonlinear load
injects voltage harmonics, a series active filter blocks their transfer to the
PCC. On the other hand, harmonic voltages present on the source side are
also prevented from reaching the load bus. Thus, a series active filter acts
as a harmonic isolator in addition to damping resonances. A typical control
law for a series active filter is,

vAF = kiSh (12.9)

where iSh is the harmonic current in the line. This control law ensures
that for all harmonic frequencies, the series active filter appears as a large
resistance (except for the fundamental).
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A hybrid active filter consists of both an active and a passive filter.
There are two configurations (i) a series active filter with a passive (shunt
connected) filter (ii) a series active filter connected in series with the passive
filter. Both the configurations are shown in Fig. 12.11.

Load
VSC

(a) A series active filter with shunt pas-
sive filter

Load

VSC VAF

PCC

(b) An active filter in series with shunt
passive filter

Figure 12.11: Hybrid filters

The second configuration of an active filter connected in series with a
shunt passive filter is an interesting combination that has already been used
for active DC filters in a HVDC converter stations.

The control law suggested [37] is based on source current detection
and is given by

vAF = kiSh (12.10)

(Note that this control law is same as what is suggested for a pure series
active filter).

For the single phase equivalent circuit of the hybrid filter shown in
Fig. 12.12, we can derive

ISh =
ZFh

k + ZSh + ZFh
ILh +

1

k + ZSh + ZFh
VSh (12.11)

Vh =
−ZShZFh

k + ZSh + ZFh
ILh +

k + ZFh
k + ZSh + ZFh

VSh (12.12)

If k is selected such that |k| À |ZSh+ZFh|, ISh is significantly reduced. How-
ever, the harmonics in the source voltage (VSh) appear at the PCC. Thus,
the application of this hybrid filter would depend on the level of harmonics
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Figure 12.12: Single phase equivalent circuit of the hybrid filter

present on the source side. A study of the characteristics of the hybrid filter
shows that the filtering characteristics of the passive filter are significantly
improved by the active filter and the parallel and series resonance is effec-
tively damped. The cost of the hybrid filter is significantly less compared
to the case when a shunt active filter is used alone. This is due to the fact
that the rating of the active filter required is much smaller, typically 2–3%
of harmonic producing load (with high quality factor of the passive filter,
Q > 35). With ideal filtering characteristics of the hybrid filter (with high
k), we have.

VAF = ZFhILh + VSh (12.13)

IAF = ILh − IF1 (12.14)

where IF1 is the fundamental frequency current flowing in the passive filter
due to the source voltage. The rating of the active filter is the product of
VAF and IAF .

Unified Power Quality Conditioner

VSC1 VSC2
i

PCC
+

VL
Load

AF

VAF

Figure 12.13: Unified Power Quality Conditioner (UPQC)

This is a combination of shunt and series active filters which are con-
nected on the DC side (see Fig. 12.13). This configuration is inspired by the
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UPFC discussed in chapter 8. The reference [8] suggest the possibility of a
centralized UPQC at the distribution substation that will provide harmonic
isolation between the subtransmission system and distribution system. The
series branch of UPQC provides this harmonic isolation in addition to volt-
age regulation and imbalance compensation. The shunt branch provides for
harmonic and negative sequence current compensation in addition to DC
link voltage regulation.

Shunt Active Filters for Power Distribution
Systems

Reference [8] also proposes application of shunt active filters in distribution
systems located at appropriate locations. It is mentioned that for a radial
system, the location of a shunt active filter at the end terminal of a primary
feeder is desirable rather than at the beginning terminal. Also, the control
law suggested is (based on voltage detection scheme) given by

IAF =
−Kv

1 + Ts
Vh (12.15)

The proposed control law implies that an active filter is represented by an
inductive impedance (R in series with L).

Remarks

1. We should note the fact that the terminology on custom power devices
is not yet standardized. Although specific term such as DSTATCOM
had the connotation of a device meant for reactive power compensation
and load balancing, the present trend is to include the task of harmonic
compensation also. Similarly, while active filters generally address the
problem of harmonic compensation, they can also be used for functions
originally assigned to DSTATCOM. Thus, there is a convergence of the
functions expected of a multi-purpose power quality compensator. In-
cidentally, different manufactures have also used different terminology.
For example, ABB call DSTATCOM as SVC Light.

2. The need for combining different functions in a device arises from the
constraint to minimize the overall costs.

3. It is possible to use a single control law that ensures achieving the var-
ious objectives for a particular device. This integration of the control
functions comes about from the concept of a generalized definition of
the reactive current or power. Hence we need to examine the concept
of reactive power with non-sinusoidal voltages and currents. This is
done in the next section.
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12.4 Definitions of Reactive Power

As discussed in the previous section, the reactive power control is important
for system operation and improving quality of power supply. The reactive
power is well defined in circuits with sinusoidal voltage and currents. How-
ever the concept of reactive power is not so well defined in circuits with
non-sinusoidal voltages and currents.

In this section, the definitions of reactive power will be reviewed
in the context of reactive power compensation and improvement of power
factor.

12.4.1 Sinusoidal Excitation and Current - Review
of Basic Definitions

i(t)

Load(t)v
+

Figure 12.14: A single phase circuit

For simplicity, consider a single phase circuit shown in Fig. 12.14
where a sinusoidal voltage is applied across a linear passive load (An equiv-
alent impedance is shown to represent any general linear, passive 1-port
network). If the voltage v(t) and current i(t) are expressed as

v(t) =
√
2V cos(ωt) (12.16)

i(t) =
√
2I cos(ωt− φ) (12.17)

(Note: The current is sinusoidal in steady state).

The voltage and current phasors are related by

V̂ = ẐÎ (12.18)

where Ẑ is the impedance with magnitude Z and phase angle φ.

The instantaneous power p, is given by

p = vi = 2V I cosωt cos(ωt− φ)
= V I[cosφ+ cos(2ωt− φ)] (12.19)
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The average power P is defined as

P =
1

T

∫ T

0
vidt = V I cosφ (12.20)

The reactive power Q is defined as

Q =
√

S2 − P 2 (12.21)

where S = V I is defined as apparent power. Substituting (12.20) in (12.21)
we have

Q = ±V I sinφ (12.22)

The sign is taken to be positive if Î lags V̂ by angle φ. The power factor
(PF) is defined as

PF =
P

S
=

P
√

P 2 +Q2
(12.23)

From (12.23) it is obvious that if PF is to be improved to unity, the reactive
power consumed by the load is to be compensated, (by using shunt capacitors
of appropriate size).

The apparent power S is the magnitude of the complex power Ŝ
which is defined as

Ŝ = P + jQ = V̂ · Î∗ (12.24)

Hence, reactive power Q is also defined as the imaginary part of the complex
power [38].

P = S Cos
φ
φ

Q = S Sin 

φ
Q

P

S

Figure 12.15: Power triangle

The power triangle is shown in Fig 12.15 which shows the relationship
between P,Q and S.

Remarks:

1. Although P,Q and S have same dimension, they have different units
that is Watt, Var and VA.
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2. The importance of apparent power (S) is that the rating of an equip-
ment - say a generator or transformer is expressed in terms of Volt
Amperes.

Physical Interpretation of Reactive power

The physical meaning of reactive power is not evident from the definition of
(12.21) or (12.24). The reactive power is not required to be supplied to a
resistive load. It is consumed or generated by reactive load made up of pure
inductors and capacitors. When a sinusoidal voltage source v(t) is connected
across an inductor, the current iL(t) is given by

iL(t) =
√
2IL cos(ωt− π/2) =

√
2IL sin(ωt) (12.25)

where IL = V
ωL .

The instantaneous power pL(t) is given by

pL(t) = V IL sin(2ωt) = QL sin(2ωt) (12.26)

Equation (12.26) shows that QL is the peak value of the alternating
power supplied to an inductor. Note that the instantaneous power is a
sinusoidal quantity of twice the frequency of the supply voltage.

If the voltage v is applied to a capacitor C, the instantaneous power
pC is given by

pC = −V IC sin(2ωt) = QC sin(2ωt) (12.27)

where IC = ωCV is the rms value of the capacitor current given by

iC(t) = −
√
2IC sin(ωt) (12.28)

It is to be noted that QC is negative in general. It can be shown that
if the voltage v(t) defined in Eq. (12.16) is applied to a single port linear
reactive network, the instantaneous power supplied to the network can be
expressed as

pB(t) = Q sin(2ωt) (12.29)

where Q is the net reactive power consumed by the network.

The above equation indicates that the reactive power can be defined
as the amplitude (peak value) of the instantaneous power supplied to the
reactive component of the load. However, it is to be noted that the peak
value of the instantaneous power drawn by a load is not equal to the reactive
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power. This follows from the fact that a pure resistor of conductance G, has
both a dc and a sinusoidal component in the instantaneous power given by

pG(t) = Gv2(t) = GV 2[1 + cos(2ωt)]

= P [1 + cos(2ωt)] (12.30)

Hence the reactive power is not equal to the peak value of the sinu-
soidal component of the total instantaneous power.

It is to be noted that although a pure resistor draws oscillatory power,
it does not consume reactive power. This follows from the fact that a resistor
always consumes (dissipates) energy (at all instants). On the other hand, a
pure reactive component such as an inductor or a capacitor does not dissipate
energy but only stores it. The energy is stored in the magnetic field in the
case of an inductor and in the electric field in the case of a capacitor. In one
half cycle of the alternating supply, the energy is stored and returned in the
other half cycle. It is this continual exchange of energy between the energy
storage element and the source that contributes to the flow of reactive power.
In an inductor, the maximum energy stored is given by

WL =
1

2
Li2max = LI2 =

QL

ω
(12.31)

In general, it can be shown that the reactive power supplied to a load
is equal to ω times the peak energy stored in the load.

It is obvious that in an alternating current network, the exchange of
energy between the energy storage components of the load and the source
is inevitable and this does not contribute to the flow of real power which is
consumed by the load. The flow of reactive power not only puts a burden on
the generating capacity (because of limitations of the apparent power) but
also loads the transmission and distribution network and increases losses.
The control of reactive power in the load and the network is essential for
optimum utilization of the facilities.

There can be types of energy storage elements other than inductor
and capacitor. For example, a separately excited DC motor (see Fig. 12.16)
excited by an AC voltage source behaves like a capacitor in which the energy
is stored in the rotor in the form of kinetic energy. This can be shown as
follows.

DC Machine

The voltage equation is given by

v = Kn (12.32)
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+
(t)

J

v

Figure 12.16: A separately excited motor

where n is the angular speed of the machine rotor. (K is a constant). As-
suming that

v(t) =
√
2V cos(ωt)

We have

n =

√
2V

K
cos(ωt) (12.33)

The torque equation is given by

J
dn

dt
= Te = Ki (12.34)

where Te is the electric torque and is proportional to the alternating current
i. Substituting Eq. (12.33) in (12.34) we have,

i(t) = −ωJ
K2

√
2V sin(ωt)

= −ωCeq
√
2V sin(ωt) (12.35)

This shows that the DC machine appears as a capacitor (Ceq) defined by

Ceq =
J

K2
(12.36)

It can be shown that peak kinetic energy stored in the rotor is given
by

WKE =
1

2
Jn2max =

1

2
J

(√
2V

K

)2

=
J

K2
V 2 = CeqV

2 (12.37)

The following is an example (although not realistic) of the energy
stored in the form of heat.
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Time-Varying Resistor

Let a voltage v(t) =
√
2V cos(ωt) be applied across a time-varying resistor

whose conductances is given by

g(t) = −G tan(ωt) (12.38)

The current through the resistor is given by

i(t) = g(t)v(t) = −
√
2V G sin(ωt) (12.39)

This shows, the resistor is actually generating reactive power with the in-
stantaneous power given by

p(t) = vi = −V 2G sin(2ωt) = Q sin(2ωt) (12.40)

The active power consumed by the resistor is zero. This may appear sur-
prising, but it is worth noting that the conductance changes sign during a
half cycle, as

g(t) < 0, 0 < ωt <
π

2

g(t) > 0,
π

2
< ωt < π

12.4.2 Reactive Power in Non-Sinusoidal
Conditions

The definition of reactive power is not simple when non-sinusoidal voltages
and currents are considered. Nonlinear loads such as power electronic con-
verters produce non-sinusoidal currents even when the voltage applied is
sinusoidal. In this condition, the harmonic currents do not contribute to
active (real) power.

The flow of non-sinusoidal currents through system impedances re-
sult in non-sinusoidal voltages. In general, both the voltage and current can
be considered as non-sinusoidal. To simplify analysis, it will be assumed
that the load is linear and thus the current harmonics result from voltage
harmonics.

Definitions of Power in Time and Frequency
Domain

It is worth nothing that definition of active power in time domain (see Eq.
(12.20)) applies even if v(t) and i(t) are non-sinusoidal.
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We will assume that both v(t) and i(t) are periodic in steady state
and have only AC components (no DC components). The active power P ,
is defined by

P =
1

T

∫ T

0
vidt (12.41)

From Fourier analysis, both v(t) and i(t) can be expressed as

v(t) =
∞
∑

n=1

vn =
∞
∑

n=1

√
2Vn cos(nωt+ αn) (12.42)

i(t) =
∞
∑

n=1

in =
∞
∑

n=1

√
2In cos(nωt+ βn) (12.43)

Substituting Eqs (12.42) and (12.43) in (12.41), it is possible to express P
as

P =
∞
∑

n=1

Pn (12.44)

where
Pn = VnIn cosφn (12.45)

φn = αn − βn (12.46)

It is to be noted that Pn is the harmonic power due to the harmonic com-
ponent vn and in.

It is also possible to define Qn as the reactive power at the nth
harmonic, namely

Qn = VnIn sinφn (12.47)

The definition of the apparent power (S) and the power factor (PF)
given earlier with sinusoidal excitation and current, can be extended to the
general case of any periodic functions. Thus,

S = V I (12.48)

where

V 2 =
1

T

∫ T

0
v2dt (12.49)

I2 =
1

T

∫ T

0
i2dt (12.50)

V and I are rms values of voltage and current respectively. Using Eqs.
(12.42) and (12.43),

V 2 =
∞
∑

n=1

V 2
n , I2 =

∞
∑

n=1

I2n (12.51)

The power factor can be expressed as

PF =
P

S
(12.52)
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Budeanu Concept of Reactive Power

C. Budeanu, a Romanian engineer defined the reactive power (QB) in a
manner similar to the definition of P given in (12.44), namely

QB =
∞
∑

n=1

Qn =
∞
∑

n=1

VnIn sinφn (12.53)

However, it can be shown that, in general

S2 6= P 2 +Q2
B (12.54)

Budeanu defined distortion power (DB) to express the apparent power as

S2 = P 2 +Q2
B +D2

B (12.55)

Using Fourier components, it can be shown that

D2
B =

1

2

∞
∑

m=1

∞
∑

n=1

[V 2
mI

2
n + V 2

n I
2
m − 2VmVnImIn cos(φm − φn)] (12.56)

=
1

2

∞
∑

m=1

∞
∑

n=1

[(VmIn − VnIm)2 + 2VmVnImIn[1− cos(φm − φn)]]

The distortion power is zero only if

Vm
Im

=
Vn
In

(12.57)

and
φm = φn (12.58)

Thus, a pure resistor does not have any distortion power. Budeanu’s defini-
tion of reactive power has been adopted by ANSI/IEEE Standard 100-1977.

L.S. Czarnecki [25] has shown the drawbacks of the Budeanu concept.
The first and the foremost drawback is that while QB is zero, individual
components of (Qn) are non-zero signifying energy exchange (between the
source and the load) taking place at different harmonic frequencies. Thus,
even when a compensatory element (such as a shunt capacitor) may be
chosen to reduce QB to zero on the source side, the power factor may not
be improved. (The reduction of QB is accompanied by increase in DB).

The second objection is regarding the definition of the distortion
power. This power does not provide any information about waveform dis-
tortion. It is possible that in a circuit, there is no waveform distortion (both
current and voltage waveforms are similar) and yet DB is not zero. On the
other hand, DB = 0 does not guarantee that the waveform is not distorted.

Thirdly, both QB and DB are difficult to instrument. But the major
problem is the uselessness of QB as an index of power factor improvement.
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Fryze Definition of Reactive Power

S. Fryze, proposed in 1931, the concept of reactive power as follow:

QF = ±
√

S2 − P 2 (12.59)

However, this cannot be interpreted as the rate of energy transfer to energy
storage elements. For example, a sinusoidal voltage source supplying energy
to a resistor through a diode results in non-zero QF . Actually it can be
shown that both P and QF in this circuit are equal and given by

P = QF =
V 2

2R

and the apparent power S is given by

S = V I =
V 2

√
2R

Yet, Fryze definition of reactive power has been recommended by Interna-
tional Electrotechnical Commission. This is because QF has two merits over
QB as follows:

1. It represents a measure of uselessly transmitted power and the extent to
which a power system is not utilized. In addition, it is directly related
to the ratings of the compensating equipment which can improve the
source side power factor to unity.

2. QF is defined without reference to the Fourier series representation of
the voltage and current and can be easily measured.

Actually, QF can be defined strictly from time domain quantities.
The load current can be divided in to two orthogonal components as follows:

i = ip + iq (12.60)

where
ip = Gev (12.61)

Ge is the effective conductance of the load defined by

Ge =
P

V 2
(12.62)

where V is the rms value of the applied voltage.

P and QF are defined from

P = V Ip, QF = V Iq (12.63)

where Ip and Iq are rms values of ip and iq.
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Remarks

1. If a sinusoidal voltage is applied across a nonlinear load, the current in
the circuit consists of harmonics in addition to the reactive component (at
the supply frequency) due to the energy storage elements in the load. It is
obvious that iq consists of both these wattless components. This observation
can be extended even if the source voltage is not sinusoidal.

2. In general, with nonsinusoidal voltage and currents, the current
iq (which is defined as the difference between i and ip) can have components
that may not be fully compensated by passive L-C networks (passive filters).
Essentially, iq contains components that are not required for instantaneous
power transfer and can be compensated by an (active) compensator with no
energy storage.

12.5 Reactive Power Compensation in
Single Phase Circuits

+
(t) RPC

ip

qi ip+ iq

Loadv

Figure 12.17: A RPC in a single phase circuit

In the previous section, the instantaneous active current (ip) and
reactive current (iq) are defined. Since, QF = V Iq where Iq is the rms value
of iq(t), defined as

I2q =
1

T

∫ T

0
i2qdt (12.64)

the full compensation of QF in the load, will result in only active current
(ip) being supplied by the source, (see Fig. 12.17) which results in minimum
losses in the line and unity power factor on the source side. The reactive
power compensator (RPC) can be a shunt active filter or a combination of
passive filter and active filter. While it is possible for a shunt active filter
to fully compensate for iq, the question we would like to pose is whether a
passive filter can do the job on its own. Also, what is the optimal solution
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for the passive filter that will minimize the reactive power supplied by the
source?

The answer to the first question is no; that is a pure passive network
(filter) is inadequate in general to fully compensate for the reactive power
(QF ) in the load. We will answer the second question next. We will consider
two cases: (a) when the passive filter is a capacitor or an inductor (as one
would apply in sinusoidal conditions for reactive power compensation) and
(b) when the passive filter is made up of a one port L-C network connected
across the load. Needless to say that the second case is more general than
the first one.

Case 1: A Capacitor or Inductor Across the Load

Kusters and Moore [43] showed that the instantaneous reactive current iq
in a single phase network can be divided into two orthogonal components in
two ways. That is,

(a) iq = iqc + iqcr (12.65)

(b) iq = iql + iqlr (12.66)

where iqc and iql are defined as instantaneous capacitive and inductive reac-
tive currents, defined by

iqc =
v̇( 1T

∫ T
0 v̇idt)

(V̇ )2
(12.67)

iql =
v̄( 1T

∫ T
0 v̄idt)

(V̄ )2
(12.68)

Here, v̇ = dv
dt , v̄ =

∫

vdt and

V̇ 2 =
1

T

∫ T

0

(

dv

dt

)2

dt, V̄ 2 =
1

T

∫ T

0
(v̄)2dt

iqcr and iqlr are defined as instantaneous residual reactive currents, capac-
itive and inductive respectively. The rms inductive and capacitive reactive
currents are defined as,

I2ql =
1

T

∫ T

0
i2qldt, I2qc =

1

T

∫ T

0
i2qcdt (12.69)

Similar definitions also apply for rms residual currents Iqlr and Iqcr. We can
show that,

I2q = I2ql + I2qlr = I2qc + I2qcr (12.70)
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The above equation shows that iql and iqlr are orthogonal. We say, that two
periodic functions f1 and f2 are orthogonal if

∫ T

0
f1(t)f2(t)dt = 0 (12.71)

Note that iqc and iqcr are also orthogonal.

With sinusoidal voltage and linear load (which results in sinusoidal
current), the residual reactive components of the current are zero and the
inductive and capacitive reactive currents are equal in magnitude but oppo-
site in sign. Complete compensation of an inductive load can be realized by
a shunt capacitor and that of a capacitive load by a shunt inductor. With a
non-sinusoidal voltage and linear loads, the residual reactive current compo-
nents need not be zero. The inductive and capacitive reactive currents may
be unequal, and both positive or opposite in sign. If the capacitive reactive
current in the load is negative, that is

∫ T
0 v̇idt < 0, then a shunt capacitor

can compensate for iqc. Similarly if
∫ T
0 v̄idt < 0, then a shunt inductor can

be used to compensate for iql in the load. The following result gives the
optimum value of the shunt capacitor or inductor required for the (partial)
compensation of the reactive current in the load.

+
(t)

i (t)

Cv Load

iS(t)

(a) Shunt capacitor compensation

+
(t)

i

i (t)
S(t)

L Loadv

(b) Shunt inductor compensation

Figure 12.18: Shunt reactive compensation

Theorem: The optimum value of the shunt capacitor (Copt) required is given
by −Ceq where Ceq is defined by

Ceq =

(

1

T

∫ T

0
v̇idt

)

/V̇ 2 (12.72)

Similarly, the optimum shunt inductor (Lopt) required is given by Lopt =
−Leq where Leq is given by

Leq = (V̄ )2/

(

1

T

∫ T

0
v̄idt

)

(12.73)
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Proof:
Let us consider the first part. If

∫ T
0 v̇idt < 0, a shunt capacitor can be used

for compensation as shown in Fig. 12.18. The source current (iS) is given
by

iS(t) = i(t) + C
dv

dt
(12.74)

where i(t) is the load current. The rms value of the source current is given
by

I2S =
1

T

∫ T

0
i2S(t)dt =

1

T

∫ T

0
(i+ Cv̇)2dt (12.75)

The value of the shunt capacitor (C) is optimum when it minimizes the rms
value of iS(t). The necessary condition for this is given by

dI2S
dC

= 0 =

∫ T

0
(i+ Cv̇)v̇dt (12.76)

From the above we get Copt = −Ceq. It is obvious that Copt results in
cancellation of iqc in the source current and iS(t) will contain only ip(t) +
iqcr(t). Hence, Copt = −Ceq is both a necessary and sufficient condition for
the minimization of the rms value of the source current.

If instead of a shunt capacitor, a shunt inductor is connected in
parallel with the load, the source current is given by

iS(t) = i(t) +
1

L

∫

vdt = i(t) +
v̄

L
(12.77)

We can derive the result Lopt = −Leq in a similar fashion as above.

Example 12.1

Consider a switched resistor load shown in Fig. 12.19. The switch is made up
of two thyristors connected back to back. The applied voltage is sinusoidal
with rms value of 10 V and frequency = 50 Hz. R = 10 ohms. The switch
is on when

π

2
(2n− 1) ≤ ωt ≤ πn, n = 1, 2

The voltage and current waveforms are also shown in Fig. 12.19

(a) Find the power and power factor of the load

(b) What is the maximum power factor achievable by connecting a capac-
itor in parallel with the load. What is the value of the capacitor for
this condition?
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(a) A switched resistive load
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(b) Voltage and current waveforms

Figure 12.19: Example 12.1

Solution

(a) The voltage v(t) is given by

v(t) =
√
2.10 sinωt, ω = 2π.50

The load current i(t) defined over one cycle, is

i(t) =
√
2 sinωt,

π

2
≤ ωt ≤ π and

3π

2
≤ ωt ≤ 2π

= 0 elsewhere.

The average power

P =
1

T

∫ T

0
vidt

=
1

π

∫ π

π/2
20 sin2 θ dθ, θ = ωt

= 5 Watts

The rms value of the load current is given by

I2 =
1

π

∫ π

π/2
2 sin2 θdθ =

1

2

Power Factor =
P

V I
=

5.
√
2

10
= 0.707
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Note that

Ge =
P

V 2
=

5

100
= 0.05 mho

ip(t) = Gev(t) = 0.707 sinωt

iq(t) = i(t)− ip(t)

The waveforms of v, i, ip and iq are shown in Fig. 12.19(b).

(b) The optimum value of the shunt capacitor connected across the
load is given by

Copt = −Ceq = −
1

V̇ 2

(

1

T

∫ T

0
v̇idt

)

V̇ = ωV = 10ω,
1

T

∫ T

0
v̇idt =

1

π

∫ π

π/2
10ω sin(2ωt)dωt =

−10ω
π

Copt =
1

10ωπ
F = 101.32µF

The instantaneous capacitive reactive current (iqc) is given by

iqc(t) = Cev̇(t) = −
√
2

π
cosωt

The rms value (Iqc) = 1
π = 0.3183A. The rms source current after shunt

capacitor compensation

Is =
√

I2 − I2qc = 0.6314A

The maximum PF achievable is:

PF =
P

V Is
=

5

10× 0.6314
= 0.792

It is interesting to observe that if the thyristor switch shown in Fig.
12.19(a) is replaced by a (single) diode, the power consumed in the load is

same (V
2

2R ). However,
∫ T
0 v̇idt = 0 and it is not possible to improve the power

factor by using a shunt capacitor.

Case 2: A One-Port L-C filter across the Load

Czarnecki [26] showed that iq in a linear load can be expressed as

iq = is + ir (12.78)

where ir is the reactive current caused by the susceptances in the load and
is is termed as the scattered component caused by the variations in the
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conductances of the load with frequency. If the applied voltage v(t) can be
expressed as

v(t) =
ns
∑

h=1

√
2Vh sin(hω1t+ αh) (12.79)

then ip, is and ir are expressed as

ip(t) = Gev(t) = Ge

ns
∑

h=1

√
2Vh sin(hω1t+ αh) (12.80)

is(t) =
√
2

ns
∑

h=1

(Gh −Ge)Vh sin(hω1t+ αh) (12.81)

ir(t) =
√
2

ns
∑

h=1

BhVh cos(hω1t+ αh) (12.82)

The total load current i(t) is the sum of ip, is and ir and is given by

i(t) =
√
2

ns
∑

h=1

[GhVh sin(hω1t+ αh) +BhVh cos(hω1t+ αh)] (12.83)

It can be shown that ip, is and ir are mutually orthogonal. Also, ir can be
compensated by connecting a one-port L-C filter across the load with the
susceptances (Bch) such that

Bch = −Bh, h = 1, 2, . . . ns (12.84)

Note that ns is the highest order of the harmonics in the applied voltage.

Example 12.2

A non-sinusoidal voltage v(t) = 10
√
2
(

sin t+ sin 3t
3

)

is connected across a

load represented by a series connection of 1 ohm resistor and 1 H inductor.
Compute ip, ir and is.

Solution

The average power (P ) can be expressed on

P = V1I1 cosφ1 + V3I3 cosφ3

where Î1 =
V̂1

|Z1|6 φ1

, Î3 =
V̂3

|Z3|6 φ3

Z1 = 1 + j1 =
√
2 6 45◦, Z3 = 1 + j3 = 3.1623 6 71.57◦

I1 =
V1
|Z1|

=
10√
2
= 7.07, I3 =

V3
|Z3|

=
10

3× 3.1623
= 1.054
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cosφ1 = cos 45 = 0.707, cosφ3 = cos 71.57◦ = 0.3161

P = 10× 7.07× 0.707 +
10

3
× 1.054× 0.3161

= 50 + 1.11 = 51.11 Watts

Ge =
P

V 2
, V 2 = V 2

1 + V 2
3 = 102 +

102

9
= 111.11

Ge = 0.460 mho

ip(t) = Gev(t) =
√
2× 4.6

(

sin t+
sin 3t

3

)

The instantaneous load current i(t) is given by

i(t) =
√
2[I1 sin(t− φ1) + I3 sin(3t− φ3)]

Substituting the values, we get

i(t) = 7.07(sin t− cos t) +

√
2

3
(sin 3t− 3 cos 3t)

ir(t) = −
√
2(5 cos t+ cos 3t)

is(t) = (G1 −Ge)v1(t) + (G3 −Ge)v3(t)

G1 =
1

2
= 0.5, G3 =

1

10
= 0.01

is(t) = 0.04× 10
√
2 sin t− 0.36× 10

√
2

3
sin 3t

=
√
2× 0.4 sin t−

√
2× 1.2 sin 3t

Czarnecki claimed in [26] that the scattered current cannot be compensated
by any passive one port network and the source current will contain is in
addition to ip. The maximum power factor for such a case is given by

PFmax =
Ip

(I2p + I2s )
1/2

(12.85)

However, in a recent paper [45] Czarnecki has proved that the power factor
can be made unity (by fully compensating for iq) by using two one-port L-C
networks (one connected in parallel with the load and the other connected
in series with the load). The susceptance Bph, of the shunt connected com-
pensating reactive network is chosen such that the parallel combination has
constant resistance (1/Ge) for all values of h. The value of Bph is given by

Bph = −Bh ±Gh

√

(

Ge

Gh

)

− 1 (12.86)

Here, we assume that Ge > Gh for all h.
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The series one-port L-C network is designed such that its reactance
value (Xsh) at harmonic ‘h’, compensates for the reactive voltage across the
parallel combination of the load and shunt compensating reactive network.
We obtain Xsh as

Xsh = − 1

Bph +Bh
(12.87)

The structure of the reactive compensator that fully compensates for the
reactive and scattered power in the load is shown in Fig. 12.20.

+
(t)

i(t)

Bp

ip(t)

Load
Linearv

Xs

Figure 12.20: Structure of RPC for full compensation of linear load

12.6 Reactive Power Compensation in Three
Phase Circuits

12.6.1 Instantaneous Reactive Power (IRP) The-
ory

This was proposed by Akagi et al [27] in 1984. They used Clarke’s transfor-
mation and the α− β components defined from

[

vα
vβ

]

=

√

2

3

[

1 −1
2 −1

2

0 −
√
3
2

√
3
2

]







va
vb
vc






(12.88)

[

iα
iβ

]

=

√

2

3

[

1 −1
2 −1

2

0 −
√
3
2

√
3
2

]







ia
ib
ic






(12.89)

The instantaneous power in the three phase circuit is given by

p(t) = va(t)ia(t) + vb(t)ib(t) + vc(t)ic(t) (12.90)
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This is also equal to

p(t) = vα(t)iα(t) + vβ(t)iβ(t) + v0(t)i0(t) (12.91)

where v0 and i0 are the zero-sequence voltage and current in the circuit
respectively. These are defined as,

v0(t) =
1√
3
[va(t) + vb(t) + vc(t)]

i0(t) =
1√
3
[ia(t) + ib(t) + ic(t)]

For a three wire system, (without a neutral wire) i0 = 0. Hence the instan-
taneous power, p(t) is given by

p(t) = vα(t)iα(t) + vβ(t)iβ(t) (12.92)

Akagi et al [27] defined the ‘instantaneous imaginary (reactive) power’ as

q(t) = vαiβ − vβiα (12.93)

Combining Eqs (12.92) and 12.93), we can write,

[

iα
iβ

]

=

[

vα vβ
−vβ vα

]−1 [

p
q

]

(12.94)

It was claimed in [27] that the instantaneous reactive power in the
load can be fully compensated by connecting a compensator (with switching
devices) without energy storage in parallel with the load. The ideal compen-
sator does not absorb any power and hence the compensator currents are
given by

[

iCα
iCβ

]

=

[

vα vβ
−vβ vα

] [

0
−q(t)

]

(12.95)

Note that iCα and iCβ are assumed to be currents drawn by the compensator.

Remarks

1. It can be proved that (when i0 = 0),

i2a + i2b + i2c = i2α + i2β =
p2(t) + q2(t)

v2α + v2β
(12.96)

This shows that the source current magnitudes (and hence the power losses
in the line) can be reduced by compensating for q(t).
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Note that for sinusoidal, balanced voltages, v2α+v
2
β = constant. Also,

for a balanced load connected to a balanced, sinusoidal voltage supply, p(t)
and q(t) are constants. In general, with unbalanced, nonlinear load supplied
by nonsinusoidal voltages, p(t) and q(t) can both have DC and AC compo-
nents. It was claimed that the AC components in p(t) and q(t) represent the
contribution from harmonic and unbalanced currents. However, this is true
only if v2α + v2β = constant and i0 = 0.

2. The definition of instantaneous reactive power is contradictory
to the concept of reactive power associated with energy storage elements
(inductor and capacitor). Actually, it is more appropriate to use the concept
of instantaneous reactive (and non-active) current.

3. As mentioned in [29], there are the following drawbacks of the
IRP theory.

(i) The theory cannot be easily extended to the four wire systems
when i0 and v0 are non-zero.

(ii) The single phase situation cannot be treated as a special case of
the theory.

(iii) There is no generalization to systems with more than three
phases.

An extension of IRP theory to three phase, four wire systems has
been proposed in [31] by introducing p-q-r theory. They define p-q-r com-
ponents of the currents and voltages given by







fp
fq
fr






=

1

v0αβ







v0 vα vβ
0 −v0αβvβ

vαβ

v0αβvα
vαβ

vαβ −v0vα
vαβ

−v0vβ
vαβ













f0
fα
fβ






(12.97)

where f represents current (i) or voltage (v) and

v0αβ =
√

v20 + v2α + v2β , vαβ =
√

v2α + v2β

The instantaneous (real) power is given by

p = vpip = v0αβip (12.98)

Both vq and vr are zero. The instantaneous reactive power has two compo-
nents (qq and qr) given by

qq = −vpir, qr = vpiq (12.99)

4. The α, β components defined by Eqs. (12.88) and (12.89) are
consistent with the definitions of d− q components used in this book given
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by

[

fd
fq

]

=

√

2

3





cos θ cos
(

θ − 2π
3

)

cos
(

θ + 2π
3

)

sin θ sin
(

θ − 2π
3

)

sin
(

θ + 2π
3

)











fa
fb
fc






(12.100)

where f can be current (i) or voltage (v). The α−β components are defined
by letting θ = 0 in Eq. (12.100). In defining d − q components above, we
have assumed that d-axis leads q-axis.

It can be shown that the definition of q(t) given in [27] (Eq. (12.93))
is consistent with the definitions of vβ and iβ given in Eqs. (12.88) and
(12.89). However, in [27] both vβ and iβ are defined as the negative of what
is defined here.

12.6.2 A General Theory for Reactive
Compensation

Here, we remove the restrictions that apply to IRP theory proposed in [27].
We will be using untransformed quantities that are applicable in all situa-
tions – single phase or multi-phase. Also, some of the confusion prevailing in
the literature will be clarified. The presentation is based on the ideas given
in the papers [29] and [41].

system
distribution

m − wire
m − phase

i1

im

2

m

1
2i

Figure 12.21: A m-phase, m-wire system

Consider a load supplied by a m-phase, m-wire system (see Fig.
12.21). The three phase, 4 wire system becomes a special case. We assume
that all the voltages are measured with respect to a reference bus (typically
ground). The total instantaneous power transmitted to the load is a scalar
pΣ(t), given by

pΣ(t) = v(t)T i(t) (12.101)

where both v(t) and i(t) are m-dimensional vectors and the superscript T
denotes transposition. We define a vector ip(t), proportional to v(t) as

ip(t) = G(t)v(t) (12.102)
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where

G(t) =
pΣ(t)

(vT v)
(12.103)

It is easy to show that pΣ(t) = v(t)T ip(t). The current vector ip(t) is defined
as the instantaneous active current. The difference in the two currents (i(t)
and ip(t)) is defined as the instantaneous non-active (or reactive) current
given by

iq(t) = i(t)− ip(t) (12.104)

The current iq(t) does not contribute to the transfer of power and essentially
relates to the oscillation of the energy between phases. Hence, it should be
possible to compensate for this current by a compensator without energy
storage. After this compensation, the instantaneous power is unaffected.
The collective source current magnitude is reduced from IΣ to IΣp where IΣ
and IΣp are defined as

I2Σ =
1

T

∫ T

0
|i(t)|2dt, I2Σp =

1

T

∫ T

0
|ip(t)|2dt

where
|i(t)|2 = (iT · i), |ip(t)|2 = (iTp · ip)

The collective source current magnitude can be reduced further if
there are variations in the instantaneous power. However, this requires
compensation with energy storage. The minimum collective source current
magnitude required is one that supplies the average total power (PΣ) for a
specified voltage vector, at minimum losses in the line (and maximum col-
lective PF). The source currents resulting after (a) compensation without
energy storage and (b) the compensation with energy storage are termed as
instantaneous active current defined by

iact(t) = Gv(t) (12.105)

where

G =
PΣ
V 2
Σ

, PΣ =
1

T

∫ T

0
pΣ(t)dt,

V 2
Σ =

1

T

∫ T

0
|v(t)|2dt, |v(t)|2 = vT v

The currents supplied by the compensator with energy storage are
given by

iCE(t) = ip(t)− iact(t)
= [G(t)−G]v(t) (12.106)
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It is claimed in the previous literature that the compensator has to provide
for the AC component in the total instantaneous power and iCE(t) is wrongly
computed as

iCE(t) =
[pΣ(t)− PΣ]
|v(t)| v(t)

Note that the correct computation of iCE(t) from Eq. (12.106) gives

iCE(t) =

[

pΣ(t)

|v(t)|2 −
PΣ
V 2
Σ

]

v(t)

Note that the two expressions are different unless |v(t)| is a constant (in
which case it is same as VΣ).

Remarks

1. For the general case of m wires presented above, it is possible to define
the instantaneous imaginary (reactive) power as

q(t) = |v(t)| · |iq(t)|

For three phase systems without zero sequence components, the currents
and voltages can be represented in a plane (of α− β quantities). Here, q(t)
can be associated with a cross product of the current and voltage vectors
(q = v × i) [28]. The sign of q(t) can be associated with the direction of
the vector perpendicular to the plane of the voltage and current vectors.
However, for the general case, this sign interpretation is not possible.

In any case, as mentioned earlier, the concept of instantaneous reac-
tive power is not consistent with reactive power defined for energy storage
elements. In general, we can say that a load may draw non-active currents
which include reactive currents (associated with linear L-C networks) and
currents that do not contribute to the flow of instantaneous power to the
load.

2. For a single phase system, ip defined in Eq. (12.61) is same as the active
current defined in (12.105) for the general case. Hence, iq(t) for the single
phase systems requires a compensator with energy storage.

3. The presence of the zero sequence current does not affect the analysis
presented here. If zero sequence voltage is not zero, then there is zero se-
quence power that contributes to pΣ(t). Only if the zero sequence power is
zero, then i0 contributes only to non-active currents.

4. It is mentioned in [31] that negative sequence components of the load
voltages result in AC component in |v(t)|. This is not always true. In [42] a
counter example is given which shows that even with unbalanced voltages,
|v(t)| can be a constant.
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12.6.3 Application to a 3 Phase, 4 Wire System

a

b

n

c

Figure 12.22: A 3-phase, 4-wire system

Here we consider the practical case of three phase, four wire system
(with m = 4). Figure 12.22 shows the load supplied by a three phase, four
wire supply. The compensator (based on VSC) is connected in parallel (not
shown in the Fig.). The configuration of the VSC can be a two level four leg
type or other types that enable it to inject zero sequence current components.

The total instantaneous power (pΣ(t)) is given by

pΣ(t) = vaia + vbib + vcic + vnin

= vania + vbnib + vcnic (12.107)

where van = va − vn. Similar definition applies to vbn and vcn. Eq. (12.107)
is derived by noting that ia + ib + ic + in = 0.

The desired source current, iS(t), can be assumed to be ip(t) which
is defined by

iS(t) = ip(t) =
pΣ(t)

(v2an + v2bn + v2cn)
[van vbn vcn]

T (12.108)

The currents injected by the compensator without energy source are given
by

iC(t) = iL(t)− iS(t) = i(t)− iS(t) (12.109)

With an ideal compensator with negligible losses, the instantaneous power
supplied on the AC and DC side of the compensator are equal. Thus, we
have the constraint

vaniCa + vbniCb + vcniCc = vdcidc (12.110)

Since, the LHS of the above equation is zero (as the compensator is supplying
iq with zero instantaneous power), we derive idc = 0 as vdc is non-zero.
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Remarks

1. According to the modified IRP theory [44], we can express the desired
compensator currents in terms of αβ0 components of the voltage (van, vbn
and vcn) and currents. The desired source currents are,

iS(0αβ) =
pΣ(t)

v20αβ
[v0 vα vβ ]

T

where

iS(0αβ) = [iS0 iSα iSβ ]
T , v20αβ = v20 + v2α + v2β

The desired compensator currents in αβ0 components are obtained
as

iC(0αβ) = i0αβ − iS(0αβ)

2. If it is desired to compensate for the variations in the instanta-
neous power, we have to design a compensator with energy storage. We
can use a common compensator to inject both iq and ipv where the latter is
defined by

ipv = [G(t)−G]v

Note that the computation of G involves averaging and filtering and
cannot be performed on an instantaneous basis. Further, as the compensator
now modifies the instantaneous power in the line, idc 6= 0 (although the
average value of idc is zero in steady state). Since finite capacitor is used,
the variation in idc introduces ripples in the capacitor voltage (vdc) depending
on the magnitude of the injected currents ipv.

The injected AC voltages by the compensator are related to the DC
(capacitor voltage) and the switching functions. These are given by

[eCa eCb eCc]
T = [Sa(t) Sb(t) Sc(t)]

T vdc (12.111)

where eC is the injected voltage vector. Sa, Sb and Sc are the switching
functions that are determined by the control (modulation) strategy. If the
compensator is assumed to be ideal (lossless), then

idc = Sa(t)iCa + Sb(t)iCb + Sc(t)iCc (12.112)

Generally, the capacitor voltage is regulated. The shunt connected
compensator functions like a controlled current source by controlling the
injected currents by PWM techniques.
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12.6.4 Reactive Power Compensation by Series
Connected Compensators

The reactive power compensation considered in the previous subsections
assumed that the load can be represented as a (variable) current source that
draws power from a specified voltage source. The reactive compensator is
assumed to be connected in parallel with the load. There are loads (including
arc furnaces) that cannot be modelled as controllable current sources. For
example, in an arc furnace, the arc resistance is not only nonlinear, but also
varies over a wide range. In general, the load may be modelled as variable
impedances or voltage sources in series with impedances that are comparable
to the source impedances. In such cases, it is convenient to assume the load
current as specified and analyze the quality of the voltage across the load.
The general theory presented in section 12.6.2 can be extended to these
cases.

+
i (t)

(t)

Z

(t)

v

PCC
S

Sv Load

(a) Without compensator

+
(t)

+
(t)i

p(t)

PCC v(t)

(t)

ZS

S
Cv

v

v Load

(b) With series compensator (no energy storage)

Figure 12.23: A circuit with series compensator

Consider the circuit shown in Fig. 12.23 (only single phase represen-
tation is shown). We can express the voltage vector (corresponding to the
PCC) as a sum of two components.

v(t) = vp(t) + vq(t) (12.113)

where,

vp(t) = R(t)i(t), R(t) =
pΣ(t)

(iT i)
(12.114)

It is possible to compensate for vq(t) at PCC by connecting a com-
pensator in series with the load. This compensator does not require any en-
ergy storage since vq(t) does not affect the total instantaneous active power
(pΣ(t)). We can prove that

pΣ(t) = iT (t) · vp(t), iT (t)vq(t) = 0 (12.115)
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If R(t) is not a constant and has periodically varying components,
it is possible to further compensate for the variations of the instantaneous
power, pΣ(t). The total average power (PΣ) can be met by the voltage vector
va(t) defined by

va(t) = Ri(t), R =
PΣ
I2Σ

(12.116)

I2Σ =
1

T

∫ T

0
|i(t)|2dt, |i(t)|2 = iT · i

To compensate for the variations in pΣ(t), we require a compensator
with energy storage that can inject a voltage, (vp − va) in addition to vq(t).

The advantages of a series compensator are to (a) improve the power
quality for loads connected to PCC and (b) to improve the utilization of
power for the load that is compensated. A compensated load can draw more
power for a given supply.

The series reactive compensator can also be used to compensate for
the voltage variations in the supply caused by voltage sags or harmonics.
If the compensator requires active power in steady state for satisfactory
performance, this has to be arranged by connecting an energy source. For
example, a shunt connected rectifier can supply power on the DC side of the
VSC based compensator.
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Chapter 13

Load Compensation and
Distribution STATCOM

13.1 Introduction

Large fluctuating loads such as arc furnaces, steel rolling mills, electric trac-
tion cause current unbalance and large variations in the reactive power de-
mand. The load compensation by shunt connected compensators that are
fast acting, helps to maintain unity power factor while balancing the load.
The improvement of power factor reduces the line current for a given load
demand and enables better utilization of the distribution system. It also
helps to reduce the line losses.

The unbalanced load currents with large reactive components results
in voltage fluctuations and unbalance due to the source (system) impedances.
A shunt compensator also helps to reduce voltage fluctuations at the point of
common coupling (PCC). If the source voltages are unbalanced and varying,
it is also possible for a shunt compensator to achieve this [14]. However, the
effectiveness of the voltage regulation, in this case, is a function of the system
impedance. As discussed in the previous chapter, fast voltage regulation also
helps to improve voltage flicker.

The first power electronics based static shunt compensator applied
for load compensation was SVC using thyristor-controlled reactor in parallel
with fixed or thristor-switched capacitors. The emerging technology of high
power voltage source converters using pulse width modulation (PWM) is
replacing thyristor-based controllers. The application of VSC also permits
multi-function (or composite) compensation that includes active filtering to
prevent the flow of harmonic currents on the source side.

In this chapter, we will consider load compensation using both SVC
and Distribution STATCOM. We consider both three phase, three wire and
four wire systems and discuss various control algorithms that are applicable.
Finally, we present a case study of composite compensation using DSTAT-
COM.
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13.2 Three Phase Three Wire Systems

In a three wire system, the sum of the phase currents is zero, implying that
there is no zero-sequence current flowing in the system. The load may be
connected in delta or star (with floating neutral). To simplify the analysis,
we will assume the source voltage to be balanced and sinusoidal. We will
also assume that the source impedances are symmetric. There is no loss of
generality in assuming the mutual impedances between the phases are zero.

SV

ZS

IS V
PCC IL

LoadIC

Figure 13.1: Single phase equivalent circuit

Linear Loads

If we assume that the loads are linear (although time-varying), the load
currents are sinusoidal in steady state as the supply voltages are sinusoidal.
However, the load currents may be unbalanced with the presence of nega-
tive sequence components. Fig. 13.1 shows the equivalent system with the
unbalanced load and the shunt compensator.

In Fig. 13.1, the source current IS is given by

IS = IL − IC (13.1)

With an ideal compensator, the current IC supplied by the compensator
is equal to the sum of the negative sequence component and the (positive
sequence) reactive current drawn by the load. This ensures that the source
current contains only the active component of the positive sequence current
drawn by the load. This also results in the load voltage (V ) becoming
balanced.

Incidentally, it was shown by Steinmetz that a delta-connected reac-
tive network (see Fig. 13.2) can work as an ideal compensator. This concept
can be used to design a SVC whose susceptances depend on the sequence
components of the load current.
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ICa ICb ICc

VcbV

B

Bca

Bbc

Va

C C

C

ab

Figure 13.2: A delta connected reactive compensator

Neglecting the source impedance ZS we get V = VS . Thus, V is
a positive sequence voltage independent of the load. If we assume Va as
reference, we can write

Va = V, Vb = h2V, Vc = hV (13.2)

where, h is the operator defined by

h = ej
2π
3 = −1

2
+ j

√
3

2
(13.3)

The compensator currents injected are given by

ICa = −(ICab − ICca) = −j[BC
ab(1− h2)−BC

ca(h− 1)]V (13.4)

ICb = −(ICbc − ICab) = −j[BC
bc(h

2 − h)−BC
ab(1− h2)]V (13.5)

ICc = −(ICca − ICbc) = −j[BC
ca(h− 1)−BC

bc(h
2 − h)]V (13.6)

The symmetrical components of the phase currents are defined (using power
invariant transformation) by

I0 =
1√
3
(Ia + Ib + Ic) (13.7)

I1 =
1√
3
(Ia + hIb + h2Ic) (13.8)

I2 =
1√
3
(Ia + h2Ib + hIc) (13.9)
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Note that the power-invariant transformation implies that

VaI
∗
a + VbI

∗
b + VcI

∗
c = V1I

∗
1 + V2I

∗
2 + V0I

∗
0 (13.10)

The symmetrical components of the delta connected reactive compensator
are given by

IC0 = 0

IC1 = −j
√
3(BC

ab +BC
bc +BC

ca)V

IC2 = j
√
3(h2BC

ab +BC
bc + hBC

ca)V

Since load compensation requires

IC2 = IL2, Im[IC1] = Im[IL1] (13.11)

we can derive the desired compensator susceptances as follows

BC
ab =

−1
3
√
3V

[Im(IL1 ) + Im(IL2 )−
√
3Re(IL2 )] (13.12)

BC
bc =

−1
3
√
3V

[Im(IL1 )− 2Im(IL2 )] (13.13)

BC
ca =

−1
3
√
3V

[Im(IL1 ) + Im(IL2 ) +
√
3Re(IL2 )] (13.14)

(Note that the superscript C refers to compensator). It is possible to express
the quantities on the R.H.S of the Eqs. (13.12) to (13.14) in terms of the
phase variables. The final result is

BC
ab = − 1

3V
[Im(ILa ) + Im(hILb )− Im(h2ILc )] (13.15)

BC
bc = − 1

3V
[Im(hILb ) + Im(h2ILc )− Im(ILa )] (13.16)

BC
ca = − 1

3V
[Im(h2ILc ) + Im(ILa )− Im(hILb )] (13.17)

Thus, we have two sets of expressions for the susceptances of the
reactive compensator – one in terms of the symmetrical components, the
other in terms of phase variables of the load currents. The latter can also
be expressed in terms of load reactive powers. Eqs. (13.15) to (13.17) can
be recast as

BC
ab =

1

3V 2
[QLa +QLb −QLc] (13.18)

BC
bc =

1

3V 2
[QLb +QLc −QLa] (13.19)

BC
ca =

1

3V 2
[QLc +QLa −QLb] (13.20)
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where QLm = Im[Vm(ILm)
∗], m = a, b or c.

Qa, Qb and Qc can be computed as the average values (over a period)
of the products of currents and phase shifted voltages. For example, Qa is
obtained as

Qa =
1

T

∫

T
va

(

ωt− π

2

)

ia(ωt)dt

Since, vbc =
√
3va(ωt− π

2 ), we get

Qa =
1√
3T

∫

T
vbciadt

Similarly,

Qb =
1√
3T

∫

T
vcaibdt, Qc =

1√
3T

∫

T
vabicdt

(Note that the subscript L is dropped for convenience) Although the inte-
gration is over one period of the fundamental frequency, it is not strictly
essential to reset the electronic integrator (used as part of the SVC control
system) every cycle and it is possible to get continuous signals representing
the desired susceptances. The integrator time constant can even be reduced
to speed up the compensator response.

Compensation Using DSTATCOM

The equations (13.18) to (13.20) essentially define the delta connected sus-
ceptances in a SVC, that are required to compensate for the unbalance and
the reactive power drawn by a three phase, 3 wire connected linear load.
If a distribution STATCOM is used for compensation instead of a SVC, it
is more appropriate to define the currents injected by the DSTATCOM. It
is mentioned in [15] that a compensator with switching devices (such as a
DSTATCOM) without energy storage can compensate for the instantaneous
reactive power (q) defined as

q = vαiβ − vβiα (13.21)

It is worthwhile examining the conditions under which the above statement
holds good. In the previous chapter (section 12.6.2) we presented a general
theory for reactive compensation applicable for a m-phase (m-wire) system
of which 3 phase - 3 wire system is a special case. However, let us first con-
sider a balanced linear load connected across a constant (sinusoidal) voltage
balanced supply with the instantaneous voltages defined by

va =

√

2

3
V cosω0t, vb =

√

2

3
V cos

(

ω0t−
2π

3

)

,

vc =

√

2

3
V cos

(

ω0t+
2π

3

)
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As the load is balanced and linear, the currents are also balanced
and sinusoidal defined by

ia =

√

2

3
I cos(ω0t− φ), ib =

√

2

3
I cos

(

ω0t−
2π

3
− φ

)

,

ic =

√

2

3
I cos

(

ω0t+
2π

3
− φ

)

For this special case, it can be shown that,

pΣ = vaia + vbib + vcic = V I cosφ = PΣ

|v(t)| = [v2a + v2b + v2c ]
1/2 = V = VΣ

Hence, the instantaneous active current iact(t) and ip(t) (defined as pΣ(t)/v(t)|)
are identical given by

ip(t) = iact(t) = Gv(t) =

(

PΣ
VΣ

)

v(t) (13.22)

This clearly shows that iq(t) defined by

iq(t) = i(t)− ip(t) (13.23)

can be compensated by a switching converter without energy storage as

vT iq = 0 (13.24)

Remarks

1. From Eq. (13.23), it can be shown that iq is obtained as

iqa =

√

2

3

(

q

V

)

sinω0t, iqb =

√

2

3

(

q

V

)

sin

(

ω0t−
2π

3

)

iqc =

√

2

3

(

q

V

)

sin

(

ω0t+
2π

3

)

where q = V I sinφ is the reactive power. It is to be noted that q is also the
‘instantaneous reactive power’ (IRP) defined by Eq. (13.21).

The important conclusion from this result is that reactive power
compensation can be achieved without energy storage elements (such as ca-
pacitors or inductors). A VSC based compensator can do the job.

2. The concept of IRP is valid only for three phase, three wire
systems. For these systems, the zero sequence components in the currents
are zero. To define instantaneous powers, we will use d − q components
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(defined with respect to a synchronously rotating reference frame), defined
as follows.

fd =

√

2

3

[

fa cos θ + fb cos

(

θ − 2π

3

)

+ fc cos

(

θ +
2π

3

)]

(13.25)

fq =

√

2

3

[

fa sin θ + fb sin

(

θ − 2π

3

)

+ fc sin

(

θ +
2π

3

)]

(13.26)

where f can be voltage or current vector. θ = ω0t if the network frequency
is ω0. (Note that the definition of d-q components is according to the con-
vention used in reference [16] that d-axis leads q-axis).

From Eqs (13.25) and (13.26), we obtain

(fd − jfq) =

√

2

3

[

fae
−jθ + fbe

−j(θ− 2π
3
) + fce

−j(θ+ 2π
3
)
]

=

√

2

3

[

fa + fbe
j 2π

3 + fce
−j 2π

3

]

e−jθ

= Fse
−jθ (13.27)

where Fs is sometimes described as ‘space vector’.

We can also define α − β components with respect to a stationary
reference frame. These are defined from Eqs. (13.25) and (13.26), letting
θ = 0. Thus, we get

fα =

√

2

3

[

fa −
1

2
fb −

1

2
fc

]

(13.28)

fβ =

√

2

3

[

−
√
3

2
fb +

√
3

2
fc

]

(13.29)

Substituting from the above equations, we can express Fs as

Fs = (fα − jfβ) (13.30)

(Note that if we assume q-axis leading d-axis, the definition of fβ would
involve a reversal of sign and Fs = fα + jfβ).

Since d-q components are defined as instantaneous quantities, we can
define instantaneous complex power as

p+ jq = (vd − jvq)(id − jiq)∗ (13.31)

Substituting from Eqs. (13.27) and (13.30), we get

p+ jq = (vα − jvβ)(iα + jiβ)e
−jθ · ejθ

= (vα − jvβ)(iα + jiβ)

= (vαiα + vβiβ) + j(vαiβ − vβiα) (13.32)
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Equating real and imaginary parts, we get the expression for IRP(q) defined
in Eq. (13.21).

Many references (including [15]) define iβ (or vβ) according to the
following equation

fβ =

√

2

3

[√
3

2
fb −

√
3

2
fc

]

(13.33)

However q is still defined according to Eq. (13.21). The two equations are
inconsistent. If fβ is defined according to Eq. (13.33) instead of Eq. (13.29),
the expression for q will be negative of what is defined in Eq. (13.21). For
the balanced, linear load supplied by positive sequence voltage supply, we
get

vα = V cosω0t, vβ = −V sinω0t

iα = I cos(ω0t− φ), iβ = −I sin(ω0t− φ)

(Note that both vβ and iβ are defined according to Eq. (13.29)). The
expression for q (according to Eq. (13.21)) results in

q = V I sinφ

3. Since the zero sequence component (i0) of the load current is
always zero in a 3 wire system, we can express the total instantaneous power
(pΣ)

pΣ = vαiα + vβiβ (13.34)

Note that i0 is defined as

i0 =
1√
3
[ia + ib + ic] (13.35)

Since we are using power-invariant transformation, pΣ is given by the general
expression

pΣ = vαiα + vβiβ + v0i0

Using α−β coordinates instead of phase (a,b and c) coordinates, we
can define

ip =
pΣ

v2α + v2β

[

vα
vβ

]

, iq =
q

v2α + v2β

[

−vβ
vα

]

(13.36)

Note that using α-β-0 transformation, we can define ip and iq as two-
dimensional vectors. This is valid even if v0 6= 0. The compensator injects
a current vector iq (as defined above) and the source current now contains
only ip. If pΣ and (v2α+v

2
β) are constants, the compensation is complete and

the source currents have minimum rms values.
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If (v2α + v2β) remains constant even in the presence of unbalanced
(negative sequence) and harmonic currents in the (nonlinear) load, the in-
stantaneous powers p and q contain time-varying (periodic) components in
addition to constant components. The expression for iq is unaltered in this
case also. However, the minimum source current is now expressed as

iact(t) =
PΣ
V 2
Σ

[

vα
vβ

]

(13.37)

where

PΣ =
1

T

∫ T

0
pΣ(t)dt, V 2

Σ =
1

T

∫ T

0
(v2α + v2β)dt = v2α + v2β

The compensation of the current [ip(t) − iact(t)] requires energy storage el-
ements. If a STATCOM is used for compensation, the DC capacitor must
absorb and provide the required energy as pΣ(t) varies over a period (of
supply frequency).

The compensator currents can be expressed in terms of phase coor-
dinates using the relationships given below.

iCa =

√

2

3
iCα, iCb =

√

2

3

[

−1

2
iCα −

√
3

2
iCβ

]

iCc =

√

2

3

[

−1

2
iCα +

√
3

2
iCβ

]

iCβ and iCβ are defined from

[

iCα
iCβ

]

= ip(t)− iact(t) + iq(t) (13.38)

Expressions for Current and Power Components
Using Phase Coordinates

In reference [8], the expressions for the instantaneous current (and power)
components are given using phase coordinates (a,b and c) without transfor-
mation. This is based on the application of linear vector spaces.

In a three dimensional vector space, there are three independent
orthogonal vectors that span the space. We call these as basis vectors if
their lengths are unity. Note that a vector V has length unity if

(V, V ) = V TV = 1
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The inner product of two vectors U and V is defined as

(U, V ) =
∑

i

UiVi

Two vectors are said to be orthogonal if their inner product is zero.

For a specified set of three phase voltages, we can define three or-
thogonal vectors as follows

V T
0 =

v0√
3
[1 1 1], v0 =

1√
3
(va + vb + vc)

V T
p = V T − V T

0 , V T = [va vb vc]

V T
q =

1√
3
[vb − vc vc − va va − vb]

A current vector I defined by

IT = [ia ib ic]

can be expressed as a linear combination of the three vectors as follows.

I = α0V0 + αpVp + αqVq (13.39)

where,

α0 =
p0
|V0|2

, αp =
p

|Vp|2
, αq =

q

|Vq|2
p0 = ITV0, p = ITVp, q = ITVq

For a three wire system, p0 is always zero. Hence I can be expressed as

I = Ip + Iq (13.40)

where
ITp = [ipa ipb ipc], ITq = [iqa iqb iqc]

and
Ip =

p

|Vp|2
Vp, Iq =

q

|Vq|2
Vq

It can be shown that |Vp|2 defined by

|Vp|2 =
2

3
(v2a + v2b + v2c )−

1

3
(vavb + vbvc + vcva)

= v2α + v2β

Similarly, |Vq|2 = v2α + v2β.

The concept of orthogonal decomposition of vectors can be extended
to electrical networks with m phases (and m wires). This is presented in the
next section.
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Figure 13.3: A m-phase, m-wire network

13.3 Three Phase Four Wire Systems

The analysis of a three phase, four wire systems can be considered as a
special case of m-phase, m-wire system (see Fig. 13.3). We can define the
current and voltage vectors for this system as

IT = [i1 i2 i3 . . . im]

V T = [v1 v2 v3 . . . vm]

with the constraint
m
∑

k=1

ik = 0 (13.41)

Note that all the voltages are expressed with reference to a bus ‘r’ (not
necessarily ground bus).

There is a general result which is useful in defining instantaneous
power in a m-phase, m-wire system. This is given below.

Lemma: Given two m-dimensional vectors, V and I, we can express

V = Vp + V0, I = Ip + I0 (13.42)

where

V0 =
v0√
m
E, I0 =

i0√
m
E,

v0 =
1√
m
(v1 + v2 + . . . vm), i0 =

1√
m
(i1 + i2 + . . . im)

ET = [1 1 ... 1]
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The scalar product (V, I) can be expressed as

(V, I) = (Vp, Ip) + (V0, I0)

The proof is straightforward as we can show

V T I = (V T
p + V T

0 )(Ip + I0)

= V T
p Ip + V T

0 I0 as V T
0 Ip = V T

p I0 = 0

In a m-wire system, I0 = 0 due to the constraint expressed by Eq. (13.41).
Hence the total instantaneous power pΣ can be expressed as

pΣ(t) = V T
p (t)Ip(t) = V T

p I (13.43)

In reference [17], V0 is termed as a vector of common mode (or ho-
mopolar) voltages. It is obvious that these voltages do not contribute to the
total instantaneous power as the power is affected only by the differences in
the voltages. (The choice of the reference bus has no effect). Reference [17]
also refers to v0√

m
as the voltage of a virtual star point (of a symmetrical load

of m unit resistances connected in star). Note that this is only a physical
explanation of the voltage v0√

m
. The actual load can have any configuration.

The voltages Vp can be viewed as the terminal voltages with reference to the
virtual star point (see Fig. 13.4).

m

1 2 m

p2p1 pm

++ +

r

=
+ +1 2( )m+

m

 . . .

v v v

v v vvo

Figure 13.4: Representation of applied voltages

It is obvious that the vector Vp can be expressed as a linear combi-
nation of (m− 1) independent m dimensional vectors as V T

p V0 = 0.
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Remarks

1. It is to be noted that v0 is not to be confused with zero sequence voltage
defined for a 3 phase, 3 wire system (Although for m = 3, the two are
identical).

2. In 3 phase, 3-wire systems, it is obvious that Vp can be expressed as a
linear combination of two independent vectors. In reference [15] these are
chosen using α− β components.

3. The concept of IRP cannot be extended to systems with m > 3.

+ + CaiCbiCci

ci i iab

i

Sai

bn cn

+

Sb

iSc

n

v vanv

Figure 13.5: A three-phase, four wire system with shunt compensator

The application of this general theory to three phase, 4-wire systems
(see Fig. 13.5) gives the following results.

V T
0 =

(var + vbr + vcr + vnr)

4
[1 1 1 1] (13.44)

where Vjr (j = a, b, c or n) indicates the voltage of terminal j with respect
to a reference bus r. The vector Vp can be expressed in terms of three
independent orthogonal vectors (Vx, Vy and Vz) as follows.

Vp = vxVx + vyVy + vzVz (13.45)

where
vx = (V, Vx), vy = (V, Vy), vz = (V, Vz)

Vx, Vy and Vz vectors are each of unit length. They are defined as [17]

V T
x =

[

√

2

3
− 1√

6
− 1√

6
0

]

(13.46)
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V T
y =

[

0
1√
2
− 1√

2
0

]

(13.47)

V T
z =

[

1√
12

1√
12

1√
12

−
√

3

4

]

(13.48)

If the neutral terminal is selected as reference, then vnr = 0. In this case, vx,
vy and vz are expressed in terms of van, vbn and vcn by the following vector
equation







vx
vy
vz






=

√

2

3







1 −1
2 −1

2

0
√
3
2 −

√
3
2

1
2
√
2

1
2
√
2

1
2
√
2













van
vbn
vcn






(13.49)

By comparing this equation to the definition of α, β and zero components,
we get,

vx = vα, vy = −vβ , vz =
1

2
vh (13.50)

Note that we have used the symbol vh (instead of v0) to denote the usual
zero-sequence voltage component defined for three phase systems. This is
done to avoid the clash with the symbol v0 we have used to denote common
mode voltage. Also note that vβ is defined in some of the literature as
negative of the expression used here.

It is also possible to express the current vector IT = [ia ib ic in] in
terms of three orthogonal independent vectors Vx, Vy and Vz as follows

I = ixVx + iyVy + izVz (13.51)

where ix = (I, Vx), iy = (I, Vy) and iz = (I, Vz).

Equation (13.51) follows from the fact that

ia + ib + ic + in = 0 (13.52)

When Eq. (13.52) is substituted in (13.51) we can express ix, iy and iz in
terms of ia, ib and ic as







ix
iy
iz






=

√

2

3







1 −1
2 −1

2

0
√
3
2 −

√
3
2√

2
√
2
√
2













ia
ib
ic






(13.53)

In comparison with iα, iβ and ih (zero sequence component), we get,

ix = iα, iy = −iβ, iz = 2ih (13.54)



13. Load Compensation and Distribution STATCOM 447

The desired compensator currents that are to be injected are ob-
tained as

iCx = ix − iSx
iCy = iy − iSy (13.55)

iCz = iz − iSz

The desired source currents are obtained as






iSx
iSy
iSz






=

pΣ(t)

(v2x + v2y + v2z)







vx
vy
vz






(13.56)

where pΣ(t) = ITVp = ixvx + iyvy + izvz.

The compensator currents (iCa, iCb and iCc) are obtained after trans-
formation from x, y and z components and are given by







iCa
iCb
iCc






=

√

2

3









1 0 − 1
2
√
2

−1
2

√
3
2 − 1

2
√
2

−1
2 −

√
3
2

1
2
√
2















iCx
iCy
iCz






(13.57)

Remarks

1. The major difference with the modified IRP theory is that

v2x + v2y + v2z = v2α + v2β +
v2h
4

(13.58)

Note that L.H.S 6= v2h + v2α + v2β unless vh = 0.

2. In reference [18], the original IRP theory is modified to define a new
reactive current component (ir) and modify ip. The current ip is modified
to

ip =
pΣ(t)

|v0αβ |2
v0αβ (13.59)

where

pΣ = vT0αβi0αβ = vT0αβip,

vT0αβ = [v0 vα vβ], iT0αβ = [i0 iα iβ]

The current component ir is defined as

ir = (i0 − ip0)
|v0αβ |
|vαβ |

(13.60)
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where i0 is the zero sequence current, |vαβ| is defined as
√

v2α + v2β. Similarly

|v0αβ| = (v20 + v2α + v2β)
1/2. Note that ir represents the reactive current

component in the zero sequence current.

There is no need to define multiple components of the instantaneous
reactive current. The basic definition of iq = i− ip is valid for all cases. The
major problem arises from the desire to extend the concept of IRP (q) to
four wire systems and this is not feasible.

13.4 A Case Study

v
S

Cdc

iS iC

Unbalanced
&

Non-linear
Load

iLvtR s
Ls

Lf

Figure 13.6: System diagram

A distribution system supplying an unbalanced and nonlinear load
is taken up for study. The system diagram is shown in Fig. 13.6 which
shows the source impedance (Rs and Ls). A STATCOM of suitable rating is
connected in parallel with the load. In general, the STATCOM is connected
through a step-up transformer. The load consists of a linear unbalanced load
and a nonlinear rectifier load. It is assumed that the supply voltage is sinu-
soidal positive sequence voltage. However, the flow of load currents through
the system impedance causes the voltage at PCC (Vt) to be unbalanced and
contain harmonics. The source and the load data are given below.

Source: Vs = 415 V, f = 50 Hz, Ls = 40 mH, Xs

Rs
= 8

Load: Unbalanced R-L load: Ra = 50 Ω, La = 200 mH Rb = 75 Ω,
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Lb = 225 mH, Rc = 25 Ω, Lc = 175 mH

Nonlinear load: Three phase diode rectifier with Rd = 125 Ω, Ld =
30 mH (on DC side).

The objectives of the compensator are:

1) The source currents should be sinusoidal and contain only positive
sequence components

2) The power factor or the voltage magnitude at PCC should be
controlled.

Cdc R dc

iCbiCa
iCc

Lf Lf
Lf

Figure 13.7: Configuration of DSTATCOM

Since VS is assumed to be positive sequence and sinusoidal, the PCC
voltage would also be sinusoidal and contain only positive sequence compo-
nents, if the first objective is met. To achieve this objective, the compensator
should be able to inject negative, zero sequence fundamental frequency com-
ponents in addition to harmonic currents of all sequences. The configuration
of DSTATCOM chosen is shown in Fig. 13.7. It contains three single phase
full bridge converters connected to a common DC bus. The DC bus voltage
is held by the capacitor Cdc. Since there is no energy source connected to
the DC bus, the average power exchanged by the DSTATCOM is zero if the
switches are ideal and losses in the reactors and capacitor are zero. However,
in practice, the losses are to be supplied by the active power drawn from the
AC system. To stabilize the capacitor voltage in steady state, a DC bus
voltage control is necessary. It is to be noted that as the power supplied to
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the load varies over the time period (of fundamental (supply) frequency),
the capacitor will charge and discharge resulting in a voltage ripple. This
is required to minimize the rms current supplied from the source to achieve
unity factor at PCC.

As discussed in the previous section, the reference for the source
current vector is first computed and the desired compensator currents are
obtained as the difference between the load and the source (reference) cur-
rents. To inject the desired currents, DSTATCOM must have a high band-
width closed loop current control loop. We will discuss the current control
scheme later. The determination of reference source current vector is based
on two approaches

1) Based on Synchronous Reference Frame (SRF)

2) Based on computation of Iact(t)

The data for the STATCOM selected are: Vdc = 400 V, Cdc = 5000
µF, Rdc = 6000 Ω, Lf = 25 mH.

13.5 Synchronous Reference Frame Based
Extraction of Reference Currents

The block diagram of the control scheme to generate the reference values of
the compensator currents is shown in Fig. 13.8. The desired source currents
(in d-q components) are obtained as

i∗Sd = īLd + iCd (13.61)

i∗Sq = Kq īLq + uiCq (13.62)

where īLd and īLq are the average values of the d- and q- axis components
of the load current, iCd is the output of the DC voltage controller and iCq
is the output of the AC voltage controller (if the bus voltage (Vt) is to be
regulated). u is a logical variable equal to (a) zero if PF is to be regulated
and (b) one if bus voltage is to regulated. Kq = 1 in the latter case. When
PF is to be controlled, Kq is determined by the required power factor as
follows.

Kq =
Q∗
S

Q̄L
(13.63)

where Q∗
S is the reference reactive power supplied by the source (at PCC)

and Q̄L is the average reactive power (at fundamental frequency) defined by

Q̄L = |Vt |̄iLq (13.64)
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Figure 13.8: Block diagram of the control scheme using SRF
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For unity power factor, Q∗
S = 0 and Kq = 0. The average values of iLd

and iLq are obtained as the outputs of two identical low pass filters and are
defined as

[

īLd
īLq

]

= G(s)

[

iLd
iLq

]

(13.65)

where G(s) is chosen as the transfer function of a 2nd order Butterworth
low pass filter (with a corner frequency of 30 Hz). The d-q components are
computed from the following relations

[

iLd
iLq

]

=

[

cosωt − sinωt
sinωt cosωt

] [

iLα
iLβ

]

(13.66)

where the α− β components are obtained as

[

iLα
iLβ

]

=

√

2

3

[

1 −1
2 −1

2

0 −
√
3
2

√
3
2

]
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(13.67)

The reference vector of source currents is given by
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[

i∗Sα
i∗Sβ

]

(13.68)

where the α− β currents are given by
[

i∗Sα
i∗Sβ

]

=

[

cosωt sinωt
− sinωt cosωt

] [

i∗Sd
i∗Sq

]

(13.69)

Note that ω is the supply frequency expressed in radians/sec. The
unit vectors sinωt and cosωt are obtained from Phase-Locked Loop (PLL)
which is locked to the PCC voltage.

Results of the Case Study

The DC voltage regulator is designed as a proportional controller with a
gain of 0.6. The AC voltage controller is designed as a PI controller with
Kp = −0.2 and KI = −40 (Note that a positive error requires i∗Sq to be
reduced. This implies that iCq should be reduced when the error, (V ∗

t − Vt)
is positive).

For the case of (a) power factor correction with Kq = 0.0, the steady
state wave forms of the (i) load currents (ii) compensator currents (iii) source
currents and (iv) PCC voltages are shown in Fig. 13.9. The PCC voltage
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(vta) and source current (iSa) are shown in Fig. 13.10 with and without
compensation. Note that the source current not only becomes sinusoidal,
but also remains in phase with the PCC voltage after compensation. Fig.
13.11 shows the zero sequence component in the source current before and
after compensation.
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Figure 13.9: Current and PCC voltage waveforms

The Total Harmonic Distortion (THD) in the load current is in the
range of 15 to 17% for the three phases. (Note that the load is unbalanced).
After compensation, the THD in source currents is reduced to about 2.3%.
The THD in voltages reduces from 1.6% to 0.6%.

If AC voltage regulator is included, and V ∗
t = 415 V, the variation

of |Vt| is shown in Fig. 13.12 as the compensator is switched on at t = 0.2
s. The settling time is less than 0.1 s. The ripple in the voltage magnitude
is negligible.

13.6 Instantaneous Active and Reactive
Current Based Extraction of
Reference Currents

In this method, the vector of reference source currents is expressed as

i∗S = Gvt +Bvqt (13.70)
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Figure 13.10: PCC voltage and source current
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Figure 13.11: Zero sequence component of the source current
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Figure 13.12: PCC voltage (line to line) magnitude

where G and B are defined as

G =
P ∗
S

V 2
Σ

, B =
Q∗
S

V 2
Σ

(13.71)

where P ∗
S andQ∗

S are the average power and reactive power (reference values)
supplied by the source and are expressed as

P ∗
S = PL +∆PS , Q∗

S = r∗P ∗
S (13.72)

The value of r determines the reactive power to be supplied by the source.
∆PS is the output of the DC voltage controller. PL and V 2

Σ are defined from
the following equations.

PL =
1

T

∫ T

0
pΣ(t)dt =

1

T

∫ T

0
(vTt iL)dt (13.73)

V 2
Σ =

1

T

∫ T

0
(v2ta + v2tb + v2tc)dt (13.74)

The voltage vector vqt is a unit vector that is orthogonal to vt and thus
satisfies

vTt v
q
t = 0 (13.75)

in addition to the constraint
∑

m

vqtm = 0, m = a, b and c (13.76)
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The above equation implies that the zero sequence component of vqt is zero.
vqt that satisfies both Eq. (13.75) and (13.76) is obtained as

vqt =
1√
3







0 1 −1
−1 0 1
1 −1 0













vta
vtb
vtc






(13.77)

Note that the length of the vector vqt is unity.

We can have two options for the choice of the reactive power or the
ratio r.

1) Reactive power or power factor control. Here the reference value
of r is specified as

r∗ = tanφ∗S (13.78)

For unity power factor control, r∗ = 0.

2) PCC Voltage control. Here, r∗ is obtained as the output of the
integral controller used for regulating the PCC voltage. Thus,

r∗ =
KI

s
[(V ∗

t )
2 − V 2

t ] (13.79)

Fig. 13.13 shows the block diagram of the controller for determining
the reference current vector (for the source and the compensator). Both
cases (a) reactive power control and (b) PCC voltage control are considered.

Results of the Case Study

The results were found to be comparable or even slightly better than that
presented in the previous control scheme using SRF. For case (a), the PCC
voltage (vta) and the source current (iSa) with and without compensation
are shown in Fig. 13.14. The compensator is started at t = 0.2 s and the
variation of the DC voltage (Vdc) is shown in Fig. 13.15. It is observed that
Vdc settles down in about 100 ms (5 cycles). The average steady state value
of Vdc = 400.5 V.

For case (b) with PCC voltage control, the variation of PCC voltage
magnitude (with V ∗

t = 415 V) is shown in Fig. 13.16. (Note that the
compensator is started at 0.2 s). The overshoot for this case is less than
what was observed for the case with SRF control scheme. The DC voltage
also settles down within 0.1 s (see Fig. 13.17).
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Figure 13.14: PCC voltage and source current
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Figure 13.15: DC bus voltage (power factor control)
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Figure 13.16: PCC voltage (line to line) magnitude
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Figure 13.17: DC bus voltage (PCC voltage control)
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Discussion

In this control scheme, there is no need for PLL and thus simpler to imple-
ment. The average values of power (PL) and V

2
Σ are obtained as the outputs

of the low pass filters as shown in Fig. 13.13. It is also possible to use moving
average filter that computes the average over a period (corresponding to the
supply frequency).

The results obtained from both control schemes are excellent. The
modulation used is sine PWM using a triangular carrier wave of frequency
5 kHz.

13.7 Application of DSTATCOM for
Reactive Power Compensation
and Voltage Regulation

Initial application of DSTATCOM (using GTO devices) was primarily for
the control of (fundamental frequency) reactive power control and voltage
regulation. SVCs have been applied for this purpose earlier. A DSTATCOM
has obvious advantages over a SVC as discussed in chapter 6. A major
advantage relates to the improved speed of response, capacity for transient
overload (up to one second) in addition to the improved performance at
reduced voltages.

Reference [2] describes a case study on a ± 12 MVAR STATCOM
connected at a 12.5 kV, 150 MW substation of Commonwealth Edison of
Chicago, U.S.A. The benefits achieved are

1. Limiting voltage swells caused by capacitor switching

2. Reduction of voltage sags due to common feeder faults

3. Controlling the voltage fluctuations caused by customer load varia-
tions. It was found that voltage fluctuations were reduced from 2.5%
to 0.2% with DSTATCOM. This reduces voltage flicker substantially.

4. Based on the control algorithm, the frequency of mechanical switching
operations (involving load tap changing (LTC) transformers and me-
chanically switched capacitors) is reduced that is beneficial for main-
tenance.

5. Increase in the maximum loadability of the system (in particular, in-
crease in the induction motor load that can remain stable through a
major disturbance, such as a loss of primary infeed).
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The controller of DSTATCOM suggested in [2] has three levels given
below

1. Fast voltage regulator

2. Fast current limiter and overload management control

3. Slow reset control

The voltage regulator has a response time of few cycles. The second
level of control allows the inherent short-term overload capability of DSTAT-
COM to be utilized for better performance while protecting the equipment.
The third level of control involving slow reset ensures that the DSTATCOM
does not remain near limits over an extended period of time. The objec-
tive is to ensure that the DSTATCOM remains ready to respond quickly
to subsequent disturbances. The reset control acts on the voltage reference
(within limits) and works with a delay (of typically 2 minutes). The output
of DSTATCOM is ramped back to lie within a specified deadband of ± 1.2
MVAR, at a rate of 0.5 MVAR per minute. The control is coordinated with
existing mechanically switched devices.

The voltage flicker can be reduced by 50% from applying a DSTAT-
COM in comparison with a SVC [19]. The controller design of a DSTATCOM
based on analytical model is presented in [13] and the predictions on the per-
formance are validated by experimental results. In reference [20] a unified
control to mitigate voltage sag and flicker is presented, based on Kalman
filter.

13.8 Current Control Techniques for PWM
Converters

Compensators based on voltage source pulse-width modulated (VS-PWM)
converters use a control structure comprising an internal current feedback
loop [10]. The basic block diagram of current controlled PWM (CC-PWM)
converter is shown in Fig. 13.18. The design of current controller has to
consider the following aspects or constraints.

1. Modulation that involves hard switching or soft switching (using RDCL
(Resonant DC Link) converter). There are constraints on the switching
instants for the latter case. Further, modulation generates high order
voltage harmonics located around switching frequency which should
be high enough.
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Figure 13.18: Basic block diagram of CC-PWM converter

2. Current ripple and switching frequency. Modulation produces cur-
rent ripple that depends on the average AC voltage, DC voltage and
switching frequency. If switching frequency remains constant, the rip-
ple varies with the AC voltage. On the other hand, for constant ripple
magnitude, the modulation frequency has to vary. The power losses
put a limitation on the average switching frequency. Filtering require-
ments may also enforce a constant switching frequency.

3. Phase interference effect: While phase voltage can be controlled in-
dependently, phase currents are determined often by all the phase
voltages. Thus a phase interference occurs that must be taken into
account.

4. DC link voltage limit: A voltage reserve is required to force an AC
side current according to its reference value.

The basic requirements of current control are listed below:

1. No phase and amplitude errors over a wide output frequency range.

2. High dynamic response

3. Limited or constant switching frequency to guarantee safe operation
of the power semiconductor devices
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4. Low harmonic content

5. Good DC link voltage utilization.

A criterion for the evaluation of the performance of the current con-
trol is based on the RMS value of the error vector, defined by

RMS =

[

1

T

∫ T

0
(ε2A + ε2B + ε2C)dt

]1/2

The current control (CC) techniques can be classified into two main groups,
linear and nonlinear controllers [10]. There are four types of linear con-
trollers, namely

(a) Stationary (PI) controller also called the ramp comparison current con-
troller, uses 3 PI controllers to produce voltage commands for a three
phase sinusoidal PWM. In this scheme, comparison with the triangular
carrier signal generates the control signals (switching functions) Sa, Sb
and Sc.

(b) Synchronous vector controller (PI). Here two PI controllers are used
to drive the errors in the d-q components (of currents) to zero.

(c) State feedback controller working in stationary (αβ) or synchronously
rotating (reference frame) coordinates. The feedback gain matrix is
usually based on the pole assignment technique to guarantee sufficient
damping.

(d) Predictive and deadbeat controllers: This technique predicts at the
beginning of each sampling period, the current error vector on the basis
of the present error and the AC side parameters. The voltage vector to
be generated by PWM during the next sampling period is determined
to minimize the forecast error. The prediction controller that aims at
reducing the error to zero is often called a deadbeat controller.

Nonlinear control methods include hysteresis, delta modulation and
on-line optimized controllers [10]. For hard switched converters, hysteresis
current controllers are simple to implement. The switching signals, Sa, Sb
and Sc are produced directly when the error exceeds an assigned tolerance
band. The advantages of hysteresis CC are simplicity, robustness, no track-
ing errors and good dynamics limited only by the switching speed. However,
the converter switching frequency is not constant and the operation can
be affected by the limit cycle which may complicate the protection of the
converter.
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13.9 Application of Composite
Compensation

As installation of DSTATCOMs is expensive a composite compensation
scheme involving not only reactive power compensation/voltage regulation
(at fundamental frequency) but also active filtering becomes important [12].
High power IGBT devices that can operate up to 2 kHz switching frequency
are already used in VSC based HVDC converters (rated below 300 MW).
It is anticipated that faster devices will be available at reasonable costs to
apply composite shunt compensation in distribution systems.
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Chapter 14

Dynamic Voltage Restorer and
Unified Power Quality Conditioner

14.1 Introduction

In the previous chapter, the load compensation techniques using shunt com-
pensators were considered. The major objectives are to increase the capacity
utilization of distribution feeders (by minimizing the rms values of the line
currents for a specified power demand), reduce the losses and improve power
quality at the load bus. The major assumption was to neglect the variations
in the source voltages. This essentially implies that the dynamics of the
source voltage is much slower than the load dynamics.

When the fast variations in the source voltage cannot be ignored,
these can affect the performance of critical loads such as (a) semiconductor
fabrication plants (b) paper mills (c) food processing plants and (d) automo-
tive assembly plants. The most common disturbances in the source voltages
are the voltage sags or swells that can be due to (i) disturbances arising in
the transmission system, (ii) adjacent feeder faults and (iii) fuse or breaker
operation. Voltage sags of even 10% lasting for 5-10 cycles can result in
costly damage in critical loads. The voltage sags can arise due to symmet-
rical or unsymmetrical faults. In the latter case, negative and zero sequence
components are also present.

Uncompensated nonlinear loads in the distribution system can cause
harmonic components in the supply voltages. To mitigate the problems
caused by poor quality of power supply, series connected compensators are
used. These are called as Dynamic Voltage Restorer (DVR) in the liter-
ature as their primary application is to compensate for voltage sags and
swells. Their configuration is similar to that of SSSC, discussed in chapter
7. However, the control techniques are different. Also, a DVR is expected to
respond fast (less than 1/4 cycle) and thus employs PWM converters using
IGBT or IGCT devices.

The first DVR entered commercial service on the Duke Power System
in U.S.A. in August 1996. It has a rating of 2 MVA with 660 kJ of energy
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storage and is capable of compensating 50% voltage sag for a period of 0.5
second (30 cycles). It was installed to protect a highly automated yarn
manufacturing and rug weaving facility. Since then, several DVRs have
been installed to protect microprocessor fabrication plants, paper mills etc.
Typically, DVRs are made of modular design with a module rating of 2 MVA
or 5 MVA. They have been installed in substations of voltage rating from 11
kV to 69 kV.

A DVR has to supply energy to the load during the voltage sags. If
a DVR has to supply active power over longer periods, it is convenient to
provide a shunt converter that is connected to the DVR on the DC side. As
a matter of fact one could envisage a combination of DSTATCOM and DVR
connected on the DC side to compensate for both load and supply voltage
variations. The combined compensator is termed as Unified Power Quality
Conditioner (UPQC) which has a configuration similar to UPFC discussed
in chapter 8. However, the control objectives are different.

In this chapter, both series connected DVR and UPQC are described.
Their operation and control methods are explained. The performance of a
DVR and a UPQC are illustrated with the help of case studies.

14.2 Dynamic Voltage Restoration

In this section, we discuss the application of DVR for fundamental frequency
voltage (magnitude) restoration. The configuration of a DVR is shown in
Fig. 14.1. The voltage source converter is typically one or more converters
connected in series to provide the required voltage rating. The DVR can
inject a (fundamental frequency) voltage in each phase of required magnitude
and phase. The DVR has two operating modes

1. Standby (also termed as short circuit operation (SCO) mode) where
the voltage injected has zero magnitude.

2. Boost (when the DVR injects a required voltage of appropriate mag-
nitude and phase to restore the prefault load bus voltage).

The power circuit of DVR shown in Fig. 14.1 has four components listed
below.

1. Voltage Source Converter (VSC)

This could be a 3 phase - 3 wire VSC or 3 phase - 4 wire VSC. The latter
permits the injection of zero-sequence voltages. Either a conventional two
level converter (Graetz bridge) or a three level converter is used.
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Figure 14.1: Dynamic Voltage Restorer

2. Boost or Injection Transformers

Three single phase transformers are connected in series with the distribution
feeder to couple the VSC (at the lower voltage level) to the higher distri-
bution voltage level. The three single transformers can be connected with
star/open star winding or delta/open star winding. The latter does not per-
mit the injection of the zero sequence voltage. The choice of the injection
transformer winding depends on the connections of the step down trans-
former that feeds the load. If a ∆ − Y connected transformer (as shown in
Fig. 14.1) is used, there is no need to compensate the zero sequence volt-
ages. However if Y − Y connection with neutral grounding is used, the zero
sequence voltage may have to be compensated.

It is essential to avoid the saturation in the injection transformers.

3. Passive Filters

The passive filters can be placed either on the high voltage side or the con-
verter side of the boost transformers. The advantages of the converter side
filters are (a) the components are rated at lower voltage and (b) higher order
harmonic currents (due to the VSC) do not flow through the transformer
windings. The disadvantages are that the filter inductor causes voltage drop
and phase (angle) shift in the (fundamental component of) voltage injected.
This can affect the control scheme of DVR. The location of the filter on
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the high voltage side overcomes the drawbacks (the leakage reactance of the
transformer can be used as a filter inductor), but results in higher ratings of
the transformers as high frequency currents can flow through the windings.

4. Energy Storage

This is required to provide active power to the load during deep voltage sags.
Lead-acid batteries, flywheel or SMES can be used for energy storage.

It is also possible to provide the required power on the DC side of
the VSC by an auxiliary bridge converter that is fed from an auxiliary AC
supply [5].

Control Strategy [5]

There are three basic control strategies as follows.

1. Pre-Sag Compensation

The supply voltage is continuously tracked and the load voltage is compen-
sated to the pre-sag condition. This method results in (nearly) undisturbed
load voltage, but generally requires higher rating of the DVR.

Before a sag occur, VS = VL = Vo. The voltage sag results in drop in
the magnitude of the supply voltage to VS1. The phase angle of the supply
also may shift (see Fig. 14.2). The DVR injects a voltage VC1 such that
the load voltage (VL = VS1 + VC1) remains at Vo (both in magnitude and
phase). It is claimed that some loads are sensitive to phase jumps and it is
necessary to compensate for both the phase jumps and the voltage sags.

V =VL=VoS

V
VS1

C1φ
δ

IL

Figure 14.2: Phasor diagram showing injected voltage by DVR

2. In-phase Compensation

The voltage injected by the DVR is always in phase with the supply voltage
regardless of the load current and the pre-sag voltage (Vo). This control
strategy results in the minimum value of the injected voltage (magnitude).
However, the phase of the load voltage is disturbed. For loads which are
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not sensitive to the phase jumps, this control strategy results in optimum
utilization of the voltage rating of the DVR.

The power requirements for the DVR are not zero for this strategy.

3. Minimum Energy Compensation

Neglecting losses, the power requirements of the DVR are zero if the injected
voltage (VC) is in quadrature with the load current. To raise the voltage at
the load bus, the voltage injected by the DVR is capacitive and VL leads
VS1 (see Fig. 14.3). Fig. 14.3 also shows the in-phase compensation for
comparison. It is to be noted that the current phasor is determined by the
load bus voltage phasor and the power factor of the load.

VC2 Injected voltage in 
quadrature with the 

current
C2V

Vo

VS1
VC3

IL

φ

VS1
VC3 voltage injected in

phase with 

Figure 14.3: Alternate DVR control strategy

Implementation of the minimum energy compensation requires the
measurement of the load current phasor in addition to the supply voltage.

When VC is in quadrature with the load current, DVR supplies only
reactive power. However, full load voltage compensation is not possible
unless the supply voltage is above a minimum value that depends on the
load power factor.

When the magnitude of VC is not constrained, the minimum value
of VS that still allows full compensation is

V min
S = Vo cosφ (14.1)

where φ is the power factor angle and Vo is the required magnitude of the
load bus voltage.

If the magnitude of the injected voltage is limited (V max
C ), the mini-

mum supply voltage that allows full compensation is given by

V min
S = [V 2

o − 2VoV
max
C sinφ+ (V max

C )2]1/2 (14.2)

The expressions (14.1) and (14.2) follow from the phasor diagrams shown in
Fig. 14.4. Note that at the minimum source voltage, the current is in phase
with VS for the case (a).
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Figure 14.4: Phasor diagrams determining V min
S with quadrature injection

If the source voltage magnitude is less than V min
S , the DVR has to

supply non-zero energy to provide full compensation. But it is possible
to devise a strategy that results in minimum energy requirement for full
compensation [4].

Control and Protection

The control and protection of a DVR designed to compensate voltage sags
must consider the following functional requirements.

1. When the supply voltage is normal, the DVR operates in a standby
mode with zero voltage injection. However if the energy storage device
(say batteries) is to be charged, then the DVR can operate in a self-
charging control mode.

2. When a voltage sag/swell occurs, the DVR needs to inject three single
phase voltages in synchronism with the supply in a very short time.
Each phase of the injected voltage can be controlled independently in
magnitude and phase. However, zero sequence voltage can be elimi-
nated in situations where it has no effect.

The DVR draws active power from the energy source and supplies this
along with the reactive power (required) to the load.

3. If there is a fault on the downstream of the DVR, the converter is by-
passed temporarily using thyristor switches to protect the DVR against
overcurrents. The threshold is determined by the current ratings of the
DVR.

The controller is generally an open loop type as shown in Fig. 14.5.
The three phase supply voltages are measured and transformed into d-q com-
ponents through α− β components. The transformation to d-q components
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Figure 14.5: Open loop controller for DVR

requires a PLL with inputs from the supply voltage. The d-q components
of the supply voltage are subtracted from the reference values of the (de-
sired) load bus voltage d-q components to give the required values of the
injected voltage (d-q components). These are transformed to the required
three phase injected voltages.

The overall design of DVR must consider the following parameters:

1. Ratings of the load and power factor

2. Voltage rating of the distribution line

3. Maximum single phase sag (in percentage)

4. Maximum three phase sag (in percentage)

5. Duration of the voltage sag (in milliseconds)

6. The voltage time area (this is an indication of the energy requirements)

7. Recovery time for the DC link voltage to 100%

8. Overcurrent capability without going into bypass mode.

Typically, a DVR may be designed to protect a sensitive load against
35% of three phase voltage sag or 50% of the single phase sag. The duration
of the sag could be 200 ms. The DVR can compensate higher voltage sags
lasting for shorter durations or allow longer durations (up to 500 ms) for
smaller voltage sags. The response time could be as small as 1 ms.

14.3 Series Active Filtering

The series connected power (quality) conditioner can be designed as an active
filter to provide harmonic isolation between the source and the load. The
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harmonics in the source voltage can be compensated by series connected VSC
and the load bus voltage will contain only fundamental frequency balanced
voltages. If the load has linear characteristics, then the line currents will
be balanced (contain only positive sequence components) and sinusoidal.
The series converter can also compensate for the unbalance in the supply
without having to supply active power in steady state. Note that, here,
we are referring to steady state compensation against source harmonics and
unbalance. In the previous section, we dealt with transient compensation of
the voltage sags.

Control Strategies for Active Filtering

Fig. 14.6 shows a single phase equivalent circuit for harmonics, representing
a distribution feeder supplying a load. The load is assumed to be nonlinear
with ILh as the harmonic current. ZFh represents the harmonic impedance of
the shunt passive filter. VTh and ZTh represent Thevenin (harmonic) voltage
and impedance on the supply side. VCh is the harmonic voltage injected in
series.

+

ThV VLhVSh

+ISh

ZFh ILh

ThZ
VCh

Figure 14.6: Harmonic equivalent circuit for series active filtering

Reference [7] suggests three control methods for the series active
filter. These are,

1. Current detection method. Here VCh is controlled according to the
equation

VCh = −KISh (14.3)

2. Voltage detection method. Here VCh is controlled as

VCh = −VSh (14.4)

3. Combined method when VCh is obtained as

VCh = −KISh − VSh (14.5)
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K is a real number that represents a proportional gain of the controller.

The equivalent circuits of the system taking into account the three
control strategies listed above, are shown in Fig. 14.7. From these circuits
we can easily obtain the expressions for the load voltage harmonic (VLh) and
the source current harmonic (ISh). These are given below.

+

ThV VSh

ISh

ZFh ILh

VLhKThZ

(a) Current detecting method

ZFh ILh

ISh VLh= 0

(b) Voltage detecting
method

ZFh ILh

VLhKISh

(c) Combined method

Figure 14.7: Equivalent circuits for three control methods

1. Current detection method

VLh =
ZFh

ZTh + ZFh +K
VTh −

(ZTh +K)ZFh
ZTh + ZFh +K

ILh (14.6)

ISh =
1

ZTh + ZFh +K
VTh +

ZFh
ZTh + ZFh +K

ILh (14.7)

2. Voltage detection method

VLh = 0 (14.8)

ISh = ILh (14.9)
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3. Combined method

VLh =
−KZFh
ZFh +K

ILh (14.10)

ISh =
ZFh

ZFh +K
ILh (14.11)

It is to be noted that the subscript ‘h’ represents not only a harmonic
(of order h) but also any frequency component including low frequency com-
ponents corresponding to voltage flicker.

In method 1, both VLh and ISh are minimized if K À |ZTh + ZFh|.
However, for low frequencies, it is difficult to satisfy this condition as the
filter exhibits a high capacitive impedance at fundamental or lower frequency.
Thus, while the source current is unaffected by the harmonic currents in the
load, the load bus voltage is affected by the low frequency components in
the source voltage (such as voltage flicker).

In method 2, the load voltage remains sinusoidal, but the source
current harmonics are not attenuated. Actually, the passive filter in this
case, fails to filter the load current harmonics as the source appears as a
short circuit.

The combined method eliminates the disadvantages of the first two
methods. Not only the source voltage disturbances have no effect on the
load bus voltage, the source current harmonics are eliminated if K À |ZFh|.
This is easy to arrange for harmonic frequencies of 5f0 and above, where f0
is the fundamental (supply) frequency.

Remarks

1. If the source currents are balanced and sinusoidal, the series active
filter that compensates for harmonic voltages (from the source side)
does not have to supply or draw active power in steady state if losses
in the converter are neglected.

Similar comments also apply if the series active filter has to compen-
sate for the negative sequence voltages (at fundamental frequency).
However, the converter draws an oscillating power of frequency 2f0. If
the DC capacitor is finite, this results in a voltage ripple across the
DC capacitor.

2. If the series active filter has to compensate for the zero sequence volt-
ages, the instantaneous power exchanged by the converter remains zero
(as the zero sequence current in the line is zero).
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3. Only voltage variations at the fundamental frequency caused by flicker
requires a variable power exchange by the converter which can cause
large excursions in the capacitor voltage as the frequency of the distur-
bances is variable and low. Hence, the compensation of low frequency
flicker in the source voltage requires an energy source for satisfactory
operation of the series active filter.

4. Note that, in the absence of standardized terminology, we can label the
series active filter also as a DVR or series power quality conditioner
(SPQC) that compensates not only for the harmonic voltages but also
for the unbalance and flicker in the source voltages.

14.4 A Case Study on DVR

Load

vLvP
v
S

vC +

Cdc

iS

R s
Ls

Lf

fC

Figure 14.8: System diagram

A DVR is connected in series with the linear load to compensate for
the harmonics and unbalance in the source voltages and improve the power
factor on the source side (at PCC). The system diagram is shown in Fig. 14.8
which represents a 3 phase 50 Hz, 415 V distribution system. The source
inductance is 40 mH and Rs = 1.57 ohms. A Y connected balanced R-L
load is considered with R = 50 ohms, L = 200 mH. The harmonic distortion
in the source voltage is simulated by adding 20% of the 5th harmonic and
14% of the 7th harmonic. The unbalance in the source voltage is simulated
by adding 10% negative sequence and 10% of the zero sequence voltage to
the positive sequence (fundamental frequency voltage).
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Control Scheme

The major objective of the control strategy is to ensure that the load bus
voltages remain balanced and sinusoidal (positive sequence). Since the load
is assumed to be balanced and linear, the load currents will also remain
balanced (positive sequence) and sinusoidal. An additional objective is to
ensure that the source current remains in phase with the fundamental fre-
quency component of the PCC voltage. This requires that the reactive power
of the load is met by the DVR. It is also possible to arrange that DVR sup-
plies a specified fraction of the reactive power required by the load.

Cdc R dc

+ ++v
Ca CcvCbv

Lf
Cf

Cf
Cf LfLf

Figure 14.9: Configuration of DVR

The DVR configuration chosen is shown in Fig. 14.9. Here, three
single phase full bridge converters are connected to a common DC bus. The
sine PWM technique is used to control the DVR. The DC bus voltage is held
by the capacitor Cdc. Since no energy source is connected, the net real power
exchanged by the DVR is zero in steady state, if the losses are neglected.
However, to stabilize the operating point, a DC bus voltage control loop is
necessary.

The phasor diagram (see Fig. 14.10) shows the current phasor Is in
phase with the voltage phasor VP (PCC voltage). The source and the load
bus voltage phasors are also shown here. φ is the power factor angle of the
load. The voltage injected by the DVR (VC) ensures that the current IS is
in phase with VP .

From the phasor diagram, the d-q components of the load bus voltage
are given by

VLd = VP + VCd (14.12)
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Figure 14.10: Phasor diagram for the system

VLq = −VLd tanφ (14.13)

The Synchronous Reference Frame (SRF) approach is used to generate the
reference voltages for the DVR.

Fig. 14.11 shows the control scheme using SRF. The PCC voltage
VPa, VPb and VPc are transformed into d-q components using the following
equations.

[

VPα
VPβ

]

=

√

2

3

[

1 −1
2 −1

2

0 −
√
3
2

√
3
2

]







VPa
VPb
VPc






(14.14)

[

VPd
VPq

]

=

[

cosω0t − sinω0t
sinω0t cosω0t

] [

VPα
VPβ

]

(14.15)

where ω0 is the operating system frequency. In the synchronously rotating
reference frame, the positive sequence, fundamental frequency components
are transformed into DC quantities. The negative sequence components and
harmonic components (irrespective of the sequence) are transformed into
oscillating quantities of frequency (fdq) given by

fdq = fabc ∓ 1 (14.16)

where fabc is the frequency of the positive or negative sequence components
in the phase coordinates. The sign associated with the second term in the
R.H.S. of Eq. (14.16) is negative for positive sequence components and posi-
tive for negative sequence components. Note that zero sequence components
in the phase coordinates do not contribute to d-q components.
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Figure 14.11: Block diagram of the DVR controller

The synchronously rotating reference frame is synchronized with the
source current (IS) using a PLL. Therefore, the components VPd and VPq
are the active and reactive components of the PCC voltage.

The DC components in VPd and VPq are extracted by using a low
pass filter. Thus,

[

V̄Pd
V̄Pq

]

= G(s)

[

VPd
VPq

]

(14.17)

where V̄Pd and V̄Pq are the DC components. From Eq. (14.12) we derive
the reference for the active component of the load voltage (V ∗

Ld) as

V ∗
Ld = V̄Pd + VCd (14.18)

where VCd is obtained as the output of the DC voltage controller (with a
proportional gain Kp). A second order Butterworth low pass filter is used in
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the feedback path of the DC voltage controller to filter out high frequency
ripple in the DC voltage signal.

In steady state, VPq = 0 and VLq = −VLd tanφ. These two conditions
can be met by arranging

V ∗
Lq =

Kq

s
· VPq (14.19)

Kq is chosen to optimize the controller response.

From the reference values of V ∗
Ld and V ∗

Lq we can obtain the desired
load voltages in phase coordinates from the following equations.

[

V ∗
Lα

V ∗
Lβ

]

=

[

cosω0t sinω0t
− sinω0t cosω0t

] [

V ∗
Ld

V ∗
Lq

]

(14.20)
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(14.21)

Finally, the reference voltages for the DVR are given by

V ∗
Ca = V ∗

La − VPa
V ∗
Cb = V ∗

Lb − VPb
V ∗
Cc = V ∗

Lc − VPc (14.22)

Digital Simulation and Results

The DVR parameters are chosen as,

Cdc = 5000 µF, Rdc = 6000 Ω, Vdc = 400 V

Lf = 9.6 mH, Cf = 4.2 µF, Kp = −40, Kq = 7

The carrier frequency is assumed to be 5 kHz. The cut-off frequency
for both low pass filters is chosen as 30 Hz. The simulation is performed
using MATLAB/SIMULINK for the system shown in Fig. 14.8.

Fig. 14.12 shows the waveforms of vL, vC and iS before and after the
DVR is switched on at t = 0.2 s. It is observed that the load voltages and
consequently the source currents become balanced and sinusoidal after DVR
is switched on. Fig. 14.12 also shows the DC bus voltage (Vdc). The DC
voltage control loop stabilizes within 5 cycles and the average steady state
value of Vdc is 400.2 V.

The computation of the harmonic voltages in load bus voltages showed
that both 5th and 7th harmonics are reduced below 0.5% after the DVR is
switched on.
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Figure 14.12: Voltage and current waveforms

The fundamental frequency component of the PCC voltage VPa1 and
the source current isa are shown in Fig. 14.13. It is observed that VPa1 and
iSa remain in phase after the DVR is switched on. Fig. 14.14 shows the zero
sequence component of the load bus voltage in phase a before and after the
DVR is connected.

The results from the system simulation demonstrate the effective-
ness of the DVR in providing balanced, sinusoidal voltages at the load bus,
even though the supply voltages are unbalanced and contain appreciable
harmonics. The improvement of power factor at the PCC is also achieved
by a simple control scheme that drives the source current in phase with the
fundamental frequency component of the PCC voltage.

It is to be noted that the DVR will not be able to compensate for
the harmonics in the load current produced by nonlinear loads. This would
require shunt connected DSTATCOM. When both load compensation and
harmonic isolation (from the source) are required, then Unified Power Qual-
ity Conditioner (UPQC), to be described in the next section, is the appropri-
ate device for improvement of power quality. UPQC also helps in regulating
the load bus voltage in the presence of large variations (sag or swell) in the
supply voltages. The DVR with capacitor on the DC side has the limitations
of having to inject only reactive voltage in steady state. This may not be
able to compensate fully large variations in the PCC voltage.
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Figure 14.13: Fundamental PCC voltage and source current
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Figure 14.14: Zero sequence load bus voltage
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14.5 Unified Power Quality Conditioner

It was shown in the previous chapter that a shunt connected DSTATCOM
can balance the source currents and eliminate the harmonics in them in the
presence of unbalanced nonlinear loads. By injecting reactive current of de-
sired magnitude, the power factor (or displacement factor) on the source
side can be controlled. Instead of controlling the power factor, it is possible
to control the load bus voltage magnitude (within limits determined by the
source impedance). It was shown in the previous sections that a series con-
nected DVR can balance the voltages at the load bus in addition to isolation
of the harmonics from the source side.

The provision of both DSTATCOM and DVR can control the power
quality of the source current and the load bus voltage. In addition, if the
DVR and STATCOM are connected on the DC side, the DC bus voltage can
be regulated by the shunt connected DSTATCOM while the DVR supplies
the required energy to the load in case of the transient disturbances in source
voltage. The configuration of such a device (termed as Unified Power Quality
Conditioner (UPQC)) is shown in Fig. 14.15. This is a versatile device
similar to a UPFC. However, the control objectives of a UPQC are quite
different from that of a UPFC.

VSC1 VSC2

Source
Load

Figure 14.15: A Unified Power Quality Conditioner

Control Objectives of UPQC

The shunt connected converter has the following control objectives

1. To balance the source currents by injecting negative and zero sequence
components required by the load

2. The compensate for the harmonics in the load current by injecting the
required harmonic currents.
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3. To control the power factor by injecting the required reactive current
(at fundamental frequency)

4. To regulate the DC bus voltage.

The series connected converter has the following control objectives

1. To balance the voltages at the load bus by injecting negative and zero
sequence voltages to compensate for those present in the source.

2. To isolate the load bus from harmonics present in the source voltages,
by injecting the harmonic voltages

3. To regulate the magnitude of the load bus voltage by injecting the
required active and reactive components (at fundamental frequency)
depending on the power factor on the source side

4. To control the power factor at the input port of the UPQC (where the
source is connected. Note that the power factor at the output port of
the UPQC (connected to the load) is controlled by the shunt converter.

Operation of UPQC

I

+

L

VC

VS I

C

Figure 14.16: Equivalent circuit of ideal UPFC

The operation of a UPQC can be explained from the analysis of the
idealized equivalent circuit shown in Fig. 14.16. Here, the series converter is
represented by a voltage source VC and the shunt converter is represented by
a current source IC . Note that all the currents and voltages are 3 dimensional
vectors with phase coordinates. Unlike in the case of a UPFC (discussed in
chapter 8), the voltages and currents may contain negative and zero sequence
components in addition to harmonics. Neglecting losses in the converters,
we get the relation

〈VL, IC〉+ 〈VC , IS〉 = 0 (14.23)

where 〈X,Y 〉 denote the inner product of two vectors, defined by

〈X,Y 〉 = 1

T

∫ T

0
Xt(τ)Y (τ)dτ. (14.24)
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Let the load current IL and the source voltage VS be decomposed into two
components given by

IL = I1pL + IrL (14.25)

VS = V 1p
S + V r

S (14.26)

where I1pL contains only positive sequence, fundamental frequency compo-

nents. Similar comments apply to V 1p
S . IrL and V r

S contain rest of the load

current and the source voltage including harmonics. I1pL is not unique and
depends on the power factor at the load bus. However, the following relation
applies for I1pL .

PL = 〈VL, IL〉 = 〈VL, I1pL 〉 (14.27)

This implies that 〈IrL, VL〉 = 0. Thus, the fundamental frequency, positive
sequence component in IrL does not contribute to the active power in the
load.

To meet the control objectives, the desired load voltages and source
currents must contain only positive sequence, fundamental frequency com-
ponents and

PL = |V ∗
L I∗S | cosφl = |V 1p

S I∗S | cosφs (14.28)

where V ∗
L and I∗S are the reference quantities for the load bus voltage and

the source current respectively. φl is the power factor angle at the load bus
while φs is the power factor angle at the source bus (input port of UPQC).
Note that V ∗

L (t) and I
∗
S(t) are sinusoidal and balanced.

If the reference current (I∗C) of the shunt converter and the reference
voltage (V ∗

C) of the series converter are chosen as

I∗C = I∗L, V ∗
C = −V r

S + V 1p
C (14.29)

with the constraint
〈V 1p

C , I∗S〉 = 0 (14.30)

we have,
I∗S = I1pL , V ∗

L = V 1p
S + V 1p

C (14.31)

Note that the constraint (14.30) implies that V 1p
C is the reactive voltage in

quadrature with the desired source current, I∗S . It is easy to derive that

〈V ∗
C , I

∗
S〉 = 0 = 〈I∗C , V ∗

L 〉 (14.32)

The above equation shows that for the operating conditions assumed, a
UPQC can be viewed as a combination of a DVR and a STATCOM with
no active power flow through the DC link. However, if the magnitude of V ∗

L

is to be controlled, it may not be feasible to achieve this by injecting only
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reactive voltage. The situation gets complicated if V 1p
S is not constant, but

changes due to system disturbances or faults. To ensure the regulation of
the load bus voltage it may be necessary to inject variable active voltage (in
phase with the source current). If we express

VC = V ∗
C +∆VC , IC = I∗C +∆IC (14.33)

we get,
IS = I∗S −∆IC , VL = V 1p

S + V 1p
C +∆VC (14.34)

Substituting Eq. (14.34) in (14.23), we get

〈IS ,∆VC) + 〈VL,∆IC〉 = 0 (14.35)

In deriving the above, we assume that

〈IS , V ∗
C〉 = 0 = 〈VL, I∗C〉 (14.36)

This implies that both ∆VC and ∆IC are perturbations involving positive
sequence, fundamental frequency quantities (say, resulting from symmetric
voltage sags).

Equation (14.35) expresses the power balance on the DC side of the
shunt and series converter. The perturbation in VC is initiated to ensure
that

|V ∗
C +∆VC + VS | = |VL| = constant. (14.37)

Thus, the objective of the voltage regulation at the load bus may require
exchange of power between the shunt and series converters.

Remarks

1. The unbalance and harmonics in the source voltage can arise due to
uncompensated nonlinear and unbalanced loads in the upstream of the
UPQC.

2. The injection of capacitive reactive voltage by the series converter has
the advantage of raising the source voltage magnitude.

14.6 A Case Study on UPQC

The system considered is the same as in section 14.4 on DVR. However,
instead of a balanced R−L load, the load is assumed to consist of a 3 phase
half bridge diode rectifier in parallel with a Y connected unbalanced R− L
impedances. The configuration of the shunt converter is the same as that
used for the case study on the DSTATCOM in chapter 13.
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The control scheme for the shunt compensator is shown in Fig. 14.17.
The controller ensures that a fraction (Kq) of the reactive current (at the
fundamental frequency) required by the load is met by the source. If the
desired power factor is unity, then Kq = 0.0. The shunt compensator regu-
lates the DC bus voltage in addition to compensating for the harmonics and
unbalance in the load.
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Figure 14.17: Shunt compensator control scheme
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The control scheme for the series compensator is shown in Fig. 14.18.
The controller ensures the displacement factor at the source bus by modi-
fying v̄Pq (not shown here). In addition, the voltage magnitude at the load
bus is regulated and the unbalance, harmonics in the source voltages are
compensated.

Fig. 14.19 shows the waveforms of the currents and voltages in the
network. It is observed that the UPQC results in sinusoidal, balanced source
currents and the load voltages.
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Figure 14.18: Series compensator control scheme

At 0.6 sec, a voltage sag of 20% for a duration of 0.4 sec is simulated
by reducing the (fundamental frequency) positive sequence component of the
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Figure 14.19: Current and voltage waveforms

source voltage from 1.0 pu to 0.8 pu. The line to line voltage magnitudes
at the input and output ports of the UPQC are shown in Fig. 14.20. The
UPQC is started at 0.2 sec. The reduction in the source voltage at 0.6 sec has
no effect on the load bus voltage magnitude. The active and reactive powers
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Figure 14.20: Magnitude of PCC and load bus voltages
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Figure 14.21: Variation of active powers

supplied by the source (PS , QS), drawn by the load (PL, QL), supplied by
the series compensator (Pse, Qse) and the shunt compensator (Psh, Qsh) are



492 FACTS Controllers in Power Transmission and Distribution

0 0.2 0.4 0.6 0.8 1 1.2 1.4
−2

0

2

Q
S
 (k

V
A

R
)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
−2

0

2

4

Q
L (k

V
A

R
)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
−2

−1

0

1

−Q
se

 (k
V

A
R

)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

1

2

3

t (sec)

Q
sh

 (k
V

A
R

)

Figure 14.22: Variation of reactive powers

shown in Fig. 14.21 and 14.22. Since V ∗
Pq is assumed to be zero, the series

compensator and the source do not supply any reactive power (except during
a transient). It is interesting to observe that the variations in the reactive
powers during the voltage sag are small. The maintenance of the desired
voltage magnitude at the load bus requires positive power output from the
series compensator which is supplied by the shunt compensator through the
DC link. The voltage sag results in increase in the power exchange between
the series and shunt compensators. However, the load power and reactive
powers drawn are unaltered by the voltage sag.
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Appendix A

Modelling of Synchronous
Generator

In this Appendix, we consider the modelling of a synchronous machine (sta-
tor and rotor circuits) and the mechanical mass-spring system made up of the
generator rotor, turbines and the rotating excitor masses and the connecting
elastic shafts.

A.1 Synchronous Machine Model

d-axis q-axis

a

Va

Ic

V

Ib
Vc

b

f g

kh

I

Figure A.1: Synchronous machine

The synchronous machine considered is shown in Fig. A.1. This
shows three phase armature windings (a,b and c) on the stator and four
windings on the rotor including the field winding ‘f’. The amortisseur (or
damper) circuits in the salient pole machine or the eddy current effects in
the solid rotor are represented by a set of coils. Three damper coils, ‘h’ in
the d-axis and g,k in the q-axis are shown in Fig. A.1. Generally, three
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damper windings are the most detailed model of the rotor electrical circuits
that represent both transient and subtransient effects in the machine. If
subtransient effects are not important, one damper winding in the q-axis
may be adequate.

Modelling of the Stator

Three representations of the stator circuits are considered here depending
on the requirement

1. Transient simulation using three phase model

2. Transient simulation using d-q coordinates

3. Stability simulation neglecting stator transients

1. Three Phase Equivalent Circuit of the Stator

The synchronous machine equations are, in general, nonlinear and time vary-
ing. The solution of synchronous machine equations along with the station-
ary network equations requires a suitable interface technique.

va vb vc

R a R a R a

I c I b I a

n

ia

ib

ic

Figure A.2: Equivalent circuit of stator

If the stator of a synchronous machine can be represented by an
equivalent circuit, this will simplify considerably, the problem of interfacing
the machine and the network. Ramshaw and Padiyar [3] presented such a
model where the stator of a synchronous generator is represented by constant
(substransient) inductances [L′′

s ] in parallel with current sources Is which are
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dependent on the rotor flux linkages (see Fig. A.2). The inductances matrix
[L′′

s ] is naturally a constant matrix if L′′
d = L′′

q (there is no subtransient
saliency). However, if L′′

d 6= L′′
q , the matrix can still be made constant

by introducing a dummy coil on the rotor along the q-axis. The mutually
coupled stator inductances can be included as part of the external network
in the same manner as any other mutually coupled three phase branch.

The current source Is is given by

Is = [Ia Ib Ic]
t = IdC + IqS (A.1)

where

Ct =

√

2

3

[

cos θ cos

(

θ − 2π

3

)

cos

(

θ +
2π

3

)]

(A.2)

St =

√

2

3

[

sin θ sin

(

θ − 2π

3

)

sin

(

θ +
2π

3

)]

(A.3)

Id = −(C1ψf + C2ψh) (A.4)

Iq = −(C3ψg + C4ψk + C5ψc) (A.5)

θ = ω0t+ δ (A.6)

C1 =
xdfxh − xdhxfh
x′′d(xfxh − x2fh)

, C2 =
xdhxf − xfhxdf
x′′d(xfxh − x2fh)

,

C3 =
xqgxk − xqkxgk
x′′d(xgxk − x2gk)

, C4 =
xqkxg − xgkxqg
x′′d(xgxk − x2gk)

,

C5 =
1

x′′d

√

(x′′q − x′′d)
xc

xc is the self reactance of the dummy coil which can be chosen as xq · ψc is
the flux linkage of the dummy coil. [L′′

s ] is defined by

[L′′
s ] =

L0

3







1 1 1
1 1 1
1 1 1






+

2L′′
d

3
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2 −1
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(A.7)

where L0 is the zero sequence inductance and L′′
d is the d-axis subtransient

inductance.

ω0 is the operating speed of the rotor (corresponding to a two pole
machine). δ is the rotor angle measured with respect to a synchronously
rotating reference frame.



498 FACTS Controllers in Power Transmission and Distribution

Ld

Ra

is

VsIs

Figure A.3: Equivalent circuit using d− q coordinates

2. Equivalent Circuit Using d− q Coordinates

If the network (connected to the stator) is represented using d−q coordinates
it is adequate to model the stator also using d− q coordinates (with respect
to a rotating reference frame fixed to the rotor). The single phase equivalent
circuit of the stator is shown in Fig. A.3.

In this single phase circuit, Îs, îs are all complex variables defined
by

Îs = (Id − jIq)ejθ, îs = (id − jiq)ejθ,
v̂s = (vd − jvq)ejθ

}

(A.8)

The complex equation for the equivalent circuit in Fig. A.3 is given by

L′′
d

d

dt
(Îs − îs)−Raîs = v̂s (A.9)

Substituting Eq. (A.8) in (A.9) and separating the real and imaginary parts,
we get

−dψd
dt
− θ̇ψq −Raid = vd (A.10)

−dψq
dt

+ θ̇ψd −Raiq = vq (A.11)

where,

ψd = −L′′
d(Id − id), ψq = −L′′

d(Iq − iq)

θ̇ =
dθ

dt
= ω0 +

dδ

dt

3. Equivalent Circuit in d− q Coordinates,
Neglecting Stator Transients

For transient stability simulation, it is usual to neglect stator transients
and the variations in θ̇. What this implies is that the derivative terms in
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id−j iq+

Ra

vd−j vq

jxd

E

Figure A.4: Equivalent circuit neglecting transients

Eqs. (A.10) and (A.11) are neglected and θ̇ is assumed to be equal to ωB
(the rated speed). With these approximations, it is possible to derive an
equivalent circuit shown in Fig. A.4 where the complex voltage source Ê′′

is defined as
Ê′′ = E′′

d − jE′′
q (A.12)

where
E′′
d = x′′dIq (A.13)

E′′
q = −x′′dId (A.14)

If subtransient phenomenon is not considered, then only one damper winding
in the q-axis is adequate. In this case, the equivalent circuit is shown in Fig.
A.5. Here, E ′

d and E′
q are defined by

E′
d = −

xqg
xg

ψg − x′dC ′
5ψc, E′

q =
xdf
xf

ψf (A.15)

C ′
5 =

1

x′d

√

(x′q − x′d)
xc

(A.16)

id−j iq+

Ra

vd−j vq

jxd

Ed−j Eq

Figure A.5: A simplified equivalent circuit (with one damper winding)
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Rotor Electrical Equations

The equations for the rotor flux linkages can be written in the state space
form as

ψ̇R = [AR]ψR + [BR]UR (A.17)

where
ψR = [ψf ψh ψg ψk ψc]

t, UR = [id iq Efd]
t (A.18)

The nonzero elements of the [AR] and [BR] matrices are given below,

AR(1, 1) = − ωBRfxh
xfxh − x2fh

, AR(1, 2) =
ωBRfxfh
xfxh − x2fh

AR(2, 1) = − ωBRhxfh
xfxh − x2fh

, AR(2, 2) = −
ωBRhxf
xfxh − x2fh

AR(3, 3) = − ωBRgxk
xgxk − x2gk

, AR(3, 4) =
ωBRgxgk
xgxk − x2gk

AR(4, 3) =
ωBRkxgk
xgxk − x2gk

, AR(4, 4) = −
ωBRkxg
xgxk − x2gk

AR(5, 5) = − 1

Tc

BR(1, 1) =
ωBRf (xhxdf − xdhxfh)

xfxh − x2fh
, BR(1, 3) =

ωBRf

xdf

BR(2, 1) =
ωBRh(xfxdh − xfhxdf )

xfxh − x2fh

BR(3, 2) =
ωBRg(xkxqg − xqkxgk)

xgxk − x2gk

BR(4, 2) =
ωBRk(xgxqk − xgkxqg)

xgxk − x2gk
BR(5, 2) =

√

xc(x′′q − x′′d)/Tc
In these expressions, xf , xh, xg and xk represent the self reactances of the
windings ‘f ’, ‘h’, ‘g’ and ‘k’ respectively. The reactance xij represents the
mutual reactance between the windings i and j. Without loss of generality,
we can assume xdf = xdh and xqg = xqk = xgk. However, xfh 6= xdf in
general.

Tc is the time constant of the dummy coil in the q-axis given by Tc =
xc

ωBRc
. Tc can be arbitrarily chosen for the required accuracy. For stability

studies Tc can be chosen not smaller than 10 ms for adequate accuracy. For
transient simulation, Tc = 0.1 ms gives accurate results. (Note that Tc = 0.0
for exact results).
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A.2 Modelling of Turbine Generator
Mechanical Systems

A.2.1 General

The rotor of a Turbine Generator (T-G) unit is a complex mechanical sys-
tem made up of several rotors of different sizes, each with mechanical shaft
sections and couplings. Turbine sections contain a number of discs which
may be integral or attached to the rotor. The length of the rotor system
may extend over 50 m and weigh several hundred tons. The system also
has a number of smaller components including turbine blades, rotor coils,
retaining rings, blowers and pumps.

While an exact analysis of the rotor system may require an advanced
continuum model, for the study of torsional interactions, lumped multimass
model is adequate [4]. Here, each major rotor element (generator, various
turbine stages and rotating exciter) is considered to be a rigid mass con-
nected to adjacent elements by shafts that are modelled as massless springs.
This lumped multimass model has natural resonant frequencies below the
system (electrical) frequency. The torsional mode oscillations, induced by
a transient (such as a sudden change in the air gap torque caused by net-
work switching) are lightly damped even when torsional interaction with
the transmission network is neglected. The total damping forces are due to
(A) Steam pressure on turbine blades (B) bearing friction and windage on
shaft elements (C) hysteritic damping in the rotor steel and (D) electrical
damping due to generator, exciter and the transmission network. The first
component is dependent on the generator loading while the last component
can be negative. The hysteritic damping arises due to the energy dissipated
in the material subjected to alternating stress.

A.2.2 State Equations

The state equations for the mechanical system can be expressed either based
on (a) coupled multimass model or (b) decoupled modal model. Both ap-
proaches will be illustrated by taking an example of a four mass system made
up of High Pressure (HP), Intermediate Pressure (IP), Low Pressure (LP)
turbines and the generator rotor. (see Fig. A.6). There are four masses and
three shafts sections. The number of state variable is eight and defined by,

Xm = [δ Sm TLG SLP TIL SIP THI SHP ]
t
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D HP D IP D LP
D m

S HP S IP S LP S m

HP IP LP GEN

T HI T LGT IL

Figure A.6: A four mass system

Tij is the torque in the shaft connecting rotor masses i and j. Si is the per
unit slip of the rotor mass defined by

Si =
ωi − ωB
ωB

The state equations are given below.

dδ

dt
= ωBSm (A.19)

2Hm
dSm
dt

= −(Dm +DLG)Sm + TLG +DLGSLP − Te (A.20)

dTLG
dt

= ωBKLG(SLP − Sm) (A.21)

2HLP
dSLP
dt

= −(DLG +DLP +DIL)SLP +DLGSm

+DILSIP + TIL − TLG + FLPTm (A.22)

dTIL
dt

= ωBKIL(SIP − SLP ) (A.23)

2HIP
dSIP
dt

= −(DHI +DIP +DIL)SIP +DHISHP

+DILSLP + THI − TIL + FIPTm (A.24)

dTHI

dt
= ωBKHI(SHP − SIP ) (A.25)

2HHP
dSHP

dt
= −(DHP +DHI)SHP +DHISIP − THI

+FHPTm (A.26)
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where DHI , DIL and DLG are mutual damping terms associated with shaft
sections connecting HP-IP, IP-LP and LP-GEN respectively. Tm is the net
mechanical torque produced by the prime mover. FHP , FIP and FLP are
the fractions of the mechanical torque (or power) produced by HP, IP and
LP turbines respectively. Hi is the inertia constant of rotor mass i. It is
assumed that initial slip (Smo) is zero.

Eqs. (A.19) to (A.26) can be expressed in the compact form as

Ẋm = [Am]Xm + [Bm1]Tm + [Bm2]Te (A.27)

where Am is a matrix of order 2m × 2m where m is the number of masses,
Bm1 and Bm2 are column vectors of order 2m.

State Equations Using Modal Quantities

As mentioned earlier, it is possible to transform the system equations into
decoupled form using modal inertias, spring constants and damping param-
eters. These equations for the four mass system shown in Fig. A.6 are
given below. To simplify the notation, the modal quantities are denoted by
subscripts.

dδ0
dt

= ωBS0 (A.28)

2H0
dS0
dt

= −D0S0 + (Tm − Te) (A.29)

dδ1
dt

= ωBS1 (A.30)

2H1
dS1
dt

= −D1S1 −K1δ1 + (T 1
m − Te) (A.31)

dδ2
dt

= ωBS2 (A.32)

2H2
dS2
dt

= −D2S2 −K2δ2 + (T 2
m − Te) (A.33)

dδ3
dt

= ωBS3 (A.34)

2H3
dS3
dt

= −D3S3 −K3δ3 + (T 3
m − Te) (A.35)

Sm = S0 + S1 + S2 + S3 (A.36)

δ = δ0 + δ1 + δ2 + δ3 (A.37)

where H0, H1, H2 and H3 are modal inertias corresponding to modes zero,
one, two and three respectively. The frequency of mode zero is zero and
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the mode three has the highest frequency. D0, D1, D2 and D3 are modal
dampings. T 1

m, T
2
m and T 3

m are defined by

T 1
m = qt1FTm, T

2
m = qt2FTm, T

3
m = qt3FTm (A.38)

F t = [FHP FIP FLP 0]

q1, q2 and q3 are columns of [Q] matrix (eigenvectors of the matrix [M−1][K]
corresponding to the torsional modes 1,2 and 3). [M ] and [K] are defined
below

[M ] =
1

ωB











2HHP 0 0 0
0 2HIP 0 0
0 0 2HLP 0
0 0 0 2Hm











[K] =











KHI −KHI 0 0
−KHI (KHI +KIL) −KIL 0
0 −KIL (KIL +KLG) −KLG

0 0 −KLG KLG











The eigenvectors of [M ]−1[K] are chosen such that their last elements (cor-
responding to generator rotor angle) are all equal to unity.

It is to be noted that

D0 = DT = DHP +DIP +DLP +Dm

H0 = HT = HHP +HIP +HLP +Hm

The modal dampings are normally obtained directly from test results
or assumed.

A.3 Relationship between Park and Kron
Transformation

It is to be noted that the three phase, transient model of the synchronous
machine described in section A.1, is derived from first principles without
utilizing Park’s transformation. However, the application of Park’s transfor-
mation that involves a rotating reference frame fixed to the machine rotor,
results in the equivalent circuit of the stator shown in Fig. A.3 or A.4 de-
pending on whether stator transients are considered or neglected. The zero
sequence component in the armature windings has no effect on the electro-
magnetic torque produced.
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Figure A.7: Phasor diagram showing relationship between D−Q and d− q
components

For the stationary network, it is convenient to utilize a synchronously
rotating reference frame with a constant speed. In power system literature,
the associated transformation is termed as Kron’s transformation. (In some
papers by power electronics specialists, this is also (mistakenly) labelled as
Park’s transformation). The relationship between the d-q (Park’s compo-
nents) and D-Q (Kron’s components) is given by

(fQ + jfD) = (fq + jfd)e
jδ (A.39)

where f can be a voltage or current (dynamic) phasor. (Note that lower
case letters refer to Park’s components while the upper case letters refer
to Kron’s components). Typically, the reference phasor is considered to be
along Q-axis. The machine q-axis leads Q-axis by δ (rotor angle). See Fig.
A.7. Typically, the infinite bus voltage Eb is assumed to be along the Q-axis.

If there are no synchronous generators to be represented (as in a
distribution system) there is no need for Park’s components. Often, Kron’s
components are labelled using lower case d-q letters, when there is no con-
fusion.
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Appendix B

Pulse Width Modulation for
Voltage Source Converters

There is a large body of literature on Pulse Width Modulation (PWM) tech-
niques for different applications [1,2]. Here, we consider only three widely
used techniques for high power applications – Selected Harmonic Elimination
(SHE), Sinusoidal PWM (SPWM) and Space Vector Modulation (SVM). Ac-
tually, PWM methods are often categorized as open loop (feedforward) and
closed loop schemes. The first category is further subdivided into carrier-
based PWM, carrierless PWM, overmodulation and optimized feedforward
schemes. The closed loop or feedback PWM control schemes are classified
into nonoptimal methods involving hysteresis or space vector current control,
optimization in real-time involving predictive current control or trajectory
tracking control etc. [1].

B.1 Introduction

We consider PWM techniques applied to a three phase, two level VSC shown
in Fig. B.1. In the absence of modulation, the waveform of phase voltage ea
referred to (i) midpoint (N) of the DC capacitor and (ii) supply neutral are
shown in Fig. B.2. The line-to-line voltage (eab) waveform is shown in Fig.
B.3. The VSC without modulation is termed as a square wave or six-step
converter. The peak value of the fundamental frequency component of the
phase voltage (E1) is given by

E1 =
4

π

(

Vdc
2

)

=
√
2(0.90)

(

Vdc
2

)

(B.1)

where
(

Vdc
2

)

is the level of the square wave shown in Fig. B.2. 0.90 is the

rms value of the fundamental frequency component of a square wave whose
level is 1.0.

Generally, we wish to regulate the DC capacitor voltage (Vdc) and yet
control the output AC voltage magnitude (in addition to its phase). Since
the maximum value of the phase voltage injected is limited by Vdc we can
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Figure B.1: A three phase, two level (Graetz bridge) VSC

only control the width of the voltage pulses generated by switching between
complementary devices (1 and 4 for phase a). Note that we can reverse
the voltage polarity by switching off device 1 and switching on 4 (or vice
versa). For simplicity, we ignore the dead time (blanking time) between the
switching of devices 1 and 4 (and similarly in other two legs).

ω t

e a
Vdc− 0.33

Vdc− 0.67 

Vdc
Vdc

Vdc_
2

Vdc
2

ω t

0.67 
0.33

e aN

Figure B.2: Waveform of eaN and ea

The objectives of PWM can be stated as follows.

1. To control the output AC voltage for a constant DC voltage.

2. To minimize the harmonics in the load subject to the constraints on
the switching losses, generation of noise etc.

The characteristics of the load may vary. However, typically the load
behaves as a low pass filter. Hence, if we reduce the lower order harmonics
in the output AC voltage, it is advantageous in minimizing load current
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ω t

Vdc

Vdc

−

e ab

Figure B.3: Waveform of eab

harmonics. Thus shifting the frequency spectrum of the injected voltage to
the higher level is beneficial in improving the performance of the PWM-VSC.

The frequency ratio

p =
F

f
(B.2)

where F is the modulation frequency and f is the fundamental output fre-
quency is an important parameter. p is also called as the pulse number.
Higher the value of p, broader the spectrum of harmonics that can be elim-
inated. The switching frequency (F ) is dependent on the devices used. The
maximum switching frequency for GTO thyristors is only around 100 Hz.
This is why PWM is not used in GTO based VSC employed in high power
FACTS controllers. Multi-pulse or multilevel converters which require only
one switching (on and off) in a cycle are used with GTO devices. On the
other hand, IGBT devices can be operated up to 10 kHz. However, switching
losses increase with frequency and are a limiting factor in the choice of F .

For p > 20, the modulating (carrier) wave and the reference (out-
put) voltage need not be synchronized. It is not necessary that p be an
integer. For comparing various modulation schemes, the modulation index
(m) is normalized by taking the ratio of actual fundamental component of
the modulated output voltage to that of the unmodulated output voltage,
that is,

m̄ =
Emod1
0.45Vdc

(B.3)

where Emod1 is the rms value of the fundamental component of the modu-
lated output voltage.

B.2 Selective Harmonic Elimination (SHE)

By reversing the phase voltages a few times during each half cycle, it is
possible to eliminate low order harmonics selectively. However, the high
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order harmonics may increase in magnitudes, but the current harmonics are
not significantly affected due to the low pass filter characteristics of the load.

/π 2 −π α2−π α10 α1 α2 π

aNe

(a) 4 voltage reversals in a half cycle

/π 2α1 α2 π0 α3

aNe

(b) 6 voltage reversals in a half cycle

Figure B.4: Waveforms of eaN with voltage reversals

Fig. B.4 shows the waveforms of the phase voltage (eaN ) with four
and six reversals within one half cycle. The voltage reversals are effected at
chosen instants such that the notches (caused by the voltage reversals) are
placed symmetrically about the centre line of each half cycle. If there are
‘p’ switching (voltage reversals) in a quarter cycle, the rms value of the nth
harmonic voltage is given by

En = ± 1√
2
· 4
π
· Vdc

2

[

−
∫ α1

0
sinnθ dθ +

∫ α2

α1

sinnθ dθ...±
∫ π/2

αp
sinnθ dθ

]

= ±0.45

n
Vdc[2(cosnα1 − cosnα2 + cosnα3 − · · ·)− 1] (B.4)

where α1, α2, · · · , αp are switching angles within each quarter cycle. There
are p degrees of freedom and are used to cancel (p−1) harmonic components
in the voltage and control the fundamental voltage. For example, if there
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are 3 switchings at α1, α2 and α3, we can eliminate the fifth and seventh
harmonics in addition to controlling the fundamental voltage. We get 3
transcendental equations given by

m̄ = 2[cosα1 − cosα2 + cosα3]− 1 (B.5)

0 = 2[cos 5α1 − cos 5α2 + cos 5α3]− 1 (B.6)

0 = 2[cos 7α1 − cos 7α2 + cos 7α3]− 1 (B.7)

Note that although the phase voltage contain triplen harmonics, the
line to line voltages are free from them. Hence a three phase six-step (square
wave) converter has only harmonics of the order

h = 6k ± 1, k = 1, 2, 3, · · · (B.8)

Example

If there are two voltage reversals in a quarter cycle, the values of α,
and α2 are 16.2◦ and 22.0◦ such that the 5th and 7th voltage harmonics are
zero. The modulation index (m̄) is given by

m̄ = 1− 2(cosα1 − cosα2) = 0.934 (B.9)

B.3 Sinusoidal PWM

The sinusoidal PWM technique is widely used for industrial converters. The
method is also known as suboscillation method and uses a triangular carrier
wave of frequency F to generate a sinusoidal reference voltage of frequency
f . Actually, the modulated output voltage of the converter approximates a
staircase shape in which each step is the average value over each cycle of the
carrier wave.

The sine PWM technique can be compared to the SHE PWM dis-
cussed in the previous section. Here, the instants of voltage reversals are
determined by the intersections between a reference sinusoidal voltage of
peak value m and a triangular voltage of amplitude 1. Fig. B.5 shows the
operation of sine PWM for p = F

f = 9 with m = 0.5. The modulation is
said to be in the linear range, if 0 < m ≤ 1. The same carrier wave can be
used for all three phases with reference voltages in each phase-phase shifted
from each other by 120◦ (for generating balanced output voltages). The
fundamental frequency voltage e1(t) is given by

e1(t) = m sin(2πft) (B.10)
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Figure B.5: Sinusoidal PWM

The harmonics are present in the output and have frequencies given by

fh =MF ±Nf (B.11)

where M and N are integers. The harmonics are significant only around
the frequency = MF . In general, the harmonics are determined by the
frequency spectrum of the reference wave and that due to the modulation.
With a sinusoidal reference wave, all harmonics are generated by the PWM
process.

The reference wave can be divided into p intervals with each interval
representing one cycle of the carrier wave. In each interval, the reference
wave can be sampled by representing it as a constant value which is the
mean of the reference wave within the interval. Thus, the reference wave is
represented by a staircase waveform shown in Fig. B.6.

Two sampled waveforms with identical mean values have approxi-
mately the same fundamental component and low order harmonics. Thus,
the waveforms shown in Fig. B.7(a) and (b) (which represent one stair and
a notched waveform generated by the triangular wave shown in (c)) have
the same mean value (L). This shows that sine PWM results in the out-
put voltage equivalent to a voltage having a staircase waveform. As the
pulse number p is increased, the staircase waveform approximates closely
the reference sine wave.

Note that the reference wave is not necessarily sinusoidal in general.
For active filtering applications, the reference wave includes low order har-
monics. However, the method of obtaining instants of voltage reversal by
comparing the reference wave with triangular wave is unaltered. In this case,
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Figure B.6: Staircase waveform (after sampling)
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Figure B.7: Equivalence of a stair and a notched waveform (a) A stair(step)
(b) Notched waveform (c) Triangular waveform
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f represents the fundamental frequency of the reference wave.

Quasine Modulation [3]

The maximum value of the fundamental voltage (E1) with sine PWM is
0.5 Vdc (for m = 1). The maximum value of the fundamental voltage for
square wave (six-step) converter is 2

πVdc. Thus, the maximum value of the
normalized modulation index (m̄) for sine PWM is given by

m̄max =
π

4
= 0.785 (B.12)

The value of m̄ can be increased by adding triplen harmonics to the refer-
ence wave without affecting the output line to line voltages. This technique
follows from the fact that in three phase converters, line to line voltages have
no zero sequence components. In symmetrical three phase converters, the
triplen harmonics present in the phase voltages are of zero sequence.
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Figure B.8: Quasine waveform

The basic concept in the addition of triplen harmonics is to make
the reference wave flat topped and come closer to a rectangular (or square)
wave which has maximum value of the fundamental component. The maxi-
mum fundamental voltage is obtained if the reference wave has the quasine
waveform shown in Fig. B.8. (over half cycle). It is defined by,

f(θ) = 2 sin(θ + 30◦)− 1, 0 ≤ θ ≤ 60◦
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= 1, 60 ≤ θ ≤ 120◦

= 2 sin(θ − 30◦)− 1, 120◦ ≤ θ ≤ 180◦

The quasine waveform can be expressed in Fourier series as,

f(θ) = b1 sin θ + b3 sin 3θ + b9 sin θ + . . .

where

b1 =
2√
3
, b3 =

1

2π
, b9 =

1

60π

In general,

bn =
4

π
· 3

n(n− 1)(n+ 1)
, n = 3(2k + 1)

where k is an integer.

It can be shown that

f(θ)− f(θ − 120◦) = 2 sin(θ + 30◦) (B.13)

This indicates that the line to line reference voltages are sinusoidal and
unaltered by the injection of triplen harmonics to the phase reference wave.

The maximum (normalized) modulation index is given by

m̄max =
π

2
√
3
= 0.907 (B.14)

Remark

It is not necessary to use a quasine waveform to maximize the fundamental
component of the output voltage. Another waveform with injected third
harmonic which is one sixth of the fundamental also gives same results.
This waveform is defined by

f ′(θ) = b1 sin θ +
b1
6
sin 3θ (B.15)

where b1 is same as before, equal to 2√
3
= 1.155.

B.4 Space Vector Modulation (SVM)

Consider one leg of the converter shown in Fig. B.9(a). Although there
are two switches connected in series across the terminals ‘p’ and ‘n’, their
operation is complementary. Neglecting dead time, when one of the switches
is on, the other is off. Hence it is possible to get an equivalent circuit (see Fig.
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Figure B.9: Converter leg and its equivalent circuit

B.9(b)) in which there is only one switch connecting phase ‘a’ to terminal
‘p’ or ‘n’. Thus, there are a total of 3 switches for a Graetz bridge (voltage
source) converter with 23 possible switching states. Table B.1 shows the
phase voltages referred to the terminal ‘n’ for each switching state. For
each leg, we denote the switching state as 1 if the phase is connected to the
terminal ‘p’ and 0 if the phase is connected to the terminal ‘n’.

Note that Van = VaN + Vdc
2 . Similarly, Vbn = VbN + Vdc

2 and Vcn =

VcN + Vdc
2 .

Neglecting zero sequence component, three phase voltages can be
represented by the complex space vector defined by

V̂ =

√

2

3

[

Va(t) + Vb(t)e
j 2π

3 + Vc(t)e
j 4π

3

]

(B.16)

Since

Vα =

√

2

3

[

Va(t)−
1

2
Vb(t)−

1

2
Vc(t)

]

Vβ =

√

2

3

[

−
√
3

2
Vb(t) +

√
3

2
Vc(t)

]

we get

V̂ = Vα − jVβ (B.17)



B. Pulse Width Modulation for Voltage Source Converters 517

Table B.1:

S. No. Sa Sb Sc Van Vbn Vcn

1 1 0 0 Vdc 0 0
2 1 1 0 Vdc Vdc 0
3 0 1 0 0 Vdc 0
4 0 1 1 0 Vdc Vdc
5 0 0 1 0 0 Vdc
6 1 0 1 Vdc 0 Vdc
7 1 1 1 Vdc Vdc Vdc
8 0 0 0 0 0 0

We can also express V̂ as

V̂ = (Vd − jVq)ejωt = |V |ej(ωt−φ) (B.18)

where Vd and Vq are components with reference to a synchronously rotating
reference frame. For positive sequence, sinusoidal phase voltages, Vd and
Vq are constants. In this case, the space vector has a constant magnitude
(V ) and a phase angle which is linearly increasing with time. Note that

V =
√

V 2
d + V 2

q and φ = tan−1 Vq
Vd
.

Note that a voltage space vector is defined for any set of voltages
not necessarily sinusoidal. For the phase voltages given in Table B.1, the
space vector has only eight discrete values, each corresponding to a particular
switching state. These are defined below.

V̂1 = R 6 0, V̂2 = R 6 60◦, V̂3 = R 6 120◦,

V̂4 = R 6 180◦, V̂5 = R 6 240◦, V̂6 = R 6 300◦,

V̂7 = V̂8 = 0

where R =
√

2
3Vdc. The first six vectors form a hexagon as shown in Fig.

B.10(a). The vectors V7 and V8 correspond to the origin in the complex
plane. It is interesting to note that V̂7 is zero although the phase voltages
are not zero. However, the phase voltages contain only zero sequence compo-
nents and these do not contribute to the space vector. There are six sectors
in the hexagon, each bounded by the two adjacent space vectors.

The objective in space vector modulation is to generate the desired
space vector (that may lie within any of the six sectors) by switching be-
tween the two adjacent vectors (that define a sector) and the zero vector
represented by V7 or V8 or both. For a specified switching cycle, there is an



518 FACTS Controllers in Power Transmission and Distribution

V

VI

II

IV

III
V1

Re

Im
V

V V

2V3

5 6

4V I
sector

(a) Converter output voltage space vectors

refV

T2
Tc

V2

V1

V2

T1
Tc

V1

θ 60o

(b) Determination of switching times in
sector I

Figure B.10: Voltage space vectors

average value of V̄ref that is approximated by switching the three vectors for
the predetermined times within the cycle.

For the reference space vector V̂ref lying in sector I, we can determine
the switching times from the following equation

V̄ref =
1

Tc

∫ Tc

0
V̂refdt =

1

Tc

[

∫ T1

0
V̂1dt+

∫ T1+T2

T1

V̂2dt+

∫ Tc

T1+T2

V̂7dt

]

(B.19)
where Tc is the period of the switching cycle, T1 and T2 are the switching
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times of the vectors V̂1 and V̂2 respectively.

Since V̂1 and V̂2 are constants and V̂7 = 0, we get,

V̂1T1 + V̂2T2 = V̂refTc (B.20)

Using rectangular coordinates, we can express the above equation as

T1 ·
√

2

3
Vdc

[

1
0

]

+ T2 ·
√

2

3
Vdc

[

cos 60◦

sin 60◦

]

= Tc ·
√

2

3
Vdc · r

[

cos θ
sin θ

]

(B.21)

where θ is defined in Fig. B.10(b) which also shows how T1 and T2 are
related to V̂ref . r is defined from

r =
|V̂ref |
√

2
3Vdc

(B.22)

T1 and T2 are computed from Eq. (B.21). These are obtained as

T1 = r · Tc ·
sin(60◦ − θ)

sin 60◦
(B.23)

T2 = r · Tc ·
sin θ

sin 60◦
(B.24)

The time (T7) in a switching cycle corresponding to the vector V̂7 is given
by

T7 = Tc − T1 − T2 (B.25)

Similar calculations apply to sectors II to VI also. Note that vector V̂8 can be
used in place of V̂7. The choice is based on the requirement to minimize the
average number of switchings per cycle. Fig. B.11 shows the voltages VaN ,
VbN and VcN normalized by dividing by Vdc/2. This also shows the optimum
pulse pattern of space vector modulation over two switching cycles. T0 is the
switching time of vector V̂7 or V̂8. Although the figure refers to the sector I,
it can also apply to other sectors if T1 and T2 are replaced by appropriate
variables (say T2 and T3 in sector II).

For sector I, we get the average values of VaN , VbN and VcN (in a
switching cycle) as

V̄aN =
2√
3
· r · Vdc

2
· sin(θ + 60◦) (B.26)

V̄bN = 2r · Vdc
2
· sin(θ − 30◦)

V̄cN = −V̄aN (B.27)
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Figure B.11: Optimum pulse pattern of SVM

The maximum value of r is obtained when θ = 30◦ and when |Vref | is given
by

max |Vref | = cos 30◦ ·
√

2

3
Vdc =

Vdc√
2

(B.28)

This is the maximum (rms) value of the line to line (sinusoidal) voltage
injected by the converter. Note that the maximum magnitude of V̂ref is also
the radius of the circle inscribed in the hexagon shown in Fig. B.10. Since

the square wave converter generates a space vector of magnitude
√
6
π Vdc, we

obtain the maximum value of the normalized modulation index as

m̄max =
π√

6 ·
√
2
=

π

2 ·
√
3
= 0.907 (B.29)

This is also the same as that produced by quasine modulation or the injection
of triplens in the reference wave.

Constraints on Ideal Switching

The analysis has neglected the dead time (Td) that is introduced between
the switching off one device and switching on the complementary device in
the same leg. This is required to prevent both devices in a leg conducting
simultaneously and thereby short circuiting the DC bus (This condition is
called as shoot-through). The dead time provides a safety zone which allows
for device dependent effects such as charge storage.
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The minimum pulse width has to be greater than Td to prevent shoot
through. This constraint (termed as lock-out) puts a limit on the maximum
voltage that can be achieved. The dead time requirements increase as the
device switching speeds decrease (as power levels of switches increase). The
increase in the output voltage can be achieved only by elimination of the
pulses having widths below the permissible level. This process is termed
as dropout. The pulse dropout effect needs to be considered especially for
multilevel converters using PWM.

The effect of the dead time is also to add an effective resistance in se-
ries with the reference voltage. It is possible to compensate for the dead time
effect by the current or voltage feedback methods. In the latter method, the
detected output phase voltage is compared with the voltage reference signal
and the error signal alters the reference modulating wave to compensate the
error.
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Appendix C

Per Unit System for STATCOM

It is convenient to express the parameters of a STATCOM in per unit (ex-
pressed on a base of STATCOM ratings) as they tend to lie in a narrow range
even if the ratings vary widely. The MVA or MVAR rating of a STATCOM
is expressed as ±SB and the voltage rating (line to line) of the high voltage
winding of the step-down or coupling transformer is expressed as VB in kV.
We select SB as the base MVA and VB as base voltage. The base current
(IB) and base impedance (ZB) are defined by

IB =
SB
VB

, ZB =
VB
IB

(C.1)

Note that IB =
√
3In, where In is the nominal rating of the line current.

However, the expression for ZB gives the same result if we use line to neutral
voltage and line current. The advantages of the choice given in (C.1) are
explained in [1].

The base values of inductance (LB) and capacitance (CB) are selected
as

LB =
ZB
ωB

, CB =
1

(ZBωB)
(C.2)

where ωB is the base frequency (nominal frequency) in radians/sec.

To select the base values on the DC side, we redraw the equivalent
circuit of a STATCOM shown in Fig. 6.10(a). This is shown in Fig. C.1.
which shows two ideal transformers. The first transformer represents the
coupling transformer while the second is a fictitious transformer with fixed
or variable turns ratio depending on whether k is fixed or variable. Alter-
nately, we can consider a fixed turns ratio (kfix) and the secondary voltage
as variable (mVdc) where m is the modulation index (normalized) where
0 < m < 1. The phase angle of the secondary voltage is also a variable.

If we select VdcB as

VdcB =
N2

N1

VB
k

=

(

N2

N1

6

p

)

π√
6
VB (C.3)
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k : 1

Figure C.1: Equivalent circuit of a STATCOM showing AC quantities

we can simplify the equivalent circuit to that shown in Fig. C.2. with
parameters expressed in per unit. Note that we can express Eq. (C.3) also
as

VdcB = (nVB)
π√
6

(C.4)

where (nVB) is the nominal AC voltage across a 3 phase Graetz bridge.
(

n = N2

N1
· 6p
)

. Thus, Eq. (C.4) is independent of the pulse number.

+θ αθV

+

Vdc

R L

I

Figure C.2: Equivalent circuit in per unit quantities

The DC capacitor (C) can be referred to the AC side from the trans-
formation,

Ce =
C

k2
(C.5)

where Ce is the equivalent capacitor on the AC side.

An Example

The first prototype STATCOM installation in USA is at 161 kV Sullivan
substation of the Tennessee Valley Authority (TVA). It has the following
data.

Nominal DC voltage : 6.6 kV.
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Energy stored in the DC capacitor: 65 kJ.

The nominal converter output voltage is

Vn =

√
6

π
Vdc = 0.78× 6.6 = 5.15 kV (C.6)

The value of the DC capacitor (C) is

C =
65× 2× 103

(6.6)2 × 106
' 3000µF (C.7)

The equivalent capacitance (Ce) is given by

Ce =
C

(0.78)2
= 4931µF (C.8)

This value corresponds to a voltage of 5.15 kV.

At 161 kV, the equivalent capacitor is

C ′
e =

C

(161)2
(5.15)2 ' 5.0µF (C.9)

The rating of the STATCOM is ±100 MVA. The base impedance (ZB) =
V 2
B

SB
= (161)2

100 = 259.2 ohms. The capacitor susceptance (in per unit) is given
by

bc = ωBC
′
eZB = 377× 5× 10−6 × 259.2 ' 0.49p.u.

This shows the DC capacitor rating is about 50% of the STATCOM
rating. However, it is to be noted that the current in the ideal DC capacitor
is zero in steady state (except for a small ripple).

Reference

1. K.R. Padiyar, Power System Dynamics - Stability and Con-
trol,(Second Edition), BS Publications, Hyderabad, 2002.
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Appendix D

Abbreviations

AC : Alternating Current
AVR : Automatic Voltage Regulator
AF : Active Filter
CA : Constant Angle (control)
CC : Constant Current (control)
CSC : Convertible Static Compensator
CPD : Custom Power Device
CSI : Current Source Inverter
DSTATCOM : Distribution STATCOM
DC : Direct Current
DVR : Dynamic Voltage Restorer
FACTS : Flexible AC Transmission System
FCL : Fault Current Limiter
GPU : Gate Pulse Unit
GTO : Gate Turn-Off (Thyristor)
GUPFC : Generalized UPFC
HP : High Pressure (Turbine)
HVDC : High Voltage Direct Current
Hz : Hertz
IGBT : Insulated Gate Bipolar Transistor
IGE : Induction Generator Effect
IGCT : Integrated Gate Commutated Thyristor
IPFC : Interline Power Flow Controller
IP : Intermediate Pressure (turbine)
IPC : Interphase Power Controller
KCL : Kirchhoff’s Current Law
KVL : Kirchhoff’s Voltage Law



528 FACTS Controllers in Power Transmission and Distribution

LPF : Low Pass Filter
LP : Low Pressure (turbine)
LCC : Line Commutated Converter
MCT : Metal-oxide semiconductor Controlled Thyristor
MOV : Metal Oxide Varistor
PLL : Phase-Locked Loop
POD : Power Oscillation Damping
PSDC : Power Swing Damping Controller
PSS : Power System Stabilizer
PST : Phase Shifting Transformer
PWM : Pulse Width Modulation
PQ : Power Quality
rad : radian
rms : root mean square
s : second
SC : Synchronous Condenser
SCR : Short Circuit Ratio
SMC : Supplementary Modulation Controller
SPST : Static PST
SR : Susceptance Regulator
SSDC : Subsynchronous Damping Controller
SSO : Subsynchronous Oscillation
SSR : Subsynchronous Resonance
SSSC : Static Synchronous Series Compensator
STATCOM : Static (Synchronous) Compensator
STATCON : Static Condenser
SVC : Static Var Compensator
SVR : Synchronous Voltage Reversal
TCBR : Thyristor Controlled Braking Resistor
TCPAR : Thyristor Controlled Phase Angle Regulator
TCR : Thyristor Controlled Reactor
TCPST : Thyristor Controlled PST
TCSC : Thyristor Controlled Series Capacitor
TCVL : Thyristor Controlled Voltage Limiter
TSC : Thyristor Switched Capacitor
TSR : Thyristor Switched Reactor
TSSC : Thyristor Switched Series Capacitor
T-G : Turbine Generator
TI : Torsional Interaction
UPFC : Unified Power Flow Controller
UPQC : Unified Power Quality Conditioner
VSC : Voltage Source Converter
VSI : Voltage Source Inverter
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Active Filters (AF), 397
Applications, see FACTS Controller

Capacitive reactive current, 413
Chain cell converter, 204-209
Constant Angle (CA) control, 120,

309
Constant Current (CC) control, 120,

309
Control of power flow in AC lines,

4
Convertible Static Compensator (CSC),

265
Custom Power Device (CPD), 17,

394

Damping torque, 132, 168
Definitions of Reactive Power, 403
Discrete control for stability im-

provement, 349
Distribution STATCOM, see DSTAT-

COM
DSTATCOM

Compensation using, 437
Case study, 448
Application, 460

DVR
Case study, 477
Control strategy for voltage sags,

470
Series active filtering, 473

Dynamic Voltage Restorer, see DVR

Eigenvalue analysis, 130
Energy Function, 352

FACTS Controller

Applications, 14-17
Combined series-series
IPFC, 263

Combined shunt-series
SPST, 157
UPFC, 243

Equivalent circuit, 13
Series connected
DVR, 467
GCSC, 125
SSSC, 217
TCSC, 110

Shunt connected
DSTATCOM, 433
STATCOM, 173
SVC, 51

Variable impedance type, 8
VSC based, 10

Fault Current Limiter (FCL), 293

Gain supervisor, 72
GCSC, 125,147
General theory for reactive com-

pensation, 423
Generalized UPFC (GUFC), 244
Graetz bridge, 177, 516
GTO Controlled Series Capacitor,

see GCSC

Harmonics
Filters, 85
Interactions, 84
Performance indices, 86
Resonance, 209
Total Harmonic Distortion (THD),

87
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Impulsive transients, 16, 385
Inductive reactive current, 413
Instantaneous Reactive Power (IRP)

theory, 420
Interharmonics, 17, 388
Interline Power Flow Controller (IPFC),

263
Interphase Power Controller (IPC)

Applications, 285
Initial concept, 274
IPC as FCL, 284
Power characteristics, 278
Retrofitting of PST, 282

Interruption, 386

Kinetic energy, 351, 358

Load compensation
Four wire systems, 443
Using DSTATCOM, 437
Using SVC, 435

Metal Oxide Varistor, 95, 119
Modal inertia, 323

Network analogy, 328
NGH SSR damping, 286
Notch filter, 68, 82

Oscillatory transients, 16, 385

Phase Shifting Transformer (PST),
157

Potential energy for SSSC, 362
Potential energy for SVC, 361
Potential energy for UPFC, 364
Potential energy function, 353
Power flow control with UPFC, 377
Power frequency variations, 17, 393
Power Oscillation Damping

Basic issues, 302
Damping using series FACTS,

325
Damping using shunt FACTS,

334

Design of SMC, 316-322
Modelling series FACTS, 309
Modelling shunt FACTS, 308
System modeling, 305

Power Quality (PQ), 16, 384
Power Swing Damping Control, 120,

321

Rapid Adjustment of Network Impedance
(RANI), 107

Reactive power compensation
By SSSC, 40
By STATCOM, 38
Discrete, 31
Distributed, 30
Series compensation, 32
Shunt compensation, 34

Solid State Current Limiter (SSCL),
294

SPST (Static PST)
Applications, 170
Configurations, 161
Damping of low frequency os-

cillations, 168
Transient stability improvement,

166
SSSC

Active and reactive voltage con-
trol, 234

Analysis of SSR, 237
Applications, 240
Comparison with TCSC, 219
Control schemes, 228-229
Modelling of SSSC, 225
Operation, 217
Power flow control, 223, 235
SSSC with energy source, 229

STATCOM
Analysis using switching func-

tions, 184
Applications, 213
Control-Type 1, 197
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Control-Type 2, 192
Principles of operation, 174
Simplified analysis, 177

Static Synchronous Series Compen-
sator, see SSSC

Subsynchronous Damping Control
(SSDC), 121, 240

Subsynchronous Resonance (SSR)
Damping, 146
Description, 128
Induction Generator Effect (IGE),

130
Modelling of GCSC, 147
Modelling of TCSC, 135
Simplified analysis, 131
Torsional Interaction (TI), 130
Transient torques, 130

Susceptance Regulator, 73
SVC

Analysis, 51
Applications, 99
Configuration, 58
Control interactions, 75
Controller, 68
Controller (SMC), 73
Modelling, 96
Protection, 91
Voltage regulator design, 75

Symmetrical line, 25
Synchronizing torque, 168
Synchronous Reference Frame (SRF),

450
Synchronous Voltage Reversal (SVR),

135

TCBR, 291
TCSC

Analysis, 112
Applications, 150
Control, 118
Modelling, 122, 135
Operation, 110
Protection, 119

TCVL, 296
Thyristor Controlled

Braking Resistor, see TCBR
Phase Angle Regulator, see SPST
Reactor, see TCR
Series Capacitor, see TCSC
Voltage Limiter, see TCVL

Thyristor Switched Capacitor (TSC),
64

Thyristor Switched Reactor (TSR),
63

Thyristor Switched Series Capaci-
tor, 106

Time-optimal control, 366
Transmission line equations, 20

Unified Power Flow Controller, see
UPFC

Unified Power Quality Conditioner,
see UPQC

UPFC
Applications, 269
Control of UPFC, 257
Modelling, 266
Operating constraints, 260
Operation, 246
Protection, 262
SSR characteristics, 269

UPQC
Case study, 487
Control objectives, 484
Operation, 485

Variable Frequency Transformer (VFT),
170

Vernier control, 111
Voltage flicker, 17, 389
Voltage notching, 17, 388
Voltage sags, 17, 386
Voltage Source Converter (VSC)

Multilevel capacitor clamped,
203

Multilevel cascaded, 204
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Multi-pulse, 188
Three level, diode clamped, 201
Two level, six pulse, 11, 177,

507
Type 1 converter, 186
Type 2 converter, 186

Voltage swells, 17, 387
Voltage unbalance, 17, 387

Waiting mode, 111
Waveform distortion, 387
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